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Abstract. — We study existence and uniqueness, nonexistence and nonuniqueness of nonnegative

solutions to a semilinear parabolic equation with inverse-square potential. Analogous existence and
nonexistence results for the companion elliptic equation were proved in [4]. Concerning nonunique-

ness, we extend the results proved in [16] for the case without potential.
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1. Introduction

We investigate existence and uniqueness of nonnegative solutions to the problem

ut � Du� c

jxj2
u ¼ un in W� ð0;TÞ ¼: QT

u ¼ 0 in qW� ð0;T �
u ¼ u0 in W� f0g:

8><
>:ð1:1Þ

Here W C 0 is an open bounded subset of Rn (nb 3) with smooth boundary qW,

n > 1 and c a ð0; c0Þ, c0 :¼ ðn�2Þ2
4 being the best constant in the Hardy inequality.

We always suppose u0 b 0. Special attention will be paid to nonexistence and
nonuniqueness phenomena.

Let us motivate our interest in the above problem and outline our results.

(i) The Schrödinger operator with inverse-square potential

H ¼ Dþ c

jxj2
ðc > 0Þð1:2Þ

has a number of peculiar features, which have attracted much attention [1], [9],
[10], [19]. Accordingly, semilinear elliptic and parabolic problems where it ap-
pears, or related to it, have been widely investigated in recent years (in particular,
see [2]–[4], [6], [8], [14], [18]–[21]).



Consider a realization H
o

of the operator (1.2) in L2ðRnÞ with domain
Cl

0 ðWnf0gÞ. It is known that

(a) H
o

is essentially self-adjoint if and only if ca c0;

(b) H
o

b 0 if ca c0, but H
o

not semibounded if c > c0

(see [1] and references therein). By these spectral properties, an extension of H
o

will generate a contraction semigroup in L2ðRnÞ if and only if ca c0. Hence the
Cauchy problem for the parabolic equation

vt ¼ Dvþ c

jxj2
v:ð1:3Þ

is expectedly well-posed for ca c0, but ill-posed for c > c0.
This point was addressed in the pioneering paper [2], where nonnegative solu-

tions of the equation

vt � Dv� c

jxj2
v ¼ fð1:4Þ

were studied; here f ¼ f ðx; tÞ, f b 0 is a given integrable function. It turned out
that nontrivial nonnegative solutions of (1.4) (defined in a suitable weak sense)
do exist when ca c0. However, no such a solution, even in the weakest possible
sense, can exist if c > c0.

Interestingly, the above nonexistence result is related with the lack of regular-
ity at the origin of solutions of (1.4)—an e¤ect of the strongly singular potential
VðxÞ ¼ c

jxj2
. Observe preliminarly that equation (1.3) admits the explicit solution

Vðx; t; cÞ ¼ jxjlþ=2

t1þ
ffiffiffiffiffiffiffi
c0�c

p e�jxj2=4t;ð1:5Þ

where

lþC lþðcÞ :¼ 2� nþ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
c0 � c

p

is the largest root of the equation

l2 þ 2ðn� 2Þlþ 4c ¼ 0 ðc a ð0; c0�Þ:ð1:6Þ

Therefore the solution (1.5) exhibits a standing singularity at x ¼ 0, in contrast
with the case c ¼ 0 (yet in agreement with the sharp estimates of the heat kernel
associated with (1.3); see [13], [15]). More generally, let ca c0 and vb 0 solve the
Cauchy problem for equation (1.4), with Cauchy data v0 b 0, v0 2 0 or f b 0,
f 2 0. Then, as proven in [2], for any e a ð0;TÞ and R > 0 there exists C > 0
such that

vðx; tÞbCjxjlþ=2 if jxj < R; t a ðe;TÞ:ð1:7Þ
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The above inequality is easily understood considering radial stationary supersolu-
tions of (1.4). In fact, if v ¼ kjxja ðk > 0Þ satisfies

�Dv� c

jxj2
vb 0;

then there holds

fa2 þ ðn� 2Þaþ 4cgkjxja�2
a 0 ) aa

lþ
2
:ð1:8Þ

Inequality (1.7) can be regarded as a necessary condition for existence. A fur-
ther necessary condition is

Z T�e

0

Z
jxj<R

f ðx; tÞjxjlþ=2 dx dt < lð1:9Þ

for any e, R as above (see [2]). Using (1.7) and (1.9), nonexistence for c > c0 can
be heuristically explained as follows. Let v be a nontrivial nonnegative solution
when c > c0, then it also solves the Cauchy problem for the equation

vt � Dv� c0

jxj2
v ¼ c� c0

jxj2
þ f :

Hence there holds inequality (1.9), which now reads

Z T�e

0

Z
jxj<R

c� c0

jxj2
vþ f ðx; tÞ

( )
jxjð2�nÞ=2

dx dt < l

(observe that lþ=2 ¼ 2� n for c ¼ c0). However, condition (1.7) then implies

Z T�e

0

Z
jxj<R

v

jxj2
jxjð2�nÞ=2

dx dtb ðT � 2eÞ
Z R

0

r�1 dr ¼ l;

a contradiction.

(ii) In the light of the above remarks, nonexistence results can be expected also
for the semilinear parabolic equation

ut � Du� c

jxj2
u ¼ unð1:10Þ

which appears in (1.1). It is obviously so for c > c0. However, nonexistence can
be expected in this case even if ca c0, provided that the exponent n is ‘‘too
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large’’. In fact, this happens for the semilinear elliptic equation associated with
(1.1), namely

�Dv� c

jxj2
v ¼ vn:ð1:11Þ

As proven in [4], the value

nþC nþðcÞ :¼ 1þ 4

jlþj

is a dividing line with respect to existence or nonexistence of nonnegative solu-
tions to equation (1.11) (see [4, Theorems 1.1 and 1.2]; observe that lþ ! 0,
thus nþ ! l as c ! 0þ). Concerning nonexistence, we prove below that a simi-
lar situation holds for problem (1.1) (see Subsection 3.1 and Section 4, in partic-
ular Theorem 3.9, Theorems 4.2 and 4.3).

This nonexistence result is again made plausible by a heuristic argument, if we
consider radial stationary supersolutions. In fact, let v ¼ kjxja ðk > 0Þ be a super-
solution of (1.10). Then we have

�fa2 þ ðn� 2Þaþ 4cgkjxja�2
b k njxjan;

which requires

a� 2a an , ab� 2

n� 1
:

Hence the compatibility condition

lþ
2

b� 2

n� 1
, na nþ

(see (1.8)) arises as a necessary condition for existence.
Let us observe that inequalities (1.7) and (1.9) with f ¼ un give the necessary

condition for existence

n < �1þ 2n

jlþj
;

as is easily checked. However, our nonexistence results improve on this condition,
since nþ < �1þ 2n

jlþj .

(iii) Beside nonexistence, we also address nonuniqueness of nonnegative solutions
of problem (1.1) (see Subsection 3.2). Let us recall that the initial-boundary value
problem

vt ¼ Dvþ vn=ðn�2Þ in B� ð0;T �
v ¼ 0 on qB� ð0;T �
v ¼ v0 in B� f0g;

8<
:ð1:12Þ
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(B denoting the unit ball in Rn) is known to have more than one solution for in-
finitely many v0 a Ln=ðn�2ÞðBÞ (see [16]). A related nonuniqueness result holds for
the linear problem

vt ¼ Dvþ c

jxj2
v in B� ð0;T �

v ¼ 0 on qB� ð0;T �
v ¼ v0 in B� f0g

8><
>:ð1:13Þ

(see [12, Theorem 4.2], [21]).
Theorem 3.13 below generalizes this nonuniqueness result to the case cA 0,

pointing out the role of the exponent 2n
jl�j (see Remark 3.15). Here

l�C l�ðcÞ :¼ 2� n� 2
ffiffiffiffiffiffiffiffiffiffiffiffi
c0 � c

pð1:14Þ

denotes the smallest root of equation (1.6). Observe that for any c a ð0; c0Þ there
holds l� < lþ < 0 and

lþ a ð2� n; 0Þ; l� a ð2ð2� nÞ; 2� nÞ;ð1:15Þ

moreover,

lim
c!0þ

2n

jl�ðcÞj
¼ n

n� 2
:

To investigate existence and uniqueness we make use of the results proved in
[22], regarding problem (1.1) as an abstract Cauchy problem (see (3.1)). To this
purpose we need estimates of the semigroup generated by a realization of the
operator Dþ c

jxj2
in some suitable Lebesgue space. Such estimates, which are of

independent interest, are proved in Section 2. Let us mention that they cannot be
derived from the heat kernel estimates proved in [13].

Nonexistence is studied by two di¤erent methods. When c a ð0; c0Þ and n > nþ,
we adapt a method used in [20] for the elliptic case. On the other hand, in the
limiting cases c a ð0; c0�, n > nþ, or c a ð0; c0Þ, n ¼ nþ we generalize some results
in [18]. It should be noted that the notion of solution used in [18] was stronger,
whereas our concept of solution is the weakest possible (see Definition 4.1).

2. Semigroup estimates

We make use of the Lebesgue spaces LpðWÞCLpðW; dxÞ, Lp
l ðWÞCLpðW; jxjl dxÞ

ðp a ½1;l�; l a ð2� n; 0ÞÞ; their norms will be denoted by jj � jjp;l and jj � jjp, re-
spectively.

It is known that the change of unknown u ! v :¼ u

jxjlþ=2
formally recasts the

equation

ut � Du� c

jxj2
u ¼ 0 in W� ð0;TÞð2:1Þ
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into the equation

vt ¼
1

jxjl
divðjxjl‘vÞ in W� ð0;TÞð2:2Þ

with l ¼ lþ. Equation (2.2) is the heat equation for the weighted Laplacian

DlC
1

jxjl
divðjxjl‘ �Þ

on the weighted manifold ðW; jxjl dxÞ. This operator is properly defined in the
weighted space L2

lðWÞ, l a ð2� n; 0Þ as follows. Denote by H 1
0;lðWÞ the closure

of Cl
0 ðWnf0gÞ in the norm

v ! jjvjjH 1
l
:¼

Z
W

ðj‘vj2 þ v2Þjxjl dx
� �1=2

ð2:3Þ

(since l > 2� n, this is also the closure of Cl
0 ðWÞ in the same norm). Then the

weighted Laplacian Dl (complemented with Dirichlet homogeneous boundary
conditions) is defined in L2

lðWÞ as the opposite of the generator of the symmetric
form in L2

lðWÞ:

Hl½v1; v2� :¼
Z
W

‘v1‘v2jxjl dxð2:4Þ

with domain DðHlÞ :¼ H 1
0;lðWÞ. Therefore,

DðDlÞ :¼ v a H 1
0;lðWÞ j 1

jxjl
divðjxjl‘vÞ a L2

lðWÞ
n o

Dlv :¼ 1

jxjl
divðjxjl‘vÞ for any v a DðDlÞ:

8<
:ð2:5Þ

Here use is made of the equality

Z
W

‘v1‘v2jxjl dx ¼ �
Z
W

1

jxjl
divðjxjl‘v2Þv1jxjl dx;

which holds for any v1 a H 1
0;lðWÞ, v2 a DðDlÞ, and of general characterization re-

sults (e.g., see [11, Theorem VI.2.1]). We shall denote by feDltgtb0 the contrac-
tion holomorphic semigroup generated by Dl in L2

lðWÞ.
The Schrödinger operator H ¼ �D� c

jxj2
, c a ð0; c0Þ (with Dirichlet homoge-

neous boundary conditions) is similarly defined in L2ðWÞ as the generator of the
symmetric form

H½u1; u2� :¼
Z
W

�
‘u1‘u2 �

c

jxj2
u1u2

�
dx
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with domain DðHÞ :¼ H 1
0 ðWÞ, namely

DðHÞ :¼ u a H 1
0 ðWÞ jDuþ c

jxj2
u a L2ðWÞ

n o
Hu :¼ �Du� c

jxj2
u for any u a DðHÞ:

8<
:ð2:6Þ

In view of the Hardy inequality, the form H is nonnegative and Cl
0 ðWnf0gÞ is

a core for it. The operator H is nonnegative and self-adjoint, so that �H is the
generator of a contraction holomorphic semigroup fe�Htgtb0 on L2ðWÞ.

The relationship between equations (2.1), (2.2) can now be made rigorous.
Consider the unitary map

F : L2
lþ
ðWÞ ! L2ðWÞ; ðFvÞðxÞ :¼ jxjlþ=2vðxÞ ðv a L2

lþ
ðWÞÞ:ð2:7Þ

Define the nonnegative, self-adjoint operator

Hlþ :¼ F�HF

in L2
lþ
ðWÞ. Clearly,

e�Hlþ t ¼ F�e�HtF for any tb 0;

fe�Hlþ tgtb0 denoting the semigroup on L2
jðWÞ generated by �Hlþ . It is easily

checked that Hlþ ¼ �Dlþ (e.g., see [15]). Then the above equalities read

Dlþ ¼ F�
�
Dþ c

jxj2
�
F;ð2:8Þ

eDlþ t ¼ F�e�HtF for any tb 0:ð2:9Þ

The link (2.9) between the semigroups feDltgtb0 and fe�Htgtb0 will be used
in the following. In the next two propositions we recall some properties of these
semigroups (see [7], [15], [21]), concerning in particular their extensions to di¤er-
ent Lebesgue spaces.

Proposition 2.1. For any l a ð2� n; 0Þ the semigroup feDltgtb0 on L2
lðWÞ:

(i) is positivity preserving;
(ii) can be extended to L

p
l for any p a ½1;l�: Moreover, there exists o a R such

that

jjeDltfjjp;l a eotjjfjjp;l ðp a ½1;l�; tb 0Þ;ð2:10Þ

(iii) is ultracontractive. In fact, there exists C1 > 0 such that

jjeDltfjjl;l aC1t
�n=2ektjjfjj1;lð2:11Þ

for any f a L1
l , t > 0, k > maxfo; 0g.
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Proposition 2.2. Let c a ð0; c0Þ. Then the semigroup fe�Htgtb0 in L2ðWÞ can be

extended to a contraction semigroup in LpðWÞ, for any p a
2ðn�2Þ
jl�j ;l

h �
.

Proof. Observe that

pb
2ðn� 2Þ
jl�j

, c

ðn� 2Þ2
a

1

p
� 1

p2
ðc a ½0; c0ÞÞ;ð2:12Þ

Then the claim follows from [21, Proposition 11.1] and subsequent Remarks. r

For the above extension we will use the same notation fe�Htgtb0 already used
in L2ðWÞ.

Let us prove the following result.

Proposition 2.3. Let l a ð2� n; 0Þ: Then there exists a positive function
Klðx; y; tÞ ¼ Klðy; x; tÞðx; y a W; t > 0Þ, Klð�; �; tÞ a LlðW�WÞ for any t > 0,
such that

ðeDltfÞðxÞ ¼
Z
W

Klðx; y; tÞfðyÞjyjl dyð2:13Þ

for any t > 0, for almost every x a W and any f a L
p
l ðWÞ, p a ½1;lÞ.

Proof. If pb 2, equality (2.13) follows from Proposition 2.1-(iii) by the
Dunford–Pettis theorem. Let p a ½1; 2Þ; take a sequence ffmgJL2

lðWÞ such
that fm ! f in L

p
l ðWÞ. We have

eDltf�
Z
W

Klð�; y; tÞfðyÞjyjl dy
����

����
����

����
p;l

a jjeDltf� eDltfmjjp;l þ eDltfm �
Z
W

Klð�; y; tÞfðyÞjyjl dy
����

����
����

����
p;l

a eoT jjf� fmjjp;l þ
Z
W

Klð�; y; tÞ½fmðyÞ � fðyÞ�jyjl dy
����

����
����

����
p;l

a eoT jjf� fmjjp;l þ
�

sup
ðx;yÞaW�W

Klðx; y; tÞ
��Z

W

jxjl dx
�1=p

jjf� fmjjp;l:

Letting m ! l in the above inequality, the conclusion follows. r

Now we address the following

Proposition 2.4. Let l a ð2� n; 0Þ, 1 < pa qal: Then for any T > 0 there
exists C2 > 0 such that

jjeDltfjjq;l aC2t
�ðn=2Þð1=p�1=qÞjjfjjp;l ðt a ð0;TÞÞð2:14Þ

for any f a L
p
l ðWÞ.
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Proof. Using the interpolation inequality, inequality (2.10) with p ¼ 1 and
(2.11), we obtain for any q a ½1;l�

jjeDltfjjq;l a jjeDltfjj1=q1;l jje
Dltfjj1�1=q

l;l aC
1�1=q
1 ekTt�ðn=2Þð1�1=qÞjjfjj1;l:

By the above inequality, inequality (2.10) with p ¼ q and the Riesz-Thorin theo-

rem, we obtain (2.14) with C2 :¼ C
1=p�1=q
1 eoT . r

Define

bC bðc; pÞ :¼
2ðn�2Þþplþ
2ðn�2þlþÞ if p a

2ðn�2Þ
jl�j ; 2

h i
1 if p a ð2;lÞ:

(
ð2:15Þ

Lemma 2.5. Let p a
2ðn�2Þ
jl�j ;l

h �
. If f a LpðWÞ, then c :¼ jxj�lþ=2f a L

p=b
lþ

ðWÞ.

Proof. Observe that bb 1; moreover, pb
2ðn�2Þ
jl�j ) p

b
b 1. We have

jjcjjp=b;lþ ¼
Z
W

jcðxÞjp=bjxjlþ dx
� �b=p

¼
Z
W

jfðxÞjp=bjxjlþð1�p=2bÞ
dx

� �b=p

:

If pb 2, the conclusion follows from the above inequality. Otherwise, by the
Hölder inequality

Z
W

jfðxÞjp=bjxjlþð1�p=2bÞ
dx

� �b=p

a

Z
W

jfðxÞjp dx
� �1=p Z

W

jxjðlþ=2Þððb�pÞ=ðb�1ÞÞ
dx

� �ðb�1Þ=p
¼: C3jjfjjp:

Hence the result follows. r

A representation of the semigroup fe�Htgtb0, similar to (2.13) for the semi-
group feDltgtb0, is the content of the following

Proposition 2.6. Let c a ð0; c0Þ. Define

Kðx; y; tÞ :¼ ðjxj jyjÞlþ=2Klþðx; y; tÞ ðx; y a W; t > 0Þ;ð2:16Þ

where Klþ denotes the heat kernel in (2.9) with l ¼ lþ. Then

ðe�HtfÞðxÞ ¼
Z
W

Kðx; y; tÞfðyÞ dyð2:17Þ

for any t > 0, for almost every x a W and any f a LpðWÞ, p a
2ðn�2Þ
jl�j ;l

h �
.
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To prove Proposition 2.6 we need a preliminary result. Set

gC gðc; qÞ :¼
1 if q a ½1; 2�
2ðn�2Þþqlþ
2ðn�2þlþÞ if q a

�
2;

2ðn�2Þ
jlþj

�
;

(
ð2:18Þ

aðc; p; qÞ :¼ n

2

� b

p
� g

q

�
ð2:19Þ

(when unimportant, we shall disregard the dependence of a on c and write
aðp; qÞCaðc; p; qÞ).

Remark 2.7. It is easily checked that

(a) the map að�; p; qÞ is nondecreasing;
(b) the map aðc; �; qÞ is decreasing;
(c) the map aðc; p; �Þ is increasing.

Lemma 2.8. Let

2ðn� 2Þ
jl�j

< pa q <
2ðn� 2Þ
jlþj

:ð2:20Þ

Then for any T > 0 there exists a constant C4 > 0 such thatZ
W

Kð�; y; tÞfðyÞ dy
����

����
����

����
q

aC4t
�aðp;qÞjjfjjp ðt a ð0;TÞÞð2:21Þ

for any f a LpðWÞ.

Proof. Observe that:

(i) ga 1, and
2ðn�2Þ
jl�j < q <

2ðn�2Þ
jlþj ) q

g
b 1;

(ii) by Lemma 2.5 f a LpðWÞ ) c :¼ jxj�lþ=2f a L
p=b
lþ

ðWÞ:

Then by equality (2.16) and Lemma 2.3 we haveZ
W

Kðx; y; tÞfðyÞ dy ¼ jxjlþ=2
Z
W

jyjlþ=2Klþðx; y; tÞfðyÞ dyð2:22Þ

¼ jxjlþ=2ðeDlþ tcÞðxÞ;
whence

Z
W

Kð�; y; tÞfðyÞ dy
����

����
����

����
q

¼
Z
W

jðeDlþ tcÞðxÞjqjxjqðlþ=2Þ dx
� �1=q

ð2:23Þ

¼
Z
W

jðeDlþ tcÞðxÞjqjxjðlþ=2Þðq�2Þjxjlþ dx
� �1=q

aM1jjeDlþ tcjjq=g;lþ ;
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where

M1 :¼ max
x AW

jxjðlþ=2Þðq�2Þ
� �1=q

if q a ½1; 2�;

or

M1 :¼
Z
W

� lþ
2
q� lþ

�
sjxjlþjxj2�n

dx

� �ð1�gÞ=q
if q a

�
2;
2ðn� 2Þ
jlþj

�
:

Since by assumption q <
2ðn�2Þ
jlþj , it is easily seen that

q

g
b

p

b
. Hence by inequality

(2.14) and Lemma 2.5 we obtain

jjeDlþ tcjjq=g;lþ aC2t
�ðn=2Þðb=p�g=qÞjjcjjp=b;lþ aC2C3t

�ðn=2Þðb=p�g=qÞjjfjjp:ð2:24Þ

From (2.23) and (2.24) the conclusion follows with C4 :¼ C2C3M1. r

Now we can prove Proposition 2.6.

Proof of Proposition 2.6. If p a ½2;lÞ, equality (2.17) follows from (2.7),

(2.9) and (2.13). If p a
2ðn�2Þ
jl�j ; 2

h �
, let f a LpðWÞ, ffmgJL2ðWÞ such that fm ! f

as m ! l in LpðWÞ. Then for any t > 0

e�Htf�
Z
W

Kðx; y; tÞfðyÞ dy
����

����
����

����
p

a jje�Htf� e�Htfmjjp þ e�Htfm �
Z
W

Kðx; y; tÞfðyÞ dy
����

����
����

����
p

a jjf� fmjjp þ
Z
W

Kðx; y; tÞðfmðyÞ � fðyÞÞ dy
����

����
����

����
p

a f1þ C4t
�aðp;qÞgjjf� fmjjp;

here use of Proposition 2.2 and of (2.21) has been made (observe that
2ðn�2Þ
jlþj > 2

for any c a ð0; c0Þ). Letting m ! l in the above inequality the conclusion fol-
lows. r

The next proposition is an immediate consequence of Proposition 2.6 and
Lemma 2.8.

Proposition 2.9. Let inequality (2.20) be satisfied. Then for any T > 0 there
exists a constant C4 > 0 such that

jje�Htfjjq aC4t
�aðp;qÞjjfjjp ðt a ð0;TÞÞð2:25Þ

for any f a LpðWÞ, with aðp; qÞ defined by (2.19).
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3. Existence and nonuniqueness results

3.1. Existence

To address problem (1.1) we shall think of it as an abstract Cauchy problem,
namely

u 0 þHu ¼ un in ð0;TÞ
uð0Þ ¼ u0;

�
ð3:1Þ

where H is the operator introduced in Section 2 (in particular, see definition (2.6),
Proposition 2.2 and following remarks).

Let us make the following

Definition 3.1. Let u0 a LpðWÞ with p a
2ðn�2Þ
jl�j ;l

h �
, u0 b 0, n > 1. By a

mild solution to problem (1.1) in LpðWÞ we mean any nonnegative function
u a Cð½0;TÞ;LpðWÞÞBCðð0;TÞ;LpnðWÞÞBL1ðð0;TÞ;LpnðWÞÞ such that

uðtÞ ¼ e�Htu0 þ
Z t

0

e�Hðt�sÞunðsÞ ds for any t a ½0;TÞ:

Define

bðc; p; qÞ :¼ p

q� p
½1� aðc; p; qÞ�;ð3:2Þ

where aðp; qÞ is defined by (2.19). As for aðp; qÞ, we usually write bðp; qÞ instead
of bðc; p; qÞ. Concerning existence of solutions to problem (1.1), let us prove the
following preliminary result.

Proposition 3.2. Let c a ð0; c0Þ, n > 1. Let the following assumptions be
satisfied:

2ðn� 2Þ
jl�j

a p < pn <
2ðn� 2Þ
jlþj

;ð3:3Þ

0 < aðp; pnÞ < 1;ð3:4Þ
0 < bðp; pnÞ < aðp; pnÞ:ð3:5Þ

Moreover, let there exist p a ðp; pnÞ such that

aðp; pnÞ ¼ bðp; pnÞ:ð3:6Þ

Then for any u0 a LpðWÞ, u0 b 0 there exists a unique mild solution of problem
(1.1) in LpðWÞ.
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Proof. Let us show that under the present assumptions the existence results in
[22] (in particular, [22, Theorem 2]) apply to the abstract Cauchy problem (3.1).
Consider the map

J :¼ LpnðWÞ ! LpðWÞ; u ! JðuÞ :¼ un:

For any f;c a LpnðWÞ such that jjfjjpn a r, jjcjjpn a r ðr > 0Þ, there holds

jjJðfÞ � JðcÞjjp a lðrÞjjf� cjjpn

with l : Rþ ! Rþ such that

lðrÞ ¼ Oðjxjn�1Þ ¼ Oðjxjð1�aðp;pnÞÞ=bðp;pnÞÞ as r ! lð3:7Þ

(see (3.2)). On the other hand,

• since p a ðp; pnÞ and (3.3) holds, by Proposition 2.9 we obtain

jje�Htu0jjpn aC4t
�aðp;pnÞjju0jjpð3:8Þ

for any u0 a LpðWÞ;
• there holds

lim sup
t!0þ

tbðp;pnÞjje�Htu0jjpn ¼ 0:ð3:9Þ

In fact, let fu0;mg be any sequence in LpnðWÞ such that u0;m ! u0 in LpðWÞ
as m ! l. Since pn >

2ðn�2Þ
jl�j (see (3.3)), fe�Htgtb0 is a continuous semigroup

of contractions in LpnðWÞ. Using this fact and inequality (2.25) with p ¼ p,
q ¼ pn, we obtain

lim sup
t!0þ

tbðp;pnÞjje�Htu0jjpn a lim sup
t!0þ

tbðp;pnÞfjje�Htðu0 � u0;mÞjjpn þ jje�Htu0;mjjpng

aC4 lim sup
t!0þ

tbðp;pnÞft�aðp;pnÞjju0 � u0;mjjp þ jju0;mjjpng

¼ C4jju0 � u0;mjjpn;

here use of (3.6) and of the left inequality in (3.5) has been made. Sending
m ! l we have (3.9).

In view of (3.7)–(3.9), we can apply Theorem 2 in [22]. Hence the conclusion
follows. r

Remark 3.3. As c ! 0þ, the limiting form of conditions (3.3)–(3.5) is 1a p <
pn < l and

nðn� 1Þ
2n

< p <
nðn� 1Þ

n
:ð3:10Þ
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As for equality (3.6), it is satisfied by p ¼ nðn�1Þ
n

. Then in this limiting case Prop-
osition 3.2 reduces to [22, Theorem 1], showing that for any u0 a Lnðn�1Þ=nðWÞ,
u0 b 0 the problem

ut � Du ¼ un in QT

u ¼ 0 in qW� ð0;T �
u ¼ u0 in W� f0g:

8<
:

has a unique mild solution in LpðWÞ.

Let us consider for completeness the simpler case when condition (3.5) is not
satisfied. In this case we have the following existence result.

Proposition 3.4. Let c a ð0; c0Þ, n > 1. Let inequality (3.3) be satisfied, and

0 < aðp; pnÞ < 1

n
< bðp; pnÞ:ð3:11Þ

Then for any u0 a LpðWÞ, u0 b 0 there exists a unique mild solution of problem
(1.1) in LpðWÞ.

Proof. Inequality (3.11) implies thatZ l

1

r�1=aðp;pnÞþn�1 dr < l:

Then the conclusion follows from [22, Theorem 2-(a)]. r

Propositions 3.2 and 3.4 can be directly applied for any given p a
2ðn�2Þ
jl�j ;l

h �
.

This is made below for p ¼ 2 (see Theorem 3.5). Since the semigroup fe�Htgtb0

is holomorphic in L2ðWÞ, in this case the mild solution is classical, i:e,
u a C1ðð0;TÞ;L2ðWÞÞBCðð0;TÞ;DðHÞÞ (DðHÞ being defined in (2.6)) and sys-
tem (3.1) is satisfied.

Theorem 3.5. (i) Let

1 < n < 1þ 4ðn� 2þ lþÞ
nðn� 2Þ :ð3:12Þ

Then for any u0 a L2ðWÞ, u0 b 0 there exists a unique classical solution of problem
(1.1) in L2ðWÞ.

(ii) Let

nðn� 2Þ
4ðn� 2þ lþÞ

�
1� 1

n

�
< 1;ð3:13Þ

n > 1þ 4ðn� 2þ lþÞ
nðn� 2Þ :ð3:14Þ
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If n ¼ 3, assume also

n < 1þ 4ðn� 2þ lþÞ
njlþj

:ð3:15Þ

Let

p :¼ n

2

1

n� 1
� njlþj
4ðn� 2þ lþÞ

	 
�1

:ð3:16Þ

Then for any u0 a LpðWÞ, u0 b 0 there exists a unique classical solution of problem
(1.1) in L2ðWÞ.

Proof. It is easily seen that

að2; 2nÞ ¼ nðn� 2Þ
4ðn� 2þ lþÞ

�
1� 1

n

�
; bð2; 2nÞ ¼ 1

n� 1
� nðn� 2Þ
4ðn� 2þ lþÞ

1

n
:

It is also easily checked that inequality (3.12) ensures condition (3.11) with p ¼ 2.
Therefore by Proposition 3.4 for any u0 a L2ðWÞ, u0 b 0 there exists a unique
mild solution of problem (1.1) in L2ðWÞ.

Similarly, inequalities (3.13)–(3.14) (and (3.15) if n ¼ 3) ensure conditions
(3.4), (3.5) with p ¼ 2. The value p defined by (3.16) is the unique solution of
(3.6) with p ¼ 2. Hence by Proposition 3.2 for any u0 a LpðWÞ, u0 b 0 there exists
a unique mild solution of (1.1) in L2ðWÞ.

It remains to prove that in any event the above solution is classical (recall that
p > 2, thus LpðWÞJL2ðWÞ). To this purpose, observe that by [22, Theorem 2]:

(a) in case (i) there exists k1 > 0 such that

jjunðtÞjj2 a k1t
�an for any t a ð0; tÞ ðt > 0Þ;

(b) in case (ii) there exists k2 > 0 such that

jjunðtÞjj2 a kt�bn for any t a ð0;TÞ:

Therefore in case (i) the function t ! jjunðtÞjj2 is integrable with exponent
r

an
> 1

for any r a ðan; 1Þ (observe that an < 1 by assumption (3.12)). Similarly, in case
(ii) the same function is integrable with exponent

r

bn
> 1 for any r a ðbn; 1Þ (in

fact, it is easily checked that the assumption (3.14) ensures bn < 1). As a conse-
quence, since the semigroup fe�Htgtb0 is holomorphic in L2ðWÞ, by [17, Theorem

4.3.1] the function un : ð0;TÞ ! L2ðWÞ is Hölder continuous in ½e;TÞ for any
e > 0 (with exponent an

r
in case (i), bn

r
in case (ii)). Then the conclusion follows by

[17, Corollary 4.3.3]. r

In the general case it is interesting to investigate which restriction on p, n de-
rive from the compatibility of conditions (3.3)–(3.6) of Proposition 3.2 (a similar
but simpler study can be made for conditions (3.3)–(3.11) of Proposition 3.4; we
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omit the details). This is the content of Theorem 3.9, whose proof requires the
preliminary Lemmata 3.6, 3.7 and 3.8.

The conditions (3.3)–(3.6) depend on the quantities n, c, p, n—or, alterna-
tively, on n, c, p and q :¼ pn. In the following we suppose nb 3 arbitrarily fixed,
and investigate the compatibility of (3.3)–(3.6) as depending on p, q, regarding
c a ð0; c0Þ as a parameter.

Set

I :¼ 2ðn� 2Þ
jl�j

;
2ðn� 2Þ
jlþj

	 

; D :¼ fðp; qÞ a I � I j pa qg:

Observe that the interval I and the set D depend on n and c. In particular, the
measure of I is a decreasing function of c and I ¼ ð1;lÞ for c ¼ 0, I ¼ j for
c ¼ c0.

Concerning condition (3.4) we have the following

Lemma 3.6. Let c a ð0; c0Þ. For any ðp; qÞ a D there holds aðc; p; qÞ > 0. More-
over, there exists a nonempty subset D1 JD, D1 depending on n and c, such that
aðc; p; qÞ < 1 for any ðp; qÞ a D1. More precisely, there holds

D1 :¼ fðp; qÞ a D j p̂p�ðcÞ < p < p̂pþðcÞ; p < q < tðc; pÞg;

where p̂pe and t are as follows.

(i) If n ¼ 3; 4, then p̂pe ¼ p̂peðcÞ :¼
2ðn�2Þ
jlej for any c a ð0; c0Þ. In these cases there

exists a unique root ~pp ¼ ~ppðcÞ a I of the equation

a
�
c; p;

2ðn� 2Þ
jlþj

�
C

n

2

bðpÞ
p

¼ 1:ð3:17Þ

There holds ~pp ¼ 6
4þlþ

if n ¼ 3, ~pp ¼ 2 if n ¼ 4.
The function t ¼ tðc; pÞ is implicitly defined by the equation

aðc; p; qÞ ¼ 1ð3:18Þ

for any p a
�2ðn�2Þ

jl�j ; ~pp
�
, and tC

2ðn�2Þ
jlþj for any p a

�
~pp;

2ðn�2Þ
jlþj

�
.

(ii) The same situation prevails if nb 5 and c a ð0; ĉc� with

ĉc :¼ 2ðn� 2Þ3

n2
¼ 8ðn� 2Þ

n2
c0;

however, ~pp ¼ n
2 in this case.

If nb 5 and c a ðĉc; c0Þ, there holds

p̂pe ¼ p̂peðcÞ :¼
2njlþj

nðn� 2Þ � 2ðne 4Þ ffiffiffiffiffiffiffiffiffiffiffiffi
c0 � c

p ;

and the function t is defined by (3.18) in ð p̂p�ðcÞ; p̂pþðcÞÞ.
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In all cases the function t is continuous, nondecreasing with respect to p
(increasing when defined by (3.18)) and nonincreasing with respect to c.

Concerning condition (3.5) the following holds.

Lemma 3.7. Let c a ð0; c0Þ. For any ðp; qÞ a D1 there holds bðc; p; qÞ > 0.
Moreover, there exists a nonempty subset D2 JD1, D2 depending on c, such that
bðc; p; qÞ < aðc; p; qÞ for any ðp; qÞ a D2. More precisely, there holds

D2 :¼ fðp; qÞ a D1 j p̂p� < p < p�
þ; rðc; pÞ < q < tðc; pÞg;

where p̂p� and the function t are as in Lemma 3.6, and p�
þ and the function r are as

follows.

(i) If either n ¼ 3; 4 and c a ð0; c0Þ, or nb 5 and c a ð0; ĉc� (with ĉc defined in Lemma
3.6), p�

þ is the unique solution of the equation

a
�
c; p;

2ðn� 2Þ
jlþj

�
C

n

2

bðpÞ
p

¼ jlþj
2ðn� 2Þ p:ð3:19Þ

If n ¼ 3, then p�
þ a 3

4 . If nb 4, then p�
þ ¼

ffiffiffiffiffiffiffiffiffiffiffi
nðn�2Þ
jlþj

q
. In all cases there holds

~pp < p�
þ, ~pp being defined in Lemma 3.6.

(ii) The function r ¼ rðc; pÞ is implicitly defined by the equation

aðc; p; qÞ ¼ bðc; p; qÞ ðp a ð p̂p�; p�
þÞÞ:ð3:20Þ

It is continuous, increasing with respect to p and nonincreasing with respect to c.

As for condition (3.6), we have:

Lemma 3.8. Let c a ð0; c0Þ. Then there exists a nonempty subset D3 JD2, D3 de-
pending on c, such that for any ðp; qÞ a D3 there exists a unique p ¼ pðcÞ a ðp; qÞ
satisfying

aðc; p; qÞ ¼ bðc; p; qÞ:ð3:21Þ

More precisely, there holds

D3 :¼ fðp; qÞ a D2 j rðc; pÞ < q < sðc; pÞg;

where:

(i) the function r is as in Lemma 3.7;
(ii) the function s ¼ sðc; pÞ is implicitly defined by the equation

aðc; q; qÞ ¼ bðc; p; qÞ ðp a ð p̂p�; p�
þÞÞ:

It is continuous, increasing with respect to p and nonincreasing with respect to c.
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In view of the above lemmata, conditions (3.3)–(3.6) are satisfied for any cou-
ple n > 1, p > 1 such that ðp; pnÞ a D3. Therefore we have the following existence
result.

Theorem 3.9. Let c a ð0; c0Þ. Let p̂p� ¼ p̂p�ðcÞ, p�
þ ¼ p�

þðcÞ and the functions r, s
be defined as in Lemmata 3.6–3.8. Assume

p̂p� < p < p�
þ;

rðpÞ
p

< n <
sðpÞ
p

:

Then for any u0 a LpðWÞ, u0 b 0 (with p ¼ pðc; nÞ defined by equation (3.6)) there
exists a mild solution of problem (1.1) in LpðWÞ.

Remark 3.10. Observe that p̂peðcÞ ! 2 as c ! c�0 , so that the assumptions of
Theorem 3.9 cannot be satisfied for c > c0. This is in agreement with the nonexis-
tence result in [2, Theorem 2.2].

We complete this subsection by proving Lemmata 3.6–3.8.

Proof of Lemma 3.6. (a) A simple calculation shows that

aðc; p; pÞ ¼ njlþj
4ðn� 2þ lþÞ

1� 2

p

����
���� ðc a ð0; c0Þ; p a IÞ:ð3:22Þ

Since pa q in D and aðc; p; �Þ is increasing (see Remark 2.7), there holds
aðc; p; qÞ > 0 for any ðp; qÞ a D, c a ð0; c0Þ.

(b) It is immediately seen that:

• there holds

a
�
c;
2ðn� 2Þ
jl�j

;
2ðn� 2Þ
jlþj

�
¼ n

2
> 1 ðc a ð0; c0ÞÞ;

• for any fixed c a ð0; c0Þ the function p ! aðc; p; pÞ takes its maximum for

p ¼ 2ðn�2Þ
jlej and there holds

a
�
c;
2ðn� 2Þ
jl�j

;
2ðn� 2Þ
jl�j

�
¼ a

�
c;
2ðn� 2Þ
jlþj

;
2ðn� 2Þ
jlþj

�
ð3:23Þ

¼ njlþj
4ðn� 2Þ ðc a ð0; c0ÞÞ:

It is also easy to check that the inequality

njlþj
4ðn� 2Þ < 1ð3:24Þ
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is satisfied for any c a ð0; c0Þ if n ¼ 3; 4, or for any c a ð0; ĉcÞ if nb 5 (observe that
ĉc < c0 in the latter case). It is easily seen that in these cases there exists a unique
root ~pp a I of equation (3.17), and

~pp ¼

6
4þlþ

if n ¼ 3;

2 if n ¼ 4;
n
2 if nb 5:

8><
>:

Observe that ~pp < 2 if n ¼ 3, whereas for nb 5 there holds ~pp <
2ðn�2Þ
jlþj if and only if

c a ð0; ĉcÞ (see (3.24)).
On the other hand, if nb 5 and c a ½ĉc; c0Þ there holds

aðc; p; pÞ < 1 , p̂p�ðcÞ < p < p̂pþðcÞ;

and

p̂peðĉcÞ ¼
2ðn� 2Þ
jleðĉcÞj

¼ n

n� 2
:

Then the conclusion follows easily from Remark 2.7 by the Implicit Function
Theorem. r

Proof of Lemma 3.7. Observe preliminarly that bðc; p; qÞ > 0 for any
ðp; qÞ a D1, since in this set aðc; p; qÞ < 1 by Lemma 3.6 (c a ð0; c0Þ). Further
observe that

bðc; p; qÞ � aðc; p; qÞ ¼ � q

q� p
Aðc; p; qÞ;

where

Aðc; p; qÞ :¼ aðc; p; qÞ � p

q
:

Clearly,

bðc; p; qÞ < aðc; p; qÞ , Aðc; p; qÞ > 0;

and the function A has the same monotonicity properties as a.
In view of Lemma 3.6-(iii), we have

Aðc; p; tðc; pÞÞ ¼ aðc; p; tðc; pÞÞ � p

tðc; pÞ ¼
tðc; pÞ � p

tðc; pÞ > 0 ðc a ð0; c0ÞÞ:

Moreover, the function p ! Aðc; p; pÞ ¼ aðc; p; pÞ � 1 takes its maximum for
p ¼ 2ðn�2Þ

jlej and there holds
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A
�
c;
2ðn� 2Þ
jl�j

;
2ðn� 2Þ
jl�j

�
¼ A

�
c;
2ðn� 2Þ
jlþj

;
2ðn� 2Þ
jlþj

�

¼ njlþj
4ðn� 2Þ � 1 ðc a ð0; c0ÞÞ:

Hence the proof of Lemma 3.6 shows that:

• if n ¼ 3; 4 and c a ð0; c0�, or nb 5 and c a ð0; ĉc�,

Aðc; p; pÞ < 0 for any p a I ðc a ð0; c0ÞÞ;

• if nb 5 and c a ðĉc; c0Þ,

Aðc; p; pÞ < 0 , p̂p�ðcÞ < p < p̂pþðcÞ:

In addition, equation (3.19) is equivalent to A
�
c; p;

2ðn�2Þ
jlþj

�
¼ 0. It is easily seen

that it has a unique solution p�
þ with the asserted properties when c a ð0; c0Þ if

n ¼ 3, or when c a ð0; ĉcÞ if nb 4. In this connection, observe that if nb 4

p�
þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 2Þ
jlþj

s
<

2ðn� 2Þ
jlþj

, c < ĉc:

In all cases there holds A
�
c; ~pp;

2ðn�2Þ
jlþj

�
> 0, thus ~pp < p�

þ by the monotonicity of
Aðc; �; qÞ.

In the light of the above remarks, the conclusion follows from the monoto-
nicity properties as A by the Implicit Function Theorem. r

Proof of Lemma 3.8. In view of Lemma 3.7, there holds bðc; p; qÞ < aðc; p; qÞ
for any ðp; qÞ a D2. Therefore, since aðc; �; qÞ is decreasing, a solution p a ðp; qÞ
of equation (3.21) exists if and only if

bðc; p; qÞ > aðc; q; qÞ:ð3:25Þ

Let us show that the above inequality is satisfied for a suitable subset D3 JD2.
Set

Bðc; p; qÞ :¼ bðc; p; qÞ � aðc; q; qÞ ððp; qÞ a D2Þ:

Observe that

D2 ¼ fðp; qÞ a D1 j t�1ðc; qÞ < p < r�1ðc; qÞg:

When p ¼ t�1ðc; qÞ we have

Bðc; t�1ðc; qÞ; qÞ ¼ bðc; t�1ðc; qÞ; qÞ � aðc; q; qÞ ¼ �aðc; q; qÞ < 0;
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for bðc; t�1ðc; qÞ; qÞ ¼ 0 (see (3.18)). On the other hand,

Bðc; r�1ðc; qÞ; qÞ ¼ bðc; r�1ðc; qÞ; qÞ � aðc; q; qÞ
¼ aðc; r�1ðc; qÞ; qÞ � aðc; q; qÞ > 0;

since

bðc; r�1ðc; qÞ; qÞ ¼ aðc; r�1ðc; qÞ; qÞ

(see (3.20)), aðc; �; qÞ is decreasing and r�1ðc; qÞ < q.
In view of the above remarks and of the increasing character of Bðc; �; qÞ, for

any q a ðrð p̂p�Þ; rð p̂pþÞÞ there exists a unique p ¼ hðc; qÞ a ðt�1ðc; qÞ; r�1ðc; qÞÞ
such that

Bðc; hðc; qÞ; qÞ ¼ 0; Bðc; p; qÞ > 0 , p a ðhðc; qÞ; r�1ðc; qÞÞ:

Then in the set

D3 :¼ fðp; qÞ a D2 j q a ðrð p̂p�Þ; rð p̂pþÞÞ; p a ðhðc; qÞ; r�1ðc; qÞÞg

inequality (3.25) is satisfied. Since D3 JD2, there also holds bðc; p; qÞ < aðc; p; qÞ
for any ðp; qÞ a D3. Therefore for any ðp; qÞ a D3 there exists a unique p ¼ pðcÞ a
ðp; qÞ satisfying (3.21), and the first statement holds true.

Let us prove that hðc; �Þ is increasing, and hð�; qÞ nondecreasing; then the re-
maining statements will follow defining sðc; �Þ :¼ h�1ðc; �Þ. Since by definition

Bðc; hðc; qÞ; qÞ ¼ bðc; hðc; qÞ; qÞ � aðc; q; qÞ ¼ 0

and Bðc; �; qÞ is increasing, the first claim follows from the Implicit Function
Theorem, if we prove that Bðc; p; �Þ is decreasing. This is immediate if q > 2,
for bðc; p; �Þ is decreasing and q

qq
aðc; q; qÞ > 0 in this case (see (3.22)). If q < 2, a

direct calculation using (3.22) and the definition of bðc; p; qÞ shows that

q

qq
Bðc; p; qÞ < � n

q2
:

Hence the first claim follows in this case, too. The last claim concerning the mo-
notonicity of hð�; qÞ also follows from the Implicit Function Theorem and the fact
that Bðc; �; qÞ is increasing whereas að�; p; qÞ is nondecreasing (see Remark 2.7),
thus Bð�; p; qÞ is nonincreasing. This completes the proof. r

3.2. Nonuniqueness

In the following we denote by C
l;1
x; t ðUÞ ðU JRnþ1Þ the space of functions of

class Cl with respect to x and C1 with respect to t.
Let us make the following definitions.
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Definition 3.11. (i) By a weak solution of the equation

ut � Du� c

jxj2
u ¼ un in QTð3:26Þ

we mean any nonnegative function u a Ln
locðW� ½0;TÞÞ such that u

jxj2
a

L1
locðW� ½0;TÞÞ and there holds

�
ZZ

Qt

u zt þ Dzþ c

jxj2
z

( )
dx dt ¼

ZZ
Qt

unz dx dtð3:27Þ

for any t a ð0;TÞ and any test function z a C
l;1
x; t ðQtÞ, zð�; tÞ a Cl

0 ðWÞ for any
t a ½0; t�, zð�; tÞ ¼ 0.

(ii) Let u0 a L1
locðWÞ. By a weak solution to problem (1.1) we mean any

nonnegative function u a Cð½0;T �;L1
locðWÞÞBLn

locðW� ½0;TÞÞ such that u

jxj2
a

L1
locðW� ½0;TÞÞ, which is smooth out of the origin for any t a ð0;T �, vanishes on

qW� ð0;T � and satisfies

�
ZZ

Qt

u zt þ Dzþ c

jxj2
z

( )
dx dt ¼

Z
W

u0zðx; 0Þ dxþ
ZZ

Qt

unz dx dtð3:28Þ

for any t a ð0;TÞ and any test function z a C
l;1
x; t ðQtÞ, zð�; tÞ a Cl

0 ðWÞ for any
t a ½0; t�, zð�; tÞ ¼ 0.

Definition 3.12. (i) By a weak stationary solution of equation (3.26) we mean
any nonnegative function u a Ln

locðWÞ such that u

jxj2
a L1

locðWÞ and there holds

�
Z
W

u Dhþ c

jxj2
h

( )
dx ¼

Z
W

unh dxð3:29Þ

for any test function h a Cl
0 ðWÞ.

(ii) By a weak stationary solution of problem (1.1) we mean any weak station-
ary solution of equation (3.26) which is smooth out of the origin and vanishes on
qW� ð0;T �.

In the following of this subsection we take W ¼ B, B denoting the unit ball in
Rn. By strengthening the assumptions of Theorem 3.9, we can prove the follow-
ing nonuniqueness result.

Theorem 3.13. Let c a ð0; c0Þ, n a ð1; n��, and the assumptions of Theorem 3.9
be satisfied. Moreover, let

p < p <
2n

jl�j
a pnð3:30Þ

(where p ¼ pðc; nÞ is defined by equation (3.6) and jl�j ¼ jl�jðcÞ). Then for some
u0 a LpðBÞ, u0 b 0 there exist two weak solutions of problem (1.1) from the space
Cð½0;T �;LpðBÞÞ.
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Proof. As observed in [20], for any c a ð0; c0Þ and n a ð1; n�� there exists a weak

stationary solution ~uu of problem (1.1) such that ~uuðxÞP jxjl�=2 as jxj ! 0. It is
easily checked that ~uu a LqðBÞ if and only if q a

�
1; 2n

jl�j
�
, thus ~uu a LpðBÞnLpnðBÞ

by assumption (3.30).
On the other hand, let u denote the mild solution of problem (1.1) in LpðBÞ

with Cauchy data u0 ¼ ~uu, which exists by Theorem 3.9. It is shown below that
u is also a weak solution. Since u a Cð½0;T �;LpnðBÞÞ, it cannot coincide with ~uu.
Hence the conclusion follows.

To complete the proof, let u be the mild solution referred to above. Then, in
view of [22, Theorem 2-(vii)], there exists C1 > 0 such that

jjtbðp;pnÞuðtÞjjpn aC1 for any t a ð0;TÞ:ð3:31Þ

Since 0 < bðp; pnÞ < 1, we obtainZ T

0

jjuðtÞjjpn dtaC2

with C2 :¼ C1
T 1�bð p; pnÞ

1�bðp;pnÞ . Since by assumption (3.30)

pn >
2n

jl�j
>

n

n� 2
;

we obtain easily ZZ
QT

uðx; tÞ
jxj2

dx dtaC3;ð3:32Þ

where C3 :¼ C2

�Z
W

jxj2pn=ð1�pnÞ
dx

�ðpn�1Þ=pn
. Moreover, inequality (3.31) also im-

plies ZZ
QT

juðx; tÞjn dx dtaC4ð3:33Þ

with C4 :¼ C n�1
1 C2jWjðp�1Þn=p; here use of the inequality bðp; pnÞn < 1 (or equiva-

lently bðp; pnÞ < aðp; pnÞ) has been made. By (3.32)–(3.33) the conclusion fol-
lows. r

The compatibility of conditions of Theorem 3.13 can be investigated as al-
ready done for those of Proposition 3.2. However, this leads to a complicated
set of constraints for p, n and c. Therefore we limit ourselves to consider su‰-
ciently small values of c, proving the following result.

Theorem 3.14. Let p > 1, n > 1 satisfy

n <
n

n� 2
< pn < nðn� 1Þmin 1;

n

2

� �
:ð3:34Þ
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Then there exists ~cc a ð0; c0Þ such that for any c a ð0; ~ccÞ the assumptions of Theorem
3.13 are satisfied. Therefore for any c a ð0; ~ccÞ and for some u0 a LpðBÞ (p depend-
ing on c), u0 b 0 there exist two weak solutions of problem (1.1) from the space
Cð½0;T �;LpðBÞÞ.

Proof. It has been already observed that inequality (3.10), namely

nðn� 1Þ
2n

< p <
nðn� 1Þ

n

corresponds to (3.4)–(3.5) when c ¼ 0; moreover pð0; nÞ ¼ nðn�1Þ
n

(see Remark
3.3). Similarly, the limiting form of (3.30) as c ! 0þ is

p <
nðn� 1Þ

2
<

n

n� 2
a pn:ð3:35Þ

It is easily seen that the inequalities in (3.34) imply (3.10) and (3.35) (with strict
inequality). In fact,

• n < n
n�2 )

nðn�1Þ
2 < n

n�2 ;

• n < n
n�2 < pn ) nðn�1Þ

2n
< p;

• pn < nðn� 1Þmin
�
1; n2

�
) p <

nðn�1Þ
n

and p <
nðn�1Þ

2

(in this connection, observe that 2 < n < n
n�2 is compatible if n ¼ 3).

Therefore all conditions of Theorem 3.13 are satisfied at c ¼ 0 with strict in-
equality. Since they depend on c continuously, the conclusion follows. r

Remark 3.15. Set

n�C n�ðcÞ :¼ 1þ 4

jl�j
:ð3:36Þ

Observe that

1 <
n

n� 2
< n� <

nþ 2

n� 2
< nþ ðc a ð0; c0ÞÞ;

lim
c!0þ

n� ¼ n

n� 2
:

It was conjectured in [20] that the problem

ut � Du� c

jxj2
u ¼ un� in B� ð0;T �

u ¼ 0 in qB� ð0;T �
u ¼ u0 in B� f0g

8><
>:ð3:37Þ
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has two weak solutions from u a Cð½0;T �;Ln�ðBÞÞ. In this connection, observe
that:

(i) if (3.34) holds, the assumptions of Theorem 3.13, yet with (3.30) replaced by

p < p < n� a pn;ð3:38Þ

are still satisfied. This depends on the fact that

lim
c!0þ

n�ðcÞ ¼ lim
c!0þ

2n

jl�ðcÞj
¼ n

n� 2
:

However, the conclusion of Theorem 3.14 is more precise, for n�ðcÞ < 2n
jl�ðcÞj for

any c a ð0; c0Þ;

(ii) in Theorem 3.14 we cannot recover the limiting case p ¼ 2n
jl�j , nor could we

recover the case p ¼ n� if (3.30) were replaced by (3.38). In fact, the argument
used in [16] in the limiting case c ¼ 0—namely, to prove nonuniqueness in
Cð½0;T �;Ln=ðn�2ÞðBÞÞ of solutions to the problem

ut � Du ¼ un=ðn�2Þ in B� ð0;T �
u ¼ 0 in qB� ð0;T �
u ¼ u0 in B� f0g;

8<
:

makes use of the boundedness of the solution for any t a ð0;T �. On the other
hand, it is known that every weak solution of problem (3.37) diverges at the
origin at least as jxjlþ=2 [2].

4. Nonexistence results

Set Q̂Qt :¼ ðWnf0gÞ � ½0; t� ðt a ½0;T �Þ. Let us make the following definition.

Definition 4.1. Let u0 a L1
locðWnf0gÞ. By a very weak solution to problem

(1.1) we mean any smooth nonnegative function u a Cð½0;T �;L1
locðWnf0gÞÞB

Ln
locðQ̂QTÞ, which vanishes on qW� ð0;T � and satisfies equality (3.28) for any

t a ð0;TÞ and any test function z a Cl;1
x; t ðQ̂QtÞ, zð�; tÞ a Cl

0 ðWnf0gÞ for any
t a ½0; t�, zð�; tÞ ¼ 0.

Concerning nonexistence of very weak solutions to problem (1.1), we shall
prove the following result.

Theorem 4.2. Let c a ð0; c0�, n > nþ, or c a ð0; c0Þ, n ¼ nþ. Suppose that

lim inf
x!0

½jxj�ðgþjlþj=2Þu0ðxÞ� > 0 for some g < 0:ð4:1Þ

Then no very weak solution to problem (1.1) exists.
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Theorem 4.2 follows from the results proven in [18], if a stronger concept of
solution is used (see [18] for details). The concept of solution used above is the
weakest possible. In this respect, Theorem 4.2 is the parabolic counterpart of the
elliptic nonexistence result in [4].

Observe that by assumption (4.1) there exist k > 0, r > 0 such that for any

jxj < r there holds u0ðxÞb kjxjgþjlþj=2. If jgjb nþ jlþj
2 , this implies u0 B L1

locðWÞ,
whereas assumption (4.1) is compatible with u0 a L1

locðWÞ if jgj < nþ jlþj
2 . A di-

rect proof of nonexistence of very weak solutions, if u0 a L1
locðWÞ, is the content

of the following theorem.

Theorem 4.3. Let c a ð0; c0Þ, n > nþ. Let u0 a L1
locðWÞ, u0 b 0, u0 2 0. Then no

very weak solution to problem (1.1) exists.

4.1. Proof of Theorem 4.2

If we introduce the new unknown vðx; tÞ :¼ jxjlþ=2uðx; tÞ, problem (1.1) reads:

vt � Dv� lþ

jxj2
3x;‘v4 ¼ jxjððn�1Þ=2Þlþvn in QT

v ¼ 0 in qW� ð0;T �
v ¼ v0 in W� f0g;

8><
>:ð4:2Þ

where v0ðxÞ :¼ jxjlþ=2u0ðxÞ and 3� ; �4 denotes the scalar product in Rn. Very
weak solutions of problem (4.2) are defined exactly as those of problem (1.1)
(see Definition 4.1), yet with equality (3.28) replaced by

�
ZZ

Qt

vzt dx dt�
ZZ

Qt

v Dz� lþ div
� x

jxj2
z
�( )

dx dtð4:3Þ

¼
Z
W

v0ðxÞzðx; 0Þ dxþ
ZZ

Qt

jxjððn�1Þ=2Þlþvnz dx dt:

It is easily seen that u is a very weak solution of problem (1.1) if and only if

v ¼ jxjlþ=2u is a very weak solution of problem (4.2).
To prove Theorem 4.2 we modify the proof given in [18] in a suitable way, by

making a proper choice of the test function z in inequality (4.3). For this purpose
some preliminary remarks are needed.

Let W1 JW be any neighbourhood containing the origin, 0 < e < h, h > 2e so
small that Ae;h :¼ fx a Rn j e < jxj < hgJW1nf0g. For r a ½e; h� define

f0ðrÞ :¼ ðrs � hsÞa;

where a a
�
1þ 1

n
; 2
�
and s < 0 will be fixed later. Define also

f1ðrÞ :¼ f
� r

e

�
ðr a ½e; h�Þ;
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where f a Cl
�
0;

h

e

 ��
is nondecreasing, such that

fðsÞ :¼
0 if s a ð0; 1Þ
1 if s a

�
2; h

e

�
:

�

Finally, set

zðrÞ :¼ rrf0ðrÞf1ðrÞ ðr a ½e; h�Þ;

where r is a real parameter to be chosen later, and

~zzðxÞ :¼ zðjxjÞ ðx a Ae;hÞ:ð4:4Þ

It is immediately seen that the function z has the following properties:

(i) there holds

zðeÞ ¼ zðhÞ ¼ dz

dr
ðeÞ ¼ dz

dr
ðhÞ ¼ 0;

(ii) there exists a sequence fzkgJCl
0 ðAe;hÞ, zk b 0 for any k, such that zk ! ~zz

in W
2;p
0 ðAe;hÞ for any p a

�
1; 1

2�a

�
.

In fact, claim (i) follows from the very definition of z. Concerning (ii), observe
that ~zz a C1

0 ðAe;hÞBW 2;pðAe;hÞ, thus ~zz a W
2;p
0 ðAe;hÞ for any p a

�
1; 1

2�a

�
; then the

claim follows.
The proof of Theorem 4.2 makes use of the following

Proposition 4.4. Let v be a very weak solution to problem (4.2). Let either of
the following assumptions be satisfied:

(i) ra 2� na lþ, s < 0;
(ii) r ¼ lþ > 2� n, s ¼ 2� n� r.

Then for any 0 < e < h, h su‰ciently small and any t a ð0;TÞ there holds:Z t

0

ðt� tÞb dt
Z
Ae; h

jxjððn�1Þ=2Þlþvnðx; tÞ~zzðxÞ dxð4:5Þ

a�
Z t

0

ðt� tÞb dt
Z
Ae; h

jxj�ðn�1ÞwðjxjÞvðx; tÞ dx

þ b

Z t

0

ðt� tÞb�1
dt

Z
Ae; h

vðx; tÞ~zzðxÞ dx� tb
Z
Ae; h

v0ðxÞ~zzðxÞ dx;

where b > max
�
1; 1

n�1

�
, the function ~zz is defined in (4.4) and

wðrÞ :¼ rn�1 d

dr
½rrf0�

df1
dr

� lþr
n�2þrf0 þ

d

dr
rn�1þrf0

df1
dr

	 

ðr a ½e; h�Þ:ð4:6Þ
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Proof. Let t a ð0;T �; set

f̂fðtÞ ¼ ðt� tÞb if t a ð0; tÞ
0 if t a ðt;TÞ;

(

with b > max
�
1; 1

n�1

�
: Let fzkgJCl

0 ðAe;hÞ, zk b 0 for any k, such that zk ! ~zz

in W
2;p
0 ðAe;hÞ, p a

�
1; 1

2�a

�
. Choosing zðx; tÞ ¼ zkðxÞf̂fðtÞ in (4.3), then sending

k ! l we obtain:Z t

0

ðt� tÞb dt
Z
Ae; h

jxjððn�1Þ=2Þlþvnðx; tÞ~zzðxÞ dxð4:7Þ

¼ b

Z t

0

ðt� tÞb�1
dt

Z
Ae; h

vðx; tÞ~zzðxÞ dx

�
Z t

0

ðt� tÞb dt
Z
Ae; h

vðx; tÞ D~zz� lþ div
� x

jxj2
~zz
�( )

dx

� tb
Z
Ae; h

v0ðxÞ~zzðxÞ dx:

An elementary calculation shows that

D~zz� lþ div
� x

jxj2
~zz
�
¼ jxj�ðn�1Þ dc

dr
ðjxjÞ;ð4:8Þ

where

cðrÞ :¼ rn�1 dz

dr
ðrÞ � lrn�2zðrÞ:ð4:9Þ

Defining

c1 ¼ c1ðrÞ :¼ rn�1 d

dr
½rrf0ðrÞ� � lrn�2þrf0ðrÞ ðr a ½e; h�Þ;

we obtain

cðrÞ ¼ f1c1 þ rn�1þrf0
df1
dr

:ð4:10Þ

From (4.7)–(4.10) the conclusion immediately follows, if we prove the following

Claim. Let either assumption (i)–(ii) be satisfied. Then there exists h0 > 0 (de-
pending on r, s) such that for any h < h0 there holds

dc1

dr
b 0 in ðe; hÞ:
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To prove the Claim, observe that

ðrs � hsÞ2�a dc1

dr
¼ aða� 1Þs2rnþrþ2s�3 þ ðrs � hsÞrnþrþs�3

�
�
as½ðr� lþÞ þ nþ rþ s� 2�

þ ðr� lþÞðnþ r� 2Þ 1�
� r

h

�jsj	 
�
;

as an elementary calculation shows. It is easily checked that the right-hand side of
the above equality is nonnegative, if either assumption (i) or (ii) is satisfied. Then
the Claim and the conclusion follow. r

Proposition 4.4 allows us to to prove Theorem 4.2, repeating the argument
used in [18, Theorem 2.7]. We outline the proof for convenience of the reader.

Proof of Theorem 4.2. (i) Let u be any very weak solution of problem (1.1),
and v ¼ jxjlþ=2u the corresponding very weak solution to problem (4.2). Arguing
as in [18, Proposition 4.2], from inequality (4.5) we obtain for any e a ð0; hÞ su‰-
ciently small and any t a ð0;T �

Z t

0

ðt� tÞb dt
Z
Ae; h

vðx; tÞ~zzðxÞ dx
( )n

ð4:11Þ

aMtbC1ðe; hÞ
(
C1ðe; hÞ1=ðn�1Þ

t�1=ðn�1Þ þ C2ðeÞt

�
Z
Ae; h

v0ðxÞ~zzðxÞ dx
)

with some constant M ¼ Mðb; nÞ > 0: Here

C1ðe; hÞ :¼
Z h

e

rjlþj=2þn�1zðrÞ dr
� �n�1

;ð4:12Þ

C2ðeÞ :¼
Z
Ae; 2e

jxj�ðn�1Þn 0 ½jxjððn�1Þ=2Þlþ ~zzðxÞ��n 0�1½wðjxjÞ�n
0
dx;ð4:13Þ

where n 0 :¼ n�1
n

(observe that wðjxjÞC 0 if jxj > 2e).

In view of the definition of the function z, we have

C1ðe; hÞa
Z h

e

rjlþj=2þrþsþn�1 dr

� �n�1

;

thus by monotonicity

lim
e!0þ

C1ðe; hÞaK1h
ðjlþj=2þrþsþnÞðn�1Þ

387on a semilinear parabolic equation with inverse-square potential



for some K1 > 0. Moreover, arguing as in [18, Proposition 3.4], we obtain for
some constant K2 > 0

C2ðeÞaK2Cey;

where

y :¼ nþ rþ s� 2þ jlþj
2ðn� 1Þ ðn� nþÞ:ð4:14Þ

(ii) In the following we choose the parameters r, s of the test function ~zz as in
Proposition 4.4. More precisely, we assume

(a) ra 2� n, s < 0 if n > nþ, or
(b) r ¼ lþ > 2� n, s ¼ 2� n� r if n ¼ nþ.

Observe that the choice c ¼ c0 is allowed in case (a), but forbidden in case (b).
By Proposition 4.4 and the first sentence of this proof, in both cases inequality

(4.11) holds, thus we take its limit as e ! 0þ. To this purpose, observe prelimi-
narly that for any t a ½0; t�:

lim
e!0þ

Z
Ae; h

vðx; tÞ~zzðxÞ dx ¼
Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

vðx; tÞ dx

by monotonicity, due to the choice of the function ~zz. In view of assumption
(4.1), there exist k > 0 and h1 > 0 such that for any jxj < h < h1 there holds
v0ðxÞb kjxjg. Hence

Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

v0ðxÞ dxb k

Z h

0

rgþrþsþn�1 1�
� r

h

�jsj	 

dr;

where Bh :¼ fx a Rn j jxj < hg. If ga�2, the integral in the right-hand side of
the above inequality diverges. On the other hand, if g > �2 we obtain:

Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

v0ðxÞ dxbK3h

gþrþsþn

for some K3 > 0.

(iii) Assume first n > nþ. We claim that in this case the above choice (a) of the
parameters r, s is consistent with the inequality y > 0. If so, letting e ! 0þ in in-
equality (4.11) gives

Z t

0

ðt� tÞb dt
Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

vðx; tÞ dx

( )n

ð4:15Þ

aMtbhðjlþj=2þrþsþnÞnft�1=ðn�1Þ � K3h
gþlþ=2g
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for any t a ð0;TÞ, if g > �2. In this case the right-hand side of the above inequal-

ity is negative for any t > t� ¼ t�ðhÞ :¼ K
�ðn�1Þ
3 hðjlþj=2�gÞðn�1Þ; since t�ðhÞ ! 0þ as

h ! 0þ, the conclusion follows in this case. On the other hand, if ga�2 the
right-hand side of inequality (4.15) tends to �l as e ! 0þ, thus a contradiction
follows in this case, too. This proves that vC 0, thus uC 0. By the arbitrariness
of u the conclusion follows in this case.

To prove the above claim, observe that the requirement y > 0 reads

rþ s > 2� nþ lþ
2ðn� 1Þ ðn� nþÞ

(see (4.14)), whereas the choice (a) implies

rþ s < 2� n:

The above inequalities are compatible since n > nþ. This completes the proof in
the present case.

(iv) Finally, let n ¼ nþ. Choosing the parameters r, s as in (b) gives
rþ sþ n ¼ 2, thus y ¼ 0. Taking the limit of inequality (4.15) as e ! 0þ now
we obtain Z t

0

ðt� tÞb dt
Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

vðx; tÞ dx

( )n

ð4:16Þ

aMtbh2nf f ðh; tÞ � K3h
gþ2g;

where

f ðh; tÞ :¼ h2n=ðn�1Þt�1=ðn�1Þ þ K2t:

It is easily seen that the function f ðh; �Þ has a unique minimum t� ¼ t�ðhÞ :¼
½ðn� 1ÞK2��ðn�1Þ=nh2 in ½0;T �; moreover, f ðh; t�Þ ¼ nK2t�. Then by inequality
(4.16) there holds:Z t

0

ðt� tÞb dt
Z
Bh

jxjrþs 1�
� jxj

h

�jsj	 

vðx; tÞ

( )n

ð4:17Þ

aM 0tbþ2h2nfK2 � K3h
gg

for some M 0 > 0. Since g < 0 and t�ðhÞ ! 0þ as h ! 0þ, the conclusion follows
also in this case. This completes the proof. r

4.2. Proof of Theorem 4.3

The proof of Theorem 4.3 makes use of the following

Proposition 4.5. Let 0 < ca c0, n > nþ. Suppose u0 a L1
locðWÞ. Then every

very weak solution to problem (1.1) is also a weak solution.

389on a semilinear parabolic equation with inverse-square potential



To prove Proposition 4.5 we need two preliminary results.

Lemma 4.6. Let u be a very weak solution of the problem

ut � Du ¼ g in QT

u ¼ 0 in qW� ð0;TÞ
u ¼ u0 in W� f0g;

8<
:ð4:18Þ

with g a L1
locðW� ½0;TÞÞ, u0 a L1

locðWÞ. Suppose that u

jxj2
a L1

locðW� ½0;TÞÞ. Then
u is a weak solution to problem (4.18).

Proof. By assumption we have

�
ZZ

Qt

ufẑzt þ Dẑzg dx dt ¼
Z
W

u0ẑzðx; 0Þ dxþ
ZZ

Qt

gẑz dx dtð4:19Þ

for any t a ð0;TÞ and any test function ẑz a C
l;1
x; t ðQ̂QtÞ, ẑzð�; tÞ a Cl

0 ðWnf0gÞ for
any t a ½0; t�, ẑzð�; tÞ ¼ 0: Let z a C

l;1
x; t ðQtÞ, zð�; tÞ a Cl

0 ðWÞ for any t a ½0; t�,
zð�; tÞ ¼ 0: Set wkðxÞ :¼ wðkjxjÞ ðk a NÞ, where w a Clðð0;lÞÞ, 0a wa 1 and

wðsÞ ¼ 0; if s a ½0; 1�
1; if s a ½2;lÞ:

�

Choosing ẑz ¼ ẑzk ¼ zwk in (4.19) gives

�
ZZ

Qt

uwk½zt þ Dz� dx dt� 2

ZZ
Qt

u3‘z;‘wk4 dx dt

�
ZZ

Qt

uzDwk dx dt ¼
ZZ

Qt

gzwk dx dtþ
Z
W

u0ðxÞzwk dx

for any t a ð0;TÞ. This yields the conclusion as k ! l, if we prove that

lim
k!l

ZZ
Qt

u3‘z;‘wk4 dx dt ¼ lim
k!l

ZZ
Qt

uzDwk dx dt ¼ 0:

This follows from the inequalitiesZZ
Qt

juj j‘wkj j‘zj dx dtaCk

Z t

0

Z
f1=k<jxj<2=kg

juj dx dt

a 4C

Z t

0

Z
f1=k<jxj<2=kg

u

jxj2
dx dt;ZZ

Qt

juj jzj jDwkj dx dtaCk2

Z t

0

Z
f1=k<jxj<2=kg

juj dx dt

a 4C

Z t

0

Z
f1=k<jxj<2=kg

u

jxj2
dx dt
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(which hold for some C > 0), for by assumption u

jxj2
a L1

locðW� ½0;TÞÞ. Hence the
conclusion. r

Lemma 4.7. Let 0 < ca c0, n > 1: Let u be a very weak solution to problem
(1.1). Then both u

jxj2
and un belong to L1

locðW� ½0;TÞÞ.

Proof. Consider the family of functions

xeðxÞ :¼ x
��

e
r

�n�2�
if r > 0

0 if r ¼ 0

�
ðe > 0Þ;

where x a Cl
0 ð½0;lÞÞ satisfies:

• 0a xa 1 in ð0;lÞ, xð0Þ ¼ 1, xC 0 in ½1;lÞ;
• x 0

a 0, x 00
b 0 in ð0;lÞ.

Then for any e > 0

• 0a xe a 1, xeC 0 in Be, xe ! 1 as e ! 0 for any r > 0;

• j‘xej ¼ ðn� 2Þen�2r1�njx 0j ! 0 as e ! 0, uniformly on the compact subsets
of Wnf0g;

• Dxe ¼ ðn� 2Þ2e2ðn�2Þr2ð1�nÞx 00
b 0 in W.

Moreover, take h a ClðWÞ such that 0a ha 1, hC 1 in Be0 for some e0 > 0,
h ¼ 0 on qW:

Observe that xeh a Cl
0 ðWnf0gÞ, thus we can choose

zðx; tÞ ¼ ðt� tÞbxeðxÞhðxÞ ððx; tÞ a QtÞ

with b > n
n�1 in (3.28) (see Definition 4.1). We obtain

ZZ
Qt

unðt� tÞbxeh dx dtþ c

ZZ
Qt

u

jxj2
ðt� tÞbxeh dx dtð4:20Þ

a b

ZZ
Qt

uðt� tÞb�1xeh dx dt

�
ZZ

Qt

uðt� tÞb½hDxe þ xeDhþ 23‘xe;‘h4� dx dt

a b

ZZ
Qt

uðt� tÞb�1
xeh dx dt

�
Z t

0

Z
WnBe0

uðt� tÞb½xeDhþ 23‘xe;‘h4� dx dt

a b

ZZ
Qt

uðt� tÞb�1xeh dx dtþ C1
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for some C1 > 0. On the other hand,

buðt� tÞb�1
xeh ¼ u½ðt� tÞbxeh�1=n½bðt� tÞb�1�b=nðxehÞ1�1=n�ð4:21Þ

a
1

n
unðt� tÞbxehþ

n� 1

n
bn=ðn�1Þðt� tÞb�n=ðn�1Þh;

here the inequality 0a xe a 1 has been used. From (4.20)–(4.21) we obtain

n� 1

n

ZZ
Qt

unðt� tÞbxeh dx dtþ c

ZZ
Qt

u

jxj2
ðt� tÞbxeh dx dtaC2

for some C2 > 0. In view of the Fatou lemma, letting e ! 0 in the above inequal-
ity gives

n� 1

n

ZZ
Qt

unðt� tÞbh dx dtþ c

ZZ
Qt

u

jxj2
ðt� tÞbh dx dtaC2

whence the conclusion easily follows. r

We can now prove Proposition 4.5.

Proof of Proposition 4.5. Let u be a very weak solution to problem (1.1). In
view of Lemma 4.7, g :¼ c

jxj2
uþ un belongs to L1

locðW� ½0;TÞÞ. Then by Lemma

4.6 u is a weak solution to problem (1.1), and the result follows. r

Finally, let us prove Theorem 4.3.

Proof of Theorem 4.3. Define

g0 :¼
jlþj
2

; gk :¼ ngk�1 � 2 ðk a NÞ:ð4:22Þ

We shall prove that the sequence fgkg is increasing and diverging as k ! l. In
fact, observe that

g1 � g0 ¼ ðn� 1Þg0 � 2 > 0

since by assumption n > nþ. Moreover, assuming

gk � gk�1 ¼ ðn� 1Þgk�1 � 2 > 0

for some k a N, we have

gkþ1 � gk ¼ ðn� 1Þgk � 2 > ðn� 1Þgk�1 � 2:
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Then, by induction, we have that fgkg is increasing. Suppose that l :¼ lim
k!l

gk a R.
Then from (4.22) we get

l ¼ 2

n� 1
<

jlþj
2

;

since n > nþ. On the other hand, lb g0 :¼
jlþj
2 , since the sequence fgkg is increas-

ing. The contradiction proves that l ¼ l:
As a consequence, there exists a unique k a N such that g

k
b n� 2 and

g
k�1

< n� 2: We shall prove the following

Claim. Let there exists a very weak solution u to problem (1.1). Then for any
j ¼ 1; . . . ; k � 1 there exist Cj > 0, Rj > 0 such that

uðx; tÞbCjðt� eÞjxj�gj for a:e: ðx; tÞ a BRj
� ðe;TÞ ðe a ð0;TÞÞ:ð4:23Þ

From the above claim the result follows plainly. In fact, inequality (4.23) with
j ¼ k � 1 implies

unðx; tÞbC n

k�1
ðt� eÞnjxj�g

k
�2 for a:e: ðx; tÞ a BR

k�1
� ðe;TÞ:

Since g
k
b n� 2 by definition, there holds jxj�g

k
�2 B L1ðBR

k�1
Þ, hence u B

LnðBR
k�1

� ðe; tÞÞ ðt a ðe;TÞÞ. On the other hand, by Proposition 4.5 u is a weak
solution to problem (1.1), thus u a Ln

locðQtÞ for any t a ð0;TÞ (see Definition
3.11). This is a contradiction, since BR

k�1
� ðe; tÞJQt ðt a ðe;TÞÞ. Hence the

conclusion follows.
It remains to prove the claim. To this purpose, recall that for any fixed

R a ð0; 1Þ and e a ð0;TÞ there exists C0 > 0 such that

uðx; tÞbC0jxjlþ=2 for a:e: x a BR � ½e;T �ð4:24Þ

(see [2, Theorem 2.2]). Set

UjðxÞ :¼
jxj�gj � R�gj

gjðn� 2� gjÞ
; ð j ¼ 1; . . . ; k � 1Þ

(observe that Uj > 0 for any j, for g0 > 0, g
k�1

< n� 2 and fgkg is increasing). It
is easily checked that Uj satisfies

�
Z
BR

UjDh dx dt ¼
Z
BR

jxj�gj�2
h dxð4:25Þ

for any h a ClðBRÞ, hb 0, h ¼ 0 on qBR ð j ¼ 1; . . . ; k � 1Þ.
Fix any t a ðe;TÞ. Under the present assumptions every very weak solution u

to problem (1.1) is also a weak solution (see Proposition 4.5). Therefore, we can
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choose in (3.28) a test function z a C
l;1
x; t ðBR � ½e; t�Þ, zb 0, z ¼ 0 in qBR � ½e; t�,

zð�; tÞ ¼ 0. In view of (4.24), this yields

�
Z t

e

Z
BR

u
�
zt þ Dzþ c

jxj2
z
�
dx dt ¼

Z
BR

u0zðx; 0Þ dxþ
Z t

e

Z
BR

unz dx dt

bC n
0

Z t

e

Z
BR

jxjðlþ=2Þnz dx dt

¼ C n
0

Z t

e

Z
BR

jxj�g1�2z dx dt;

whence

�
Z t

e

Z
BR

uðzt þ DzÞ dx dtbC n
0

Z
BR

jxj�g1�2
z dx dt:ð4:26Þ

Define for any j ¼ 1; . . . ; k � 1

uj :¼ C n
0 ðt� eÞ jxj�gj � R�gj

ðT � eÞgjðn� 2� gjÞ þ 1
in BR � ðe;TÞ:

Observe that

uj ¼ Kjðt� eÞUj;

with

Kj :¼
gjðn� 2� gjÞ

ðT � eÞgjðn� 2� gjÞ þ 1
C n

0 :

Let us first prove inequality (4.23) for j ¼ 1. By equality (4.25) we have

�
Z t

e

Z
BR

u1ðzt þ DzÞ dx dt ¼ �K1

Z t

e

Z
BR

ðt� eÞU1ðzt þ DzÞ dx dtð4:27Þ

¼ K1

Z t

e

Z
BR

½U1 þ ðt� eÞjxj�g1�2�z dx dt

aK1

Z t

e

Z
BR

1

g1ðn� 2� g1Þ
þ ðt� eÞ

	 

jxj�g1�2z dx dt

aC n
0

Z t

e

Z
BR

jxj�g1�2
z dx dt:

Inequalities (4.26) and (4.27) imply

�
Z t

e

Z
BR

ðu� u1Þðzt þ DzÞ dx dtb 0
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—namely, u� u1 is a weak supersolution of the problem

ut � Du ¼ 0 in BR � ðe;TÞ
u ¼ 0 in ðqBR � ðe;TÞÞA ðBR � fegÞ

�

Then by comparison principles we have

ub u1 a:e: in BR � ðe;TÞ:

This proves the claim for j ¼ 1, by a proper choice of the constant C1 > 0 and
R1 ¼ R. The argument can be iterated for the remaining values of j. Hence the
claim follows, and the proof is complete. r
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