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Abstract. — In this paper we formulate and study scalar wave equations on domains with

arbitrary growing cracks. This includes a zero Neumann condition on the crack sets, and the only

assumptions on these sets are that they have bounded surface measure and are growing in the sense
of set inclusion. In particular, they may be dense, so the weak formulations must fall outside of the

usual weak formulations using Sobolev spaces. We study both damped and undamped equations,
showing existence and, for the damped equation, uniqueness and energy conservation.
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1. Introduction

The last fifteen years have seen significant advances in the mathematical analysis
of quasi-static fracture [1, 14, 11, 12, 7, 13, 9, 8, 17, 10, 4]. While the mechanical
and physical justifications for the underlying models have been open to some
question, it seems that quasi-static models were a good place to begin the analysis
of fracture evolution, as certain mathematical issues were clearly identified and
treated, and good numerical methods were developed. However, there is little
doubt that much better mechanical and physical support will be available for
models of dynamic fracture, which will apply in a much broader range of circum-
stances, and which can be used in the end to clarify the appropriateness of di¤er-
ent quasi-static models.

Quasi-static models are based on the assumption that whatever is driving the
motion, e.g., loading, varies slowly in time compared to the elastic wave speed
of the material. More precisely, for a given varying load f ðtÞ on a time interval
½0;T �, one can consider the rescaled problem corresponding to feðtÞ :¼ f ðetÞ on
½0;T=e�. If the corresponding physical solution (presumably to the dynamic prob-
lem) is ueðtÞ, one needs to rescale again in order to take the limit, since the limit
of feðtÞ is constant in time. Therefore, it is natural to define ueðtÞ :¼ ueðt=eÞ for
t a ½0;T �. Setting uðtÞ to be the limit as e & 0, it is reasonable to suppose (assum-
ing some damping in the dynamics) that uðtÞ is in elastic equilibrium at every t,
corresponding to the load f ðtÞ. This idea underlies all quasi-static models, with



the only debate being over whether the overall state, made up of both the dis-
placement and crack set, should be a global minimizer of the total energy, a local
minimizer, or something in between.

The main problem with the quasi-static fracture models concerns jumps in
time of the crack set, for which the quasi-static assumption—that while the crack
grows the material is always in elastic equilibrium—is dubious. The point is that
if in the e & 0 limit the crack jumps, there is no reason to think that ueðtÞ varies
slowly, even though feðtÞ does. Hence, it is generally agreed that dynamic models
need to be considered, and then quasi-static limits can be analyzed. This would
help clarify whether cracks jump as soon as the material is not a global mini-
mizer, as proposed in [14], or if jumps only occur to ensure the material is a local
minimizer, or if jumps occur based on a condition somewhere in between global
and local minimality, as in [17].

At this point, unfortunately, there are no generally accepted fundamental
mathematical models for dynamic fracture (by which we mean models with no
assumptions on regularity necessary to define things such as stress intensity fac-
tors and J-integrals). Still, we believe that there can be no real disagreement that
any reasonable model must contain three principles: i) elastodynamics o¤ the
crack, ii) energy-dissipation balance (including the surface energy dissipated by
the crack), and iii) a principle dictating when a crack must grow. Conditions i)
and ii) follow, e.g., from [15], and a principle like iii) is necessary, since otherwise
a stationary crack with elastodynamics o¤ of it will always be a solution. In
[16] this is discussed in some more detail, and a maximal dissipation condition is
proposed for iii), but it is too early to claim any acceptance of this principle.

We note that, based on the success of numerical methods for quasi-static frac-
ture using the Ambrosio-Tortorelli approximation (see, e.g., [3]), a numerical
algorithm was proposed in [5] for dynamic fracture, which was shown in [18] to
converge, as the time step tends to zero, to a solution obeying the appropriate
elastodynamics, the total energy (stored elastic, kinetic, and the surface energy
of the crack set) is conserved, and the field modeling the crack set satisfies a min-
imality analogous to that in the quasi-static setting. For these phase-field models,
this minimality provides the principle iii), requiring the ‘‘crack’’ to run so as to
maintain minimality. However, in the sharp-interface limit, there is no corre-
sponding minimality, and so the formulation of this third principle is open.

In this paper, we consider a preliminary issue, namely, given initial conditions
and given a growing-in-time crack set GðtÞ with no assumptions other than finite
surface measure (which corresponds to finite surface energy), does there exist a
solution to the corresponding elastodynamics? We show that there does, both
for undamped and damped dynamics. In particular, we look at weak versions of
equations of the form

€uuðtÞ � DuðtÞ � gD _uuðtÞ ¼ f ðtÞ

on WnGðtÞ, with a zero Neumann condition on qWAGðtÞ, where the dots denote
derivatives with respect to time and the Laplace operator D acts on the space
variables. We treat both the case g > 0, corresponding to the damped wave equa-
tion, and g ¼ 0, corresponding to the undamped equation.
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We also show an energy balance and uniqueness for the damped problem, but
we were unable to show this for the undamped problem. Indeed, the energy bal-
ance we were able to show for the damped problem is a conservation of kinetic
plus elastic plus dissipated energy due to the damping, but we note that this
balance is inconsistent with models we have in mind for fracture, which balance
energy only when the surface energy dissipated by the crack is also included.

This paper is organized as follows. First, in Section 2, we need to introduce
new function spaces, Vt, containing both our solutions uðtÞ as well as the test
functions at time t. These spaces are somewhat technical and based on SBV func-
tions with jump set contained in GðtÞ. However, to read this paper, one can think
of Vt as the Sobolev space H 1ðWnGðtÞÞ, and in fact, if GðtÞ is closed, this is ex-
actly Vt. The most serious mathematical issues arise because these spaces are
increasing in time, so that test functions at some time t are not necessarily admis-
sible test functions for times s < t.

In Section 3 we consider the damped wave equation, and we prove existence
using discrete time approximations and passing to the limit as the time step tends
to zero. Precisely, the function unðtiþ1Þ is the minimizer in Vtiþ1

of

u 7! u� ui
n

tn
� ui

n � ui�1
n

tn

����
����
2

þ k‘uk2 þ g

tn
k‘u� ‘ui

nk
2 � 23 f i

n ; u4;

where ui
n ¼ unðtiÞ, all norms and inner products are L2, and tn is the time step.

We are then able to pass to the limit as tn ! 0, and show that the limit u is a
weak solution. Furthermore, we are able to show uniqueness and energy balance.

Finally, in Section 4, we show existence for the undamped equation, following
the same argument as in the damped case. However, we are unable to prove
uniqueness or energy balance. We note that a lack of energy balance, where the
energy includes only the kinetic and elastic energies, is in fact desirable, as only
then can the total energy, including the surface energy of the crack, be balanced,
as in the models formulated in [16]. We also note that a natural idea for proving
existence for those models, which in addition to balance of the total energy have
a maximality property of GðtÞ, would be to find unðtiþ1Þ and Gnðtiþ1Þ by minimiz-
ing

ðu;GÞ 7! u� ui
n

tn
� ui

n � ui�1
n

tn

����
����
2

þ k‘uk2 þ 2HN�1ðGÞ � 23 f i
n ; u4;

with the only restriction that GIGnðtiÞ and u has jump set in G. This would
generate un and Gn, but methods to prove appropriate properties of limits u and
G are far from clear at this time.

2. Notation and preliminary results

For the definition of the space GSBVðWÞ we refer to [2, Definition 4.26]. For
every v a GSBVðWÞ the symbol ‘v denotes its weak approximate di¤erential
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according to [2, Definition 4.31 and Theorem 4.34], defined for a.e. x a W, while
Sv is the approximate discontinuity set of v according to [2, Definition 4.28 and
Theorem 4.34]. HN�1 denotes the ðN � 1Þ-dimensional Hausdor¤ measure.

For any GHW with HN�1ðGÞ < l, we define

GSBV 2
2 ðW;GÞ :¼ fv a GSBVðWÞBL2ðWÞ : ‘v a L2ðW;RNÞ;Sv HGg:ð2:1Þ

Here and below, by AHB we mean HN�1ðAnBÞ ¼ 0. We endow this space with
the inner product

3u; v4L2 þ 3‘u;‘v4L2 :ð2:2Þ

The corresponding norm is denoted by k � k. If G is closed in W, then
GSBV 2

2 ðW;GÞ coincides with the Sobolev space H 1ðWnGÞ.

Lemma 2.1. The inner product space GSBV 2
2 ðW;GÞ is a Hilbert space.

Proof. Let fvng be a Cauchy sequence in GSBV 2
2 ðW;GÞ. Then there exist

v a L2ðWÞ, w a L2ðW;RNÞ such that vn ! v and ‘vn ! w strongly in L2. By
GSBV compactness (see [2, Theorem 4.36]), we have v a GSBVðWÞ and w ¼ ‘v.
Moreover Sv HG. If G is closed, this inclusion is a consequence of the mentioned
theorem, applied to the open set WnG; the general case can be obtained, e.g., from
[9, Theorem 2.8]. Hence v a GSBV 2

2 ðW;GÞ and vn ! v in the norm induced by
(2.2). r

The dual of this space, GSBV 2
2 ðW;GÞ�, will not be identified with the underly-

ing Hilbert space, but instead will be endowed with a pairing consistent with
the L2 inner product, as is usually done for the duals of Sobolev spaces. Since

GSBV 2
2 ðW;GÞHL2ðWÞ

is dense, we have

L2ðWÞ ¼ L2ðWÞ� HGSBV 2
2 ðW;GÞ�;

and L2ðWÞ is dense in GSBV 2
2 ðW;GÞ�.

We now fix T > 0 and GHW with

HN�1ðGÞ < lð2:3Þ

and t 7! GðtÞ defined on ½0;T � such that GðtÞ is an HN�1-measurable subset of G.
We assume also that

GðsÞHGðtÞ if s < t:ð2:4Þ

For simplicity of notation, from now on, we will denote GSBV 2
2 ðW;GÞ by V and

GSBV 2
2 ðW;GðtÞÞ by Vt. The norm in V is k � k (see (2.2)), while the induced norm

in Vt is k � kt. We will also denote L2ðWÞ by H and L2ðW;RNÞ by HN . Note that
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for s < t we have VsHVt HV . We also note that, since V HH and V is dense
in H, we have the embedding HHV � and the density of H in V �. Similarly, H
is a dense subspace of V �

t for every t a ½0;T �. We denote the pairing between V �

and V by 3� ; �4, producing the dual norm k � k�, and the pairing between V �
t and

Vt by 3� ; �4t, with dual norm k � k�
t . We note that these pairings are the unique

continuous bilinear maps on V � � V and V �
t � Vt such that 3 f ; v4 ¼ 3 f ; v4H

and 3 f ; vt4t ¼ 3 f ; vt4H whenever f a H, v a V , and vt a Vt.
If s < t, for every f a V �

t we can consider the element f jVs
of V �

s defined by
3 f jVs

; v4s ¼ 3 f ; v4t for every v a Vs. The restriction map f 7! f jVs
is continuous

and coincides with the adjoint of the embedding Vs ,! Vt. Although f 7! f jVs

is not injective, in the rest of the paper we omit the notation jVs
, since the restric-

tion will be clear from the context.

Lemma 2.2. Let u a W 1;lð0;T ;HÞ. Assume that there exists a constant c such
that for every s, t a ½0;T �, with s < t, we have

u a W 2;lðt;T ;V �
s Þ and k€uukLlðt;T ;V �

s Þ a c:ð2:5Þ

Then there exist a set EH ½0;T � of full measure and, for every t a E, an element
wðtÞ of V �

t , with

kwðtÞk�
t a c;ð2:6Þ

such that for every t a E we have

lim
h!0

tþh AE

_uuðtþ hÞ � _uuðtÞ
h

¼ wðtÞð2:7Þ

weakly in V �
t and strongly in V �

s for every s < t. Moreover, for every s a ½0;T � the
functions t 7! uðtÞ and t 7! wðtÞ, considered as a functions from ½s;T � to V �

s , belong
to W 2;lðs;T ;V �

s Þ and Llðs;T ;V �
s Þ, respectively, and satisfy €uuðtÞ ¼ wðtÞ in V �

s for
a.e. t a ðs;TÞ, so that (2.5) holds with s ¼ t.

Before proving this, we give a short technical lemma about increasing se-
quences of subspaces of separable Hilbert spaces.

Lemma 2.3. Let fXt : t a ½0;T �g be an increasing family of closed linear sub-
spaces of a separable Hilbert space X. Then, there exists a countable set SH ½0;T �
such that for all t a ½0;T �nS, we have

Xt ¼
[
s<t

Xs:

Proof. For each t a ½0;T �, set Xt� to be the right hand side above. Then we
have

Xs HXt� HXtð2:8Þ
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for every s < t. Set Yt to be the orthogonal complement of Xt� in Xt. By (2.8), we
have that Ys ? Yt for sA t. The separability of X implies that there is at most a
countable set of t such that Yt is nontrivial, which proves the lemma. r

Proof of Lemma 2.2. We first consider the set S from Lemma 2.3, and we fix
a countable, dense set DH ½0;T �. The di¤erentiability properties of vector valued
Sobolev functions (see, e.g., [6, Appendix]), together with (2.5), imply that there
exists another set of measure zero MH ½0;T � such that

_uuðtþ hÞ � _uuðtÞ
h

! €uuðtÞ strongly in V �
sð2:9Þ

for all t B M and for all s < t with s a D. The fact that (2.9) holds for all s < t
follows from the density of D and from the continuity properties of the restriction
operator from V �

s to V �
s for s < s. Note that from (2.5) and (2.9) we have

k€uuðtÞk�
s a cð2:10Þ

for every t B M and every s < t.
Now for t B SAM choose sn % t. For f a Vt, Lemma 2.3 gives a sequence

fn a Vsn such that fn ! f in Vt. We claim that wðtÞ a V �
t given by

3wðtÞ; f4t :¼ lim
n!l

3€uuðtÞ; fn4sn

is well defined. The fact that this limit exists follows immediately from the uni-
form bound on k€uuðtÞk�

s (see (2.10)) and the strong convergence of fn to f. This
also implies that the limit is independent of the choice of fn, as well as the lin-
earity and boundedness of the limit. This gives the claim and proves (2.6).

Note that if f a Vs for some s < t, by taking fn ¼ f above for n large enough,
we actually have

3wðtÞ; f4s ¼ 3wðtÞ; f4t ¼ 3€uuðtÞ; f4s;ð2:11Þ

which implies that t 7! wðtÞ, considered as a function from ½s;T � to V �
s , belongs

to Llðs;T ;V �
s Þ and satisfies the last assertion of the lemma.

Next, we claim that

_uuðtþ hÞ � _uuðtÞ
h

* wðtÞ weakly in V �
t :

For f a Vt, we choose again sn % t and fn a Vsn such that fn ! f strongly in Vt.
Then we have

wðtÞ � _uuðtþ hÞ � _uuðtÞ
h

; f

� �
t

¼ wðtÞ � _uuðtþ hÞ � _uuðtÞ
h

; f� fn

� �
t

þ wðtÞ � _uuðtþ hÞ � _uuðtÞ
h

; fn

� �
t

;
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so that

wðtÞ � _uuðtþ hÞ � _uuðtÞ
h

; f

� �
t

����
����a 2ckf� fnkt þ €uuðtÞ � _uuðtþ hÞ � _uuðtÞ

h
; fn

� �
sn

�����
�����

by (2.10) and (2.11). Passing to the limit first in h (using (2.9)) and then in n we
get (2.7). r

Definition 2.4. Under the assumptions of Lemma 2.2, the element wðtÞ of V �
t

defined in (2.7) for a.e. t a ½0;T � is denoted by €uuðtÞ.

The last sentence of Lemma 2.2 shows the relationships between this definition
and the standard definition in the sense of distributions on ðs;TÞ. The point is
that, under the assumptions of Lemma 2.2, the theory of distributions defines
€uuðtÞ as an element of V �

s only for a.e. t a ðs;TÞ, while the study of the wave equa-
tion in cracking domains requires a precise definition of €uuðtÞ as an element of V �

t .

3. The damped wave equation

Here we consider a certain weak formulation of the equation

€uu� Du� gD _uu ¼ fð3:1Þ

on a cracking domain, with g > 0.

Definition 3.1. Assume (2.3), (2.4), and let g > 0 and f a L2ð0;T ;HÞ. We
say that u is a weak solution of the damped wave equation (3.1) on the time
dependent cracking domain t 7! WnGðtÞ with homogeneous Neumann boundary
conditions if

u a H 1ð0;T ;VÞBW 1;lð0;T ;HÞ;ð3:2Þ
for every t a ½0;T � we have uðtÞ a Vt;ð3:3Þ
for every s a ½0;TÞ we have u a W 2;lðs;T ;V �

s Þ;ð3:4Þ
sup

s A ½0;TÞ
k€uukLlðs;T ;V �

s Þ < þl;ð3:5Þ

for every s a ð0;TÞ the functions

t 7! 1

h
k _uuðtÞ � _uuðt� hÞk2H ; h a ð0; sÞ;ð3:6Þ

are equiintegrable on ðs;TÞ;

and for a.e. t a ½0;T �

3€uuðtÞ; f4t þ 3‘uðtÞ þ g‘ _uuðtÞ;‘f4HN
¼ 3 f ðtÞ; f4H for every f a Vt;ð3:7Þ

where €uuðtÞ is given by Definition 2.4.
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By (3.2) and (3.4) the functions t 7! uðtÞ and t 7! _uuðtÞ are continuous from
½0;T � to V and V �

0 respectively, so that the initial values uð0Þ and _uuð0Þ are well
defined in V and V �

0 respectively. In the next theorem, given uð1Þ a H, we pre-
scribe the initial condition for _uuð0Þ in the stronger form

lim
h!0þ

1

h

Z h

0

k _uuðtÞ � uð1Þk2H dt ¼ 0:ð3:8Þ

Theorem 3.2. Assume (2.3) and (2.4). Let uð0Þ a V0, uð1Þ a H, g > 0, and
f a L2ð0;T ;HÞ. Then there exists a unique weak solution u of the damped wave
equation considered in Definition 3.1 satisfying the initial conditions uð0Þ ¼ uð0Þ

and (3.8). Moreover t 7! _uuðtÞ is continuous from ½0;T � to H and u satisfies the
energy balance

1

2
k _uuðtÞk2H þ 1

2
k‘uðtÞk2HN

þ g

Z t

0

k‘ _uuðtÞk2HN
dtð3:9Þ

¼ 1

2
kuð1Þk2H þ 1

2
k‘uð0Þk2HN

þ
Z t

0

3 f ðtÞ; _uuðtÞ4H dt

for every t a ½0;T �.

We shall see in Lemma 3.8 that the energy balance (3.9) implies the equi-
integrability of (3.6). The proof of Theorem 3.2 will be obtained by combining
several partial results proved in the following lemmas.

Lemma 3.3. Under the assumptions of Theorem 3.2 there exists a function u sat-
isfying (3.2)–(3.5), (3.7), the initial conditions uð0Þ ¼ uð0Þ and (3.8), and the energy
inequality

1

2
k _uuðtÞk2H þ 1

2
k‘uðtÞk2HN

þ g

Z t

0

k‘ _uuðtÞk2HN
dtð3:10Þ

a
1

2
kuð1Þk2H þ 1

2
k‘uð0Þk2HN

þ
Z t

0

3 f ðtÞ; _uuðtÞ4H dt

for a.e. t a ½0;T �.

Proof. For n a N, we set tn :¼ T=n and tin :¼ itn. For i ¼ 1; 2; . . . ; n we define
f i
n a H by

f i
n :¼ 1

tn

Z t in

t i�1
n

f ðtÞ dt:ð3:11Þ

We define ui
n for i ¼ �1; 0; . . . ; n inductively by the following: First,

u0n :¼ uð0Þ; u�1
n :¼ uð0Þ � tnu

ð1Þ;ð3:12Þ
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then, for i ¼ 0; 1; . . . ; n� 1, the function uiþ1
n is the minimizer in Vtiþ1

n
of

u 7! u� ui
n

tn
� ui

n � ui�1
n

tn

����
����
2

H

þ k‘uk2HN
þ g

tn
k‘u� ‘ui

nk
2
HN

� 23 f i
n ; u4H

Note that the infimum of this functional is finite, since the sum of the first two
terms is of the form 1

t2n
ku� ai

nk
2
H þ k‘uk2H for some ai

n a H, so that the func-

tional can be bounded from below by cnkuk2t iþ1
n

� 1
t2n
kai

nk
2
H � k f i

n kHkukt iþ1
n
, with

cn ¼ min
n
1; 1

2t2n

o
. It follows that we have

uiþ1
n � ui

n

tn
� ui

n � ui�1
n

tn
;
f

tn

� �
H

þ 3‘uiþ1
n ;‘f4HN

ð3:13Þ

þ g

tn
3‘uiþ1

n � ‘ui
n;‘f4HN

¼ 3 f i
n ; f4H

for every f a Vtiþ1
n
. Note that from (2.4) we can take f ¼ uiþ1

n � ui
n, and we get

uiþ1
n � ui

n

tn

����
����
2

H

� uiþ1
n � ui

n

tn
;
ui
n � ui�1

n

tn

� �
H

þ k‘uiþ1
n k2HN

� 3‘uiþ1
n ;‘ui

n4HN
þ g

tn
k‘uiþ1

n � ‘ui
nk

2
HN

¼ 3 f i
n ; u

iþ1
n � ui

n4H :

Using the fact that kak2 � 3a; b4 ¼ 1
2 kak

2 þ 1
2 ka� bk2 � 1

2 kbk
2, multiplying by 2,

and rearranging, we can write

uiþ1
n � ui

n

tn

����
����
2

H

þ uiþ1
n � ui

n

tn
� ui

n � ui�1
n

tn

����
����
2

H

ð3:14Þ

þ k‘uiþ1
n k2HN

þ k‘uiþ1
n � ‘ui

nk
2
HN

þ 2g

tn
k‘uiþ1

n � ‘ui
nk

2
HN

¼ ui
n � ui�1

n

tn

����
����
2

H

þ k‘ui
nk

2
HN

þ 23 f i
n ; u

iþ1
n � ui

n4H :

Summing from i ¼ 0 to j and using (3.12), we get

u jþ1
n � u j

n

tn

����
����
2

H

þ k‘u jþ1
n k2HN

þ
Xj

i¼0

uiþ1
n � ui

n

tn
� ui

n � ui�1
n

tn

����
����
2

H

ð3:15Þ

þ
Xj

i¼0

k‘uiþ1
n � ‘ui

nk
2
HN

þ 2g

tn

Xj

i¼0

k‘uiþ1
n � ‘ui

nk
2
HN

¼ kuð1Þk2H þ k‘uð0Þk2HN
þ 2

Xj

i¼0

3 f i
n ; u

iþ1
n � ui

n4H :
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We now define un; ~uun; vn : ½0;T � ! V for t a ðtin; tiþ1
n � by

unðtÞ :¼ ui
n þ ðt� tinÞ

uiþ1
n � ui

n

tn
;ð3:16Þ

~uunðtÞ :¼ uiþ1
n ; fnðtÞ :¼ f i

n ;ð3:17Þ

vnðtÞ :¼
ui
n � ui�1

n

tn
þ t� tin

tn

uiþ1
n � ui

n

tn
� ui

n � ui�1
n

tn

� �
:ð3:18Þ

Rewriting (3.15) using the above, for every t a ðt jn; t jþ1
n Þ we now have

_uunðtÞk k2Hþk‘unðt jþ1
n Þk2HN

þ tn

Z t
jþ1
n

0

_vvnðtÞk k2H dtð3:19Þ

þ tn

Z t
jþ1
n

0

‘ _uunðtÞk k2HN
dtþ 2g

Z t
jþ1
n

0

‘ _uunðtÞk k2HN
dt

¼ kuð1Þk2H þ k‘uð0Þk2HN
þ 2

Z t
jþ1
n

0

3 fnðtÞ; _uunðtÞ4H dt:

The right-hand side above is bounded as long as Mn :¼ maxt k _uunðtÞkH is
bounded. From (3.19) we have that

M 2
n a kuð1Þk2H þ k‘uð0Þk2HN

þ 2k f kL2ð0;T ;HÞT
1=2Mn:

This implies that Mn is bounded, and so is the right-hand side of (3.19).
We then have that

‘unðtÞ and ‘~uunðtÞ are bounded in HN uniformly in t and n;ð3:20Þ
g‘ _uun is bounded in L2ð0;T ;HNÞ uniformly in n;ð3:21Þ
_uunðtÞ and vnðtÞ are bounded in H uniformly in t and n:ð3:22Þ

We note that (3.22) together with the fact that uð0Þ a H implies that un is bounded
in H uniformly in t and n. This together with (3.20) gives

unðtÞ is bounded in V uniformly in t and n:ð3:23Þ

Furthermore, using (3.16), (3.17), and (3.18) in (3.13) gives that for all
t a ðtin; tiþ1

n Þ,

3 _vvnðtÞ; f4H þ 3‘~uunðtÞ þ g‘ _uunðtÞ;‘f4HN
¼ 3 fnðtÞ; f4Hð3:24Þ

for every f a Vtiþ1
n
. This together with (3.20) and (3.21) gives that for t a ðtin; tiþ1

n Þ,

k _vvnðtÞk�
t iþ1
n

a cð3:25Þ
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where c is independent of t, i, n. Using the fact that

k � k�
s a k � k�

t for s < t;ð3:26Þ

we get

k _vvnðtÞk�
s a cð3:27Þ

for all s < t, and for every n.
Using (3.21), (3.22), (3.23), and (3.27) we get

un is bounded in H 1ð0;T ;VÞ and in W 1;lð0;T ;HÞ;ð3:28Þ
vn is bounded in Llð0;T ;HÞ;ð3:29Þ
vn is bounded in W 1;lðs;T ;V �

s Þ for every s a ½0;T �:ð3:30Þ

Let us fix a countable dense subset D of ½0;T �. By a diagonal argument we obtain
a subsequence, not relabeled, such that

un * u weakly in H 1ð0;T ;VÞ;ð3:21Þ
vn * v weakly in L2ð0;T ;HÞ;ð3:32Þ
vn * v weakly in H 1ðs;T ;V �

s Þ for every s a D:ð3:33Þ

It is easy to see that in fact

u a H 1ð0;T ;VÞBW 1;lð0;T ;HÞ;ð3:34Þ
v a Llð0;T ;HÞ;ð3:35Þ
v a W 1;lðt;T ;V �

s Þ for every s; t a ½0;T � with s < t:ð3:36Þ

Moreover (3.27) gives

k _vvkLlðt;T ;V �
s Þ a c for every s; t a ½0;T � with s < t:ð3:37Þ

We now show that

vðtÞ ¼ _uuðtÞ in H for a:e: t a ½0;T �:ð3:38Þ

First, for every t a ðtin; tiþ1
n Þ, we have _uunðtÞ ¼ vnðtiþ1

n Þ, so that using (3.25) we have

k _uunðtÞ � vnðtÞk�
t iþ1
n

¼ kvnðtiþ1
n Þ � vnðtÞk�

t iþ1
n

a

Z t iþ1
n

t in

k _vvnðtÞk�
t iþ1
n

dta ctn:

From (3.26), we have k _uunðtÞ � vnðtÞk�
s a ctn for all s < t. Together with (3.32),

this shows that _uun * v weakly in L2ðs;T ;V �
s Þ for all s a ½0;T �. On the other

hand, _uun * _uu weakly in L2ð0;T ;HÞ, and so vðtÞ ¼ _uuðtÞ in V �
s for every s a ½0;T �

and for a.e. t a ðs;TÞ. Since vðtÞ and _uuðtÞ belong to H, the previous equality
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means that 3vðtÞ; f4H ¼ 3vðtÞ; f4s ¼ 3 _uuðtÞ; f4s ¼ 3 _uuðtÞ; f4H for every f a Vs.
The density of Vs in H allows us to conclude that vðtÞ ¼ _uuðtÞ as elements of H.
This concludes the proof of (3.38). From (3.36), (3.37), and (3.38) we deduce
that

u a W 2;lðt;T ;V �
s Þ and k€uukLlðt;T ;V �

s Þ a cð3:39Þ

for every s; t a ½0;T � with s < t. This gives (3.4) and (3.5) by Lemma 2.2.
From (3.28) we know that un is Lipschitz with values in H uniformly in n.

Now, since ~uunðtÞ ¼ unðtiþ1
n Þ for t a ðtin; tiþ1

n � and , we have, as above, that

~uun * u weakly in L2ð0;T ;HÞ:

Since ‘~uun is bounded in L2ð0;T ;HNÞ by (3.20), we obtain also that

‘~uun * ‘u weakly in L2ð0;T ;HNÞ:ð3:40Þ

This gives

~uun * u in L2ð0;T ;VÞ:ð3:41Þ

Furthermore, note that ~uunðt� tnÞ a Vt for every t a ½0;T �, and

~uunð� � tnÞ * u weakly in L2ð0;T ;VÞ:

Since the linear subspace fv a L2ð0;T ;VÞ : vðtÞ a Vt for a:e: t a ½0;T �g is strongly
closed, it is weakly closed in L2ð0;T ;VÞ. Therefore uðtÞ a Vt for a.e. t a ½0;T �. For
every t a ð0;T � there exists tn % t such that uðtnÞ a Vtn HVt for every n. Since
uðtnÞ ! uðtÞ strongly in V by (3.34), we obtain uðtÞ a Vt. Together with the inclu-
sion uð0Þ ¼ uð0Þ a V0, this proves (3.3).

We now prove that (3.7) holds a.e. t a ½0;T � for every f a Vt. We first claim
that for s a D and for all f a Vs, we have

3€uuðtÞ; f4s þ 3‘uðtÞ þ g‘ _uuðtÞ;‘f4HN
¼ 3 f ðtÞ; f4H for a:e: t > s:ð3:42Þ

We first fix s a D and f a Vs. Using (3.24), we have that for a.e. t > s,

3 _vvnðtÞ; f4H þ 3‘~uunðtÞ þ g‘ _uunðtÞ;‘f4HN
¼ 3 fnðtÞ; f4H :

Hence for every s < t1 < t2 < T we have

Z t2

t1

ð3 _vvnðtÞ; f4H þ 3‘~uunðtÞ þ g‘ _uunðtÞ;‘f4HN
� 3 fnðtÞ; f4HÞ dt ¼ 0:ð3:43Þ

Using (3.11) and (3.17) we obtain that fn ! f in L2ð0;T ;HÞ, hence
Z t2

t1

3 fnðtÞ; f4H dt !
Z t2

t1

3 f ðtÞ; f4H dt:
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We know that _vvn * _vv weakly in L2ðs;T ;V �
s Þ from (3.33). Since _uu ¼ v in

H 1ðs;T ;V �
s Þ, we also have that €uu ¼ _vv in L2ðs;T ;V �

s Þ. Using also (3.31) and
(3.40), we can pass to the limit in (3.43) and we get

Z t2

t1

ð3€uuðtÞ; f4s þ 3‘uðtÞ þ g‘ _uuðtÞ;‘f4HN
� 3 f ðtÞ; f4HÞ dt ¼ 0:

This implies (3.42).
Notice that since Vs is separable, the set Ns of t > s for which (3.42) does not

hold can be taken independent of f. We set W to be the union over s a D of the
sets Ns, so that W also has measure zero. It follows that for every t B W and for
every s a D, s < t, we have

3€uuðtÞ; f4s þ 3‘uðtÞ þ g‘ _uuðtÞ;‘f4HN
¼ 3 f ðtÞ; f4H :ð3:44Þ

Using Lemma 2.3, it follows that for a.e. t B S, for every f a Vt, and for every
sn % t, with sn a D, there exists fn a Vsn such that fn ! f strongly in Vt. Now
note that

3€uuðtÞ; fn4t þ 3‘uðtÞ þ g‘ _uuðtÞ;‘fn4HN
� 3 f ðtÞ; fn4H

¼ 3€uuðtÞ; fn4sn þ 3‘uðtÞ þ g‘ _uuðtÞ;‘fn4HN
� 3 f ðtÞ; f4H ¼ 0:

The convergence of the fn to f gives (3.7).
For every t a ð0;TÞ and n a N there exists a unique j such that t jn < ta

t jþ1
n ¼: t�n By (3.11) and (3.17) the sequence fn converges to f strongly in
L2ð0;T ;HÞ. By (3.31) the sequence _uun converges to _uu strongly in L2ð0;T ;HÞ.
Therefore

Z t�n

0

3 fnðtÞ; _uunðtÞ4H dt !
Z t

0

3 f ðtÞ; _uuðtÞ4H dt:

By (3.31) and (3.40), from (3.19) we obtain (3.10) by weak lower semiconti-
nuity.

It remains to prove (3.8). It is enough to show that, if tk are Lebesgue points
for t 7! k _uuðtÞk2H and tk ! 0, then

_uuðtkÞ ! uð1Þ strongly in H:ð3:45Þ

By (3.4) _uu belongs to W 1;lð0;T ;V �
0 Þ, so that, if tk ! 0, then _uuðtkÞ ! uð1Þ in V �

0 .
Since _uuðtkÞ is bounded in H by (3.2) and V0 HH is dense, it follows that
_uuðtkÞ * uð1Þ weakly in H. Therefore (3.45) is equivalent to

lim sup
k!l

k _uuðtkÞkH a kuð1ÞkH :ð3:46Þ
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By (3.2) and (3.10) there exists a constant C > 0 such that

k _uuðtÞk2H þ k‘uðtÞk2HN
a kuð1Þk2H þ k‘uð0Þk2HN

þ Ct1=2ð3:47Þ

for a.e. t a ½0;T �. Since t 7! ‘uðtÞ is continuous from ½0;T � to HN by (3.2), in-
equality (3.47) holds in for all Lebesgue points of t 7! k _uuðtÞk2H , in particular for
t ¼ tk. By continuity we have k‘uðtkÞkHN

! k‘uð0ÞkHN
, so that (3.46) follows

from (3.47). This proves (3.45) and concludes the proof of (3.8). r

The following lemma provides an equivalent formulation of (3.6) in terms of
the behavior of the functions k _uuðtÞk2H � k _uuðt� hÞk2H .

Lemma 3.4. Assume (3.2)–(3.5). Then there exists a constant C > 0 such that

�Ck _uuðt� hÞkt�h a
1

h
ðk _uuðtÞk2H � k _uuðt� hÞk2HÞð3:48Þ

a
1

h
k _uuðtÞ � _uuðt� hÞk2H þ Ck _uuðt� hÞkt�h

for every h a ð0;TÞ and a.e. t a ðh;TÞ. In particular, the equiintegrability of (3.6)
holds if and only if for every s a ð0;TÞ the functions

t 7! 1

h
ðk _uuðtÞk2H � k _uuðt� hÞk2HÞ; h a ð0; sÞ;

are equiintegrable on ðs;TÞ.

Proof. For every h a ð0;TÞ and for a.e. t a ðh;TÞ we have

1

h
ðk _uuðtÞk2H � k _uuðt� hÞk2HÞ ¼

_uuðtÞ � _uuðt� hÞ
h

; _uuðtÞ þ _uuðt� hÞ
� �

t

ð3:49Þ

¼ 1

h
k _uuðtÞ � _uuðt� hÞk2H þ 2

_uuðtÞ � _uuðt� hÞ
h

; _uuðt� hÞ
� �

t�h

:

By (3.3) and (3.4) the function t 7! 3 _uuðtÞ; _uuðt� hÞ4t�h belongs to W 1;lðt� h;TÞ
and its time derivative is t 7! 3€uuðtÞ; _uuðt� hÞ4t�h. By (3.5) there exists a constant c
independent of t and h such that the absolute value of the last duality product in
(3.49) is bounded by ck _uuðt� hÞkt�h. This implies (3.48). Since the family of func-
tions t 7! k _uuðt� hÞkt�h, 0 < h < s, is equiintegrable in ðs;TÞ by (3.2), the conclu-
sion follows. r

Lemma 3.5. Under the assumptions of Theorem 3.2, suppose that u satisfies

(3.2)–(3.5), and let s, t a ð0;T � be Lebesgue points for k _uuð�Þk2H, with s < t. Then

k _uuðtÞk2H � k _uuðsÞk2H b 2

Z t

s

3€uuðtÞ; _uuðtÞ4t dt:ð3:50Þ
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Proof. Fix 0 < h < s. Integrating both sides of the first equality of (3.49) from s
to t, we get

1

h

Z t

t�h

k _uuðtÞk2H dt� 1

h

Z s

s�h

k _uuðtÞk2H dt

¼
Z t

s

_uuðtÞ � _uuðt� hÞ
h

; _uuðtÞ þ _uuðt� hÞ
� �

t

dt:

Take a sequence h ! 0 such that

_uuðtÞ þ _uuðt� hÞ ! 2 _uuðtÞ strongly in V

for a.e. t, which we can do since _uu a L2ð0;T ;VÞ. By Lemma 2.2 we also have

_uuðtÞ � _uuðt� hÞ
h

* €uuðtÞ weakly in V �
t

for a.e. t, so that

_uuðtÞ � _uuðt� hÞ
h

; _uuðtÞ þ _uuðt� hÞ
� �

t

! 3€uuðtÞ; 2 _uuðtÞ4t:

By (3.48) and (3.49) we can apply the Fatou Lemma (with an equiintegrable
minorant) and we get

lim inf
h!0þ

Z t

s

_uuðtÞ � _uuðt� hÞ
h

; _uuðtÞ þ _uuðt� hÞ
� �

t

dtb

Z t

s

3€uuðtÞ; 2 _uuðtÞ4t dt;

while

1

h

Z t

t�h

k _uuðtÞk2H dt� 1

h

Z s

s�h

k _uuðtÞk2H dt ! k _uuðtÞk2H � k _uuðsÞk2H ;

since s and t are Lebesgue points for k _uuð�Þk2H . r

Lemma 3.6. Under the assumptions of Theorem 3.2, suppose that u satisfies
(3.2)–(3.5) and the initial condition (3.8) for some uð1Þ a H. Then

k _uuðtÞk2H � kuð1Þk2H b 2

Z t

0

3€uuðtÞ; _uuðtÞ4s ds:ð3:51Þ

for every Lebesgue point t a ð0;T � of k _uuð�Þk2H.

Proof. By (3.8) there exists a sequence hn of positive numbers converging to 0
such that _uuðhntÞ ! uð1Þ strongly in H for a.e. t a ½0;T �. Then we choose t so that
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tn :¼ hnt is a Lebesgue point of k _uuð�Þk2H for every n and _uuðtnÞ ! uð1Þ strongly in
H. By Lemma 3.5 we have

k _uuðtÞk2H � k _uuðtnÞk2H b 2

Z t

tn

3€uuðtÞ; _uuðtÞ4t dt:

Passing to the limit as n ! l we get (3.51). r

We now prove that the function u obtained in Lemma 3.3 satisfies the energy
balance for a.e. t a ð0;TÞ.

Lemma 3.7. Under the assumptions of Theorem 3.2, suppose that u satisfies

(3.2)–(3.5), (3.7), (3.10), and the initial conditions uð0Þ ¼ uð0Þ and (3.8). Then u
satisfies the energy balance (3.9) for every Lebesgue point t a ð0;T � of k _uuð�Þk2H.

Proof. By (3.7) and since _uuðtÞ a Vt we have that

3€uuðtÞ; _uuðtÞ4t þ 3‘uðtÞ;‘ _uuðtÞ4HN
þ gk‘ _uuðtÞk2HN

¼ 3 f ðtÞ; _uuðtÞ4H

for a.e. t a ½0;T �. Integrating from 0 to t and using Lemma 3.6, for every
Lebesgue point t a ½0;T � of k _uuð�Þk2H we get

1

2
k _uuðtÞk2H � 1

2
kuð1Þk2H þ 1

2

Z t

0

d

dt
k‘uðtÞk2HN

dtþ g

Z t

0

k‘ _uuðtÞk2HN
dt

b

Z t

0

3 f ðtÞ; _uuðtÞ4H ds:

Together with (3.10) this inequality gives (3.9). r

Lemma 3.8. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2)
and (3.9) for a.e. t a ð0;TÞ. Then the functions (3.6) are equiintegrable.

Proof. Let us fix s a ð0;TÞ. By (3.9) for every h a ð0; sÞ and for a.e. t a ðs;TÞ
we have

k _uuðtÞk2H � k _uuðt� hÞk2H þ k‘uðtÞk2HN
� k‘uðt� hÞk2HN

þ 2g

Z t

t�h

k‘ _uuðtÞk2HN
dt

¼ 2

Z t

t�h

3 f ðtÞ; _uuðtÞ4H dt:

By (3.2) there exists a constant C > 0 such that k‘uðtÞkHN
aC for a.e. t a ð0;TÞ,

so that the previous equality gives

1

h
j k _uuðtÞk2H � k _uuðt� hÞk2H ja

2C

h

Z t

t�h

k‘ _uuðtÞkHN
dtþ 2g

h

Z t

t�h

k‘ _uuðtÞk2HN
dt

þ 2

h

Z t

t�h

3 f ðtÞ; _uuðtÞ4H dt:
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Since the functions t 7! k‘ _uuðtÞkHN
, t 7! k‘ _uuðtÞk2HN

, and t 7! 3 f ðtÞ; _uuðtÞ4H be-
long to L1ð0;TÞ, the right-hand side of the previous inequality converges in
L1ðs;TÞ as h ! 0þ. Therefore it is equiintegrable on ðs;TÞ. By Lemma 3.4 this
implies the equiintegrability of (3.6). r

Lemma 3.9. Under the assumptions of Theorem 3.2, only one weak solution of the
damped wave equation considered in Definition 3.1 satisfies the initial conditions
uð0Þ ¼ uð0Þ and (3.8).

Proof. Since (3.6) is preserved by linear combinations, the di¤erence v between
two solutions is a solution with f ¼ 0 satisfying the initial conditions vð0Þ ¼ 0
and

lim
h!0þ

1

h

Z h

0

k _vvðtÞk2H dt ¼ 0:

By Theorem 3.7 we have

1

2
k _vvðtÞk2H þ 1

2
k‘vðtÞk2HN

þ g

Z t

0

k‘ _vvðsÞk2HN
ds ¼ 0

for a.e. t a ½0;T �. This implies that _vvðtÞ ¼ 0 in H for a.e. t a ½0;T �. Since
v a W 1;lð0;T ;HÞ by (3.2), and vð0Þ ¼ 0, we conclude that vðtÞ ¼ 0 for every
t a ½0;T �. r

Lemma 3.10. Under the assumptions of Theorem 3.2, let u be the weak solution
of the damped wave equation considered in Definition 3.1, with initial conditions
uð0Þ ¼ uð0Þ and (3.8). Then t 7! _uuðtÞ is continuous from ½0;T � to H and (3.9) holds
for every t a ½0;T �.

Proof. By (3.4) the function t 7! _uuðtÞ is continuous from ½0;T � to V �
0 and by

(3.2) _uuðtÞ a H for a.e. t a ½0;T �, and there exists a constant M such that

k _uuðtÞkH aM for a:e: t a ½0;T �:ð3:52Þ

We claim that

_uuðtÞ a H and k _uuðtÞkH aM for every t a ½0;T �;ð3:53Þ
t 7! _uuðtÞ is weakly continuous from ½0;T � to H:ð3:54Þ

Given t a ½0;T �, by (3.52) there exists a sequence tn in ½0;T � converging to t
such that _uuðtnÞ is bounded in H. Since _uuðtnÞ ! _uuðtÞ strongly in V �

0 and the em-
bedding H ,! V �

0 is continuous, we conclude that _uuðtÞ a H, k _uuðtÞkH aM, and
_uuðtnÞ * _uuðtÞ weakly in H. This proves (3.53). The same argument with an arbi-
trary tn converging to t gives (3.54).
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By Lemmas 3.3, 3.7, 3.8, and 3.9 the function u satisfies the energy balance
(3.9) for a.e. t a ð0;TÞ. Using (3.54) and the weak lower semicontinuity of the
norm, we can approximate an arbitrary t a ½0;T � and we obtain (3.10) for every
t a ½0;T �.

Define GðtÞ :¼ GðTÞ for every t > T and fix t0 a ð0;T �. Since uðt0Þ a Vt0 by
(3.3) and _uuðt0Þ a H, by the lemmas mentioned above there exists a unique weak
solution v of the damped wave equation on the interval ½t0;T þ 1� (Definition 3.1)
with initial conditions vðt0Þ ¼ uðt0Þ and

lim
h!0þ

1

h

Z t0þh

t0

k _vvðtÞ � _uuðt0Þk2H dt ¼ 0:

Define w : ½0;T þ 1� ! V by wðtÞ ¼ uðtÞ for ta t0 and by wðtÞ ¼ vðtÞ for t > t0.
It is easy to check that w satisfies (3.2)–(3.5), (3.7), and the initial conditions
wð0Þ ¼ uð0Þ and

lim
h!0þ

1

h

Z h

0

k _wwðtÞ � uð1Þk2H dt ¼ 0:

Moreover it satisfies the energy inequality (3.10) for a.e. t a ð0;T þ 1Þ. By
Lemmas 3.7 and 3.8 the function w satisfies also the equiintegrability condition
(3.6), so that it is a weak solution of the damped wave equation on ½0;T þ 1�
(Definition 3.1). Let t a ðt0;T þ 1� be a Lebesgue point of k _vvð�Þk2H . By Theorem
3.7 we have

1

2
k _wwðtÞk2H þ 1

2
k‘wðtÞk2HN

þ g

Z t

0

k‘ _wwðtÞk2HN
dt

¼ 1

2
kuð1Þk2H þ 1

2
k‘uð0Þk2HN

þ
Z t

0

3 f ðtÞ; _wwðtÞ4H dt

and

1

2
k _vvðtÞk2H � 1

2
k _uuðt0Þk2H þ 1

2
k‘vðtÞk2HN

� 1

2
k‘uðt0Þk2HN

þ g

Z t

t0

k‘ _vvðtÞk2HN
dt

¼
Z t

t0

3 f ðtÞ; _vvðtÞ4H dt:

Subtracting the second equation from the first one we get

1

2
k _uuðt0Þk2H þ 1

2
k‘uðt0Þk2HN

þ g

Z t0

0

k‘ _uuðtÞk2HN
dt

¼ 1

2
kuð1Þk2H þ 1

2
k‘uð0Þk2HN

þ
Z t0

0

3 f ðtÞ; _uuðtÞ4H dt:
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This shows that (3.9) holds for t ¼ t0. The arbitrariness of t0 implies that (3.9)
holds for every t a ½0;T �. Since t 7! k‘uðtÞk2HN

is continuous by (3.2), we deduce

from (3.9) holds for that t 7! k _uuðtÞk2H is continuous. Together with (3.54), this
proves that t 7! _uuðtÞ is continuous from ½0;T � to H. r

Proof of Theorem 3.2. By Lemma 3.3 there exists a function u satisfying
(3.2)–(3.5), (3.7), the initial conditions uð0Þ ¼ uð0Þ and (3.8), and the energy in-
equality (3.10) for a.e. t a ½0;T �. By Lemma 3.7 this function satisfies also the
energy equality (3.9) for a.e. t a ½0;T �. By Lemma 3.8 the functions (3.6) are
equiintegrable, so that u is a weak solution of the damped wave equation accord-
ing to Definition 3.1. The uniqueness is proved in Lemma 3.9. The continuity of
t 7! _uuðtÞ from ½0;T � to H and the energy equality (3.9) for every t a ½0;T � follow
from Lemma 3.10. r

4. The undamped wave equation

In this section we study weak solutions of the undamped wave equation

€uu� Du ¼ fð4:1Þ

on a cracking domain.

Definition 4.1. Assume (2.3) and (2.4), and let f a L2ð0;T ;HÞ. We say that u
is a weak solution of the wave equation (4.1) on the time dependent cracking
domain t 7! WnGðtÞ if

u a Llð0;T ;VÞBW 1;lð0;T ;HÞ;ð4:2Þ
for every t a ½0;T � we have uðtÞ a Vt;ð4:3Þ
for every s a ½0;TÞ we have u a W 2;lðs;T ;V �

s Þ;ð4:4Þ
sup

s A ½0;TÞ
k€uukLlðs;T ;V �

s Þ < þl;ð4:5Þ

and for a.e. t a ½0;T �

3€uuðtÞ; f4t þ 3‘uðtÞ;‘f4HN
¼ 3 f ðtÞ; f4H for every f a Vt;ð4:6Þ

where €uuðtÞ is given by Definition 2.4.

In the next theorem we will prove that there exist solutions satisfying the ini-
tial condition for u in the strong form

lim
h!0þ

1

h

Z h

0

ðkuðtÞ � uð0Þk2H þ k‘uðtÞ � ‘uð0Þk2HN
Þ dt ¼ 0;ð4:7Þ

and that for _uu in the sense of (3.8).
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Theorem 4.2. Assume (2.3) and (2.4), and let uð0Þ a V0, uð1Þ a H, and
f a L2ð0;T ;HÞ be given. Then there exists a weak solution of the wave equation
considered in Definition 4.1 satisfying the initial conditions (4.7) and (3.8).

Proof. We proceed exactly as in the proof of Lemma 3.3. In fact, the proof is
identical, with g ¼ 0, through (3.19).

We then continue as in Lemma 3.3 with g ¼ 0, where (3.21) is useless, and
(3.28) is replaced by

un is bounded in Llð0;T ;VÞ and in W 1;lð0;T ;HÞ:ð4:8Þ

As a consequence of this change, (3.31) is replaced by

un * u weakly in L2ð0;T ;VÞ and in H 1ð0;T ;HÞ;ð4:9Þ

and (3.34) is replaced by u a Llð0;T ;VÞBW 1;lð0;T ;HÞ. The proof that u is a
solution proceeds as in the damped case.

It remains to prove that u satisfies the initial conditions (4.7) and (3.8).
It is enough to show that, if tk are Lebesgue points for both t 7! k _uuðtÞk2H and
t 7! k‘uðtÞk2HN

, and tk ! 0, then

‘uðtkÞ ! ‘uð0Þ strongly in HN and _uuðtkÞ ! uð1Þ strongly in H:ð4:10Þ

As in the proof of Theorem 3.2 we can show that _uuðtkÞ * uð1Þ weakly in H.
Moreover (4.2) implies that uðtkÞ ! uð0Þ ¼ uð0Þ strongly in H and that ‘uðtkÞ is
bounded in HN . This imples that ‘uðtkÞ * ‘uð0Þ weakly in HN .

Therefore (4.10) is equivalent to

lim sup
k!l

ðk‘uðtkÞk2HN
þ k _uuðtkÞk2HÞa k‘uð0Þk2HN

þ kuð1Þk2H :ð4:11Þ

For every t a ð0;TÞ and n a N there exists a unique j such that t jn < ta
t jþ1
n ¼: t�n . From (3.19), we have that

k _uunðtÞk2H þ k‘~uunðtÞk2HN
a kuð1Þk2H þ k‘uð0Þk2HN

þ 2M
�Z t�n

0

k _uunðsÞk2H ds
�1=2

;

where M :¼ k f kL2ð0;T ;HÞ. Since k _uunðtÞkH is uniformly bounded by (4.8), there
exists C > 0 such that

k _uunðtÞk2H þ k‘~uunðtÞk2HN
a kuð1Þk2H þ k‘uð0Þk2HN

þ Cðt�n Þ
1=2:

Therefore, from (3.32) and (3.40) and the fact that the chosen tk are Lebesgue
points, we get

k _uuðtkÞk2H þ k‘uðtkÞk2HN
a kuð1Þk2H þ k‘uð0Þk2HN

þ Ct
1=2
k

for every k. This proves (4.11) and concludes the proof of the theorem. r
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[6] H. Brezis: Opérateurs maximaux monotones et semi-groupes de contractions dans

les espaces de Hilbert, North-Holland, Amsterdam-London; American Elsevier, New
York, 1973.

[7] A. Chambolle: A density result in two-dimensional linearized elasticity, and applica-

tions, Arch. Ration. Mech. Anal. 167 (2003), 211–233.

[8] A. Chambolle - A. Giacomini - M. Ponsiglione: Crack initiation in brittle materi-

als, Arch. Ration. Mech. Anal. 188 (2008), 309–349.

[9] G. Dal Maso - G. A. Francfort - R. Toader: Quasistatic crack growth in non-

linear elasticity, Arch. Ration. Mech. Anal. 176 (2005), 165–225.

[10] G. Dal Maso - G. Lazzaroni: Quasistatic crack growth in finite elasticity with non-

interpenetration, Ann. Inst. H. Poincaré Anal. Non Linaire 27 (2010), 257–290.
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