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ABSTRACT. — The main results concerning Mackey convergent sequences are extended to the con-
text of topological modules, including a characterization of bornological topological modules.
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In his important work [5], Mackey introduced the notion of a Mackey convergent
sequence in a locally convex space and characterized bornological locally convex
spaces by means of that notion. The notion of bornologicalness appeared explic-
itly for the first time in an important work of Bourbaki [2], where it is observed
that a space is bornological if and only if any linear mapping on it transforming
bounded sets into bounded sets is continuous. A lucid presentation of the basic
facts about the subject may be found in Grothendieck’s book [3].

In this paper we define the notion of Mackey convergence in the context of to-
pological modules over metrizable topological rings and prove that the basic facts
about Mackey convergence may be extended to this general setting. The main re-
sult obtained here is a characterization of bornological topological modules show-
ing that the approaches of Mackey and Bourbaki remain equivalent in our case.

Throughout this paper R shall denote a metrizable topological ring with a
non-zero identity element such that the product of two arbitrary neighborhoods
of 0 in R is a neighborhood of 0 in R, and all topological R-modules under con-
sideration shall be unitary left topological R-modules.

REMARK 1. If S is a topological ring with a non-zero identity element such that
0 € S*, where S* is the multiplicative group of all invertible elements of S, then
the product of two arbitrary neighborhoods of 0 in S is a neighborhood of 0 in S.
In particular, this property holds if (S, | - |) is a seminormed ring ([7], Definition
16.8) with a non-zero identity element such that there exists a 1€ S* with
|| < 1, and hence if (I, | - |) is a non-trivially valued division ring. On the other
hand, the product of two neighborhoods of 0 in the metrizable topological ring
Z, of p-adic integers is a neighborhood of 0 in Z,, although 0 ¢ 7.

DEFINITION 2. Let E be a topological R-module and (x,),.y @ sequence in
E. We shall say that (x,),. converges to 0 in the Mackey sense, and write
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(Xn)pen bt 0, if there exist a null sequence (4,),.5 in R and a null sequence
(¥n),en 10 E such that x, = 4,, for all n € N.

PROPOSITION 3. Let (x,), o
sider the following conditions.

be a sequence in a topological R-module E and con-

() (), = O
(b) there exists a bounded subset B of E satisfying the following property: for each

neighborhood W of 0 in R there exists an ny € N such that x, € WB for all
n = np,
(€) (xun),eny — 0in E.

Then (a) and (b) are equivalent, and (b) implies (c).

Proor. (a) implies (b): By hypothesis, there are a null sequence (4,),.n In
R and a null sequence (yy),.n in E such that x, = 4,y, for all n e N. Put
B = {y,;n € N}, which is a bounded subset of E by Theorem 15.4 of [7], and
let W be an arbitrary neighborhood of 0 in R. Then there exists an ny € N such
that 4, € W for all n > ny, and hence x, € WB for all n > ny. This proves (b).

(b) implies (c): Let U be an arbitrary neighborhood of 0 in E. By the bounded-
ness of B, there exists a neighborhood W of 0 in R such that WB < U and, by
hypothesis, there exists an ny € N such that x, € WB for all n > ny. Thus x, e U
for all n > ny. Therefore (x,),.n — 0 in E, proving (c).

(b) implies (a): Let Wy > W) > --- o W, > W, > --- be a countable funda-
mental system of neighborhoods of 0 in R. We claim that there exists a sequence
(m;), . of natural numbers such that m; > m;_; (m_; = 0) and x,, € (W, )ZB for
all n > m;. To justify the existence of (m;),_, we shall argue by induction, as fol-
lows. First, since (WO) is a neighborhood of 0 in R, there is an integer n > 0
such that x, € (WO) B for all n > my. Second, let s be an integer > 0 and sup-
pose that integers m; (0 <i<s satlsfylng the required propertles have been
constructed. Then, since (W) is a nelghborhood of 0 in R, there is an in-
teger my.1 > my such that x, € (WS+1) B for all n > m,,. Thus the existence
of (m,),EN is justified. Finally, for ie N and m; <n <m;;; we can write

Y e W; and z, € B. It is clear that (A >)n2m0 and

n °n
converge to 0 in R. Then (2\?z,) converges to 0 in £ and, conse-

X, = /1 /1 z,, where A0
(/1(2)

n )n >my ™M nx=my
quently, (x,), .y, ~ 0, proving (a).

This completes the proof.

Before proceeding, let us recall a known example of a null sequence which
does not converge to 0 in the Mackey sense.

ExAMPLE 4. Let X be an arbitrary infinite-dimensional Banach space and let
X' be its topological dual. By the Josefson-Nissenzweig theorem [4, 6], there is
a sequence (¢,),.n in X’ such that |¢,| =1 for all n e N, and (¢,),.n — 0 in
(X', o(X',X)). If (An),n 1s an arbitrary null sequence of strictly positive real
numbers, then the sequence (¢,,/4,), . 1s not bounded in (X', o(X’, X)) because
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|¢,/2n| = 1/2, for all n e N. Therefore (¢,), ., does not converge to 0 in the
Mackey sense in the space (X', a(X’, X)), which is not metrizable.

PROPOSITION 5. Let E and F be two topological R-modules and u: E — F an
R-linear mapping. Then the following conditions are equivalent:

(a) for every bounded subset B of E, u(B) is a bounded subset of F;

(b) for every sequence (xy),.n in E converging to 0 in the Mackey sense,
(u(xn)), e converges to 0 in the Mackey sense;

(c) for every sequence (xy),.n in E converging to 0 in the Mackey sense,
(t(xn)), . converges to 0 in F;

(d) for every sequence (x,),.n in E converging to 0 in the Mackey sense,
(u(xn)),eny is bounded.

ProOF. First, (b) implies (c) by Proposition 3, (c) implies (d) because every null
sequence is bounded, and (a) implies (d) by Proposition 3 and the fact that every
null sequence is bounded.

Let Woo Wy >---o> W, > W,,; - be a countable fundamental system
of neighborhoods of 0 in R.

Now, we claim that (d) implies (a). Indeed, assume there exists a bounded sub-
set B of E such that u(B) is not bounded. Since each (W) is a neighborhood
of 0 in R, there exists a neighborhood ¥ of 0 in F such that W u(( W,)*B) =

(Wn) u(B) ¢ V for allne N. Thus for each n € N there are /ln 9 e w, and

n

z, € B so that Wnu(i zn) ¢ V for all n € N. As we have already observed,
(/l(l)i(z)zn)neN — 0; but ( (W07 @2) _, is not bounded.

Finally, let us prove that (d) implies (b). Indeed, let (x,),. be a sequence in
E such that (x,),.n — 0 and let B be a bounded subset of £ as in condition
(b) of Proposition 3. By arguing as in the proof of Proposition 3, with (W, w)* in
place of (W;)%, we obtain a sequence (m;),; . of natural numbers such that
m; >m;_; (m_; =0) and x, € (W) B for n > m;. Therefore we can write x, =

j’1(11)/]”)(12)}“513))”514)2" for n = my, where ( 511))112m0’ (}“22))}12”10’ ()“l(f))ano and ()“n )
are null sequences 1n Rand (z),s,, 1sa sequence in B. Since (/1( )2,)
E, (/1(3);(4)2

n “n ")nzm

nz=my
n=moy - O in
Lt 0, and hence (u(A® A0 z,,))n>m is bounded by hypothesis.
Consequently, (u(xy)),cn M 0 since u(x,) = )n (inz)u(/lf) N )2,)) for n > my and
(2 u(2 259 24)),ya y — 0 in F.

This completes the proof.

PROPOSITION 6. Let E be a metrizable topological R-module such that the prod-
uct of any neighborhood of 0 in R by any neighborhood of 0 in E is a neighborhood

of 0in E. If (x4),cny — 0 in E, then (xy), oy =0,

PrOOF. Let Wyo Wy oW, oW, 1o (tesp. UyoU;>--->U,>
U,.1 o) be a countable fundamental system of neighborhoods of 0 in R
(resp. of 0 in E). Since W;U; is a neighborhood of 0 in E for all i € N, we can
argue as in the proof of Proposition 3 to construct a sequence (m;),_y of natural
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numbers so that m; > m;_ | (m_; =0) and x,, € W;U; for n > m;. Hence we can
write x, = 4,y, for n > my, where (4,) — 0 in R and (y,) — 0 in E.

nx=my nz=m
Therefore (x;,)

sen — 0, as was to be shown.

The condition concerning product of neighborhoods of 0 is essential for the
validity of Proposition 6, as the following example shows.

ExAMPLE 7. Let S be a ring with an identity element 1 # 0 endowed with the
discrete topology. Let I be a non-empty countable set and consider the product
topological ring S’ = S’. Note that S’ is metrizable, discrete if 7 is finite and non-
discrete if 7 is infinite. Fix an element j € I and let 7; : (4;);,.; € S’ — J; € S. Let
E be the product topological group SN endowed with the following law:

((ii)ielﬁ (xk)keN) €S XEw— (;{jxk)keN € E.

Then E is a metrizable topological S’-module. Note that W = n]-‘l({O}) is a
neighborhood of 0 in S’; ¥ = E is a neighborhood of 0 in E, but WV = {0} is not
a neighborhood of 0 in E. If (x,),. 18 a sequence in E such that (x,),.y — 0,
then there are a null sequence (4,), ., in S” and a null sequence (y,),.n in E
such that x, = A,y, for all n e N. But, since S is equipped with the discrete
topology, there is an m € N so that 7;(4,) = 0 for n > m, and hence x,, = 0 for
n>m. For each n=1,2,..., let z, =(0,0,...,0,1,1,1,...) € E. Obviously,
H—/

(z4),>1 — 01in E and, by what we have just glt)seesved, (z4),>, does not converge
to 0 in the Mackey sense. N

Our final result is a characterization of bornological topological R-modules [1]
which incorporates the approaches of Mackey and Bourbaki.

THEOREM 8. For a topological R-module E, consider the following conditions:

(a) E is bornological;

(b) for each topological R-module F, each R-linear mapping from E into F which
transforms bounded sets into bounded sets is continuous;

(c) for each semimetrizable topological R-module F, each R-linear mapping from
E into F which transforms bounded sets into bounded sets is continuous;

(d) for each topological R-module F, each R-linear mapping from E into F which
transforms sequences converging to 0 in the Mackey sense into sequences con-
verging to 0 in the Mackey sense is continuous,

(e) for each topological R-module F, each R-linear mapping from E into F which
transforms sequences converging to 0 in the Mackey sense into null sequences is
continuous,

(f) for each topological R-module F, each R-linear mapping from E into F which
transforms sequences converging to 0 in the Mackey sense into bounded se-
quences is continuous,

(g) for each topological R-module F, each set of R-linear mappings from E into F
which transforms bounded sets into bounded sets is equicontinuous.
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Then conditions (a), (b), (d), (e), (f) and (g) are equivalent. In addition, if
0 € R*, then all conditions are equivalent.

PRrROOF. The equivalence among (b), (d), (e) and (f) follows from Proposition 5.
Obviously, (g) implies (b). The equivalence between (a) and (b) and the fact that
(a) implies (g) follow from the theorem established in [1].

Clearly, (b) implies (c). So it remains to prove that (c) implies (b) under the
assumption that 0 € R*. Indeed, let Woo W > --- > W, > W, 1 >--- be a
countable fundamental system of neighborhoods of 0 in R. Let F be an arbitrary
topological R-module and u: E — F an R-linear mapping which transforms
bounded sets into bounded sets. Let ) be an arbitrary symmetric neighbor-
hood of 0 in F and let V; be a symmetric neighborhood of 0 in F such that
Vi + Vi < V. Choose a neighborhood 75 of 0 in R, T, = W>, and a symmetric
neighborhood V;, of 0 in F, V, < Vy, so that T, V>, < V|, and choose a symmetric
neighborhood V3 of 0 in F so that V3 + V3 < T, V> n V5. Now, let Ty be a neigh-
borhood of 0 in R, Ty =« Wy, and V4 a symmetric neighborhood of 0 in F,
V4 = V3, so that Ty V4 < V3. Let Vs be a symmetric neighborhood of 0 in F so
that Vs + Vs < T4 V4 n V4. By induction, we construct a sequence (Tzn)nZl of
neighborhoods of 0 in R and a sequence (V7),. of symmetric neighborhoods
of 0 in F, with V) = V, such that T», = W»,, Vo, = Vau_1, TouVon = Va,—1 and
Voni1 + Vo1 < Top Vo 0 Vo, for all n > 1. We claim that the filter base 4 =
{V1,V3,Vs,...} on F satisfies conditions (ATG 1), (ATG 2), (TMN 1), (TMN
2) and (TMN 3) of Theorem 12.3 of [7]. In fact, (ATG 1) holds because
Vonit + Va1 € Vo < Vo for all n > 1, (ATG 2) holds because every element
of # is symmetric, and (TMN 1) holds because T2, Vay+1 < T2, Vay < Vay— for
all n>1. Now, let yp € F and n € N be arbitrary. Since V>, is a neighbor-
hood of 0 in F, there is a neighborhood W of 0 in R such that Wyy < V5,1,
and (TMN 2) holds. Finally, let 4o € R and n>1 be arbitrary. Since
{Wr, Wy, W, ...} is a fundamental system of neighborhoods of 0 in R, there is
an integer m > n such that 4g75,, < Ts,. Thus Ao Vo1 < AoTomVom < T Vau <
Vau—1, and (TMN 3) holds. Therefore, by the theorem just mentioned, there exists
a unique R-module topology v on F for which % is a fundamental system of
neighborhoods of 0. Let G be the topological R-module (F, ), which is semime-
trizable because % is countable. Since v : E — G transforms bounded sets into
bounded sets, then it is continuous by hypothesis. Consequently, u~!(V) is a
neighborhood of 0 in E, and hence u~!' (V') is a neighborhood of 0 in E because
V o Vi. Therefore u : E — F is continuous, proving (b).

This completes the proof of the theorem.
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