Rend. Lincei Mat. Appl. 22 (2011), 189-205
DOI 10.4171/RLM/595

Partial Differential Equations — Combined effects in quasilinear elliptic problems
with lack of compactness, by PaTriziaA Pucci and VICENTIU RADULESCU,
communicated on 14 January 2011.

This paper is dedicated to the memory of Professor Giovanni Prodi.

ABSTRACT. — We are concerned with the study of weak solutions to a class of subcritical quasi-
linear elliptic equations with weight, variable parameter, and lack of compactness. By means of vari-
ational methods, we establish that this problem does not have any solution if the positive parameter
is small enough, while at least two distinct solutions exist, provided that the parameter is sufficiently
large.
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1. INTRODUCTION AND THE MAIN RESULT

Nonlinear elliptic equations with convex-concave nonlinearities in bounded do-
mains have been studied starting with the seminal paper by Ambrosetti, Brezis
and Cerami [2]. They considered the Dirichlet problem

—Au=ut" +u"!' inQ,
(1) u>0 in Q,
u=>~0 on 0Q),

where / is a positive parameter, Q — R" is a bounded domain with smooth
boundary, and 1 <¢g<2<p<2* 2*=2N/(N-2) if N>3, 2* =00 if
N =1,2). Ambrosetti, Brezis and Cerami proved that there exists 49 > 0 such
that problem (1) admits at least two solutions for all 1 € (0, 1), has one solution
for 1 = Ay, and no solution exists provided that 4 > 4.

In [1], Alama and Tarantello studied the related Dirichlet problem with indef-
inite weights

—Au — Ju = k(x)u? — h(x)u? in Q,

(2) u>0 in Q,
u=>0 on 0Q,
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where 2 e R, Q =« RY, N >3, is a bounded open set with smooth boundary,
the functions h,k € L'(Q) are nonnegative, and 1 < p < ¢. For e R in a
neighbourhood of 7; (the first eigenvalue of the Laplace operator in HJ(Q)),
they obtained the solvability of (2) (and corresponding multiplicities) under vari-
ous assumptions on /2 and k. More exactly, they proved existence, nonexistence
and multiplicity results depending on A and according to the integrability proper-
ties of the ratio k7~ /h9~.

For more general results of (2) involving variable weights functions in un-
bounded domains, we refer to Chabrowski [7], Chabrowski and do O [8], Liu
and Wang [13], and Wu [24].

Related studies can be also found in [5], [8], [9], [21], [22] and [25].

Motivated by these results, we are concerned in this paper with the existence
and the multiplicity of solutions in the quasilinear case. More precisely, we con-
sider the problem
3) {—div(|Vu|’”2Vu) + Ju)™ 2w = 2fu| U — h(x)|ul”Pu in RY,

u>0, in RV,

where /1 : RY — R is a positive continuous function, whose growth is described by
the condition

(4) h(x)¥4P) dx = H € R,
RY

A is a positive parameter and 2 <m < g < p <m*, with m* = Nm/(N — m) if
N >mand m* = 0 if N < m.

Without altering the proof arguments below, the coefficient 1 of the
dominating term |u|"™ *u can be replaced by any function f e L*(R") with
infess||f| ;. > 0. Hence equation (3) is the renormalized form. Problem (3)
may be viewed as a prototype of pattern formation in biology and is related
to the steady-state problem for a chemotactic aggregation model introduced by
Keller and Segel [12]. Problem (3) also plays an important role in the study of
activator-inhibitor systems modeling biological pattern formation, as proposed
by Gierer and Meihardt [10].

In this paper we use standard notations and terminology. We denote by
whm(RN) the Sobolev space equipped with the norm

" , 1/m
o = ([ (V" )"

For simplicity we often denote the above norm by ||u||.
By L?(R"), 1 < p < 0, we denote the weighted Lebesgue space

2@ ={ue @) [ oy < o .
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where 7(x) is a positive continuous function on R", equipped with the norm

1/p
fully = ([ ol ax) .

If r(x) = 1 on R", the norm is denoted by || - [|,.
In this paper we seek weak solutions of problem (3) in a subspace E of
whm(RN), which is defined by

E= {u e Whm(RM) :/ h(x)|ul” dx < oo}.
RY
Then FE is a Banach space if equipped with the norm
m m \1/m
lull = (el + [l 7)™

We define a weak solution of problem (3) as a function u € E with u(x) >0
a.e. in RY, satisfying

/ \Vu|" 2 VuVu dx+/ |u|™2uv dx
R.’V

RN
— /l/ || " *uv dx + / h(x)|ul?*uv dx = 0,
RN RN

forallv e E.

The main result in the present paper establishes the following properties: the
non-existence of nontrivial solutions to problem (3) if 4 is small enough; the exis-
tence of at least two nontrivial solutions for problem (3) if 4 is large enough.

THEOREM 1. Under the above hypotheses there exists .* > 0 such that

(i) if' 0 < A < A7, then problem (3) does not possess any nontrivial weak solution;
(ii) if A > A7, then problem (3) admits at least two nontrivial weak solutions;
(iii) if A = A", then problem (3) has at least one nontrivial weak solution.

2. PrROOF oF THEOREM 1

We point out in what follows the main ideas in the proof:

(a) There exists A* > 0 such that problem (3) does not have any solution for
any A < A”. This means that if a solution exists then / must be sufficiently large.
One of the key arguments in this proof is based on the assumption p > ¢. In
particular, this proof yields an energy lower bound of solutions in term of /4 that
will be useful to conclude that problem (3) has a non-trivial solution if 1 = 4.

(b) There exists A** > 0 such that problem (3) admits at least two solutions for
all 2 > A", Next, by the properties of * and 1" we deduce that A" = 4.
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2.1. Nonexistence if A is small

Let @, : E — R be the energy functional given by
1 m Ay ovg o Lop
Then ®; € C'(E,R) and for all u,v € E

(D) (u), vy = / (|Vu| "2 VuVo + [u)™ uv) dx
RY

i/ |u|‘1_2uvdx+/ h(x)|u”uv dx.
RN RN

Weak solutions of problem (3) are found as the critical points of the functional
(D;' in E.
Let us now assume that € E is a weak solution of problem (3). Then

(5) el ™ + lluelly, = 2

u||;/

To proceed further, we need Young’s inequality

o p
ab < a_+b_ foralla,b > 0,
o p

where o, f > 1 satisfy 1 /a+ 1/ = 1.
Taking a = h(x)""|u?, b = J/[h(x)]"", & = p/q and = p/(p — q), we ob-
tain

A q p—q A p/(p—q)
W) 9P| —L < L(h(x) VPP 4 21 )

Integrating over RY we have

q p—4q - /(a—p)
Alull? < L\u)|p  + 520/ q)/ h(x)? dx.
Il < 4 + 2 [

The above inequality and relation (5) imply

m_ P = 4dqp/(p—0q) a/(q-p) g—Dy »r
(6) Jul| ™ < » A RNh(x) dx + » [ully, ,

< P40y
p

being ¢ < p.
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Since m < ¢ < m*, the Sobolev embedding W'"(R") = L7(R") is continu-
ous, so that there exists a positive constant C, such that

Cllvll) < |lol|™ for allv e WH"(RY).

On the other hand, being ||u||, , > 0, it follows from (5) that
[Jull ™ < Allully-
Combining the last two inequalities we obtain
(7) Collully” < lJull™ < Aullg.
Retaining the first and the last terms of (7) we get
(€2 < ul,.
That inequality combined with (7) leads to
Cy(Cy2 )™ < |

By relation (6) and the above inequality we have

C(Ci™ )m/ g-—m) ]| ™ p P4 /-9 g
p

Retaining the first and the last term it follows that
i (C;/(’”_q) p— qH) (¢=p)(g—m)/q(p—m)
p

being H > 0 by (4). Denoting the term in the right-hand side of the above in-
equality by u, we conclude that Theorem 1-(i) holds true, by putting

)

(8) A" :=sup{A > 0:(3) does not admit any nontrivial weak solution}.
Clearly . > u > 0.
2.2. Existence if 1 is large
We start with several auxiliary results.
LeMMA 1. The functional ®; is coercive.

PrROOF. We need the following elementary inequality: for every k; > 0, ky > 0
and 0 < s < r we have

r—s)
9) kel — kot < C,Ykl(];) forall 7 € R,

where C,; > 0 is a constant depending on r and s.
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Taking k; = A/q, ko = (m — 1)h(x)/mp, s=¢q and r=p (so that s <r is
verified, being ¢ < p), in (9) for all x € R"Y we obtain

1 (m_ l)h(x) ) l/q q/(p—q)
~|u(x)|! = ——=[u(x)|” < Cpq—(m>

q mp q
_ Gy < mp )‘1/ (7=g) a2 =D py(xya/la=p),
g \q(m—1)

where C,, > 0 is a constant depending on p and ¢. Relabeling the constant

C{;’q (%)W (p=4) by K and integrating the above inequality over RY, we get

/ , (i ul? — MMP) dx < Klp/(pq)/ vh(x)q/(qu) dx.
RN q mp RN

By assumption (4) there exists a constant C; > 0 such that

A m—1
Z]HMHZ —m—pH“”Z,p < C.
Therefore
1 2 m—1 m—1 1
(10) - @) = ™ = |7l ==l | =l
| w1 »
z " ], — C
and so ®@; is coercive in E. 0

LemMA 2. If (u,), is a sequence in E such that (®,(uy,)), is bounded in R, then
there exists a subsequence of (uy,),,, still relabeled (uy),, which converges weakly in
E to some uy € E and

(I),l(u()) < liminf (I)A(u,,).

n—oo

ProOOF. By (10) and the fact that (®,(u,)), is bounded, it follows that both
sequences (||ul]), and (||unl];, ,), are bounded. Therefore, (||uyl|f), is bounded
and there exists uy € E such that

U, — up  in WHM(RY)

u, — uy in L} (RY)

u, — up in L¥ (RY) forallse[l,m").
Let us define

p
Flxa) = 2Jul? — ho M-
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and

S 0eu) = Fy(xu) = 2" — h(x)[ul’u,
so that

Sulx,u) = g = Dl = h(x)(p = D>,

Using again inequality (9) for ki =A(¢g—1), kh=h(x)(p—1), s=qg—2,
r= p — 2, we obtain
Sulx,u) = g = Dl = h(x) (p = Dl
Mg —1) \@-2/(r-9)
s ¢ (g-1)

where C is a positive constant depending only of p and g¢.
This yields,

)

?

" Julxsu) < Cpg - - (%)(qu)

where C,, is a positive constant depending only of p and g. According to the
definition of ®; and F we obtain the following estimate for @, (uy) — @, (u,)

(12) @ (uo) — ;i (un) = %(Huoll’" = [lnll™)

+ /RN[F(x, uy) — F(x,up)] dx.

By position
1

U, — Uy
1

T [Fu(x,uo + s(un — tg)) — Fu(x,up)].

/0 a6ttty — o)) it = Lf (s to + 5(ttn — 110)) — £(x, 0)]

Integrating the above relation over [0, 1], we obtain

1 Sf,,(x, uyg + t(u, — up)) dt) ds
0o o

1
= ! /0 (Fu(x,up + s(uy — uo)) — Fu(x,uo)] ds

Uy — Uo

= m [F(X, un) — F(x, MO)} _ ]l:r(lx_,u;()) .
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The above equality can be rewritten in the following way

1 K
(13)  F(x,u) — F(x, o) = (tty — u0)2/0 (/0 Fulx, o + 1ty — ug)) dt) ds
+ (up — uo) f(x, up).

Introducing relation (13) in (12) we get

(14)  @;(uo) — D (un) Zn%(lluollm— ||un||'")+/RN(un — uo) f (%, uo) dx

1 K
+ / (uy — u0)2/ / Su(x,ug + t(u, — ug)) dt ds dx
RY 0 Jo

1
< —
m

(ol = o) + [ (0= 0,0

LG / (up — uo)zh(x)(qu)/(qu) dx,
RY

where the last inequality follows from (11) and C; = C,,A”~2/(?=9 1t remains to
show that the last two integrals converge to 0 as n — 0.
We define J : E — R by

J(v) = / f(x,up)vdx.
RY
Obviously, J is linear. We shall show that J is also continuous. Indeed,

(15) Ol [ 1) -loldx

gz/ |u0|q_1|v|dx+/ h(x)|uo |~ [v] dx.
RN RV

On the other hand, using Holder’s inequality, it follows that

-1 -1
[ ool el <l ol

Since W (RY) is continuously embedded in L(R") we deduce that there exists
a constant C > 0 such that

loll, < Cllvllprmgy), forallve whm(RN).
Combining the last two inequalities with the fact that

[0l wrm@ry < Ilvllgs
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we deduce that there exists a positive constant ¢, > 0 such that
(16) [ ol el < eyl
RN
Applying again Holder’s inequality we obtain
a1 [ el s = [ )l 00 o)
-1
< uolly, lIvlls, < Collolly,

< Gollollg,

where Cj is a positive constant.

By (15), (16) and (17) we conclude that there exists a positive constant x such
that

|[J(v)] < kv forallveE,

and so J is continuous.
Since (u,), converges weakly to uy in £ and J is linear and continuous we
deduce that

I (un) — J(uo),
in other words
(18) lim f(x,uo)(uy — up) dx = 0.
n— o0 RN
In order to show that
(19) im [ (up — uo)?h(x) 2P gy = 0,

n—0o0 RN

we first note that for all R > 0

(20) / (ty — uo)zh(x)(qu)/@*”) dx
RN
_ / (g — u0)2h(x)(11*2)/(11*1') dx
{IxI<R}

+/ (un — Mo)zh(x)(q*a/(l]*p) dx
{Ix[>R}

(g-2)/ 2/
S(/ h(x)q/(qu)dx)q ‘) (/ |un—u0\qu) !
{IxI<R} {IxI<R}

(4-2)/q 2/q
T (/ h(x)"/(qf”)) q . (/ luy, — u0|qu) .
{Ix[=R} {Ix[=R}
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By hypothesis (4) we have

/ h(x)? 4P dx < / h(x)"' ") dx = H < oo forall R > 0.
{|x|<R} RY

On the other hand, for all ¢ > 0 there exists R, > 0 such that

/ h(x)?P dx < g
{Ix|= R}

Using the fact that m < ¢ < m* we deduce that W!"(Bg (0)) is compactly
embedded in L9(Bg,(0)) and thus

2/q
lim (/ |u,,—uo|‘1dx> =0.
= NJ|x|<R,

Since (u, — up), is bounded in E, it is also bounded in L9(R") and so there exists
a positive constant M > 0 such that

2/q
(/ |un—u0|"dx> SHun—uoH;sM.
x| =R

Combining the above information with relation (20), we conclude that for any
& > 0 there exists N, > 0 such that for all » > N, we have

/ (1 — 110)2h(x) 92/ gy < Fe 4 Mela-Da,
RN

Therefore, (19) holds true.
Since (u,), converges weakly to uy in W1 (RY) Proposition IIL5 in [6]
implies

n
ﬁgg}f H”n||';;/1-m(RN) = ||”0||';I’/‘~"1(RN)'
Passing to the limit in (14) and taking into account that (18) and (19) hold true,

we obtain

q)g(MQ) < liminf (D/{(un).

n—oo

Thus, @, is weakly lower semi-continuous.
The proof of Lemma 2 is now complete. |

PrROOF OF THEOREM 1 CONTINUED. Using Lemmas 1, 2 and Theorem 1.2 in
[20] we deduce that there exists a global minimizer u € E of @, that is,

(D;'(u) = mE (D)'(U).
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It is obvious that u is a weak solution of problem (3). We prove that u # 0 in E.
To do that we show that infz @, < 0, provided that the parameter / is sufficiently
large.

Let us set

T . 1 m g ' -
1_£ghﬂm +pmmm¢mb_1}

We point out that 7> 0. Indeed, for any u € E with [jul|,=1 by Holder’s
inequality and by (4) we have

_ (p—a)/p q/p —\/p
U=ty = ([ o as) ™ ([ el )" = 0,

so that
1> Lyaris
p
being H > 0 by assumption. Let 2 > /. Then there exists a function u; € E, with
[|ur]l, = 1, such that
q_ q m_ 4 »
Mully = 2>l +NMM¢
This can be rewritten as

1 A 1
@y (1) = —[eal|™ = = [lur | g +—[lear [}, < O
m q p

and consequently inf,cp ®;(u) < 0. Therefore, there exists o =1>0 such
that problem (3) has a nontrivial weak solution u; € E for any 4> 4y, and
@, (u;) < 0. Since O;(u;) = Dy(|uy|) and |u;| € E, we may assume that u; >0
a.e. in RV, O

In the following we are looking for a second nontrivial weak solution for
problem (3).
Fix 1 > Jg. Set

0, if 1t <0,
g(x,t) = Attt — h(x)er !, if 0 <1 <u(x),
Juy ()47 = h(x)u ()7, A 1> (%),

and

G(x,t) = /Otg(x,s) ds.
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Define the functional ¥ : £ — R by

1 m
W) =l = [ Gl

Clearly, ¥ € C!(E,R) and

P (u),v) = /N(|Vu|M2VuVU + [u|™ uv) dx — /N g(x,u)vdx,
R R

for all u, v € E. Moreover, if u is a critical point of ¥, then u > 0 a.e. in RY.
Next, we are concerned with the location of critical points of the energy func-
tional V.

LeMMA 3. Ifuis a critical point of \P, then u < u,.

PRrOOEF. For a function v we define the positive part v*(x) = max{v(x),0}. By
Theorem 7.6 in [11] we deduce that if v € E then v € E. We have

0= C¥'(u) — O (), (u— )

= / (IVu|" Vi — |Vauy |2V )V (u — uy) * dx
RY
4 / (ll™ 22— a1 ) ot — ) dlx
RN
- / [g(x, ) — Jud ™"+ h(x)ud ") (u — wy) T dx
RN

= / (IVu|" YV — |Vauy |2 Viuy ) (Vu — Vay ) dx
{u>u1}

+ / (|u|m*2u - |u1|m72u1)(u — uy)dx
{u>u; '}
> / (Va]™ " = Vi) (V] — Vi) v
{u>u1}

"’/ (™" = Jar)™ ") (|| = Jur]) dx = 0.
{u>u; '}

Thus, we obtain u# < u; and the proof of Lemma 3 is complete. |

In the following, via the mountain pass theorem, we determine a critical point
u € E of ¥ such that W(uy) > 0. By the above lemma we shall deduce that
0 < up < uy in Q. Therefore,
Aog h(x) ,

g(x,up) = /lug_l - h(x)ug_1 and  G(x,up) = ~ud — ——2ub,
q p
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so that
Y(up) = @y(u) and W'(un) = @) (u).
More precisely, we find
®)(ux) >0=0,(0) > D,;(uy) and D (up) =0.
This shows that u, is a weak solution of problem (3) such that 0 < u, < uy, up #0
and uy # u,.

In order to find u, described above we prove the following result.

LeEMMA 4. There exists p € (0, ||u1||) and a > 0 such that ¥ (u) > a for all u € E,
with |jul| = p.

PrROOF. We have

\P(u):l|u||m—/ G(x,u)dx—/ G, u) dx
m {u>u }

{u<ui}

1 A 1
=—||ul|™ ——/ u]qu—k—/ h(x)uf dx
m q J{u>u} P J{usu}
) 1
—/ uqu—|—/ h(x)u? dx
qJ{0<u<u} PJo<u<u}

A
fuel|™ —5IIMI|Z-

1
> —
m

On the other hand, the continuous Sobolev embedding of E into L4¢(R") implies
that there exists a positive constant L > 0 such that

loll, < Lllv|| forallve E.

The above inequalities yield

m m 1 —m
W) = " = Ly = " (- = L")

where L; = AL9/q is a positive constant. Since ¢ > m it is clear that Lemma 4
holds true. O
LEMMA 5. The functional W is coercive.

ProoOF. For each u € E we have
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1 A

1
W(u) =—|ul|™ ——/ u dx—l——/ h(x)ut dx
m q J{u>u} D J{usu)

A 1
——/ uqu—i——/ h(x)u” dx
q9J{0<u<u} P J{o<u<u}

1 A
>l =2 [t ax

m q.Jr¥

1

where L, is a positive constant, being u; # 0. The above inequality implies that
Y(u) — oo as ||lu|| — oo, that is, V¥ is coercive, as required. O

PrROOF OF THEOREM 1 COMPLETED. Using Lemma 4 and the mountain pass
theorem (see [4] with the variant given by Theorem 1.15 in [23]) we deduce that
there exists a sequence (v,), = E such that

(21) ¥Y(v,) - ¢>0 and ¥ (v,) — 0,
where

= inf W(y(t
¢ = inf max ((1))

and
I'={ye C([0,1],E) : p(0) = 0,7(1) = u; }

We also refer to Ambrosetti and Prodi [3], Pucci and Serrin [17] for various
extensions of the mountain pass theorem, cf. also the recent survey [16].

By relation (21) and Lemma 5 we obtain that (v,), is bounded and thus
passing eventually to a subsequence, still denoted by (v,),, we may assume that
there exists u, € E such that v, converges weakly to u,. Standard arguments

based on the Sobolev embeddings will show that
Tim CP(0,), 9> = C¥'(11), 9

for any ¢ € C*(R"). Taking into account that E = W"(R") and C3*(R") is
dense in W(R"), the above information implies that u, is a weak solution of
problem (3).

We conclude that problem (3) admits at least two nontrivial weak solutions
for all A > A.

Put

A7 = 1inf{l > 0 : problem (3) admits a nontrivial weak solution}.

Then 2" > 1" > 0, where 4" is the parameter defined in (8).
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Let us consider the constrained minimization problem

. : 1 m 1 P . q
22) A= ing {4 1ol < ol = g

Let (v,), < E be a minimizing sequence of (22). Then (v,), is bounded in E,
hence we can assume, without loss of generality, that it converges weekly to some
v e E with ||v]|J = g. Moreover, by lower semi-continuity arguments we have

1 1
A=—|o)|"+ =0l .
el ol

Thus, ®,(v) = A — A forall 2 > A.
To complete the proof of Theorem 1 it is enough to show the following crucial
facts:

(a) problem (3) has at least two distinct solutions for any 4 > A™;
(b) A" = A" and problem (3) admits a nontrivial weak solution if A = 1",

Claim (a) follows by standard monotonicity techniques. Claim (b) uses
the same proof as in Filippucci, Pucci and Réadulescu [9, p. 712]. The proof of
Theorem 1 is now complete. O

We point out that the proof of Theorem 1-(ii) uses some ideas found in the
proofs of Theorems 2.1 and 2.2 in [1]. However, our method in finding the second
solution is different, since we use the mountain pass theorem, while in [1] the
authors appeal to sub- and super-solutions method. Our idea is frequently
used when we deal with quasilinear problems, see e.g., Filippucci, Pucci and
Radulescu [9], Mihailescu and Radulescu [14], Perera [15], Pucci and Servadei
(18, 19].

On the other hand, we point out that equation (3) can be studied also in the
case when p is supercritical using similar arguments, since the |u|” term in the
energy continues to be coercive. In these cases standard regularity results will
lead to stronger results in what concerns the smoothness of solutions, since
Wwlm is embedded into C'.
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