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ABSTRACT. — Functions of bounded variation in Hilbert spaces endowed with a Gaussian measure
y are studied, mainly in connection with Ornstein-Uhlenbeck semigroups for which y is invariant.
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1. INTRODUCTION

Functions of bounded variation, whose introduction in [13] was based on the heat
semigroup, are by now a well-established tool in Euclidean spaces, and more gen-
erally in metric spaces endowed with a doubling measure, see e.g. [6] and the
references there. Applications run from variational problems with possibly dis-
continuous solutions along surfaces and geometric measure theory (see [3] and
the references there) to renormalized solutions of ODEs without uniqueness (see
[1]). More recently, the theory has been extended to infinite dimensional settings
(see [16, 17, 4, 5], aiming to apply the theory to variational problems (see [14,
18]), infinite dimensional geometric measure theory (see [15]), ODEs (see [2] for
the Sobolev case), as well as stochastic differential equations (see [11, 12]).

If the ambient space is a Hilbert space X endowed with a Gaussian measure ,
then, beside the Malliavin calculus, on which the above quoted papers are based,
an approach based on the infinite dimensional analysis as presented in [10] is
possible. As in the case of Sobolev spaces, this approach turns out to be similar
but not equivalent to the other, and a smaller class of B} functions is obtained.
The aim of this paper is to deepen this analysis, mainly in connection with the
Ornstein-Uhlenbeck semigroup R, studied in [10] whose invariant measure is 7,
which enjoys stronger regularizing properties compared to the operator P; of the
Malliavin calculus. We prove that, for u € L'(X,y), the property of having mea-
sure derivatives in a weak sense (i.e., of being BV) is equivalent to the bounded-
ness of a (slightly enforced) Sobolev norm of the gradient of R,u. This regularity
result on R,u, for u € BV, is used as a tool, but can be interesting on its own.

2. NOTATION AND PRELIMINARIES

Let X be a separable real Hilbert space with inner product {-,-» and norm | - |,
and let us denote by B(X) the Borel g-algebra and by B,(X) the space of
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bounded Borel functions; since X is separable, B(X) is generated by the cylin-
drical sets, that is by the sets of the form E =IT,'B with B € B(R"), where
I, : X — R™ is orthogonal (see [19, Theorem 1.2.2]). The symbol CK(X) de-
notes the space of k times continuously Fréchet differentiable functions with
bounded derivatives up to the order k, and the symbol FC¥(X) that of cylindrical
CK(X) functions, that is, u € FCF(X) if u(x) = v(I,,x) for some v e CF(R™).
We also denote by .# (X Y) the set of countably additive measures on X with
finite total variation with values in a separable Hilbert space Y, .Z(X) if ¥ = R.
We denote by |x| the total variation measure of x4, defined by

(2.1) /(B sup{Zm (Bi)ly : B = UBh},
h=1

for every B € B(X), where the supremum runs along all the countable disjoint
unions. Notice that, using the polar decomposition, there is a unit |u|-measurable
vector field o : X — Y such that x = o|u|, and then the equality

) = sup{ [ <ovdpalul. b G, )60l < 1 v e x|

holds. Note that, by the Stone-Weierstrass theorem, the algebra FCJ(X) of C!
cylindrical functions is dense in C(K ) in sup norm, since it separates points, for
all compact sets K = X. Since |g| is tight, it follows that FC}(X) is dense in
L'(X,|u|). Arguing componentwise, it follows that also the space FCHX,Y) of
cylindrical functions with a finite-dimensional range is dense in L'(X, |y, Y). As
a consequence, ¢ can be approximated in L'(X, |u|, Y) by a uniformly bounded
sequence of functions in FC} (X, Y), and we may restrict the supremum above to
these functions only to get

(22) |ul(xX) = sup{ [ <o bl p e LR YY1y < 1 e X}-

We recall the following well-known result (see for instance [5]): given a sequence
of real measures (x;) on X and an orthonormal basis (¢;), if

(2.3) sup (s, )| (X) < oo,

then the measure u =}, ye; belongs to .4(X, X).

Let us come to a descrlptlon of the differential structure in X. We refer to [10]
for more details and the missing proofs. By N, o we denote a non degenerate
Gaussian measure on (X,B(X)) of mean a and trace class covariance operator
O (we also use the simpler notation Ng = Ny, o). Let us fix y = N, and let (ex)
be an orthonormal basis in X such that

Qe = Aex, Vk>1,
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with /; a nonincreasing sequence of strictly positive numbers such that
D ke < 00 Set xi = {x,ery and for all k > 1, f € Cp(X), define the partial de-
rivatives

(2.4) Def(x) = lim L 1e0) = f(X)

t—0 t

(provided that the limit exists) and, by linearity, the gradient operator
D: FCH(X) — FCy(X,X). The gradient turns out to be a closable operator
with respect to the topologies L?(X,y) and L?(X,y, X) for every p > 1, and we
denote by W'?(X,7) the domain of the closure in L”(X,7), endowed with the

norm
B » - NP2 \UP
by = (f Jcarar + [ (S 1pacor)™ )",

where we keep the notation Dy also for the closure of the partial derivative oper-
ator. For all g, € C}(X) we have

1
/lka(/)dy:—/ ¢Dkwdy+r/Xk¢lﬁdy-
X X Ak Jx

and this formula, setting D¢ = Dy¢p — —(/), reads

(2.5) /XlﬁDk(pdy— —/X oDy dy.

Notice that Q'/? is still a compact operator on X, and define the Cameron-
Martin space

=0"’X ={xeX: EIyeXW1thx—Q1/2y}—{xeX Zp;kk' <oo},

endowed Wlth the orthonormal basis & = 4 k/ er relative to the norm |x|, :=
(> el ) . The Malliavin derivative of /" € C}(X) is defined by

(2.6) 00 () = lim? (x + te) — f(x)

t—0 t

(provided that the limit exists) and turns out to be a closable operator as well (see
[7] or apply (2.8) below) with respect to the topology L?(X,y) for every p > 1.
We denote by Vj;f the gradient and by D'”(X,7) the domain of its closure in
LP(X,y), endowed with the obvious norm. As a consequence of the relation

/2
& = /lk/ e, we have also

2.7) 6 = 212D,
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so that W7(X,y) = D"7(X,y), since |V /|y = (3 /lk|Dkf|2)1/2. By (2.7) and
(2.5) the integration by parts formula corresponding to the Malliavin calculus
reads

1
(2.8) /Xtﬁﬁkcody——/X(/J@klﬁdH/Xﬁx;ch%

There exist infinitely many Ornstein-Uhlenbeck semigroups having y as invariant
measure. Let us choose the one corresponding to the stochastic evolution equa-
tion

(2.9) dX = AX dt+dW (), X(0)=xeX
where 4 := —1 07" is selfadjoint and
<W(t)7Z>ZZWk(t)Zka ZGX,
k=1

with (W), .y sequence of independent real Brownian motions. We have
Aey, = —ayer, where

The transition semigroup corresponding to (2.9) is given by

(210) Rf(x) = / £ dN iy g,y / Flex+ ) dNg(»), S € By(X),
X
where
0, = /Otezm ds = —%A_l(l — ¥,

Therefore Ny, — Ng =y weakly as t — oo, so that y is invariant for R,. More-
over, for every k > 1, v € C}(X), from (2.10) we get

Dy Rw(x) = e“”/ Dyv(ex + y)dNg,(y) = e ™ R,Dyv(x),
X

whence, since R; is symmetric, we deduce that for every u e L'(X,y) and
¢ € FCL(X) the equality

(2.11) /R,uD;(/)dy:e“”/uD;R,gody
b X
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holds. In fact, if u is bounded, by [10, Theorem 8.16] we know that Ru € C;°(X)
for every ¢ > 0, and then for every ¢ € C}(X) we have

/ RuDipdy = — / Di(Ru)pdy = —e™™! / R;Dyug dy
X X
= —e_“”/ DkuRtgody:e_“”/ uD; Rpdy.
X b%

In the general case u € L'(X,y) we use the density of C}(X) in L'(X,7), as both
sides in (2.11) are continuous with respect to L'(X,y) convergence in u.

By a standard duality argument we can define a linear contraction operator
R’ : //(X)— L'(X,y) characterized by:

(.12) [ Rinpdr= [ Rodu oeBix),
X X

To see that this is a good definition, using Hahn decomposition we may as-
sume with no loss of generality that u is nonnegative. Under this assumption,
we notice that (¢;) = By(X) equibounded and ¢; 1 ¢, with ¢ € B,(X), implies

/R,q)l-d,uT/ R;pdu, hence Daniell’s theorem (see e.g. [8, Theorem 7.8.1|)
X X
shows that ¢ — / R,p du is the restriction to By(X) of ¢ — / pdu* for a suit-

X X
able (unique) nonnegative u* € .Z(X). In order to show that R;u « y, take a
Borel set B with y(B) = 0. Then

(R)u(B) = / g dR 1= / Riypdu,
X X

but Ryyp(x) = Nuy o, (B) and since N,u, o <y (see [12, Lemma 10.3.3]) we
have R, yp(x) = 0 for all x and the claim follows. Finally, since R,1 = 1 we obtain
that " (X) = u(X), hence R; is a contraction. It is also useful to notice that R} is
contractive on vector measures as well. In fact, R, is a contraction in Cj, hence
KR 1, | = |<pt, Rip)| < {|ul, |4|) for every ¢ € Cp(X). Since for every vector
measure v the minimal positive measure o such that [{v,¢>| < (a,|4|) for all ¢
is |v|, taking v = R, we conclude.

3. FUNCTIONS OF BOUNDED VARIATION

In the present context it is possible to define functions of bounded variation, as
it has been done, using the Malliavin derivative, in [16], [17] and [4], [5], and to
relate B}V functions to the Ornstein-Uhlenbeck semigroup R;. According to [5],
in order to distinguish the two notions of BV functions, we keep the notation
BV (X,y) for the functions coming from the Vy operator and use the notation
BVyx(X,y) for those coming from D.
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DEFINITION 3.1. A function u e L'(X,y) belongs to BVy(X,y) if there exists
v e M (X,X) such that for any k > 1 we have

/Xu(x)Dkgo(x) dy = —/X o(x) dv}! —i—/%k/Xxku(x)go(x) dy, ¢ec ]-'C,f (X),

with vi' = (v exyy. If u e BVx(X,y), we denote by Du the measure v*, and by
|Du| its total variation.

According to (2.2), for u € BVx(X,y) the total variation of Du is given by

(3.1) |Du|<X>=sup{ [« bio,
Yol k

Obviously, if u e Wh1(X,y) then u € BVy(X,y) and |Du|(X / |Du| dy.

Recalling that u € BV(X,y) if there is a finite measure D,u = (Dj‘ )k €
A (X, X) such that

/Xu(x)ak(p(x)dy:—/x o(x deu+/xk x)dy,

peFCH(X), k=1,

dy, ¢ € FCLX, X),|p(x)| < 1 VxeX}.

it is immediate to check that BVy (X, y) is contained in BV (X, y) and that
(3.2) Dfu=3"vt, Vk=>1.

The next proposition provides a simple criterion, analogous to the finite-
dimensional one, for the verification of the BVy property.

PROPOSITION 3.2. Letu € L'(X,y) and let us assume that

(3.3) R(u) :=sup sup{/ ZuDkgok dy: g, € C)( ),Zgﬂi < 1} < o
m X k=1 i=1

Then u € BVx(X,y) and |Du|(X) < R(u).

PROOF. Fix k> 1, set Xy ={xe X :x=se,s € R}, XF ={xe X : {x,e) =
0}, and define

Vilw) = sup{/xu<ak¢—ﬁ )dy g CHX), p(x)] < 1Vx e X},

11w = sunf [ u(Dig—0) dyige Clnlotol < v e x|
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For ye X, define the function u,(s) =u(y +sex), s€ R, and notice that
Vii(u) = V275 (u), so that by [5, Theorem 3.10] we have

1) = [ () ()

where 7~ denotes the 1-dimensional variation of u, and we have used the factori-
zation y = y; ® y* induced by the orthogonal decomposition X = X; @ X;-.
Since 7% (u) < R(u) we have

| vt <.

It follows that for y*=-a.e. y € Xj- the function u, has bounded variation in R. By
a Fubini argument, based on the factorization y = y; ® y*, the 1-dimensional in-
tegration by parts formula yields that the measure Dyu coincides with Du, ® y*,
1e.,

Diu(d) = | Duy(4,) dy*(y)

(where 4, := {s: y+ sex € A} is the y-section of a Borel set 4) provides the de-
rivative of u along e;. Notice that Dyu is well defined, since we have just proved

that/ |Duy|(R) dy™ is finite.
XL

Now, setting g, = Dyu, by the implication stated in (2.3) we obtain that
|[Du|(X) < R(u). O

The next theorem characterizes the B} class in terms of the semigroup R;: no-
tice that the functions Ru, for u € BV (X, y), turn out to be slightly better than
W11(X,y), since not only |[DR,u|, but also |e~“*DR,u| is integrable.

THEOREM 3.3. Let ue L'(X,y). Then, ue BVy(X,y) if and only if Ru e
WUNX, ), e DRu| € L'(X,y) for all t > 0 and

(3.4) lim inf / e DRu| dy < .
t10 X
Moreover, if u € BVy(X,y) we have DRu = e "R} Du,

(3.5) / le"™DRu|dy < |Du|(X), Vt>0
X

(3.6) lim/ le " DRu| dy = | Du|(X).
t]0 X
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PROOF. Letu € BVy(X,y). We use (2.11) to deduce

/ RuD[pdy = —e”‘“/ RpdDwu Vo e FCH(X), t> 0.
X X

According to (2.12), this implies that Dy Ru = e *'R*Dyu € L'(X,y). Therefore,
as R; is a contractive semigroup also on vector measures,

/ |e’ADRtu|dy:/ |R; Du|dy < |Du|(X)
X X

for every ¢ > 0 and (3.5) follows.

Conversely, let us assume that Ru e W!(X,y) for all >0 and that the
liminf in (3.4) is finite. We shall denote by IT,, : X — R™ the canonical projec-
tion on the first m coordinates and we shall actually prove that u € BVy(X,7y)
and

(3.7) |[Du|(X) < supliml(i)nf/ |T1,,DRu| dy
m t X

under the only assumption that the right hand side of (3.7) is finite. Indeed, fix an
integer m and notice that an integration by parts gives

S“P{/ > RuDigpdy: g € Cy(X), Y gi < 1} s/ [T, DR dy,
X k=1 =1 X

so that passing to the limit as ¢ | 0 and taking the supremum over m we obtain
R(u) < suplim inf/ \TL,,DRu| dy,
m 710 X

with R defined as in (3.3). Therefore we obtain the inequality (3.7) by Proposition
3.2. Finally (3.6) follows combining (3.5) with (3.7). O

REMARK 3.4. (1) Notice that the inclusion BVy(X,y) < BV (X,y) allows us to
exploit the results in [5] in order to prove one implication in the above theorem,
while the other one uses the strong regularizing properties of the semigroup R;.
Anyway, we have tried to keep the use of the results in the above quoted paper
to a minimum, and in fact only Theorem 3.10 in [5] has been used in the proof
of Proposition 3.2. It is most likely possible to give a proof completely indepen-
dent from [5], but some of the arguments therein should be rephrased and proved
again, basically along the same lines.

(2) The argument used in the proof of the theorem shows that DyRu €
L'(X,y) for all > 0, k > 1 and finiteness of the right hand side of (3.7) suffices
to conclude that u € BVx (X, 7). Furthermore, combining (3.5) and (3.7) we ob-

tain that / |IDRu|dy — |Du|(X) as t | 0, as well.
X
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(3) By the same argument as [5] one can use (2) to conclude that the measures
e ""DR,uy are equi-tight as ¢ | 0; hence, they converge (componentwise) to Du
not only on FC}(X) but also on C}(X).

We recall also that both Sobolev and BV spaces in the present context are
compactly embedded into the corresponding Lebesgue spaces. The following
statement is proved in [5, Theorem 5.3], see also [9] for the case 1 < p < oo.

THEOREM 3.5. For every p > 1, the embedding of W'P(X,y) into LP(X,y) is
compact. The embedding of BVx(X,7) into L'(X,7) is also compact.
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