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Abstract. — In view of the fundamental role played by the ternary reaction-di¤usion dynamical

systems of P.D.Es for the description of the behaviour of continuous media and other phenomena

(biological, chemical, . . .), this paper is devoted to their nonlinear L2-stability. General conditions
guaranteeing the (local) nonlinear L2-stability via the stability of reduced or symmetric ternary lin-

ear systems of O.D.Es are found. The results obtained are applied to a triply convective-di¤usive
fluid mixture saturating a porous layer and to a biological problem.
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1. Introduction

The ternary reaction-di¤usion dynamical systems of P.D.Es model or take part
in the models of many phenomena of the real world. In particular their role is
fundamental for the description of the motion of continuous media and the be-
haviour of many other (biological, chemical, . . .) phenomena. In fact the momen-
tum (vectorial) equation is nothing else that a (scalar) ternary reaction-di¤usion
system of P.D.Es. Further, the convection-di¤usion of a triply mixture in a po-
rous layer can be reduced rigorously to the study of such kind of dynamical sys-
tems [13]. As concerns other phenomena, many applications of ternary reaction-
di¤usion systems of P.D.Es can be found, for instance, in [1]–[5]. In the present
paper we consider the L2-stability of such systems aimed to finding conditions
guaranteeing the asymptotic stability via the asymptotic stability of linear re-
duced or symmetric systems of O.D.Es. The plan of the paper is as follows: Sec-
tion 2 is devoted to preliminaries. Successively, in Section 3, the condition guar-
anteeing the nonlinear L2-stability via the stability of a linear reduced ternary
system of O.D.Es are found. Section 4 is devoted to obtaining the stability via
the stability of a symmetric linear system of O.D.Es. In Section 5, two applica-
tions are furnished concerned with: (1) the stability of a triply convective-di¤usive
fluid mixture saturating a porous layer (subsection 5.1); (2) the stability of a bio-
logical model. The paper ends with an appendix (Section 6) in which some details
concerned with the Liapunov functional V introduced in Section 3 are recalled.



2. Preliminaries

Let WHRq, ðq ¼ 1; 2; 3Þ, be a smooth bounded domain. This paper is concerned
with the reaction-di¤usion systems

qu

qt
¼ Luþ F; in W� Rþ;ð2:1Þ

with u ¼ ðu1; u2; u3ÞT , F ¼ ðF1;F2;F3ÞT ,

L ¼
a11 þ g1D a12 a13

a21 a22 þ g2D a23

a31 a32 a33 þ g3D

0
@

1
A;ð2:2Þ

Fi ¼ Fiðu1; u2; u3;‘u1;‘u2;‘u3Þ, ði ¼ 1; 2; 3Þ, being (generally) nonlinear and

aij ¼ const: a R; gi ¼ const: > 0; i; j a f1; 2; 3g;
ui : ðx; tÞ a W� Rþ ! uiðx; tÞ a R; Ei a f1; 2; 3g:

�
ð2:3Þ

To (2.1) we append the Robin boundary conditions

buþ ð1� bÞ‘u � n ¼ 0; on qW� Rþ;ð2:4Þ

where n is the outward unit normal to qW,

b : x a qW ! bðxÞ a R;

0a ba 1; Ex a qW;

�
ð2:5Þ

b being a su‰ciently regular function not identically zero.
The nonlinear functions Fi ¼ Fiðu1; u2; u3;‘u1;‘u2;‘u3Þ are assumed to be

su‰ciently regular and such that

ðFiÞu1¼u2¼u3¼0 ¼ 0; Ei a f1; 2; 3g:ð2:6Þ

Therefore (2.1)–(2.6) admits the zero solution. To the L2-stability of this solution
is precisely devoted the present paper.

Remark 2.1. As it is well known, the stability of a non zero solution of a sys-
tem S can be reduced to the stability of the zero solution of a system S � easily
linked to S.

We assume that W is of class Cp ðp > 2Þ and has the interior cone property. We
denote by

• 3� ; �4 the scalar product of L2ðWÞ;
• 3� ; �4qW the scalar product of L2ðqWÞ;
• k � k the norm of L2ðWÞ;
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• k � kqW the norm of L2ðqWÞ;
• W 1;2ðW; bÞ the functional space such that

W 1;2ðW; bÞ ¼ fj a W 1;2ðWÞBW 1;2ðqWÞ; bjþ ð1� bÞ‘j � n ¼ 0; on qWg:

For b > 0, b2 1, it follows fcfr. [2], pp. 92–98g thatffiffiffiffiffiffiffiffiffiffiffi
b

1� b

s
j

�����
�����
2

qW

þ k‘jk2 b akjk2;ð2:7Þ

where a ¼ aðW; bÞ ¼ const: > 0, is the smallest eigenvalue of the spectral problem

Djþ lj ¼ 0; in W;

bjþ ð1� bÞ‘j � n ¼ 0; on qW;

�
ð2:8Þ

i.e. the principal eigenvalue of �D in W 1;2ðW; bÞ.
In the sequel we assume that

(i) (2.1)–(2.5) has the properties of a dynamical system [4] embedded in
W 1;2ðW; bÞ and hence

ui a W 1;2ðW; bÞð2:9Þ

(ii) the functions Fi are such that

X3

i¼1

juij;
X3

j¼1

jFjj
* +

a k1ðku1k2 þ ku2k2 þ ku3k2Þ1þe1ð2:10Þ

þ k2ðku1k2 þ ku2k2 þ ku3k2Þe2

� ðk‘u1k2 þ k‘u2k2 þ k‘u3k2Þ;

with ki, ei, ði ¼ 1; 2Þ, non negative constants.

Remark 2.2. In the applications, it is of interest to know the value of a and the
influence of the domain size on a. Having this in mind, we remark that if WHR is
given by

0a xa l; l ¼ const: > 0;ð2:11Þ

and (2.8) reduces to

j 00 þ lj ¼ 0; in W;

j ¼ 0; on x ¼ 0; j 0 ¼ 0 on x ¼ l;

�
ð2:12Þ

then the sequence fjng with

jn ¼ sin
�
n� 1

2

� p

l
x

� �
; n ¼ 1; 2; . . . ;ð2:13Þ
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is a complete orthogonal system of eigenfunctions of (2.12) in W 1;2ðW; bÞ, and

bð0Þ ¼ 1; bð1Þ ¼ 0:ð2:14Þ

Further the principal eigenvalue a is given by

a ¼ p2

4l2
:ð2:15Þ

Analogously if W is given by

W ¼ fðx; yÞ : 0a xa l1; 0a ya l2g;ð2:16Þ

with li ði ¼ 1:2Þ, positive constants, and (2.8) reduces to

Djþ lj ¼ 0; in W;

j ¼ 0 on qW� S;

‘j � n ¼ 0 on S;

S ¼ fðx; yÞ : x ¼ l1; y a ½0; l2�g;

8>>><
>>>:

ð2:17Þ

then the eigenfunctions are given by

jn;m ¼ sin ðn� 1Þ p
l1
x

� �
sin

mp

l2
y;ð2:18Þ

with ðn;m a NþÞ, b is defined by

bð0; yÞ ¼ 1 for y a ½0; l2�;
bðx; 0Þ ¼ bðx; l2Þ ¼ 1 for x a ½0; l1�;
bðl; yÞ ¼ 0 for y a ½0; l2�;

8><
>:ð2:19Þ

and the principal eigenvalue is given by

a ¼
� 1

4l21
þ 1

l22

�
p2 ¼ ðl22 þ 4l21 Þp2

4W2
�

;ð2:20Þ

with W� ¼ measure of W ¼ l1l2.
Obviously in the case (2.12) the di¤usion through x ¼ l is not allowed, while in

the case (2.17) the di¤usion is not allowed through S.

Setting

b11 ¼ a11 � ag1; b22 ¼ a22 � ag2; b33 ¼ a33 � ag3;ð2:21Þ

our aim, in the guideline of [6]–[10], is precisely to find conditions on aij , with
iA j, able to reduce the stability of the zero solution of (2.1)–(2.6) to the stability

248 s. rionero



of the zero solution of the linear system of O.D.Es

du

dt
¼ Lu;ð2:22Þ

with either

L ¼
b11 0 0

0 b22 a23

0 a32 b33

0
B@

1
CAð2:23Þ

or—when aijaji > 0, ði; j ¼ 1; 2; 3Þ—

L ¼
b11 b12 b13

b21 b22 b23

b31 b32 b33

0
B@

1
CAð2:24Þ

b11, b22, b33 being given by (2.21) and

bij ¼ bji ¼ ðsign aijÞ
ffiffiffiffiffiffiffiffiffiffi
aijaji

p
:ð2:25Þ

We end this section by recalling the conditions governing the stability of the
zero solution of (2.22)–(2.23).

Theorem 2.1. The zero solution of (2.22)–(2.23) is asymptotically stable if and
only if

b11 < 0; I ¼ b22 þ b33 < 0; A ¼ b22b33 � a23a32 > 0;ð2:26Þ

and is only stable either when fb11 ¼ I ¼ 0;A > 0g or fb11 ¼ 0; I < 0;A > 0g or
fb11 < 0; I ¼ 0;A > 0g.

Proof. The proof is well-know and easily found.

3. Reduction to the stability of the zero solution of (2.22)–(2.23)

For the sake of simplicity and concreteness, we will confine ourselves to the case
of W given by (2.11) with l ¼ 1 and the boundary conditions (2.12)2. Setting

f1 ¼ ða12u2 þ a13u3Þ; f2 ¼ a21u1; f3 ¼ a31u1;

gi ¼ giðDui þ ð1� eÞaiuiÞ; F �
i ¼ Fi þ fi þ gi; ði ¼ 1; 2; 3Þ;

F� ¼ ðF �
1 ;F

�
2 ;F

�
3 Þ

T ; b�
11 ¼ a11 � ð1� eÞag1; b�

22 ¼ a22 � ð1� eÞag2;

b�
33 ¼ a33 � ð1� eÞaa33; L� ¼

b�
11 0 0

0 b�
22 a23

0 a32 b�
33

0
B@

1
CA;

8>>>>>>>><
>>>>>>>>:

ð3:1Þ
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(2.1) becomes

qu

qt
¼ L�uþ F�:ð3:2Þ

Introducing the scalings mi (to be chosen suitably), and setting

ui ¼ miUi; b�
ij ¼ aij

mj

mi
; iA j;ð3:3Þ

(3.2) becomes

qU

qt
¼ ~LLUþ ~FF;ð3:4Þ

with

U ¼ ðU1;U2;U3ÞT ; ~LL ¼
b�
11 0 0

0 b�
22 b�

23

0 b�
32 b�

33

0
B@

1
CA;

~FF ¼
� 1

m1
F �
1 ;

1

m2
F �
2 ;

1

m3
F �
3

�T
;

1

mi
F �
i ¼ 1

mi
ðFi þ fi þ giÞ;

1

m1
f1 ¼

�
a12

m2
m1

U2 þ a13
m3
m1

U3

�
;

1

m2
f2 ¼ a21

m1
m2

U1;

1

m3
f3 ¼ a31

m1
m3

U1;
1

mi
gi ¼ giðDUi þ ð1� eÞaUiÞ:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð3:5Þ

Lemma 3.1. Let W be given by (2.11) with l ¼ 1 and (2.12)2 hold. Then Ej a
W 1;2ðW; bÞ, the inequalities

kjk2 a 4

p2
k‘jk2; kj2k2 a 16

p4
k‘jk4;

3j;Dj4a�ð1� eÞk‘jk2 � e
p2

4
kjk2;

8>><
>>:ð3:6Þ

with e ¼ const: a ½0; 1�, hold.

Proof. (3.6)1 is the well-known Poincarè inequality in the case at hand fcfr. [4],
p. 338g. The Sobolev inequality (3.6)2 is easily obtained since, by virtue of (3.6)1,
it follows that

1

2
j2ðxÞ ¼

Z x

0

jj 0 dxa kjk � k‘jka 2

p
k‘jk2;
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and hence squaring and integrating on ½0; 1�, (3.6)2 is immediately obtained.
Finally, in view of (2.12)2–(2.12)3, one obtains

3j;Dj4 ¼ 3j;‘j � n4qW � k‘jk2 ¼ �ð1� eÞk‘jk2 � e
p2

4
kjk2:

Setting

A� ¼ b�
22b

�
33 � b�

23b
�
32 ¼ b�

22b
�
33 � a23a32; A1 ¼ A� þ ðb�

32Þ
2 þ ðb�

33Þ
2;

A2 ¼ A� þ ðb�
22Þ

2 þ ðb�
23Þ

2; A3 ¼ b�
22b

�
32 þ b�

23b
�
33;

F1 ¼ 3A1U2 � A3U3; g2ðDU2 þ aU2Þ4
þ 3A2U3 � A3U2; g3ðDU3 þ aU3Þ4;

8>>><
>>>:

ð3:7Þ

the following Lemma holds

Lemma 3.2. Let

A� > 0; ðg2 þ g3ÞA3 a 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1A2g2g3

p
:ð3:8Þ

Then

F1 a 0:ð3:9Þ

Proof. Assuming for simplicity g2 a g3, by virtue of (3.8), the following cases
are possible

ðg2 þ g3ÞjA3j ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1A2g2g3

p
;ð3:10Þ

g2 < g3; ðg2 þ g3ÞjA3j < 2g2
ffiffiffiffiffiffiffiffiffiffiffi
A1A2

p
;ð3:11Þ

g2 < g3; 2g2
ffiffiffiffiffiffiffiffiffiffiffi
A1A2

p
a ðg2 þ g3ÞjA3ja 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1A2g2g3

p
:ð3:12Þ

In view of the boundary data it turns out that

F1 ¼
g2A1ð�k‘U2k2 þ akU2k2Þ þ g3A2ð�k‘U3k2 þ akU3k2Þ
þðg2 þ g3ÞA33‘U2;‘U34� ðg2 þ g3ÞA3a3U2;U34:

(
ð3:13Þ

In the case (3.10) it turns out that

ðg2 þ g3ÞA3 ¼e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1A2g2g3

p
;ð3:14Þ

which, by virtue of (3.6)1, implies

F1 ¼ �½k‘ð
ffiffiffiffiffiffiffiffiffiffi
g2A1

p
U2 e

ffiffiffiffiffiffiffiffiffiffi
g3A2

p
U3Þk2 � ak

ffiffiffiffiffiffiffiffiffiffi
g2A1

p
U2 e

ffiffiffiffiffiffiffiffiffiffi
g3A2

p
U3k2�:ð3:15Þ
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When (3.11) holds, then exists a positive number g < g2 such that setting fh2 ¼
g2 � g; h3 ¼ g3 � gg, it follows that

ðg2 þ g3ÞjA3j ¼ 2g
ffiffiffiffiffiffiffiffiffiffiffi
A1A2

p
;ð3:16Þ

F ¼ �A1h2ðk‘U2k2 � akU2k2Þ � A2h3ðk‘U3k2 � akU3k2Þ
�gk‘

ffiffiffiffiffiffi
A1

p
U2 e

ffiffiffiffiffiffi
A2

p
U3k2 � ak

ffiffiffiffiffiffi
A1

p
U2 e

ffiffiffiffiffi
a2

p
U3k2:

(
ð3:17Þ

Finally in the case (3.12), there exists a positive constant g < g3 such that, setting
h ¼ g3 � g > 0, (3.10) continues to hold with g in place of g3 and, analogously, F1

is given by the right-hand side of (3.15) with g in place of g3, plus the negative
term �hA2ðk‘U3k2 � akU3k2Þ.

Remark 3.1. We remark that

(i) in the case g2 ¼ g3, (3.9) holds for any positive value of the ratio
m2
m3

appearing
in b�

23 and b�
32,

(ii) when

b�
22b

�
33a23a32 < 0;ð3:18Þ

choosing

m2
m3

¼ b�
33a23

b�
22a32

����
����
1=2

ð3:19Þ

it follows that (3.9) holds for any g2 > 0 and g3 > 0.

The proof of (i) can be easily reached by the reader and, anyway, found in [7]. In the
case (3.18), by virtue of (3.19), it follows that A3 ¼ 0 and hence (3.8) holds.

Lemma 3.3. Let

b�
11 < 0; I � ¼ b�

11 þ b�
22 < 0; A� > 0;ð3:20Þ

and either

a12 ¼ a13 ¼ 0;ð3:21Þ

or

a21 ¼ a31 ¼ 0;ð3:22Þ

or

a13 ¼ a31 ¼ 0; a12a21a 0; b�
22a23a32b

�
33 < 0;ð3:23Þ

or

a12 ¼ a21 ¼ 0; a13a31a 0; b�
22a23a32b

�
33 < 0;ð3:24Þ
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or

supðb�
11; b

�
22; b

�
33Þ < 0; a23 ¼ a32 ¼ 0; aijaji a 0; iA j:ð3:25Þ

Then, setting

F� ¼

�
A1a21

m1
m2

� A3a31
m1
m3

�
þ a12

m2
m1

� �
3U1;U24þ

�
A2a31

m1
m3

� A3a21
m1
m2

�
þ a13

m3
m1

� �
3U1;U34;

8>>><
>>>:

ð3:26Þ

in each of the cases (3.21)–(3.25), exist suitable values for m1, m2, m3 such that it
turns out that

F�
a

1

2
½jb11j kU1k2 þ I �A�ðkU2k2 þ kU3k2Þ�:ð3:27Þ

Proof. In fact in the case (3.21), choosing m2 ¼ m3 ¼ 1 and setting

m ¼ supðjA1a21 � A3a31j; jA2a31 � A3a21jÞ;ð3:28Þ

it follows that

F�
amm1ð3jU1j; jU2j þ jU3j4Þamm1ðkU1kðkU2k þ kU3kÞÞ

a
m2m2

1

jI �A�j kU1k2 þ
1

2
jI �A�jðkU2k2 þ kU3k2Þ;

and hence

m2
1 ¼ jb11I �A�j

2m2
) ð3:27Þ:ð3:29Þ

A completely analogous procedure can be used in the case (3.22). In the cases

(3.23)–(3.24), for
m2
m3

given by (3.19) one obtains A3 ¼ 0 and in the case (3.23),

choosing m2 ¼ 1, it follows that

F� ¼
�
A1a21m1 þ

a12

m1

�
3U1;U24;ð3:30Þ

with

A1 ¼ A� þ a232
m2
3

þ ðb�
33Þ

2;ð3:31Þ

independent of m1. Therefore—when a12a21 < 0—choosing

m1 ¼
a12

A1a21

����
����
1=2

;ð3:32Þ
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one obtains F� ¼ 0. If a12a21 ¼ 0, with (for example) a12 ¼ 0, (3.30) reduces to

F� ¼ A1a21m13U1;U24a
1

2
jI �A�j kU2k2 þ

1

2

ðA1a21Þ2

jI �A�j m2
1kU1k2;ð3:33Þ

and (3.27) is reached choosing

m2
1 ¼ b�

11I
�A�

A1a21

����
����:ð3:34Þ

Obviously an analogous procedure can be used in the case (3.24).
Finally, in the case (3.25), being

I � ¼ b�
22 þ b�

33 < 0; A� ¼ b�
22b

�
33 > 0;ð3:35Þ

one obtains b�
22 < 0, b�

33 < 0. Further by virtue of

A1 ¼ A� þ ðb�
33Þ

2; A2 ¼ A� þ ðb�
11Þ

2; A3 ¼ 0;ð3:36Þ

for m1 ¼ 1 it follows that

F� ¼
�A1a21

m2
þ a12m2

�
3U1;U24þ

�A2a31

m3
þ a13m3

�
3U1;U34;ð3:37Þ

with A1 and A3 independent of m2 and m3. Therefore choosing

m2 ¼
A1a21

a12

����
����
1=2

; m3 ¼
A2a31

a13

����
����
1=2

ð3:38Þ

when

a21a12 < 0; a31a13 < 0;ð3:39Þ

it follows that F� ¼ 0. If, for instance fa12 ¼ 0; a13a31 < 0g then, for m3 given by
(3.38)2, one obtains

F� ¼ A1a21

m2
3U1;U24;

and it is very easy to choose m2 in such a way that (3.18) hold. If fa12 ¼ 0;
a31 ¼ 0g then (3.29) reduces to

F� ¼ A1a21

m2
3U1;U24þ a13m33U1;U34;

and one can choose m2 and m3 in such a way that (3.27) holds.

Theorem 3.1. Let the assumptions of Lemma 3.3 hold and let m1, m2, m3 be scal-
ings guaranteeing the applicability of Lemma 3.3. If (3.8) holds with mi ¼ mi
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ði ¼ 1; 2; 3Þ, then the zero solution of (2.1)–(2.4) is asymptotically stable with re-
spect to the L2ðWÞ-norm.

Proof. For the sake of simplicity we assume A3 ¼ 0, as happens in the case

(3.25) for any m1, m2, m3 and in the cases (3.23), (3.24) for
m2
m3

given by (3.19). In

that cases there are no restrictions imposed by (3.8) on g2 and g3.

Introducing the functional

W ¼ 1

2
kU1k2 þ V ;ð3:40Þ

with

V ¼ 1

2
½A�ðkU2k2 þ kU3k2Þ þ kb�

22U3 � b�
32U2k2 þ kb�

23U3 � b�
33U2k2�;ð3:41Þ

it follows that fcfr Appendixg the temporal derivative of W along the solutions
of (3.4) is given by

_WW ¼ b�
11kU1k2 þ I �A�ðkU2k2 þ kU3k2Þ þF� þF;ð3:42Þ

with

F ¼ g1ð1� eÞ3U1;DU1 þ aU14þF1 þF2 þF3 þF4;ð3:43Þ

F1 being given by (3.7)5 and

F2 ¼ e½g23A1U2;DU24þ g33A2U3;DU34�;

F3 ¼
1

m1
3U1;F14þ 1

m2
3A1U2;F24þ 1

m3
3A2U3;F34;

F4 ¼ e
X3

i¼1

gi3Ui;DUi4:

8>>>>>><
>>>>>>:

ð3:44Þ

In view of Lemmas 3.1–3.3, it follows that

Fa�eg�ðk‘U1k2 þ k‘U2k2 þ k‘U3k2Þ þF3;ð3:45Þ

with g� ¼ infðg1; g2; g3Þ. On the other hand, by virtue of (2.10), it follows that
exist two positive constants m1 and m2 such that

F3 am1ðkU1k2 þ kU2k2 þ kU3k2Þ1þe1 þm2ðkU1k2 þ kU2k2 þ kU3k2Þe2ð3:46Þ
� ðk‘U1k2 þ k‘U2k2 þ k‘U3k2Þ:
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Therefore (3.42)–(3.46) imply

_WW a
1

2
½b�

11kU1k2 þ I �A�ðkU2k2 þ kU3k2Þ�ð3:47Þ

þm1ðkU1k2 þ kU2k2 þ kU3k2Þ1þe1

� ½eg� �m2ðkU1k2 þ kU2k2 þ kU3k2Þe2 �
� ðk‘U1k2 þ k‘U2k2 þ k‘U3k2Þ:

In view of (3.42), it turns out that

pðkU2k2 þ kU3k2ÞaV a qðkU2k2 þ kU3k2Þ;ð3:48Þ

with

p ¼ 1

2
A�; q ¼ 1

2
A� þ ½ðb�

22Þ
2 þ ðb�

23Þ
2 þ ðb�

32Þ
2 þ ðb�

33Þ
2�:ð3:49Þ

Hence one obtains

_WW a� 1

2
jb�

11j kU1k2 þ
jI �A�j

q
ðkU2k2 þkU3k2Þ

� �
þm1

�
kU1k2 þ

1

p
V
�1þe1

ð3:50Þ

� eg� �m2

�
kU1k2 þ

1

p
V
�e2� �

ðk‘U1k2 þk‘U2k2 þk‘U3k2Þ;

i.e.

_WW a�ðd� d1W
e1ÞW � ðd2 � d3W

e2Þðk‘U1k2 þ k‘U2k2 þ k‘U3k2Þ;ð3:51Þ

with

d ¼ 1

2
inf

�
jb11j;

jI �A�j
q

�
;

d1 ¼ m1

�
1þ 1

p

�1þe1
; d2 ¼ eg�; d3 ¼ m2

�
1þ 1

p

�e2
:

8>>><
>>>:

ð3:52Þ

Therefore—by recursive argument—it follows that

W0 < inf
� d

d1

�1=e1
;
�d2
d3

�1=e2� �
;ð3:53Þ

implies

W aW0 exp½�ðd� d1W
e1
0 Þt�:ð3:54Þ
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Remark 3.2. We remark that

(1) the assumptions (3.20) are implied by

b11 < 0; I < 0; A > 0;ð3:55Þ

and—as put in evidence at the end of Section 2—(3.55) are the conditions nec-
essary and su‰cient for the asymptotic stability of the zero solution of the re-
duced linear system of O.D.Es (2.22)–(2.23);

In fact—for continuity reasons—when (3.55) hold—exist positive e a �0; 1½
such that (3.20) hold too.

(2) When F depends only on ‘u and depends linearly on it, then Theorem 3.1—in
the case A3 ¼ 0—guarantees the global stability. In fact then one easily finds
that (3.46) holds with e1 ¼ e2 ¼ 0.

(3) When F depends on u quadratically, then (3.6)2 is useful in evaluating 31; u3i 4,
ði ¼ 1; 2; 3Þ.

(4) It is easily verified fcfr. [9] Theorem 3g that when the assumptions of Lemma
3.3 hold, then the Routh-Hurwitz conditions [11], guaranteeing the stability of
the matrix L�, are verified.

4. Reduction to the stability of the zero solution of (2.22) with L
symmetrized according to (2.24)–(2.25)

Lemma 4.1. Let

aijaji > 0; iA j;ð4:1Þ

and

a12a23a31 ¼ a13a21a32:ð4:2Þ

Then, choosing the scalings mi in such a way that

mj

mi
¼

ffiffiffiffiffi
aij

aji

r
; EiA j;ð4:3Þ

system (2.1) can be reduced to

qU

qt
¼ ~LLUþ ~FF;ð4:4Þ

with

~LL ¼
b�
11 b12 b13

b21 b�
22 b23

b31 b32 b�
33

0
B@

1
CA; ~FF ¼ ð ~FF1; ~FF2

~FF2ÞT ;

~FFi ¼
1

mi
Fi þ gi; U ¼

�u1
m1

;
u2

m2
;
u3

m3

�T

8>>>>>><
>>>>>>:

where ðb�
11; b

�
22; b

�
33Þ and ðg1; g2; g3Þ are given in (3.1) and bij are given by (2.25).
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Proof. Obviously one has only to check the consistency of (4.3). This consis-
tency is guaranteed by (4.2). In fact, in view of

m1
m2

� m2
m3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21

a12
� a32
a23

r
;

and taking into account that (4.2) implies a21a32 ¼
a12a23a31

a13
, it turns out that

m1
m2

� m2
m3

¼
ffiffiffiffiffiffi
a11

a13

r
¼ m1

m3
:

Analogously the consistency of
m1
m3

� m3
m2

¼ m1
m2

and of
m2
m1

� m1
m3

¼ m2
m3

is immediately
verified.

Remark 4.1. Let us notice that, obviously, (4.2), holds when both the right and
left sides are zero. This is the case, for instance, of a12 ¼ a21 ¼ 0. Then if

a13a31 > 0, a23a32 > 0, the symmetrization is obtained by choosing m1 ¼ m3

ffiffiffiffiffiffi
a13

a31

r
,

m2 ¼ m3

ffiffiffiffiffiffi
a23

a32

r
with any constant value of m3.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then (2.24)—with bi; j ,
ðiA jÞ, given by (2.25)—has the same characteristic values (invariants) of

L1 ¼
b11 a12 a13

a21 b22 a23

a31 a32 b33

0
B@

1
CA;ð4:5Þ

and hence, in particular, the following identities hold

det
s11 s12

s21 s22

	 

¼ det

b11 a12

a21 b22

	 

;ð4:6Þ

detL ¼ detL1:ð4:7Þ

Proof. The proof is immediate.

Lemma 4.3. Let

Q ¼
X1�3

i; j

aijxixj;ð4:8Þ

be a definite symmetric quadratic form. Then, setting

D0 ¼ 1; D1 ¼ a11; D2 ¼
a11 a12

a21 a22

����
����; D3 ¼

a11 a12 a13

a21 a22 a23

a31 a32 a33

������
������;ð4:9Þ
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it turns out that

Q ¼ X 2
1

D0D1
þ X 2

2

D1D2
þ X 2

3

D2D3
;ð4:10Þ

where X1, X2, X3 are the Jacobi’s variables given by

X1 ¼ A1; X2 ¼
a11 A1

a21 A2

����
����; X3 ¼

a11 a12 A1

a21 a22 A2

a31 a32 A3

������
������;ð4:11Þ

with

Ai ¼
X3

j¼1

aijxj:ð4:12Þ

Proof. The proof can be found in f[12], p. 302g.

Lemma 4.4. Let (4.8) be a definite symmetric quadratic form and let ðX1;X2;X3Þ
be the Jacobi’s variables associated to ðx1; x2; x3Þ. Then exist two positive con-
stants p and q such that

p�1
X3

i¼1

x2i a
X3

i¼1

X 2
i a q

X3

i¼1

x2i :ð4:13Þ

Proof. In fact it easily follows that

D1x1 þ a12x2 þ a13x3 ¼ X1;

D2x2 þ dx3 ¼ X3;

D3x3 ¼ X3;

8<
:ð4:14Þ

with

d ¼ a11a23 � a21a13;ð4:15Þ

and hence

x1 ¼
1

D1
X1 �

a12

D2
X2 þ

1

D3
ða12d� a13ÞX3

� �
;

x2 ¼
1

D2

�
X2 �

d

D3
X3

�
;

x3 ¼
1

D3
X3:

8>>>>>>><
>>>>>>>:

ð4:16Þ
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By virtue of the Cauchy inequality, (4.14) and (4.16) imply respectively

X 2
1 a 2ðD2

1 þ a212 þ a213Þðx
2
1 þ x22 þ x23Þ;

X 2
2 a 2ðD2

2 þ d2Þðx22 þ x23Þ;
X 2

3 aD2
3x

2
3 ;

8><
>:ð4:17Þ

x21 a
2

D2
1D

2
2D

2
3

½ðD2
2D

2
3 þ a212D

2
3Þ þD2

2ða12d� a13Þ2�ðX 2
1 þ X 2

2 þ X 2
3 Þ;

x22 a
1

D2
2D

2
3

ðD2
3 þ d2ÞðX 2

2 þ X 2
3 Þ;

x23 ¼ 1

D2
3

X3;

8>>>>>>>><
>>>>>>>>:

ð4:18Þ

and hence (4.13) immediately follows with

p ¼ sup

�
2

D2
1D

2
2D

2
3

½D2
2D

2
3 þ a212D

2
3 þD2

2ða12d� a13Þ2�;

1

D2
2D

2
3

ðD2
3 þ d2Þ; 1

D2
3

�
;

q ¼ 2 sup D2
1 þ a212 þ a213;D

2
2 þ d2;

1

2
D2

3

� �
:

8>>>>>>>>><
>>>>>>>>>:

ð4:19Þ

Theorem 4.1. Let the assumptions of Lemma 4.1 hold together with

b11 < 0;
b11 a12

a21 b22

����
���� > 0;

b11 a12 a13

a21 b22 a23

a31 a32 b22

�������
������� < 0;ð4:20Þ

and (2.10). Then the zero solution of (4.4) is asymptotically stable with respect to
the L2-norm.

Proof. When (4.20) hold, then exists a positive constant e a �0; 1½ such that

~DD0 ¼ 1; ~DD1 ¼ b�
11 < 0; ~DD2 ¼

b�
11 a12

a21 b�
22

����
���� > 0;

~DD3 ¼
b�
11 a12 a13

a21 b�
22 a23

a31 a32 b�
33

�������
������� < 0:

ð4:21Þ

On the other hand, setting

E ¼ 1

2
ðkU1k2 þ kU2k2 þ kU3k2Þ;ð4:22Þ
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in view of (4.4), one obtains

_EE ¼
Z
W

PdWþ 3U; ~FF4;ð4:23Þ

with

P ¼ b�
11U

2
1 þ b�

22U
2
2 þ b�

33U
2
3 þ

X1�3

iAj

bijUiUj;ð4:24Þ

and bij given by (2.25). Then, by virtue of Lemmas 4.2–4.3, it follows that

Z
W

PdWa
kX 2

1 k
2

~DD0
~DD1

þ kX 2
2 k

2

~DD1
~DD2

þ kX 2
3 k

2

~DD2
~DD3

a�m
X3

i¼1

kXik2;ð4:25Þ

with

m ¼ inf
1
~DD1

����
����; 1

j ~DD1
~DD2j

;
1

j ~DD2
~DD3j

	 

;ð4:26Þ

and hence, in view of (4.13), one obtains

Z
W

PdWa�m

p
ðkU1k2 þ kU2k2 þ kU3k2Þ ¼ �dE;

d ¼ m

p
; with p given by ð4:19Þ1 with ~DDi at the place ofDi:

8>><
>>:ð4:27Þ

Since—in view of (2.10)—one obtains

3U;F4 < �eg�ðk‘U1k2 þ k‘U2k2 þ k‘U3k2Þ þ d1E
1þe1ð4:28Þ

þ d2E
e2
2

X3

i¼1

k‘Uik2;

with d1, d2 positive constants, then by virtue of (4.23) it turns out that

_EEa�ðd � d1E
e1ÞE � ðeg� � d2E

e2Þ
X3

i¼1

k‘Uik2;ð4:29Þ

and hence the asymptotic stability under the local condition

E0 < inf
� d

d1

�1=e1
;
�eg�
d2

�1=e2� �
:ð4:30Þ
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5. Applications

We furnish here, in the Subsection 5.1, an application of the results obtained in
Section 3 to a triply convective di¤usive fluid mixture saturating a porous layer
and, in the Subsection 5.2, an application of the results of Section 2 to a model
concerned with the dispersal of epidemics.

5.1. Triply convective-di¤usive fluid mixture saturating a porous horizontal layer
in the Darcy-Oberbeck-Boussinesq scheme

The equations governing the perturbations to the conduction solution in the
porous horizontal layer fz ¼ 0; z ¼ 1g are found to be [13]

‘p ¼ �uþ ðRy� R1F1 � R2F2Þ � k;
‘ � u ¼ 0;

yt þ u � ‘y ¼ HRu � kþ Dy;

P1ðF1t þ u � ‘F1Þ ¼ H1R1u � kþ DF1;

P2ðF2t þ u � ‘F2Þ ¼ H2R2u � kþ DF2;

8>>>>><
>>>>>:

ð5:1Þ

under the boundary conditions

ðu � iÞz ¼ ðu � jÞz ¼ u � k ¼ y ¼ F1 ¼ F2 ¼ 0; on z ¼ 0; 1:ð5:2Þ

In (5.1)–(5.2) ðu; p; y;F1;F2Þ are respectively the perturbation to the velocity v,
pressure p, temperature T and concentrations Ca, ða ¼ 1; 2Þ, to di¤erent chemical
species S1 and S2 dissolved in the porous fluid layer. Oxyz is a Cartesian frame
of reference with fundamental unit vectors i, j, k, with k pointed vertically up-
ward. R is the temperature Rayleigh number, while Ra and Pa are the Rayleigh
and Prandtl numbers respectively of Sa, ða ¼ 1; 2Þ. The boundary equations (5.2)
are obtained via the boundary data on the temperature T , concentration Ci,
ði ¼ 1; 2Þ, and velocity v given by

Tð0Þ ¼ T1; Tð1Þ ¼ T2; Calð0Þ ¼ Cau; a ¼ 1; 2;

v � k ¼ 0; on z ¼ 0; 1;
ð5:3Þ

and H, H1, H2 are given by

H ¼ signðdTÞ; Ha ¼ signðdCaÞ;
dT ¼ T1 � T2; dCa ¼ Cal � Cau; a ¼ 1; 2:

ð5:4Þ

The perturbations ðu; y;F1;F2Þ are assumed—as usual—periodic with periods
2p

ax
and

2p

ay
in the x and y directions (with ax > 0, ay > 0) and belonging to

L2ðWÞ, Etb 0, W being the periodicity cell,

W ¼ 0;
2p

ax

� �
� 0;

2p

ay

� �
� ½0; 1�:ð5:5Þ
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As it is well known the set of functions fsinðnpzÞgn AN is a complete orthogonal
set for L2½0; 1�. Then for any function f a fo ¼ u � k; y;F1;F2g it follows that

f ¼
Xl
n¼1

fnðx; y; tÞ sinðnpzÞ;ð5:6Þ

with (by virtue of periodicity in the x and y directions)

D1 fn ¼ �a2fn; D1 ¼
q2

qx2
þ q2

qy2
; a2 ¼ a2x þ a2y :ð5:7Þ

In particular setting o ¼
Pl

n¼1 on, y ¼
Pl

n¼i yn, Fa ¼
Pl

n¼1 Fan, it follows that

on ¼ ~oonðx; y; tÞ sinðnpzÞ; Don ¼ �ða2 þ n2p2Þon;

yn ¼ ~yynðx; y; tÞ sinðnpzÞ; Dyn ¼ �ða2 þ n2p2Þyn;
Fan ¼ ~FFanðx; y; tÞ sinðnpzÞ; DFan ¼ �ða2 þ n2p2ÞFan:

8><
>:ð5:8Þ

The double curl of (5.1) multiplied by k gives easily

on ¼ hnðRyn � R1F1n � R2F2nÞ; xn ¼ a2 þ n2p2; hn ¼
a2

xn
;ð5:9Þ

and hence

yt ¼
Xl
n¼1

ðaðnÞ11 yn þ a
ðnÞ
12 f1n þ a

ðnÞ
13 f2nÞ � u � ‘y;

f1t ¼
Xl
n¼1

ðaðnÞ21 yn þ a
ðnÞ
22 f1n þ a

ðnÞ
23 f2nÞ � u � ‘f1;

f2t ¼
Xl
n¼1

ðaðnÞ31 yn þ a
ðnÞ
32 f1n þ a

ðnÞ
33 f2nÞ � u � ‘f2;

8>>>>>>>>>><
>>>>>>>>>>:

ð5:10Þ

with

a
ðnÞ
11 ¼ HR2hn � xn; a

ðnÞ
12 ¼ �HRR1hn; a

ðnÞ
13 ¼ �HRR2hn;

a
ðnÞ
21 ¼ H1RR1hn

P1
; a

ðnÞ
22 ¼ �ðH1R

2
1hn þ xnÞ
P1

; a
ðnÞ
23 ¼ �H1R1R2hn

P1
;

a
ðnÞ
31 ¼ H2RR2hn

P2
; a

ðnÞ
32 ¼ �H2R1R2hn

P2
; a

ðnÞ
33 ¼ �ðH2R

2
2hn þ xnÞ
P2

:

8>>>>>><
>>>>>>:

ð5:11Þ

In view of

a
ðnÞ
12 a

ðnÞ
21 ¼ �HH1R

2R2
1h

2
n

P1
; a

ðnÞ
13 a

ðnÞ
31 ¼ �HH2R

2R2
2h

2
n

P1P2
;

a
ðnÞ
23 a

ðnÞ
32 ¼ H1H2R

2
1R

2
2h

2
n

P1P2
;

a
ðnÞ
12 a

ðnÞ
23 a

ðnÞ
31 ¼ HH1H2

P1P2
R2R2

1R
2
2h

3
n ¼ a

ðnÞ
13 a

ðnÞ
21 a

ðnÞ
32 ;

8>>>>>>><
>>>>>>>:

ð5:12Þ
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it follows that in the case fH1H2 > 0;HH1 < 0;HH2 < 0g the assumptions of
Lemma 4.1 are verified. We consider now the case fH > 0;Hi < 0; ði ¼ 1; 2Þg
which is the most destabilizing case, since the fluid in this case is heated from
below and salted from above by the two salts.

Introducing the scalings—independent of n—

m1 ¼ 1; m2 ¼
H1

HP1

����
����
1=2

; m3 ¼
H2

HP2

����
����
1=2

;ð5:13Þ

and setting

yn ¼ Xn; F1n ¼ m2Yn; F2n ¼ m3Zn;

X ¼
Xl
n¼1

Xn; Y ¼ 1

m2
F1; Z ¼ 1

m3
F2;

8><
>:ð5:14Þ

it follows that

Xt ¼
Xl
n¼1

ða1nXn þ a2nm2Yn þ a3nm3ZnÞ � u � ‘X ;

Yt ¼
Xl
n¼1

�b1n
m2

Xn þ b2nm2Yn þ b3n
m3
m2

Zn

�
� u � ‘Y ;

Zt ¼
Xl
n¼1

�c1n
m3

Xn þ
c2nm2
m3

Yn þ c3nZn

�
� u � ‘Z;

8>>>>>>>>>><
>>>>>>>>>>:

ð5:15Þ

with

a1n ¼ HR2hn � xn; a2nm2 ¼ �HH1

P1

����
����
1=2

RR1hn;

a3nm3 ¼ �HH2

P2

����
����
1=2

RR2hn;

b1n

m2
¼ �HH1

P1

����
����
1=2

RR1hn; b2n ¼ �ðH1R
2
1hn þ xnÞ
P1

;

b3n ¼
H1H2

P1P2

����
����
1=2

R1R2hn;

c1n

m3
¼ �HH2

P2

����
����
1=2

RR2hn; c2n ¼
H1H2

P1P2

����
����
1=2

R1R2hn;

c3n ¼ �ðH2R
2
2hn þ xnÞ
P2

:

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð5:16Þ
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Setting

E ¼ 1

2
ðkXk2 þ kYk2 þ kZk2Þ;ð5:17Þ

and taking into account that

3sinðnpzÞ; sinðmpzÞ4 ¼ 0; nAm; 3u � ‘F 24 ¼ 0; F a ðX ;Y ;ZÞ;

along (5.15) it follows that

_EE ¼
Xl
n¼1

Z
W

Qn dW;ð5:18Þ

with

Qn ¼ c3nZ
2
n þ b2nY

2
n þ a1nX

2
n � 2

HH1

P1

����
����
1=2

RR1XnYnð5:19Þ

� 2
HH2

P2

����
����
1=2

RR2XnZn þ 2
H1H2

P1P2

����
����
1=2

hnYnZn:

Since Qn is symmetric, Qn is definite negative if and only if

D1n ¼ c3n < 0; D2n ¼ c3nb2n �H1H2
R2

1R
2
2

P1P2
hn > 0;

D3n ¼

a1n � HH1

P1

����
����
1=2

RR1hn � HH2

P2

����
����
1=2

RR2hn

� HH1

P1

����
����
1=2

RR1hn b2n
H1H2

P1P2

����
����
1=2

R1R2hn

� HH2

P2

����
����
1=2

RR2hn
H1H2

P1P2

����
����
1=2

R1R2hn c3n

���������������

���������������
< 0:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð5:20Þ

Conditions (5.20) coincide with the stability conditions (108) of [13] where the fol-
lowing theorem has been shown.

Theorem 5.1. Let H > 0, Hi < 0, ði ¼ 1; 2Þ. Then the conduction solution is
globally asymptotically stable if and only if

HR2 þ jH1jR2
1 þ jH2jR2

2 < 4p2:ð5:21Þ

We confine ourselves here to remark that in view of Theorem 4.1—since the con-
tribution of the nonlinear terms u � ‘X ; u � ‘Y ; u � ‘Z is zero—(5.21) guarantees
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that (5.20) hold En and hence exists a constant d � > 0, independent of n, such that

Qn a�d �ðX 2
n þ Y 2

n þ Z2
n Þ:ð5:22Þ

Finally (5.4)–(5.5) give

_EEa�d �E , EaE0e
�d �t:ð5:23Þ

5.2. Stability of a SIR system

In this subsection we consider the SIR system

qS

qt
¼ að1� SÞ þ g1DS � bIS;

qI

qt
¼ �ðaþ cÞI þ g2DI þ bIS;

qR

qt
¼ �dRþ cI þ g3DR;

8>>>>>>><
>>>>>>>:

ð5:24Þ

with R, S and I densities of removed, susceptibles and infectives respectively fcfr.
[14], p. 150g and a, b, c, d, gi, ði ¼ 1; 2; 3Þ, positive constants. We consider (5.24)
in the domain (2.11) with l ¼ 1, under the boundary conditions

S ¼ S; I ¼ I ; R ¼ R; in x ¼ 0;

‘S ¼ ‘I ¼ ‘R ¼ 0; in x ¼ 1;

�
ð5:25Þ

with ðS; I ;RÞ constant solution of (5.24). As constant solutions we consider

(i) the disease-free equilibrium state fS ¼ 1; I ¼ R ¼ 0g,
(ii) the endemic equilibrium state�

S ¼ aþ c

b
; I ¼ d½b� ðcþ dÞ�

cþ d
;R ¼ c½b� ðcþ dÞ�

cþ d

�
; with b > cþ d.

Denoting by ðs; i; rÞ the perturbation to an equilibrium state ðS; I ;RÞ, it follows
that

st ¼ �ðaþ bIÞs� bSi þ g1Ds� bis;

it ¼ bIs� ðaþ c� bSÞi þ g2Di þ bis;

rt ¼ �drþ ci þ g3Dr;

8<
:ð5:26Þ

under the boundary conditions

s ¼ r ¼ i ¼ 0; in x ¼ 0;

‘s ¼ ‘r ¼ ‘i ¼ 0; in x ¼ 1:

�
ð5:27Þ
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One easily verifies that (3.22) holds and Theorem 3.1 can furnish the conditions
necessary and su‰cient for the stability-instability of ðS; I ;RÞ. In particular, in
the case of the disease-free equilibrium ðS ¼ 1; I ¼ R ¼ 0Þ, denoting by

R0 ¼
b

aþ cþ ag2
;ð5:28Þ

the basic reproductive number it turns out immediately that the disease-free equi-
librium is (locally) asymptotically stable if and only if R0 < 1.

6. Appendix: The basic peculiar Liapunov function for binary

systems

We define sharp the peculiar Liapunov functions able to give for the nonlinear
stability-instability, exactly the same conditions of the linear stability. We here re-
call the construction of a such Liapunov function for a binary system of O.D.Es,
since is this function integrated on W and named V that appears in Section 3.

Let us consider the stability of the zero solution of the system

dx

dt
¼ axþ byþ f ðx; yÞ;

dy

dt
¼ cxþ dyþ gðx; yÞ;

8>><
>>:ð6:1Þ

( f , g being nonlinear and such that f ð0; 0Þ ¼ gð0; 0Þ ¼ 0) and introduce the func-
tion

V ¼ 1

2
I ½Aðx2 þ y2Þ þ ðay� cxÞ2 þ ðby� dxÞ2�;ð6:2Þ

with

I ¼ aþ d ¼ l1 þ l2; A ¼ ad � bc ¼ l1 � l2;ð6:3Þ

l1, l2 eigenvalues of
a b

c d

	 

. Since

x _xx ¼ ax2 þ bxyþ xf ; y _yy ¼ cxyþ dy2 þ yg;

y _xx ¼ axyþ by2 þ yf ; x _yy ¼ cx2 þ dxyþ xg;

�
ð6:4Þ

by straightforward calculations it follows that

dW

dt
¼ IAðx2 þ y2Þ þC;ð6:5Þ
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with

C ¼ ½ða1x� a3yÞ f þ ða2y� a3xÞg�;
a1 ¼ Aþ c2 þ d 2; a2 ¼ Aþ a2 þ b2; a3 ¼ acþ bd:

�
ð6:6Þ
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