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ABSTRACT. — In this paper we formulate and study scalar wave equations on domains with
arbitrary growing cracks. This includes a zero Neumann condition on the crack sets, and the only
assumptions on these sets are that they have bounded surface measure and are growing in the sense
of set inclusion. In particular, they may be dense, so the weak formulations must fall outside of the
usual weak formulations using Sobolev spaces. We study both damped and undamped equations,
showing existence and, for the damped equation, uniqueness and energy conservation.
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1. INTRODUCTION

The last fifteen years have seen significant advances in the mathematical analysis
of quasi-static fracture [1, 14, 11, 12, 7, 13, 9, 8, 17, 10, 4]. While the mechanical
and physical justifications for the underlying models have been open to some
question, it seems that quasi-static models were a good place to begin the analysis
of fracture evolution, as certain mathematical issues were clearly identified and
treated, and good numerical methods were developed. However, there is little
doubt that much better mechanical and physical support will be available for
models of dynamic fracture, which will apply in a much broader range of circum-
stances, and which can be used in the end to clarify the appropriateness of differ-
ent quasi-static models.

Quasi-static models are based on the assumption that whatever is driving the
motion, e.g., loading, varies slowly in time compared to the elastic wave speed
of the material. More precisely, for a given varying load f(¢) on a time interval
[0, T, one can consider the rescaled problem corresponding to f.(¢) := f(et) on
[0, T'/¢]. If the corresponding physical solution (presumably to the dynamic prob-
lem) is u,(¢), one needs to rescale again in order to take the limit, since the limit
of f.(¢) is constant in time. Therefore, it is natural to define u*(7) := u.(t/¢) for
t € [0, T]. Setting u(?) to be the limit as ¢ ™\, 0, it is reasonable to suppose (assum-
ing some damping in the dynamics) that u(¢) is in elastic equilibrium at every ¢,
corresponding to the load f(7). This idea underlies all quasi-static models, with
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the only debate being over whether the overall state, made up of both the dis-
placement and crack set, should be a global minimizer of the total energy, a local
minimizer, or something in between.

The main problem with the quasi-static fracture models concerns jumps in
time of the crack set, for which the quasi-static assumption—that while the crack
grows the material is always in elastic equilibrium—is dubious. The point is that
if in the ¢ \, 0 limit the crack jumps, there is no reason to think that u,(z) varies
slowly, even though f,(#) does. Hence, it is generally agreed that dynamic models
need to be considered, and then quasi-static limits can be analyzed. This would
help clarify whether cracks jump as soon as the material is not a global mini-
mizer, as proposed in [14], or if jumps only occur to ensure the material is a local
minimizer, or if jumps occur based on a condition somewhere in between global
and local minimality, as in [17].

At this point, unfortunately, there are no generally accepted fundamental
mathematical models for dynamic fracture (by which we mean models with no
assumptions on regularity necessary to define things such as stress intensity fac-
tors and J-integrals). Still, we believe that there can be no real disagreement that
any reasonable model must contain three principles: i) elastodynamics off the
crack, ii) energy-dissipation balance (including the surface energy dissipated by
the crack), and iii) a principle dictating when a crack must grow. Conditions 1)
and ii) follow, e.g., from [15], and a principle like iii) is necessary, since otherwise
a stationary crack with elastodynamics off of it will always be a solution. In
[16] this is discussed in some more detail, and a maximal dissipation condition is
proposed for iii), but it is too early to claim any acceptance of this principle.

We note that, based on the success of numerical methods for quasi-static frac-
ture using the Ambrosio-Tortorelli approximation (see, e.g., [3]), a numerical
algorithm was proposed in [5] for dynamic fracture, which was shown in [18] to
converge, as the time step tends to zero, to a solution obeying the appropriate
elastodynamics, the total energy (stored elastic, kinetic, and the surface energy
of the crack set) is conserved, and the field modeling the crack set satisfies a min-
imality analogous to that in the quasi-static setting. For these phase-field models,
this minimality provides the principle iii), requiring the “crack” to run so as to
maintain minimality. However, in the sharp-interface limit, there is no corre-
sponding minimality, and so the formulation of this third principle is open.

In this paper, we consider a preliminary issue, namely, given initial conditions
and given a growing-in-time crack set I'(7) with no assumptions other than finite
surface measure (which corresponds to finite surface energy), does there exist a
solution to the corresponding elastodynamics? We show that there does, both
for undamped and damped dynamics. In particular, we look at weak versions of
equations of the form

(1) = Au(t) — yAut) = /(1)

on Q\I'(¢), with a zero Neumann condition on dQ u I'(¢), where the dots denote
derivatives with respect to time and the Laplace operator A acts on the space
variables. We treat both the case y > 0, corresponding to the damped wave equa-
tion, and y = 0, corresponding to the undamped equation.
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We also show an energy balance and uniqueness for the damped problem, but
we were unable to show this for the undamped problem. Indeed, the energy bal-
ance we were able to show for the damped problem is a conservation of kinetic
plus elastic plus dissipated energy due to the damping, but we note that this
balance is inconsistent with models we have in mind for fracture, which balance
energy only when the surface energy dissipated by the crack is also included.

This paper is organized as follows. First, in Section 2, we need to introduce
new function spaces, V;, containing both our solutions u(¢) as well as the test
functions at time z. These spaces are somewhat technical and based on SBV func-
tions with jump set contained in I'(¢). However, to read this paper, one can think
of V, as the Sobolev space H!(Q\I'(¢)), and in fact, if T'(¢) is closed, this is ex-
actly V,. The most serious mathematical issues arise because these spaces are
increasing in time, so that test functions at some time ¢ are not necessarily admis-
sible test functions for times s < .

In Section 3 we consider the damped wave equation, and we prove existence
using discrete time approximations and passing to the limit as the time step tends
to zero. Precisely, the function u,(#;1) is the minimizer in V;,, of

. . ; 2
u—u ul — ! ' '
n__ “n n + ||Vu||2+fl||Vu—Vu;H2—2<fnl7u>7
n

Uur—

I-I‘l n

where u,’; = u,(t;), all norms and inner products are L2, and 7, is the time step.
We are then able to pass to the limit as 7, — 0, and show that the limit u is a
weak solution. Furthermore, we are able to show uniqueness and energy balance.

Finally, in Section 4, we show existence for the undamped equation, following
the same argument as in the damped case. However, we are unable to prove
uniqueness or energy balance. We note that a lack of energy balance, where the
energy includes only the kinetic and elastic energies, is in fact desirable, as only
then can the total energy, including the surface energy of the crack, be balanced,
as in the models formulated in [16]. We also note that a natural idea for proving
existence for those models, which in addition to balance of the total energy have
a maximality property of I'(#), would be to find u,(#+1) and I',,(#;11) by minimiz-
ing

2
|| Vul|? 4 22NN = 2w,

no

i i—1
n W, Uy

(u,T) —

T}’l n

with the only restriction that T = I',,(#;) and u has jump set in I'. This would
generate u, and [, but methods to prove appropriate properties of limits # and
I are far from clear at this time.

2. NOTATION AND PRELIMINARY RESULTS

For the definition of the space GSBV(Q) we refer to [2, Definition 4.26]. For
every v € GSBV(Q) the symbol Vv denotes its weak approximate differential
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according to [2, Definition 4.31 and Theorem 4.34], defined for a.e. x € Q, while
S, is the approximate discontinuity set of v according to [2, Definition 4.28 and
Theorem 4.34]. #V~! denotes the (N — 1)-dimensional Hausdorff measure.

For any I' = Q with #Y~!(T") < oo, we define

2.1) GSBVZ(Q,T):={ve GSBV(Q)nL*(Q):Vve L*(Q;R"Y),S, =T}
2

Here and below, by 4 = B we mean .#"V~!(4\ B) = 0. We endow this space with
the inner product

(22) <u7 U>L2 + <Vu7 VU>L2'

The corresponding norm is denoted by || -||. If T is closed in Q, then
GSBV}(Q,T) coincides with the Sobolev space H'(Q\I').

LEMMA 2.1. The inner product space GSBV}(Q,T) is a Hilbert space.

PrOOF. Let {v,} be a Cauchy sequence in GSBV}(Q,T). Then there exist
ve L*(Q), we L*(Q;R") such that v, — v and Vv, — w strongly in L?. By
GSBV compactness (see [2, Theorem 4.36]), we have v € GSBV(Q) and w = V.
Moreover S, < I'. If T is closed, this inclusion is a consequence of the mentioned
theorem, applied to the open set Q\I'; the general case can be obtained, e.g., from
[9, Theorem 2.8]. Hence v € GSBV;(Q,T’) and v, — v in the norm induced by
(2.2). O

The dual of this space, GSBV3(Q,T)", will not be identified with the underly-
ing Hilbert space, but instead will be endowed with a pairing consistent with
the L? inner product, as is usually done for the duals of Sobolev spaces. Since

GSBV3(Q,T) c L*(Q)
is dense, we have
LY(Q) = L*(Q)* < GSBVZ(Q,T)",

and L*(Q) is dense in GSBV(Q,T)".
We now fix 7> 0 and I' = Q with

(2.3) AN T) < o

and ¢ — T'(¢) defined on [0, 7] such that T'(¢) is an # "~ !-measurable subset of T.
We assume also that

(2.4) T(s) = T(r) ifs<t

For simplicity of notation, from now on, we will denote GSBV#(Q,T) by V and
GSBV}(Q,T(1)) by V,. The normin V is || - || (see (2.2)), while the induced norm
in V,is || - ||,- We will also denote L?(Q) by H and L*(Q; R") by Hy. Note that
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for s < t we have V; = V, = V. We also note that, since V' = H and V is dense
in H, we have the embedding H < VV* and the density of A in V*. Similarly, H
is a dense subspace of V" for every ¢ € [0, T]. We denote the pairing between V' *
and V by (-, -), producing the dual norm || - ||, and the pairing between V,* and
V, by {-,->,, with dual norm || - ||;. We note that these pairings are the unique
continuous bilinear maps on V* x V and V" x V; such that {f,v) = {f,v)y
and {f,v,y, = {f,v >y whenever f € H,ve V,and v, € V,.

If s <, for every f € V; we can consider the element /|, of V" defined by
Sy, 0> = {f,v), for every v € V. The restriction map f f\ is continuous
and coincides with the adjoint of the embedding V; — V. Although f—=fl
is not injective, in the rest of the paper we omit the notation |V¢ since the restric-
tion will be clear from the context. ‘

LEMMA 2.2. Let ue W4 (0, T; H). Assume that there exists a constant ¢ such
that for every s, t € [0, T|, with s < t, we have

(2.5) ue W»* (¢, T;V}) and iill oo 1, 7y vy < €

Then there exist a set E < [0, T| of full measure and, for every t € E, an element

w(t) of V}\, with
(2.6) Iw(@ll; < e,
such that for every t € E we have

_a(t+h) — (1)
27 S
t+heE

= w(1)

weakly in V' and strongly in V" for every s < t. Moreover, for every s € [0, T| the
Sunctions t — u(t) and t — w(t), considered as a functions from [s, T to V, belong
to W* (s, T; V) and L™ (s, T; V), respectively, and satisfy ii(t) = w(t) in V" for
a.e. te (s, T), so that (2.5) holds with s = 1.

Before proving this, we give a short technical lemma about increasing se-
quences of subspaces of separable Hilbert spaces.

LEMMA 2.3. Let {X,:t€[0,T]} be an increasing family of closed linear sub-
spaces of a separable Hilbert space X. Then, there exists a countable set S < [0, T
such that for all t € [0, T)\S, we have

_Ux.

s<t

PRrROOF. For each 7 € [0, T], set X;- to be the right hand side above. Then we
have

(2.8) X, X, <X,
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for every s < t. Set Y; to be the orthogonal complement of X;- in X;. By (2.8), we
have that Y; 1 Y, for s # ¢. The separability of X implies that there is at most a
countable set of ¢ such that Y, is nontrivial, which proves the lemma. O

ProOF OF LEMMA 2.2. We first consider the set S from Lemma 2.3, and we fix
a countable, dense set D < [0, T']. The differentiability properties of vector valued
Sobolev functions (see, e.g., [6, Appendix]), together with (2.5), imply that there
exists another set of measure zero M < [0, T'] such that

u(t+h) —u(r)
h
for all ¢ M and for all s < # with s € D. The fact that (2.9) holds for all s < ¢

follows from the density of D and from the continuity properties of the restriction
operator from V' to V* for s < ¢. Note that from (2.5) and (2.9) we have

(2.9) — ii(t) strongly in V'

(2.10) lE@(D)lly < ¢

for every t ¢ M and every s < .
Now for t¢ S U M choose s, / t. For ¢ € V;, Lemma 2.3 gives a sequence
¢, € Vs, such that ¢, — ¢ in V;. We claim that w(z) € V" given by

(1), ¢, = lim <i(1), 4,

is well defined. The fact that this limit exists follows immediately from the uni-
form bound on ||ii(7)||; (see (2.10)) and the strong convergence of ¢, to ¢. This
also implies that the limit is independent of the choice of ¢,, as well as the lin-
earity and boundedness of the limit. This gives the claim and proves (2.6).

Note that if ¢ € V| for some s < ¢, by taking ¢, = ¢ above for n large enough,
we actually have

(2.11) w(t), ¢y = w(1), ), = <ui(2), §)s

which implies that ¢ — w(¢), considered as a function from [s, 7] to V', belongs
to L™ (s, T; V") and satisfies the last assertion of the lemma.
Next, we claim that

u(t+h) —u(r)

7 — w(t) weaklyin V.

For ¢ € V;, we choose again s, " t and ¢, € V, such that ¢, — ¢ strongly in V.
Then we have

<mo—ﬂiﬂ%iﬂ9¢>=<mn—ﬂiﬁ%lﬂﬁw—¢>
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so that
‘<W(l) Cu(r+ h})l —u(t) ,¢> <ii(t) Cu(r+ h/z —u(t) ’¢n>

by (2.10) and (2.11). Passing to the limit first in / (using (2.9)) and then in n we
get (2.7). O

< 2C||¢ - ¢n”t +

DEFINITION 2.4. Under the assumptions of Lemma 2.2, the element w(¢) of V/*
defined in (2.7) for a.e. z € [0, T] is denoted by ().

The last sentence of Lemma 2.2 shows the relationships between this definition
and the standard definition in the sense of distributions on (s, 7). The point is
that, under the assumptions of Lemma 2.2, the theory of distributions defines
ii(¢) as an element of V" only for a.e. 7 € (s, T'), while the study of the wave equa-
tion in cracking domains requires a precise definition of ii(¢) as an element of V}*.

3. THE DAMPED WAVE EQUATION

Here we consider a certain weak formulation of the equation
(3.1) i—Au—yAu=f
on a cracking domain, with y > 0.

DEFINITION 3.1. Assume (2.3), (2.4), and let y >0 and f € L*(0,T; H). We
say that u is a weak solution of the damped wave equation (3.1) on the time
dependent cracking domain 7 — Q\I'(7) with homogeneous Neumann boundary
conditions if

2) ue H'(0,T;V)n Wh*(0,T; H),

3) for every ¢ € [0, T|] we have u(z) € V7,

4) for every s € [0, T) we have u € W>* (s, T; V),
5)

sup H’j”L’-‘(S.,T; vy < T
s€(0,T)

for every s € (0, T') the functions
(3.6 o 2 lile) (= W, e (0,5),
are equiintegrable on (s, T'),
and for a.e. 1 € [0, T

(3.7) (1), ¢>, + Vu(t) + yVi(1), Voo u, = {f(1),¢>y forevery € V1,
where ii(7) is given by Definition 2.4.
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By (3.2) and (3.4) the functions ¢ — u(¢) and ¢ — u(¢) are continuous from
[0,7] to V and V; respectively, so that the initial values #(0) and #(0) are well
defined in " and Vj respectively. In the next theorem, given u) e H, we pre-
scribe the initial condition for #(0) in the stronger form

1 h
(3.8) lim Z/ ll(2) — uVD |7, dt = 0.
0

h—0+

THEOREM 3.2. Assume (2.3) and (2.4). Let u® e Vo, u'Y e H, y >0, and
f € L*(0,T; H). Then there exists a unique weak solution u of the damped wave
equation considered in Definition 3.1 satisfying the initial conditions u(0) = u®)
and (3.8). Moreover t — u(t) is continuous from [0,T] to H and u satisfies the
energy balance

1. . 1 Lo
(3.9) 5|u(l)lli+§||Vu(t)II2N+V/O IIVu(r)IIiIN dt

1 1 ! .
=5 IO+ 5 IO, + [ e d
for every t € [0, T).

We shall see in Lemma 3.8 that the energy balance (3.9) implies the equi-
integrability of (3.6). The proof of Theorem 3.2 will be obtained by combining
several partial results proved in the following lemmas.

LeMMA 3.3. Under the assumptions of Theorem 3.2 there exists a function u sat-
isfying (3.2)=(3.5), (3.7), the initial conditions u(0) = u'®) and (3.8), and the energy
inequality
L2, 1 2 L o2
(3.10) SOy + 3 1Vu@)ll, +» A IVi(2)|5, dz
Leorz 2 Livwonz o [ erena
< 51+ 3V + [ .6

forae tel0,T].

PROOF. Forne N, we set 7, := T'/n and 1} := it,. For i = 1,2,...,n we define
/., € H by
R e
(3.11) 1) ::—/ f(1)dr.
Tn t’;’fl

We define u/ for i = —1,0,...,n inductively by the following: First,

(3.12) ul =u® = u® — g,

n ’ n )
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then, for i = 0,1,...,n — 1, the function »/*! is the minimizer in Vi1 of
n
w—uy b —ui |’ 2 Y 2 ;
U - + [IVully, + = 1Vu = Vu Iy, = 2/, wp
Tn n H Tn

Note that the 1nﬁmum of this functlonal 1s finite, since the sum of the first two
terms is of the form - = | — al||, + ||Vul|;, for some a/ € H, so that the func-

tional can be bounded from below by c,,|\u||t,+1 —T%Haj,”f{ — (15 W g lleall v, with

Cp = mm{l, 5 2} It follows that we have
B S N, A
(3.13) < . ¢> + VU iy,
n n n/H

+ <Vul+l Vuyin V¢>HN = <fni7 ¢>H

for every ¢ € V,i1. Note that from (2.4) we can take ¢ = utl — i and we get

2 i i—1

ui+]_ui ul — i )
e R A
n H

n

i

i+l _
u}’l u}’l

Tn H

»n n

i i v i i iyl i
— VU VUl g += VUl = Vulll = <fhul™ —ul .
n
Using the fact that ||a||* — <a,b) = ! lal* + Hla - b||* - ! |5]|%, multiplying by 2,
and rearranging, we can write

2
+

i+l — 2

n n
Tn

i+1 i i1
U, n__ u, —uy

TI‘I Tn

(3.14) ‘

H H

. . . 2 . .
12 1 2 4 1 2
+ IV, gy + IV, = Vi |13, +T—||Vu,2+ = Vu [l
n
2

- . ‘
Vil + 2450w, —wdn
H

i i—1
)

n

Summing from i = 0 to j and using (3.12), we get

e _u}{ 1+l iyl il 2

un_ n n

(3.15)

L Vet 17,

n n Tn H

J ) ) 2y ) ]
D\ TAE AT +T—y§ IV = Va7,
" i=0

i=0

J
= 7 + Va7, +23 <™ —udn

i=0
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We now define w,, i, v, : [0, T] — V for ¢ € (¢}, ti+!] by

‘ oyt oy

(3.16) up(t) :==u, + (t —t,) —*,
Tn

(3.17) (1) = u ™ f(0) = £

i i—1 i i+1 i i i—1

u, —u t—1t |u —Uu u, —u
3.18 . Z = n n n n n __ n n .
319wt S o
Rewriting (3.15) using the above, for every ¢ € (¢/, #/*!) we now have
thH»l

1) LIV )+ 5 [ 160

i e
1, / Vit (1)|3, de + 2 / Vit (1), di
0 0

j+1
1"

= D)+ VO, 42 / Falt), () .
0

The right-hand side above is bounded as long as M, := max, ||i,(?)|| is
bounded. From (3.19) we have that

2 2
M < [uV 7+ ”V”(O)HHN +2||f||L2(0,T;H)T1/2Mn'

This implies that M, is bounded, and so is the right-hand side of (3.19).
We then have that

(3.20) Vu,(t) and Vi, (¢) are bounded in Hy uniformly in 7 and n,
(3.21) Vi, is bounded in L2(0, T; Hy) uniformly in n,
(3.22) t,(1) and v,(z) are bounded in H uniformly in ¢ and n.

We note that (3.22) together with the fact that u”) € H implies that u, is bounded
in H uniformly in 7 and n. This together with (3.20) gives

(3.23) u,(t) is bounded in 7 uniformly in 7 and n.

Furthermore, using (3.16), (3.17), and (3.18) in (3.13) gives that for all
te (it 6",

(324) <bil(t)> ¢>H + <Vﬁn<[) + yvun([)7 V¢>HN = <fn<t)? ¢>H
for every ¢ € V1. This together with (3.20) and (3.21) gives that for 7 € (z}, £;™),

(3.25) (D)1} < c
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where ¢ is independent of ¢, i, n. Using the fact that

(3.26) I-lls <17 fors <,
we get
(3.27) [En (D)5 < ¢

for all s < ¢, and for every n.
Using (3.21), (3.22), (3.23), and (3.27) we get

(3.28) u, is bounded in H'(0, T; V) and in W' *(0, T; H),
(3.29) v, 1s bounded in L* (0, T; H),
(3.30) v, is bounded in W' (s, T; V) for every s € [0, T).

Let us fix a countable dense subset D of [0, 7). By a diagonal argument we obtain
a subsequence, not relabeled, such that

(3.21) u, — u weakly in H'(0, T; V),
(3.32) v, — v weakly in L*(0, T; H),
(3.33) v, — v weakly in H'(s, T; V) for every s € D.

It is easy to see that in fact

(3.34) ue H'(0,T; V) Wh*(0,T; H),
(3.35) ve L*(0,T;H),
(3.36) ve Wh (¢, T; V) foreverys,te[0,T] withs < t.

Moreover (3.27) gives
(3.37) 101 o, 75 vy < ¢ forevery st € [0, T] with s < 1.
We now show that
(3.38) v(t) =u(t) in H fora.e. t € [0, 7).
First, for every 7 € (¢!, t/t1), we have 1, (t) = v,(¢/*1), so that using (3.25) we have
i+l

(1) = va(D) 15 = ot = va(D)l10 < / l6a(2)l11 dT < e

t

From (3.26), we have |i,(¢) — va(?)||; < ct, for all s < . Together with (3.32),
this shows that &, — v weakly in L*(s, 7; V) for all s € [0, T]. On the other
hand, w, — & weakly in L(0, T; H), and so v(z) = u(¢) in V' for every s € [0, T
and for a.e. £ € (s, T). Since v(¢) and u(z) belong to H, the previous equality
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means that <U(t)7¢>H = <U([)a¢>s = <u(t)7¢>s = <u([)7¢>H for every ¢ e V.
The density of ¥ in H allows us to conclude that v(z) = #(r) as elements of H.
This concludes the proof of (3.38). From (3.36), (3.37), and (3.38) we deduce
that

(3.39) ue W»*(¢,T; V}) and Neill oo 7 vy < €

for every s, ¢ € [0, T] with s < ¢. This gives (3.4) and (3.5) by Lemma 2.2.
From (3.28) we know that u, is Lipschitz with values in H uniformly in n.
Now, since #,(7) = u,(¢*1) for t € (¢, ¢/*!] and , we have, as above, that

i, — u weakly in L*(0, T; H).

Since Vi, is bounded in L?(0, T; Hy) by (3.20), we obtain also that

(3.40) Vii, — Vu weakly in L*(0, T; Hy).
This gives
(3.41) i, —u in L*(0,T; V).

Furthermore, note that @,(t — 7,) € V, for every ¢ € [0, T], and
(- —1,) — u  weakly in L*(0, T; V).

Since the linear subspace {v € L*(0,T; V) : v(t) € V, for a.e. t € [0, T]} is strongly
closed, it is weakly closed in L2(0, T'; V). Therefore u(t) € V, fora.e. t € [0, T]. For
every ¢ € (0, 7] there exists #, /" t such that u(z,) € V,, < V, for every n. Since
u(t,) — u(t) strongly in ¥ by (3.34), we obtain u(¢) € V,. Together with the inclu-
sion u(0) = u'") e ¥, this proves (3.3).

We now prove that (3.7) holds a.e. 7 € [0, T] for every ¢ € V,. We first claim
that for s € D and for all ¢ € V;, we have

(342) <u(t)7 ¢>9 + <Vl/l(l) + yvu(t)v V¢>HN = <f(l)7 ¢>H forae. > s.

We first fix s € D and ¢ € V. Using (3.24), we have that for a.e. t > s,

<1}n(t)7 ¢>H + <Vﬁn(l) + VVI:I,,(Z), V¢>HN = <fn(t)7 ¢>H

Hence for every s < t; < t, < T we have
1)
(343 [ (€Oule) B+ VD) + Vi (0). Vs, — ), $320) e = .
141
Using (3.11) and (3.17) we obtain that f, — f in L>(0, T; H), hence

/ D) ot — / L), By,
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We know that ¢, — ¢ weakly in L*(s,T; V) from (3.33). Since #=v in
H'(s,T; V), we also have that ii = in L*(s, T; V). Using also (3.31) and
(3.40), we can pass to the limit in (3.43) and we get

/ (G, 3, + CVult) + V(1) Vg, — <F (1), ) dt = 0.

14l

This implies (3.42).

Notice that since V is separable, the set Ny of # > s for which (3.42) does not
hold can be taken independent of ¢. We set W to be the union over s € D of the
sets Ny, so that W also has measure zero. It follows that for every ¢ ¢ W and for
every s € D, s < t, we have

(3.44) (1), ¢35 + Vul(t) + yVa(t), Voo, = (1), P

Using Lemma 2.3, it follows that for a.e. ¢ ¢ S, for every ¢ € V;, and for every
sy /" t, with s, € D, there exists ¢, € V, such that ¢, — ¢ strongly in V;. Now
note that

<il.(l)7 ¢n>t + <Vu(l) + yvu(l)v V¢n>HN - <f(l)7 ¢n>H
= <u(t)) ¢n>sn + <VM(Z> + yvu(t)v V¢n>HN - <f(t>7 ¢>H =0.

The convergence of the ¢, to ¢ gives (3.7).

For every 1€ (0,7) and n € N there exists a unique j such that #/ <<
t/*1 =:t* By (3.11) and (3.17) the sequence f, converges to f strongly in
L*(0,T; H). By (3.31) the sequence i, converges to # strongly in L>(0, T; H).
Therefore

/ " o), it(2) gy d — / (o) ilt)yy dr.
0 0

By (3.31) and (3.40), from (3.19) we obtain (3.10) by weak lower semiconti-
nuity.

It remains to prove (3.8). It is enough to show that, if # are Lebesgue points
for t — Hu(l)||%1 and #;, — 0, then

(3.45) u(ty) — u'V strongly in H.

By (3.4) & belongs to WL (0, T; V), so that, if x — 0, then () — uV) in V5.
Since u(#;) is bounded in H by (3.2) and V, < H is dense, it follows that
u(ty) — u'") weakly in H. Therefore (3.45) is equivalent to

(3.46) lim sup [li(ze) | ;7 < ™.

— 00
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By (3.2) and (3.10) there exists a constant C > 0 such that
(3.47) ()17 + Va7, < a7 + V@, + Ci'?

for a.e. t € [0, T]. Since ¢ — Vu(z) is continuous from [0, 7 to Hy by (3.2), in-
equality (3.47) holds in for all Lebesgue points of 7 »—> lla(2)||2 47, in particular for
t = tx. By continuity we have |[Vu(z)|l, — ||Vu || 1y SO that (3.46) follows
from (3.47). This proves (3.45) and concludes the proof of (3.8). O

The following lemma provides an equivalent formulatlon of (3.6) in terms of
the behavior of the functions ||z(¢ )||H — ||t — )||H

LeEMMA 3.4. Assume (3.2)—(3.5). Then there exists a constant C > 0 such that

(3.48)  —Clla(r=h)ll,, < %(IIW)II?{ — [l = h)lI7)

L. . .
< g i) —ale - 1)l + Clat = 1),

for every h € (0,T) and a.e. t € (h, T). In particular, the equiintegrability of (3.6)
holds if and only if for every s € (0, T) the functions

L~ it = R)I), he (0,5),

are equiintegrable on (s, T).
PrOOF. Forevery i e (0,7T) and for a.e. ¢t € (h, T) we have

(49) 01 = Nt = w5 = (=5 a0 ity

= L late) — e~ B + 2<W,u(z - h)>{h.

By (3.3) and (3.4) the function 7 — <u(z),u(t — h)),_, belongs to Wh*(t —h, T)
and its time derivative is T — (1), u(t — h)),_;,. By (3.5) there exists a constant ¢
independent of 7 and / such that the absolute value of the last duality product in
(3.49) is bounded by c||i(t — h)||,_,. This implies (3. 48). Since the family of func-
tions ¢ — ||u(t — h)||,_;, 0 < h < s, is equiintegrable in (s, 7') by (3.2), the conclu-
sion follows. O

LemMMA 3.5. Under the assumptions of Theorem 3.2, suppose that u satisfies
(3.2)~(3.5), and let s, t € (0, T] be Lebesgue points for |[i(-)||3,, with s < t. Then

(3.50) L - las) |13 =2 / Gi(x), i(0) e d.
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PRrOOF. Fix 0 < & < s. Integrating both sides of the first equality of (3.49) from s
to 1, we get

1 /. 1 /.
—/ ||u<f)|!i1df——/ li(2) 17 de
h t—h h s—h

§—

- [KWW(Q +u(r—h)> d.

T

Take a sequence 1 — 0 such that
u(t) +u(t —h) — 2u(r) strongly in V
for a.e. 7, which we can do since & € L?(0, T; V). By Lemma 2.2 we also have

u(t) —u(t —h)

? —ii(r) weaklyin V

for a.e. 7, so that

<@Q;%&:ﬁ&mﬂ+au_m>-awuxww»r

T

By (3.48) and (3.49) we can apply the Fatou Lemma (with an equiintegrable
minorant) and we get

liﬁéﬁf S [<W,L‘t(‘[) +u(t — h)>r dr > /St i), 2u(t) ), d,

while
1 /[ . 2 | S 2 . 2 . 2
o | M@l de =5 | i@l de— [la(ly = [las)1,
t—h s—h
since s and 7 are Lebesgue points for ||z'4(~)||f,. O

LeEMMA 3.6. Under the assumptions of Theorem 3.2, suppose that u satisfies
(3.2)(3.5) and the initial condition (3.8) for some u'") € H. Then

(3.51) nmmz—wmm22A<mmmwxm

for every Lebesgue point t € (0, T of ||i(-)||7.

PRrOOF. By (3.8) there exists a sequence /i, of positive numbers converging to 0
such that u(h,t) — u'V) strongly in H for a.e. t € [0, T]. Then we choose ¢ so that
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t, := hyut is a Lebesgue point of ||u()||§, for every n and #(t,) — u') strongly in
H. By Lemma 3.5 we have

) = ) 2 i)
Passing to the limit as » — oo we get (3.51). O

We now prove that the function u obtained in Lemma 3.3 satisfies the energy
balance for a.e. t € (0, 7).

LemMmA 3.7. Under the assumptions of Theorem 3.2, suppose that u satisfies
(3.2)=(3.5), (3.7), (3.10), and the initial conditions u(0) = u'®) and (3.8). Then u
satisfies the energy balance (3.9) for every Lebesgue point t € (0, T of ||u()||i,

PRrOOF. By (3.7) and since u(¢) € ¥, we have that

(1), (), + <Vule), Vit) g, +9|IVi(0) |77, = <f (0,80

for a.e. 1€ [0,7T]. Integrating from 0 to ¢ and using Lemma 3.6, for every
Lebesgue point 7 € [0, T] of ||a(-)||7, we get

Lo Loy 1/ d 2 /[ <12
a3 - = [ 4 d d
S MOl =5 w1l +3 ; g VU@l de+y ; [Va()|| 7, dT

/ CF(2), () .

Together with (3.10) this inequality gives (3.9). O

LemMA 3.8. Under the assumptions of Theorem 3.2, suppose that u satisfies (3.2)
and (3.9) for a.e. t € (0, T). Then the functions (3.6) are equiintegrable.

PrOOF. Let us fix s € (0, T). By (3.9) for every / € (0,5) and for a.e. r € (5, T)
we have

t
()7 — lla(e = W)ll7y + Vel 75, — Vet = B[, + 2?/ ; IVi(2) 17, de
—n

=2 [ ity
By (3.2) there exists a constant C > 0 such that ||Vu(z)||; < Cfora.e.r€ (0,T),

so that the previous equality gives

L. . 2C . 2y [! .
)17 = llate = h)7| < —/ IVi(2)|l g, d +—/ IVia(z) I 77, d=
h h t—h h t—h

12 [ @i

t—h
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Since the functions 7+ ||Vi()||,, 7+ HVL':(T)H?,N, and 7 — {f(7),u())>y be-
long to L'(0,T), the right-hand side of the previous inequality converges in
L'(s, T) as h — 0+. Therefore it is equiintegrable on (s, T'). By Lemma 3.4 this
implies the equiintegrability of (3.6). O

LeEMMA 3.9. Under the assumptions of Theorem 3.2, only one weak solution of the
damped wave equation considered in Definition 3.1 satisfies the initial conditions

u(0) = u® and (3.8).

PROOF. Since (3.6) is preserved by linear combinations, the difference v between
two solutions is a solution with f = 0 satisfying the initial conditions v(0) = 0
and

1 h
um—/|mm@m:a
h Jo

h—0+
By Theorem 3.7 we have

1 1 !
SO + 5 IVo(@)llz, +7 [ 1IVi(s)| 7, ds =0
2 2 0

for a.e. 1€ [0,7]. This implies that o(¢) =0 in H for a.e. t€[0,7T]. Since
ve WHe(0,T; H) by (3.2), and v(0) = 0, we conclude that v(¢) =0 for every
te[0,T]. O

LeMmMA 3.10. Under the assumptions of Theorem 3.2, let u be the weak solution
of the damped wave equation considered in Definition 3.1, with initial conditions
u(0) = u® and (3.8). Then t — u(t) is continuous from [0, T to H and (3.9) holds
for every t € [0, T.

PrOOF. By (3.4) the function ¢ — #(t) is continuous from [0, 7] to ¥V and by
(3.2) u(t) € H for a.e. t € [0, T], and there exists a constant M such that

(3.52) la(2)||; < M forae.tel0,T].
We claim that

(3.53) u(t)e H and |u(t)||, <M foreveryte [0, T],
(3.54) t— u(t) is weakly continuous from [0, 7] to H.

Given ¢ € [0, T], by (3.52) there exists a sequence ¢, in [0, 7] converging to ¢
such that #(#,) is bounded in H. Since #(t,) — #(t) strongly in Vj and the em-
bedding H — V is continuous, we conclude that u(¢) € H, ||u(t)||, < M, and
u(t,) — u(t) weakly in H. This proves (3.53). The same argument with an arbi-
trary z, converging to ¢ gives (3.54).
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By Lemmas 3.3, 3.7, 3.8, and 3.9 the function u satisfies the energy balance
(3.9) for a.e. £ € (0,T). Using (3.54) and the weak lower semicontinuity of the
norm, we can approximate an arbitrary ¢ € [0, 7] and we obtain (3.10) for every
te0,T].

Define I'(¢) := I'(T) for every ¢ > T and fix #, € (0, T]. Since u(ty) € V3, by
(3.3) and u(1y) € H, by the lemmas mentioned above there exists a unique weak
solution v of the damped wave equation on the interval [¢, 7+ 1] (Definition 3.1)
with initial conditions v(#) = u(#y) and

h—0+

) 1 to+h 5
lim Z/ 16(2) — a(to) || de = 0
to

Define w: [0, 7 + 1] — V by w(¢) = u(¢) for t < ty and by w(z) = v(¢) for t > 1.
It is easy to check that w satisfies (3.2)—(3.5), (3.7), and the initial conditions
w(0) = u® and

h

1
o) — W2 gp —
Jim o [0 - de

Moreover it satisfies the energy inequality (3.10) for a.e. 7€ (0,7 +1). By
Lemmas 3.7 and 3.8 the function w satisfies also the equiintegrability condition
(3.6), so that it is a weak solution of the damped wave equatlon on [0, 7 + 1]
(Definition 3.1). Let ¢ € (ty, T + 1] be a Lebesgue point of ||(- )||H By Theorem
3.7 we have

1. 1 o
S (01 + 5 IVw (@)l + 7 / V3i(0) [ 37, =

1
= SOl + 39Ol + [ @it e

and
L. > 1. ) 1 2 1 2 — 2
S0 — 5 o)z + 5 IVe@ iz, — 5 IVulio)lg, +v [ V(D) I, dT
2 2 2 2 o

/ f(2), () .

Subtracting the second equation from the first one we get

l,. 1 LI
5 i) 13 + 5 I Vaeto) 3, + / IVa(©)l[7, dv

S 4 2 V), + / ) i(0) Sy d.
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This shows that (3.9) holds for ¢ = fy. The arbitrariness of ¢, implies that (3.9)
holds for every ¢ € [0, T']. Since # — ||[Vu(?)|| IZL,N is continuous by (3.2), we deduce

from (3.9) holds for that ¢ — Hu(t)||12q is continuous. Together with (3.54), this
proves that ¢ — u(¢) is continuous from [0, 7] to H. O

PrOOF OF THEOREM 3.2. By Lemma 3.3 there exists a function u satisfying
(3.2)=(3.5), (3.7), the initial conditions #(0) = u®) and (3.8), and the energy in-
equality (3.10) for a.e. t € [0, 7]. By Lemma 3.7 this function satisfies also the
energy equality (3.9) for a.e. 1 € [0,7]. By Lemma 3.8 the functions (3.6) are
equiintegrable, so that u is a weak solution of the damped wave equation accord-
ing to Definition 3.1. The uniqueness is proved in Lemma 3.9. The continuity of
t — u(t) from [0, T] to H and the energy equality (3.9) for every ¢ € [0, T'] follow
from Lemma 3.10. |

4. THE UNDAMPED WAVE EQUATION
In this section we study weak solutions of the undamped wave equation
(4.1) i—Au=f
on a cracking domain.

DEFINITION 4.1. Assume (2.3) and (2.4), and let ' € L*(0, T; H). We say that u
is a weak solution of the wave equation (4.1) on the time dependent cracking
domain 7 — Q\I'(¢) if

ue L0, T; V) Wh=(0,T; H),
for every ¢ € [0, T| we have u(t) € V7,
for every s € [0, T) we have u € W>* (s, T; V),

sup ||i’i||L7-(S.,T; V) < 400,
sel0.7) '

and for a.e. 1 € [0, T

(4.6) CGi(t), ¢, + Vu(t), Vo, = {f(1),¢>n  forevery ¢ e V,,
where ii(7) is given by Definition 2.4.

In the next theorem we will prove that there exist solutions satisfying the ini-
tial condition for u in the strong form

.1t
(4.7) i & [ (o) = a1 + Vo) = V) dr =,

h—0+

and that for # in the sense of (3.8).
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THEOREM 4.2. Assume (2.3) and (2.4), and let u® e Vy, uV) e H, and
f e L*(0,T; H) be given. Then there exists a weak solution of the wave equation
considered in Definition 4.1 satisfying the initial conditions (4.7) and (3.8).

PrROOF. We proceed exactly as in the proof of Lemma 3.3. In fact, the proof is
identical, with y = 0, through (3.19).

We then continue as in Lemma 3.3 with y = 0, where (3.21) is useless, and
(3.28) is replaced by

(4.8) u, is bounded in L*(0, T; V) and in W= (0, T; H).
As a consequence of this change, (3.31) is replaced by
(4.9) u, — u weakly in L?(0, T; V) and in H'(0, T; H),

and (3.34) is replaced by u € L*(0, T; V) n W*(0, T; H). The proof that u is a
solution proceeds as in the damped case.

It remains to prove that u satisfies the initial conditions (4.7) and (3.8).
It is enough to show that, if 7 are Lebesgue points for both 7 — ||i(z);, and
t — |[Vu(?)|l3;,, and # — 0, then

(4.10)  Vu(t) — Vu'® stronglyin Hy  and (1) — u'")  strongly in H.

As in the proof of Theorem 3.2 we can show that u(#;) — u!) weakly in H.
Moreover (4.2) implies that u(#;) — u(0) = u(® strongly in H and that Vu(z;) is
bounded in Hy. This imples that Vu(#;,) — Vu'® weakly in Hy.

Therefore (4.10) is equivalent to

(4.11) tim sup(||Vu(ti)ll 77, + 1660 17) < [Va O[5, + a7

k—o0

For every 1€ (0,7) and ne N there exists a unique ;j such that t<t<
t/*1 =: ¢*. From (3.19), we have that

t*

n

. _ ) 1/2
i o) + V01, < I+ 19O, + 204 ([ i)l )

where M := || f1|2(, 7, ) Since [[tin()[|f; is uniformly bounded by (4.8), there
exists C > 0 such that

()77 + 198 (0) 177, < 17 + 1V, + C0) 2.

Therefore, from (3.32) and (3.40) and the fact that the chosen ¢, are Lebesgue
points, we get

. 1/2
it + VaeCei) 17, < V115 + V@17, + !

for every k. This proves (4.11) and concludes the proof of the theorem. O
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