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ABSTRACT. — We show in this paper that the set of irreducible components of the family of Galois
coverings of P with Galois group isomorphic to D, is in bijection with the set of possible numerical

types.
In this special case the numerical type is the equivalence class (for automorphisms of D,) of the

function which to each conjugacy class % in D, associates the number of branch points whose local
monodromy lies in the class %.
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INTRODUCTION

The theory of covering spaces was invented to clarify the concept of an algebraic
function and its polydromy.

In the modern terminology one can describe an algebraic function f on an
algebraic curve Y as a rational function f on a projective curve X admitting a
non constant morphism p : X — Y, and such that f generates the field extension
C(Y) = C(X).

The easiest example would be the one where ¥ = P! = Pl and f = V/P(x), P
being a square free polynomial.

f is in general polydromic, i.e., many valued as a function on Y, and going
around a closed loop we do not return to the same value. It is a theorem of
Weierstrass that f is a rational function on Y iff f is monodromic, i.e., there is
no polydromy.

For strange reasons (but remember the famous explanation ‘Lucus a non
lucendo’, the grove has a similar name to light because there is no light) what
should be called polydromy is nowadays called monodromy.

1 The present work took place in the realm of the DFG Forschergruppe 790 ‘“Classification of
algebraic surfaces and compact complex manifolds™.
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Given p : X — Y as above there is a finite set < Y, called the branch locus,
such that, setting Y* := Y\%, X* := p~!(Y*), then p induces a covering space
X* — Y* which is classified by its monodromy g, which is a homomorphism
of the fundamental group (Poincaré group) of Y*, 7;(Y™*, yp), into the group of
permutations of the fibre p~!(yp).

If X is irreducible, and ¢ is the degree of p, then the image of the monodromy
is a transitive subgroup of S5, and conversely Riemann’s existence theorem
asserts that for any homomorphism x : 7; (Y™, y9) — &5 with transitive image we
obtain a morphism p : X — Y as above inducing the given monodromy g, hence
also a corresponding algebraic function on Y with branch set contained in 4.

Riemann’s existence theorem is a very powerful but not constructive result: it
is similar in spirit to the non constructive argument which shows that any n x n
matrix A satisfies a polynomial equation of degree at most n%; while the theorem
of Hamilton Cayley constructs such a polynomial equation of degree n, namely,
the characteristic polynomial P4 of A. Although P, is not the polynomial of
minimal degree which gives zero when evaluated on A, it has the advantage that
it varies well with A if 4 varies in a family.

Similarly, one can consider families of algebraic functions, or, equivalently,
families of morphisms X; — Y, of algebraic curves, and a natural question
is whether a given parameter space 7 is irreducible: for this type of question
Riemann’s existence theorem plays a crucial role.

Usually one splits the above question by considering families where the
branch locus has a fixed cardinality, obtaining in this way a stratification of the
parameter space (the strata are often called Hurwitz spaces, see [Ful69]); and then
asking which strata are irreducible.

The archetypal result is the theorem of Liiroth-Clebsch and Hurwitz, show-
ing that simple coverings of the projective line form an irreducible variety (see
[Cleb72], [Hur91], cf. also [BaCa97| for a simple proof). Here, simple means
that the local monodromies (image under x of small loops around the branch
points) are transpositions. The theorem of Liiroth-Clebsch has been extended
to projective curves Y of higher genus by several authors ((GHS02]), and there
are variants ([Kluit88], [Waj96], [Kanev06], [Kanev05], [Ve06], [Ve07], [Ve08])
where for one or two distinguished branch points the local monodromy can be
chosen to be a different type of permutation, or where one replaces the sym-
metric group by Weyl groups and the transpositions by reflections.

Observe that one can factor the monodromy u: 71 (Y™, y9) — S5 through a
surjection onto a finite group G followed by a permutation representation of G,
i.e., an injective homomorphism G — &3 with transitive image.

Geometrically this amounts to construct a morphism Z — Y (the Galois
closure of p) such that G acts on Z with quotient Z/G =~ Y, and such that X is
obtained as the quotient of Z by a non normal subgroup H of G, and we have the
factorization

Z—Z/H=X >Z/G=Y.

In this way one separates the investigation of algebraic functions into two
parts: the study of Galois covers Z — Y, and the study of intermediate covers.
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The study of Galois covers is however also of interest in itself, since inside the
moduli space 9, of curves X of genus g > 2 we have the closed proper algebraic
subset of curves having a nontrivial group of automorphisms, and one would like
to understand, given a finite group G, which are the irreducible components of
the algebraic subset Mi,. ¢ of curves X admitting G as a subgroup of their group
of automorphisms.

The action of G on the curve X gives rise to a morphism p: X — X/G =7,
and the geometry of p encodes several discrete invariants which distinguish the
irreducible components of Mi,.: the genus g’ of Y, the number d of branch
points, and the orders miy,...,m; of the local monodromies. These invariants
form the primary numerical type.

Once the primary numerical type is fixed, then the determination of the
irreducible components of 9i,.; with a given primary numerical type is, by
Riemann’s existence theorem, equivalent to the determination of the orbits of
the group Map(g',d) x Aut(G) on the set of possible monodromies u. Here
Map(g',d) is the mapping class group of the curve Y\%, a curve of genus g’
with d points removed.

Thus the general problem is to try to determine some finer numerical invari-
ants which determine these orbits (equivalently, the above irreducible compo-
nents).

The secondary numerical type consists of the equivalence class (for automor-
phisms of G) of the function which to each conjugacy class % in G associates the
number of branch points whose local monodromy lies in the class %.

It was shown in [Catl10] that the primary and secondary numerical type suffice
to determine the irreducible components i . ¢ in the case where G is cyclic.

In this paper and its sequel we shall be concerned with the case where G is
a dihedral group D,. In this case one can define the numerical type, which is
nothing else than the prlmary and secondary numerlcal type unless n is even
and the monodromy ' onto the Abelianization (Z/27Z)* of D, determines an
unramified covering of Y.

We conjecture that each numerical type determines only one irreducible com-
ponent, and we present the proof here for the case g’ = 0; we have also a proof in
the unramified case with g’ > 0.

Of course one can ask similar questions for more general groups, abelian
groups should be relatively easy, whereas more general solvable groups could
lead to remarkable difficulties.>

On the opposite side, there is the case where G is a simple group: for this case
we would like to call attention to the stability result of [Du-Th06].

The stability result of [Du-ThO06] states that, in the unramified case (where
primary and secondary invariants boil down to only one invariant, namely the
genus ¢'), for every finite group G the number of irreducible components becomes
a constant independent of ¢’ for g’ sufficiently large.

2 Added in proof: we discovered that some partial results have been obtained in [EdmlI] and
[EdmII].
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A very interesting question is whether a similar stability result holds fixing the
secondary numerical type but letting the genus ¢’ become sufficiently large.

1. PRELIMINARIES

Dihedral groups. The dihedral group D,, of order 2n is the group of symmetries
of a regular polygon with n edges. We assume n > 3, else we get the group
2
(2)27)".
A simple representation of D,, is as the normal subgroup of the affine group
A(1,Z/nZ) consisting of transformations of the form

mw—+m+j, jeZ/nl.

It has generators x such that x(m) =m+ 1, and y such that y(m) = —m; x/
corresponds to a rotation of 27j/n around its barycenter and each element x/y
(such that x/y(m) = —m + j) corresponds to a reflection with respect to a line of
symmetry.

D,, can be defined by generators and relations as follows:

D, = {x, y[x" = y* = (x)” = 1)

The above presentation shows right away that the Abelianization of D, has the
presentation

D = (x, p|xy = yx, 1> = (x) 9P = 1)

hence we get Z/2Z for n odd, (Z/2Z)* for n even.

The n reflections y,xy, ...,x"'y will also be denoted either by sy, s1, . .., S
or by their indices 0,1,...,n— 1.

For any rotation x', its conjugacy class consists exactly of the elements x’ and
x~! (if n = 2i we obtain in this way the only central element).

If n is odd all the reflections belong to the same conjugacy class, while if 7 is
even two reflections x’y and x/y are conjugate if and only if i = j (mod 2).

These two cases are distinguished by the property of the corresponding affine
transformation to have fixed points, since x’y(m) = m < i = 2m (modn), and
this equation has no solution if z is even and 7 is odd.

The automorphism group Aut(D,) is identified with A(1,Z/nZ) = Z/nZ >«
(Z/nZ)" as follows: the map Z/nZ — Aut(D,), which assigns i € Z/nZ to the
automorphism defined by y — x'y and x — x, identifies Z/nZ with the normal
subgroup of Aut(D,,), consisting of those automorphisms which act trivially on
the subgroup of rotations.

The quotient Aut(D,)/(Z/nZ) is isomorphic to the subgroup of Aut(D,) con-
sisting of automorphisms of the form y +— y, x +— x' fori € (Z/nZ)".

Observe that, D, being a normal subgroup of A(1,7/nZ), we get by conjuga-
tion a homomorphism A(1,Z/nZ) — Aut(D,) which is an isomorphism exactly
for n odd.
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Dihedral coverings of curves. Let Y be a compact connected Riemann surface
of genus ¢’. A dihedral covering of Y is a Galois covering 7 : X — Y with Galois
group G = D,, and with X connected. We will also say that = is a D,-covering.

Riemann’s existence theorem allows us to use combinatorial methods to study
D,-coverings, or more generally any G-covering (a Galois covering with an arbi-
trary finite Galois group G).

Let Z={y1,...,y4} = Y be the branch locus of 7.

Fix a base point yo € Y\% and a point xo € 7' (o).

Monodromy gives a surjective group-homomorphism

(1) wrm(Y\%, ) — G.
We recall now the definition of a geometric basis of w1 (Y\%, y).
Let oy, fy,..., 0%, B, be simple nonintersecting (except in yo) closed arcs in

Y\# which are based on y, and whose classes in H;(Y;Z) form a symplectic
basis.

Let 7; be an arc connecting yo with y;, contained in (Y\{o1, By, .., 0, By }) U
{»o} and such that y; intersects y; only in yy for i # j. Require moreover that
Y1, -+, 74 stem out of yy with distinct tangents and following each other in coun-
terclockwise order.

Let yy,...,70 < Y\(BU{w,By,.. .0, B,}) U{yo} be arcs defined as fol-
lows: y; begins at yy, travels along 7, to a point near y;, makes a small simple
counterclockwise loop around y; and then returns to y( along 7.

Then we have chosen a geometric basis, and we have a presentation:

nl(Y\ggv yO) = <alvﬁlv vee 7“9’7ﬂg’7y17 e Vd |H?=1[O([,ﬂ[] A TR e 1>
Let T(g', d) be the group defined abstractly by generators and relations as follows:
T(g',d) := (A1, Bi,..., Ay, By, T1, ..., Ta |1 (A, B] Ty ... - Ty =1).

The choice of a geometric basis yields an obvious isomorphism 7;( Y\ %, yo) =
T(g9',d) and under this identification the homomorphism (1) corresponds to an
epimorphism:

(2) n:T(g',d) — G.

Conversely, given a surjective homomorphism g as in (2) such that u(I";) # 1 Vi,
by Riemann’s existence theorem the choice of a geometric basis as above ensures
the existence of a G-covering 7 : X — Y branched on % and whose monodromy
is u.

Varying a covering in a flat family with connected base, there are some
numerical invariants which remain unchanged, the first ones being the respective
genera ¢, g’ of the curves X, Y, which are related by the Hurwitz formula:

20— 1)=1G||2(¢' = 1) + Z(l — mlﬂ ;o omy = ord(u(y;)).




296 F. CATANESE, M. LONNE AND F. PERRONI

Observe moreover that a different choice of the geometric basis changes the
generators y;, but does not change their conjugacy classes (up to permutation),
hence another numerical invariant is provided by the number of elements u(y;)
which belong to a fixed conjugacy class in the group G.

We formalize these invariants through the following definitions.

DEFINITION 1. A G-Hurwitz vector is an ordered sequence

2'+d
(3) v:(al,bl,...,ag/,bg/,cl,...,cd)EG”+
such that the following conditions are satisfied:

(1) ¢; # 1 for all i;
(i) G is generated by the components of v, G = {v),
(i) IT.,[a;,bi] -1 ... ca= 1.

To any D,-Hurwitz vector v we associate a tuple of positive integers v(v)
defined as follows.

Ifn=2n"+ lisodd, v(v) = (k,ki,..., k,), where k (resp. k;) is the number of
the ¢;’s in the conjugacy class of y (resp. x).

If n=2n"is even, v(v) = (k,, kyy, ki, ..., ky), where k, (resp. ky,, k;) is the
number of the ¢;’s in the conjugacy class of y (resp. xy, x').

The group Aut(D,) acts diagonally on the set of Hurwitz vectors. This action
induces an action of Aut(D,) on the set ./ := {v(v) | v is a Hurwitz vector} such
that the map v is Aut(D,,)-equivariant.

The equivalence class of v(v) in A" /Aut(D,,) will be denoted by [v(v)].

DEFINITION 2. The numerical type of the Hurwitz vector v is defined as follows.

If n=2n"+1is odd, it is the pair (¢',[v(V)]), where g’ is the genus of Y and
[v(v)] € A" /Aut(D,) is as above.

If n=2n' is even, then let H be the normal subgroup normally generated by
Cly...,¢q and set G' = D, /H. Then either G' =~ 7/27 or G' = D,,, where m > 2,
min. In the case where G' =D, and m >2 is even, the associated surjection
W (Y) — D, determines, since Y is the classifying space for n(Y), a contin-
uous map M':Y — K(Dy,, 1), hence a map in homology Hr(M'):Z[Y] =
Hz(Y, Z) — Hz(Dm, Z) = Z/ZZ

We define 1 € {0, 1} to be the image element Hy(M')([Y]).

Then the numerical type is defined as the triple (g, [v(v)],1).?

Topological type. We recall a result contained in [Cat00], see also [Cat08].
Define the orbifold fundamental group n{"”( Y\ %, yo;mi,...my) of the cover-
ing as

<a17ﬂ17-"7ag’7ﬂg’7y17"'7yd|1_[1g=1[ai7ﬂi] P Va = 17))]_’”/' =1 VJ: 17d>

3for g’ = 0 the group G’ is trivial and hence the numerical type is just [v(v)].
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We have then an exact sequence
orb .
1 — m(X,x0) — 7" (Y\%B, yo;my,...mg) — G —1

which is completely determined by the monodromy, and which in turn deter-
mines, via conjugation, a homomorphism

p: G — Out(n (X, x0)) = Map(X) := Diff ~(X)/Diff *(X)

which is fully equivalent to the topological action of G on X.

We have that, by Proposition 4.13 of [Cat00], all the curves X of a fixed genus
g which admit a given topological action p of the group G, specified up to an
automorphism of G, are parametrized by a connected complex manifold; arguing
as in Theorem 2.4 of [Cat10] we get

THEOREM 1. The triples (X, G, p) where X is a complex projective curve of genus
g =2, and G is a finite group acting on X with a topological action of type p are
parametrized by a connected complex manifold 7 ., , of dimension 3(g' — 1) +d,
where g’ is the genus of Y := X /G, and d is the cardinality of the branch locus 2.

The image My ., of T y. G, inside the moduli space M, is an irreducible closed
subset of the same dimension 3(g' — 1) +d.

The next question which the above result motivates is: when do two Galois
monodromies f, t, : 7"’ (Y\%, yo;my,...my) — G have the same topological
type?

The answer is theoretically easy, since if the two covering spaces have the
same topological type then they are homeomorphic, hence this means that the
two monodromies differ by:

® An automorphism of G.

e And a different choice of a geometric basis. This is performed by the mapping
class group (the first equality follows since the points of # are the ends of
Y\%):

Map(Y,RB) = Map(Y\A) := Diff * (Y\ %) /Diff°(Y\%).

Moduli spaces. Fixing a genus g and a finite group G we have a finite number of
closed irreducible subsets M. 5, , = I, corresponding to the choice of a topolog-
ical type p for the action of G.

A first invariant for the topological type p is provided by the pair (g’ d) where
g’ is as above the genus of Y := X /G, and d is the cardinality of the branch locus
BcY.

A further numerical invariant is the Aut(G) equivalence class of the class func-
tion v which, for each conjugacy class % in G, counts the number of local mono-
dromies ¢; := u(y;) which belong to the conjugacy class .
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In particular, a weaker numerical invariant is given by the sequence of multi-
plicities m; of the branch points (m; is the order of u(y;); one can assume w.l.o.g.
m <my<--- Smd).

One can consider then the set of equivalence classes of pairs (X, «), where X is
a projective curve of genus g and « is an effective action of G on X with primary
numerical invariants (g;my,...my).

Two such pairs (X, a) and (X', d’) are considered equivalent iff there exists a
biholomorphic map F: X — X’ and an automorphism ¢ € Aut(G) such that
F(gx) = ¢(x)F(x), forany x € X and g € G.

The set of such irreducible components i, , with the given primary
numerical invariants (g;my,...my) is then computed as the number of orbits of
Map(g',d) x Aut(G) on the set of surjective homomorphisms

w:T(g' d;my,...my) — G
where

T(g',d;my,...my)
= (A1, B1,..., Ay, By, U1, T |TI (45, B Ty Ty = 1, T = 1 Vi),

The geometrical insight is that the union of such components 9, , has a
finite map Q : My.¢,, — M, 4 onto the (coarse) moduli space M, 4 of smooth
curves of genus g’ with d unordered marked points. This is a topological covering
and the fundamental group of the base is a quotient of the mapping class group
Map(g',d).

Hence the components 9, ¢, are detected by the orbits of the monodromy of
this covering space.

The case of the dihedral group. Let n be a positive integer n > 3 and let (g, [v(v)])
(resp. (g, [v(v)],7) be a numerical type.

Let #p, (g, [v(v)]) (resp. #D,(g,[v(v)],7)) be the set of equivalence classes of
pairs (X, «a), where X is a Riemann surface of genus g and « is an effective action
of D, on X such that the D,-covering X — X /D, is of numerical type (g, [v(V)])
(resp. (g, [V(v)], 1)

The main question we address is whether the spaces #p, (g, [v(v)]), respec-
tively #p, (g, [v(v)],1) are irreducible, i.e., are spaces M,.p, , for a unique topo-
logical type p. This can be proved by showing the transitivity of Map(g’,d) x
Aut(D,) on the set of monodromies of given (full) numerical type.

This is the same thing as bringing each monodromy with a given numerical
type to a normal form.

2. THE CASE ¢’ =0

In this Section we assume g’ = 0.
The moduli space M 4 is a quotient of (S9P")\A by the action of the pro-

~

jective linear group PGL(2,C), where /P! is the d-th symmetric product
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of P!, and A is the subset of P! consisting of points with two or more equal
coordinates.

We have G/P' > P?, therefore we consider the action of the braid group of
the sphere 9B, = m;(PY\A, y) on the fibre over y of the above map Q.

The group Y%, is a quotient of Artin’s braid group %, which is generated

by the so-called elementary braids o,,...,054 1 acting on the Hurwitz vector
v=(c1,...,cq) as follows:
. _ ~1
(cl,... ,Cd)O',' = (C],. < CiCiy 1€ ,C,’,...,Cd),
Nl — ) 1
(c1,-- - ca)o; = (Clyen ) Citl, € CiCig 1y - -+ 5 Ca)-

Recall moreover the diagonal action of the group Aut(D,,) on the set of Hurwitz
vectors.
Since the two actions commute, we have an action of the group %4, x Aut(D,,).

DEFINITION 3. Two Hurwitz vectors v and w are said to be Hurwitz equi-
valent, or Braid-equivalent (resp. automorphism-equivalent, braid-automorphism-
equivalent) if there exist c € B4 (resp. ¢ € Aut(D,), (g,9) € B4 x Aut(D,)) such
[hgj w =vao (resp. w =vop, W =v(a, ¢)). In this case we write v LZw (resp. v A W,
V~ow).

NotATION 1. Identify a reflection s;(m) = —m + i with its index i € Z/nZ.
The main result of this section is the following

THEOREM 2. The group B, x Aut(D,) acts transitively on the set of Hurwitz
vectors of a fixed numerical type, hence dihedral covers of P! of a fixed numerical
type form an irreducible closed subvariety of the moduli space.

More precisely, given v with v(v) = (k,ky, ... ky) (resp. v(v) = (ky, kyy, ki, .. .,
ku)), set R := ", ki, and assume (w.lo.g.) {h,k} = {k,,ky,}, h <k (observe that
k, resp. k + h is even).

We have then, assuming throughout 0 <r; <riy <n', r=(r,...,rg) and
setting |r| : = >, r; (modn):

Q) vZ(0,...,0,1,1+r],x",...,x"%), if n=2n"+ 1.
k

() vZ(0,...,0,1,..., 1, ,x",...,x"®), if n = 2n" and h # 0.

—— ——

h k
Here /.= |r| + ¢, where ¢ € {0,1}, e + k = 1 (mod 2).

(i) v& (1,...,1,3,2,x", ..., x"%), if n = 2n" and h = 0.

————

k
Here 4 = |r| + 3.

We collect in the next section some preliminary results that shall be used in the
proof.
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REMARK 1. It was brought to our attention after the paper was completed that a
rather complicated but more general classification of Hurwitz orbits on D,‘f was
done in [Sia09]. It is however not clear to us whether one can deduce our theorem
above from these results.

2.1. Auxiliary results

REMARK 2. Identifying a reflection s;(m) = —m + i with its index i € Z/nZ,
then conjugation corresponds to the action of another reflection on i:

s; > 8;8:8; corresponds to i — 2j —i = j— (i — j).

REMARK 3. The action of og; on a pair of reflections (i,j) leaves their
product invariant, hence leaves the difference i — j invariant: for instance

(i, ))or = (20 =, 0).

LEmMma 2.1 (Normalization of reflection triples). Given a sequence of reflections

(i, j, k) in D, which generate a dihedral subgroup D,,, its Hurwitz orbit contains a
-1 //

sequence of type (i', j', j') and a sequence of type (i",i", j").
In particular the subgroup D,, is generated by the first two entries of a suitable
sequence in the Hurwitz orbit.

PROOF. First we consider the action of the four elements a1, g2, 67!, 05! on the
triple.

(i7j7k)01:(2i_jvivk)v (i,j,k)ﬂzz(i,Zj—k,j),
(i, j.k)or " = (j.2i —i,k), (i,),k)oy" = (i.k, 2k — j).

The corresponding transformations on the differences of consecutive elements are

(J—ik—jlon=(—i(k—j)+(—1i),
(J—isk = jlor=((j— i) = (k—j)k—J)
U—uk—le = —i(k=j)—(—1),
(j—isk—=j)ay = ((j—i)+(k—j)k—J).

As long as both differences are non-zero (modulo 7), we can reduce the maximal
difference by one of these transformations.

This process must terminate, hence we reach a situation where one of the
differences is zero.

We can arrange for the other difference to become zero by at most two addi-
tional transformations. Then we end up with a triple such that the last two entries
are equal, and also with a triple such that the first two entries are equal.

Note that we can compute the necessary transformations using the Euclidean
algorithm for the two differences. O
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LEMMA 2.2. Let (s;,s;,x™) € D>. Then, for all ¢ € 7 we have:
(7,87, x™) L (sir20m; Si2rm, X™).

ProoOF. For any 7 € Z the following formula can be verified:

(51557, X"™)(02016102)" = (Si320m» Sj120ms X™).
This proves the claim. O
LemMmA 2.3 (Double exchange). The following equivalence holds:

(siid) 2 (i, j).

Proor. This follows from the following equality:

(j,i,i)or oyt = (i,2i — j,i)ay ' = (i,i, j). O
LEmMMA 2.4 (Normalization of pair sequences). The following equivalences hold.
(i) (0,0,4,1) = (0,0, —i, —i),
(1) (1,4, 7,7) 5 (s )y ,Z), S
(iii) (i,4,7,7) ~ (zl—gk L(j—i),i+l(j—10),j+/(j—10),j+((j—1)),V eZ.
(iv) (0,0,4,i,/,j) ~ (0,0,i,i,j — 2/i, j — 2/i), for any / € N

PRrROOF. We achieve equivalence (i) by
(07 07 ia i)UZU_%Uz = (07 7l.7 71.7 0)0302
= (0, —i,—2i, —i)o>
= (0,0, —i,—i).

We achieve equivalence (ii) by applying twice Lemma 2.3.
Equivalence (iii) follows from the formula

(i,i, j, j) (05 o7 o302)"
=@+ —i),i+(G—i),j+0(—i),j+4(j—1i), V/eZ,

which can be proved e.g. by induction.
For equivalence (iv) we have:

(0,0,14,1, j, j)ososasay = (0,0,1,2i — j, 2i — j,i)os04
=(0,0,i,1,2i — j,2i — j)

£(0,0,i,i,j — 2i,j—2i) by (i) and (iii).

Iterating this procedure we get the claim for all / € N. O
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LEMMA 2.5. Let n be an integer n >3 and let v= (iy,...,hy) € D,le be a
Hurwitz vector whose components are all reflections. Then there exists j € 7 /nZ
such that:

VBA (07707171) lfl’ll.SOdd,
0,...,0,/,...,J) if niseven.

Moreover, the automorphisms involved in the previous equivalences are all of the
form y — x’y, x — x.

PrOOE. Using Lemma 2.1 inductively we get
B . . . . . . .
v~ (i1, 00,00,y IN-1, N1, N, N)-

Then also iy = ju, since the product is the identity and we have in fact ob-
tained

&

A\ (il,il,iz,iz,...,l'Nfl,l.Nfl,l'N,l'N).
By the automorphism y +— x =1y, x — x which is of the form given in the claim of
the lemma we get the following form
1?\1’4 (0a05i27i2>"'7iN7iN)
and we may assume i, > 0 by choosing suitable representatives.

The assertion of the Lemma follows now from the following:

CLAIM: Unless the sequence is already in the asserted form there is another
sequence of pairs of non-negative integers representing a Hurwitz vector in the
same braid equivalence class which is strictly smaller with respect to the lexico-
graphical ordering.

Since we may reorder the sequence of pairs according to Lemma 2.4 (ii), we
may assume 0 < i < --- < iy.

Assume now we have three different kinds of entries 0 < i < j. Then by using
once more Lemma 2.4 (ii) we can bring these entries next to each other and have
then a subsequence of the form (0,0, 1,1, j, ).

By Lemma 2.4 (iv) and (i), (ii) we have:

(4) (070ai7i7j7j) £ (0,0,1,1,]—21,]—21)
(5) £(0,0,i,i,—j + 2i, —j + 2i)

Now, either j — 2i > 0 or j — 2i < 0. In the first case j > j — 2i > 0 and the r.h.s.
of (4) is smaller than the 1.h.s. In the second case 0 < i < j implies 2i — j < j and
the r.h.s. of (5) is smaller than the Lh.s of (4).

Therefore we can reduce to a sequence of pairs where all entries are either 0 or
a positive integer j. This concludes the claim in case where # is even.
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In the case where 7 is odd we may have reached a situation with at least four
entries equal to j. But, according to Lemma 2.4 (iv) with /= —(n —1)/2, we
have

(0,0, 4,4, j,7) ~ (0,0, ,j,] —24j, j — 22j)
0707j7j7nj7nj)
0’07j7j7070)

£ (0,0,0,0, j, /)

=
=

Hence also in this case our claim holds true. O
Lemma 2.6 (Normalization of reflection pair). Given a sequence of reflections
(io, jo) in D, which generate a dihedral subgroup D,,, its Hurwitz orbit consists of
the pairs (i, j) with i = iy (mod 2) and j — i = jo — .

2.2. Proof of Theorem 2
1. We first bring all the rotations to the right by elementary braids, obtaining:
(6) v?Z2 (Sigy vy Sigy, Xy oo, XTR),
where 2N =k if nis odd, 2N =h+kif niseven and R =), k;.

Observe moreover that we can arbitrarily permute the rotations among them-
selves, a fact that at a later moment will allow us to assume r; < r;y, Vi.

2. If r; > n’, we bring r; next to the reflection s; = s;,, and then apply a full twist
with this reflection s;, obtaining:

(5, x")0F = ($5-20,, X",
Hence we can assume 0 < r; < n’ for all i.
3. If n is even, without loss of generality, we may further assume that
k = |{s;|s; is conjugate to s, }|.

4. By Lemma 2.3 we can assume that iyr = iy for any f e {1,...,N —1}.
Then we set jy = iy for f € {1,...,N — 1} and jy = iry_1, thus we have:

B .. . . . . . o

v~ (117]17]27]27 <oy JN=1, JN=1, N, JN T+ |K|7xrl> ce- 7xrR)'
Notice that the condition that k = |{s; | s; is conjugate to s;, ,|, }| still holds.
5. Consider the vector

W= (jlvjl)j%jza"’)j/\’aj/v) eDﬁN'



304 F. CATANESE, M. LONNE AND F. PERRONI

The subgroup (w) < D, generated by w is isomorphic either to Z/27, 7 /27 x
7/27 or to D, with m > 3.

We show now, in each of these three cases, that v is equivalent to one of the
vectors in the statement of Theorem 2.

I {w) =~ 7/27. Then j, = j, == jy=:jand

B, . .. .
vV~ (],...,J7]+|Z|,X‘).

We have that D,, = {j, x’) and hence GCD(n,r) = 1. By Lemmas 2.2 and 2.4 (ii)
it follows that

V2 (42, A2+ 2m 4 2m A r],x), Y, meZ.

If n is odd, 2 is a generator of Z/nZ and hence the result follows.

If n is even, we may assume that j is odd. In the case where moreover |r|
is even (i.e., i = 0) we choose ¢ such that j+ 2/ =1 and we set m = (3 — j)/2.
Otherwise we take m such that j+ 2m+ |r| =0, and 7 such that j +2/ = —1.
The result follows by a sequence of Hurwitz moves between reflections bringing
the element 0 from the last position to the initial one.

II. {<w) = 7/27 x 7]27.

Then n must be even and there exist i,j € D, with i— j=1% such that
Jredi,jtforall fe{l,...,N}. Using Lemma 2.4 (ii) we can bring all the pairs
of i’s to the left and obtain:

I

Vo~ (iyoyiyjyeeoyJoj+ 1, x5t or

&

(l.?"'7l.7j7"'7j7i7i+|Z|7xl)'

-«

Exchanging the roles of i and j and using again Lemma 2.4 (ii) we see that the
second vector is braid-equivalent to one of the first type, hence we shall only con-
sider the first vector.

We have that D, = (i, j, x*)» and so GCD(n,r) € {1,2}.

If GCD(n,r) = 1, we apply Lemma 2.2 and we get:

vE G+24, 420, +2m,. . j+2m, j+2p, )+ 2p + ||, x5), Ve,m,p e Z.

For an appropriate choice of /,m,p € Z if i, j are odd we reach the required
normal form (iii).

If one is even and the other is odd there are two possibilities: either the larger
group of k elements (to which j + |r| by our assumption belongs) contains the
numbers j, or that it contains the numbers i.

In the former case with an automorphism of D, we achieve that 7 is even and
again for an appropriate choice of /,m, p € Z we reach the required normal form

(if).
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In the latter case since the number of occurrences of i is even we first apply
repeatedly Lemma 2.3 to move all the j’s to the left, then with an automorphism
we achieve that j is even, and finally for an appropriate choice of 7, m we reach
the required normal form (ii).

Assume now that GCD(n,r) = 2.

Then § must be odd and therefore 7 and j have different parities. Moreover |r]
is even and so we may assume, acting with an automorphism, that / coincides
with the number of i’s. By Lemma 2.2 we get:

vE (i+4,. . i+Aa .+ X, VeZ
If i = j — 1 (mod4), we apply the automorphism x/~'y — y, x + x to transform

the vector in the desired form (ii). Otherwise i = j + 1 (mod 4) and we proceed as
follows:

V~(]+1,...,]+1 JyeoesJoJ+ 1], x5)
(=l = L = X7
20,...,0,1,...,1,1 — |r],x%)
20,...,0,1,..., 1,1+ |r],x5),

where in the second equivalence we have used the automorphism x+— x~!,
Xy — xfl v, in the third equivalence we have used the automorphism x +— x,
xy — x/*2y, and in the fourth one we proceeded as in the reduction step 2.

IIL. <w) = D,,,, m > 3.
By Lemma 2.5 applied to w we reduce w to the form

BA . .
(7) w~ (0,...,0, /..y J, )
Since we want to apply the corresponding moves to v we avoid moves which

put the last pair into a different position.
By a careful modification of the proof of Lemma 2.5 this restriction leads to

2 S
(8) W~ (0,...,0,j,....j.j.j) or
<~ (0,...,0,/,...,/,0,0)

hence we have

(9) v%(07"707j7'7j7j+|z|7xf) or
~ (07"'707j7"'7j707|l|7xf)'

It is clearly enough to consider only the first case.
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Observe that D,, = {y, x/y, x>.
If n is odd, then by Lemma 2.5 we have:

v20,...,0, 7, + Ir], x)

with GCD(j,n,r) = 1.
From Lemma 2.2 it follows that the right hand side is braid-equivalent to

(0,...,0,j+2/M, j+|r| +2/M,x"),

where M := GCD(n,r). We have then GCD(j, M) = 1.

Set / =n/y, with y equal to the product of all common prime factors
of n and j taken with the maximal power with which they divide n; hence
GCD(e := j+2/M,n) = 1. In fact if p|n, then p # 2, and either p|/, or p|
but if p|/ then p|j, contradicting that / and j are relatively prime; if instead
p|J, then by the same token p| M, contradicting GCD(j, M) = 1.

Using Lemma 2.6 we get:

(0,...,0,¢e¢&+ |r|,x5) £ 0,...,0,0e,(/ + De, e+ |r], x5)
0,...,0,—L,e— 1, e+ |r],x)
£ 0,...,—¢, = —1,e—1,e+ |r], x*)

(for/=—¢)=(0,...,e,e — 1,6 — 1, e+ |r|,x5).

Repeating these steps inductively we obtain a vector of the following form:

1w

(e,e—1,...;e—le+r[,x*) ~ (e—1,....e — l,g,e+ |r],x5)

(0,...,0,1,1 4 ||, x5).

IES

The case where n is odd is then settled.

Let now n be even.

We distinguish three cases: & = 0, / is equal to the number of y’s in (9), or /1 is
equal to the number of x/y’s in (9).

In the first case we apply Lemma 2.2 to obtain:

(0,...,0, /.., jy j+ |r], x5

2(0,...,0,j+2/M,....j+2(M,j+2(M + ||, x5),

where again M = GCD(n,r). Let / =n/y, with y equal to the product of all
common prime factors of n and j taken with the maximal power with which
they divide n; hence GCD(¢ := j+2/M,n) = 2.
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Using Lemma 2.6 we have:

0,...,0,¢,...,e¢+|r],x5) £ (0,...,0,2¢e, (£ + D)g,e,... e+ |r], xF)
(for e ==2)=(0,...,0,=2,6—2.¢,...,¢¢&+ ||, x%)
(0,...,=24,-2(/+1),e —2,¢,...,6¢+|r|, x")
(for =2/ =¢) =(0,...,6,6 — 2,6 — 2,¢,...,&,&+|r], x%)

]

]

(0,...,6—2,6—2,¢,¢&...,6¢+ |r], xb).
Repeating these steps inductively we arrive at the following form:
(e—2,...,6e—2,¢...,6,e+r|,x") 4 (L., 1,3,...,3,3 4 |r|, x5).

If N = 2 this completes the proof. Otherwise we need to transform each pair of
the form (x3y, x3y) into (xy, xy). Notice that, since (x?y)> = 1, we can move this
pair everywhere inside the vector without changing the other elements. Moreover
we can conjugate both elements by any of the others obtaining again a pair of
the form (g,g) with g> = 1. It follows that we can transform (x3y,x%y) into
(hx*yh=' hx3yh="), for any h e {(xy,x’y, x> = D,, hence the result follows
(notice that this argument follows the proof of Lemma 1.9 in [Kanev06]).

We consider now the case where / is equal to the number of 0’s in (9).
In this situation j; must be odd, therefore there exists an / such that
GCD(e:= j+2/M,n) =1, where M = GCD(n,r). From Lemmas 2.2 and 2.6
we have:

0,...,0, 7,y J, ]+ |rl,x5) 0,...,0,¢...,6¢e+|r],x5)

0,...,0,0e, (£ + Ve, e, ... e+ |r|,xF)
(fore=—1)=(0,...,0,—1,e — l,e,...,&¢e+ |r|,x5)

£ 0,...,—, = —1,e—1,e,...,¢¢+|r],x5)
(for/ =—¢)=(0,...,6,e — l,e—l,¢g...,6e+ ||, x%)

£ 0,...,e—le—1,¢¢...,6¢e+ |r],x5).
Repeating this argument inductively we reach the following form:
(e—1,...,e—l,g...,e,e+r|,x") 4 (0,...,0,1,....1, 1 4 |r], x5),

hence the claim follows. .
If 7 is equal to the number of x/)’s, we apply the automorphism x — x,
x’y — y and use the equivalence

. . ~ B . .
(_]a‘”a_]voa"'yO) |Z|,X’—) ~ (07"'307_]7"'a_]7 |Z|,XZ).

The claim follows now from the previous case. This completes the proof of the
Theorem. o
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