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1. INTRODUCTION

In his beautiful paper [Mc07], McMullen constructed rational surface automor-
phisms of positive entropy with Siegel disks. They are the first examples among
automorphisms of projective manifolds. (See also [BK06], [BK09].) From one
side, positive entropy indicates that general orbits spread out vastly even though
the initial points are very close, from which one might expect that the general
orbit could be densely distributed. But on the other side, the existence of Siegel
disks shows that there is no dense orbit and the orbit of any point in the disk
never goes out of the disk. This contrast makes the study of automorphisms of
manifolds of positive entropy with Siegel disks very attractive. In McMullen’s
construction, the automorphism has exactly one Siegel disk and it is arithmetic
(see also Section 2 for definitions and more details). It is then natural to ask:

(1) How about in higher dimension?
(i) How many Siegel disks can an automorphism of positive entropy have?

The aim of this paper is to address these questions. More precisely we prove:
THEOREM 1.1.

1. There is a pair (X, g) of a non-singular complex projective rational 3-fold X and

an automorphism g € Aut(X) such that:
(1-1) the entropy h(g) of g is positive; and
(1-i1) g admits exactly 2 Siegel disks and they are arithmetic.

2. Let n be any integer such that n > 4 and let N be an arbitrary positive integer.
Then, for each such n and N, there is a pair (X,g) of a non-singular complex
projective rational variety X of dimension n and an automorphism g € Aut(X)
such that:
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(2-1) the entropy h(g) of g is positive; and
(2-11) g admits at least N Siegel disks and they are arithmetic.

3. Let n be any even integer such that n > 4. Then, for each such n, there is a pair
(X,9) of a non-singular complex projective rational variety X of dimension n
and an automorphism g € Aut(X) such that:

(3-1) the entropy h(g) of g is positive; and
(3-11) g admits exactly one Siegel disk and it is arithmetic.

We believe that this theorem gives the first examples of automorphisms of pro-
jective manifolds of positive entropy with Siegel disks in dimension > 3. Here, it is
essential to make the entropy positive. Indeed, there are a lot of automorphisms
of P", of which the entropy is necessarily 0, having (arithmetic) Siegel disks. Our
construction is the product construction made of McMullen’s rational surfaces,
projective toric manifolds and their automorphisms. In this sense, our construc-
tion of manifolds are rather easy modulo McMullen’s deep construction. Never-
theless we should also note that for a manifold S and for an automorphism g with
a fixed point P, the product automorphism g x g of S x S does not have a Siegel
disk at (P, P), even if g itself has a Siegel disk at P. So, the essential point in
the product construction is to choose manifolds and automorphisms so that the
eigenvalues of the product morphism at the fixed point are multiplicatively inde-
pendent within the algebraic integers of absolute value 1. This turns out to be a
kind of arithmetic problem which has its own interest. The precise formulation is
given in Definition 4.1, and its solution is contained in Theorem 4.2.

A very interesting question is whether there are rational threefolds having
autmorphisms of positive entropy with Siegel disks that are not induced from
autmorphisms of lower dimensional pieces, such as for example the base or the
fibers of a fibration. We could not yet give an answer to this important problem.
One possible approach would be to consider blow-ups of P?, generalizing the
construction of McMullen. In this approach [DO] Chapter V might be useful
(see also [BK11]).

The structure of the paper is the following. In Section 2 we review McMullen’s
construction of automorphisms of rational surfaces of positive entropy with
Siegel disks [Mc07]. We also recall some basic facts about the topological entropy
and about Siegel disks. In Section 3 we present our construction of automor-
phisms of higher dimensional projective rational manifolds of positive entropy
with Siegel disks and we prove that they satisfy all the properties stated in
Theorem 1.1 except the fact that the Siegel disks are arithmetic. This fact is a
consequence of Theorem 4.2 which is stated and proved in Section 4.

Throughout this note, we work over the field of complex numbers C.

2. MCMULLEN’S CONSTRUCTION OF AUTOMORPHISMS OF RATIONAL SURFACES
OF POSITIVE ENTROPY WITH SIEGEL DISKS

In this section we review McMullen’s construction of rational surface automor-
phisms together with some relevant notions.
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(i) Entropy. Let X be a compact metric space with distance function d. Let
g: X — X be a continuous surjective map. Roughly speaking, the entropy of g
is a measure of “how fast two orbits {g*(x)},- 0, {9*(»)};=o spread out when
k — o0”’. We recall here its definition and a characterization in cohomological
terms that will be used later. For more details we refer to [KH95]. For any
n € Z, consider the metric

dyn(x, y) == max{d(g"(x),¢"(») [0 <k <n—1}.
The entropy of g is then defined as ([KH95], Page 108, formula (3.1.10)):

h(g) = lim limsup &3 &)

e=0 pooo n

Here S(g, ¢, n) is the minimal number of e-balls, with respect to d, ,,, that cover X.
It is shown that i(g) does not depend on the choice of the distance d giving
the same topology on X (see e.g. [KH95], Page 109, Proposition 3.1.2). From
this definition it is easy to grasp the meaning of the entropy. However, for our
computations, the following fundamental theorem, due to Gromov-Yomdin-
Friedland ([Fr95], Theorem 2.1), will be more convenient:

THEOREM 2.1. Let X be a compact Kdihler manifold of dimension n and let
g: X — X be a holomorphic surjective map. Then

ész(Xl)).

h(g) = logp(g*
k=0

Here p(g* |D,_, H* (X, Z)) is the spectral radius of the action of g* on the total
cohomology ring of even degree. In particular, h(g) is the logarithm of an algebraic
integer.

We refer to [Zh09] for some results about the role of the topological entropy in
the classification of higher dimensional varieties.

(ii) Salem polynomials and Salem numbers.

DEFINITION 2.2. A Salem polynomial is a monic irreducible reciprocal polyno-
mial ¢(x) in Z|x] such that

1 _ -
{xeClp(x) = 0} = {n,”,al,ab...,aﬂl,aﬂ},

where |0;| = 1 and n > 1 is real. Notice that ¢(x) is necessarily of even degree.

A Salem number is the unique real root n > 1. In other words, a Salem number
of degree 2n is a real algebraic integer n > 1 whose Galois conjugates consist of 1/n
and 2n — 2 imaginary numbers on S' = {z e C||z| = 1}.
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Let ¢,,(x) be a Salem polynomial of degree 2n. As ¢,,(x) is monic irreducible
and reciprocal, there is a unique monic irreducible polynomial r,(x) € Z[x] of
degree n such that

P (x) =x" -1, (x—l—%).

We call this polynomial r,(x) the Salem trace polynomial of ¢,,(x). If

1 - 1
”5_55i75i:_ (1S1Sn—1)
n

i
are the roots of ¢,,(x) = 0, then the roots of r,(x) = 0 are:

1 _
—=0+0 (Il<i<n-1).

1
+-,0i+
1 n Ji

(iif) Coxeter element. By E,(—1) we denote the lattice represented by the Dynkin
diagram with n vertices s, (0 < k < n — 1) of self-intersection —2 such that n — 1
vertices s1, 52, - . ., 5,1 form a Dynkin diagram of type 4,,_;(—1) in this order and
the remaining vertex sp joins only to the vertex s3 by a simple line, as shown in
Figure 1.

Figure 1. The E,(—1) diagram.

The lattice E,(—1) is of signature (1,n — 1), when n > 10.
Let W(E,(—1)) be the Weyl group of E,(—1), i.e., the subgroup of O(E,(—1))
generated by the reflections

ri(x) = x + (X, Sk)Sk-

The Weyl group W(E,(—1)) has a special conjugacy class called the Coxeter
class. Tt is the conjugacy class of the product (in any order in our case) of the

reflections
n—1
Wy 1= H Ik
k=0
The following theorem follows from either [BK09], Theorem 3.3 or [GMHO09],
Theorem 1.1, Corollary 1.2. We follow the notation of [GMHO09]:

THEOREM 2.3. Let E,(x) be the characteristic polynomial of the Coxeter element
wy. Then, for n > 10,
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where C,(x) is the product of cyclotomic polynomials and ¢(x) is a Salem polyno-
mial. Moreover, C,(x) = Cy,(x) if n = m mod 360.

By [GMHO09], Corollary 4.3, we have
(2.0.1) E(x)(x=1)=x"2(x* = x = 1)+ (x> +x* - 1),

hence the formula in Theorem 2.3 can be used to determine both C,(x) and ¢(x).
The following example, for n = 19, will be used only in Section 4:

ExXAMPLE 2.4.
Ep(x)=(x+ 1)(x4 +xX 4+ x4+ x+ 1)p4(x).

Here ¢,,(x) is a Salem polynomial of degree 14:

14 13

Pra(x) = x1 = xB — X x10 57

4

+xt X —x+ 1.

(iv) Siegel disks and arithmetic Siegel disks.

DEFINITION 2.5. (1) Let A" be an n-dimensional unit disk with linear coordinates

(z1,22,. .-, Zn).

A linear automorphism (written under the coordinate action)

f‘*(ZhZZv" '7Zn) - (p1215p2227' "apnzn)

is called an irrational rotation if

il =1pal = =lpal = 1,
and py, pa, . . ., p, are multiplicatively independent, i.e.
(my,my,...,my,) =(0,0,...,0)

is the only integer solution to

my _nmy

P1 P

cppt =

(2) Let X be a complex manifold of dimension n and let g be an automorphism
of X. A domain U < X is called a Siegel disk of (X,g) if g(U) = U and (U,g| U)
is isomorphic to some irrational rotation (A", f'). In other words, g has a Siegel disk
if and only if there is a fixed point P at which g is locally analytically linearized as
in the form of an irrational rotation. We call the Siegel disk arithmetic if in addition
all p; are algebraic integers.

The first examples of surface automorphisms with Siegel disks were discovered
by McMullen ([Mc02], Theorem 1.1) within K3 surfaces. See also [Ogl0], Theo-
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rem 1.1 for a similar example. The resultant K3 surfaces X are necessarily of
algebraic dimension 0 ([Mc02], Theorem 3.5, see also [Og08], Theorem 2.4).
Later, McMullen ([Mc07], Theorem 10.1) found rational surface automorphisms
with arithmetic Siegel disks.

(V) McMullen’s pair. Let S be the blowup of P? at n distinct points. Then,
H?(S,7) is isomorphic to the odd unimodular lattice of signature (1,7). The
orthogonal complement (—Kg)~ is then isomorphic to E,(—1) and Aut(S) natu-
rally acts on E,(—1) (under a fixed marking). As a part of more general results,
McMullen proves the following theorem (See [Mc07], Theorem 10.1, see also
Theorem 10.3, proof of Theorem 10.4 and the formula 9.1):

THEOREM 2.6. Let n be a sufficiently large integer such that n = 1 mod 6. Then,
for each such n, there are a rational surface S = S(n) which is the blow up of P* at
n distinct points and an automorphism F = F (n) such that:

1. The characteristic polynomial of F* | H*(S,Z) is
En(X)(X - 1) = (X - l)Cn(X)(p(.X)

where E,(x) is the characteristic polynomial of the Coxeter element of E,(—1),
C,(x) is the product of cyclotomic polynomials and ¢(x) is a Salem polynomial.
2. The fixed point set ST consists of exactly 2 points, say, P and Q. Moreover, F
has a Siegel disk at Q but F has no Siegel disk at P (in fact the eigenvalues of
F*|Tg p are not multiplicatively independent).
3. Let

F(z1,72) = (a(n)z1, f(n)z2)

be the locally analytic linearization of F at Q. So, a(n) and f(n) are multiplica-
tively independent and of absolute value 1. Then, there is a root 6(n) of p(x) =0
of absolute value 1 such that o(n) and p(n) satisfy

a(n)  f(n) _ Sn)(1+0(n))>

a(n)  (148(n)+6(n)*)?

_|_

In particular, fx(n)2 and B(n)* are the roots of the quadratic equation of the form
x* +a(d(n))x +(n)> = 0

where a(x) € Q(x).
4. There are another root 5'(n) of ¢(x) = 0 of absolute value 1 and complex num-
bers o/ (n), p'(n) such that

|
o' (n) +ﬁ/(n) _ d(m( +6'(n))?
B'(n)  a'(n)  (146'(n)+0'(n)?)>
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. 2 2 . :
In particular, o' (n)” and B'(n)” are the roots of the quadratic equation
2
X2+ a(d'(n))x +6'(n)> = 0.

We call any pair (S, F) as in Theorem 2.6 a McMullen’s pair. Notice that, by
Theorem 2.6 (1), any McMullen’s pair is of positive entropy.

In the next proposition we slightly improve the previous result by showing
that the Siegel disk of F at Q is arithmetic. This is only needed in Section 4.

ProproOSITION 2.7. Let o(n) and f(n) be as in Theorem 2.6. Then a(n), f(n),
oc(n)_1 and b’(n)_1 are algebraic integers.

PROOF. Set o := a(n), := f(n) and 6 := d(n). We first prove the Proposition for
o and f.

From the previous Theorem 2.6 (3), we know that & = off is an algebraic inte-
ger, therefore it is enough to show that o + £ is so. From the equation:

@+p)?  0(1+0)°
B (1464627

we have that

o(1+9)
th=t——,
*+h 140407

hence we only need to prove that ﬁ is an algebraic integer. We use now

formula (2.0.1) for the characteristic polynomial E,(x) of the Coxeter element w,,.
Since n = 6k + 1, it readily follows from (2.0.1) that there exists A4(x) € Z[x| such
that

(2.0.2) E,(x)(x—1) = (x> +x+ 1)A(x) — (x + 2).
Since E,(0) = 0, we have:

AQ) 1
O+2 O 4o+1

(2.0.3)

On the other hand, we can write

() _
512~ B0

A(=2)

+ PR for some B(x) € Z[x].

Hence, it is enough to prove that Ad(+—22) is an algebraic integer. From (2.0.2) it

follows that E,(—2) = —A(—2), therefore, there exists C(x) € Z[x] such that

En(x) = (x+2)C(x) — A(-2).
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We conclude that

which is an algebraic integer, thus o + £ is an algebraic integer.
The statement for o~! and f~! follows as before by replacing F with F~! in

Theorem 2.6 and from the fact that 1+51+52 is an algebraic number. |

3. AUTOMORPHISMS OF HIGHER DIMENSIONAL MANIFOLDS OF POSITIVE
ENTROPY WITH SIEGEL DISKS

In this section we construct automorphisms of higher dimensional projective
rational manifolds of positive entropy with Siegel disks. Thus proving Theorem
1.1 (1-1), (2-1) and (3-1). To complete the proof of Theorem 1.1 we need to show
that our construction yields arithmetic Siegel disks. This follows from Theorem
4.2 which is stated and proved in Section 4.

3.1. Proof of Theorem 1.1.1. Let (S, F) be a McMullen’s pair as defined in Sec-
tion 2. Letae S' = {ze C||z| =1} and let £, : P! — P!, £,(y) = ay. Consider
X :=SxPland g:=(F, f,) e Aut(X).

The topological entropy of g coincides with that of F, as it is possible to de-
form continuously g to (F,idp1) and h(g) is determined by its representation on
H*(X,Z) by Theorem 2.1 (see also Proposition 3.2 below). Therefore Theorem
2.6 implies that (1-i) of Theorem 1.1 holds for the pair (X, g).

The fixed point set of g is {P, Q} x {0, co}. Since the eigenvalues of the lin-
earization of F at P are not multiplicatively independent, g has neither a Siegel
disk at (P,0) nor at (P, o), for any a € S'. On the other hand, for a generic
choice of a € S!, g will have two Siegel disks, one at (Q,0) and another at
(Q, 0). Indeed the set of a € S! such that the sequence (, 8, @) is not multiplica-
tively independent is countable, where o and £ are as in Theorem 2.6.

To complete the proof of (1-ii) it remains to show that it is possible to choose
a € S! such that these two Siegel disks are arithmetic. This fact relies on Theorem
4.2 which roughly speaking states that, it is always possible to extend any
sequence of multiplicatively independent algebraic integers of absolute value 1
to a strictly bigger sequence satisfying the same properties. The statement and
the proof of this result is postponed in Section 4. This concludes the proof of
Theorem 1.1.1.

3.2. Proof of Theorem 1.1.2. The previous construction can be extended to
any dimension by replacing P' with P¢ and by taking automorphisms f, €
Aut(PY) of the form fi(y1,y2,..., Var1) = (@r1y1,a292, ..., das1Va+1), where
a:=(ay,...,az11) € (SH"™. Let g:= (F, f,) € Aut(S x P?). The topological
entropy of ¢ satisfies i(g) = h(F) for the same reasons of the case d = 1 (see also
Proposition 3.2 below), moreover, for a generic choice of a € (S1)/*!, g will have
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d + 1 Siegel disks. The fact that it is possible to choose such an a € (S 1)‘”rl o)
that these Siegel disks are arithmetic is a direct consequence of Theorem 4.2 of
Section 4.

Let now n >4, and let N > 3. In order to construct examples of automor-
phisms of smooth rational varieties of a given dimension n with at least N Siegel
disks, we replace in the previous construction P¢ with a smooth projective toric
variety of dimension d = n — 2 and we use the automorphisms that are induced
by the action of the torus. In the remaining part of this subsection we prove that
this method works in this more general situation.

We recall that to any complete fan A in a lattice L of rank d we can associate
a d-dimensional complete toric variety Ya. The group (C*)d acts on Y, and the
morphism (C*)? — Aut(Y,) induced by this action is injective. We will denote
by f, the automorphism of Y, associated in this way to an element

a:=(ay,a,...,aq) € ((D*)d.

The results about toric varieties that will be used here can be found in [Oda8§]
or [CK99]. We will also denote YA simply by Y when there is no danger of
confusion.

Toric manifolds are always rational and they provide several interesting exam-
ples of rational manifolds. However, the following proposition (which is also
used in the proof of Theorem 1.1) shows that they never admit automorphisms
of positive entropy.

PROPOSITION 3.1. Let Y be a non-singular projective toric variety. Then, for any
f e Aut(Y) we have: h(f) = 0.

PrOOF. Recall that the cone NE(Y) of numerically effective curves of Y is
finite, rational and polyhedral (see e.g. [Oda88], Page 107, Proposition 2.26).
Thus, the nef cone A(Y) = H?(Y,R) is also finite, rational and polyhedral, as it
is the dual cone of NE(Y). Moreover the ample cone A(Y) is open in 4(Y) by
Kleiman’s criterion.

Let f € Aut(Y) and let f*: H*(Y,Z) — H*(Y,Z) be the induced map. Let
L; (1 <i < /) be the 1-dimensional edges of 4(Y) and v; be the primitive vector
of L;. Since (f*)/! is the identity on {L;,...,L,} it follows that (f*)ﬂ(v,-) =
(1<i</?). As A(Y) is open in H?*(Y,R) (because h>°(Y)=h"2(Y)=0),
(/*)"" must be the identity on H2(Y,R), therefore p(f* | H*(Y,Z)) = 1. It fol-
lows from [DS04] Corollaire (2.2) that A(f) = 0. O

PROPOSITION 3.2. Let Y be a non-singular projective toric variety, f € Aut(Y)
and F € Aut(S) be an automorphism of a compact Kéhler manifold S. Let

g:=(F,f) e Aut(S x Y).

Then h(g) = h(F). In particular, g is of positive entropy if and only if so is F.
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PROOF. Recall that H/(Y,Z) =0 for i odd by Jurkiewicz-Danilov’s Theorem
(see e.g. [Oda88], Page 134). Then, by Kiinneth formula:

k
H*(Sx Y,0) =@ HY(S,0) ® H*(v,0Q).
/=0

Here g* = F* ® f* on each direct summand. By Proposition 3.1, we have that
h(f) = 0. Thus, the eigenvalues of f* on H*~%/(Y,Q) are of absolute value 1.
In fact, letting & be the eigenvalues of f*| H*~%*(Y,Q) counted with multi-
plicities, then |g| <1, Vi. But detf*=+1 as f* is an automorphism of
HY=%(Y,7), so

=1

[«
i

hence |¢;| = 1, Vi. Thus
plg" | H (S, @) ® H* (Y, Q)) = p(F* | HY (S, Q)).
From this follows the result. O
Let now Y be a smooth projective toric variety associated to the fan A with
d-dimensional cones ay,...,0,, v> N. Notice that such a variety always exists

for d > 2. Then Y = J,_, U,, where U, := Spec C[g, N M]. As we assume Y to
be non-singular, each Clo, N M] can be written as

Clo, " M] = Cckin) Kol o K] c M) = ClxH x5 x

and U, =~ AY with the coordinates (x%(?)). Here we use multi-index notation,
namely

Ki(p) = (kii(p), kia(p),- - - kia(p)) € Z°

and
Ki(p) _ ku(p)  ka(p) kia(p)
xKilp) = ) Jetp) ),
For a:= (a),a,...,aq) € (S") consider the corresponding automorphism f, €

Aut(Y). Each U, is invariant under f, and the action of f, on U, is given as fol-
lows (we use again multi-index notation)

(3.0.4) f*(xKl (11)7 sz(p)’ o 7de(p))

a
= (a (P)x K1 ()| o Ko () Ko () 7aK4(p)de(p>)_

P

We have the following
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LEMMA 3.3. If a= (ai,as,...,a4) € (Sl)d is multiplicatively independent, then
fa € Aut(Y) has exactly v fixed points on Y.

PROOF. The set of d-dimensional cones {a;};_, bijectively corresponds to the set
of 0-dimensional orbits of (C*)¢ (each of which is clearly one point), say

Ql?"'an

(see e.g. [Oda88] Page 10, Proposition 1.6). As f, € Aut(Y) is associated to
ae (S 1)d, it follows that f,(Q,) = Q,, therefore f, has at least v fixed points.
On the other hand, as « is multiplicatively independent, f, has exactly one
fixed point on each U, (1 < p <v), namely the point with coordinates x%(?) = 0,
Vi (see formula (3.0.4)). Hence f, has exactly v fixed points Qy, ..., O,. O

Let now (S, F) be a McMullen’s pair. Recall that ST, the set of fixed points
of F, consists of two points P, Q and that F' admits a Siegel disk only at Q. This
means that there are analytic coordinates (z;,z;) at Q such that

F*(thz) = (O(Zl,ﬁZZ)y

where (a,f) € (S 1)2 is a multiplicatively independent sequence. Now we extend
this sequence to a multiplicatively independent sequence

(o, B, a1, as, ... aq) € (T2
(see the proof of Theorem 1.1.1). Set
g:=(F,f,) e Aut(S x Y).
It follows from Lemma 3.3 that g has exactly 2v fixed points

(Pv Ql)?'-'v(P> Qv)a (Qv Ql)v"'v(Qv Qv)

However, the first v of these have no Siegel disk. Let us show that g has a Siegel
disk at each of the last v points, namely

(Q7 Ql)v ) (Q7 Qv)

Using the same notation as in Formula (3.0.4), we have local coordinates
()L, == (xK)? at Q, € Y such that

K>(p)

Lr 1 v, va) = (@ WPyy a® WPy o aKaply,).

So, with local coordinates (z1,z2, y1, ¥2,..., y4) on S x Y, the action of (F, f,) at
(0, Q) is linearized as

9 (21,22, Y15, V255 V) = (O‘ZhﬁzzvaK‘(p)ylvﬂKZ(myz, e 7aKd(p)yd)~
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It remains to prove that
o, f, aKl(/’>’ aKz(P)’ . aXa(p)
form a multiplicatively independent sequence. For this we take
(/1,/2, riyra, ... ,Vd) € Zd+2
such that
(3.0.5) R R M A N R K B

If (r,r2,...,r4) = (0,0,...,0), then /4 =7/ =0 since (a,f) is multiplicatively
independent. Therefore we can assume (ry,72,...,r4) # (0,0,...,0). Then

plaay .. al =1,

where
ku(p) ki(p) -+ kia(p)
B ka(p)  kn(p) -+ kaa(p)
(51,82, 58a) = (s r2,eeyra) - f 7700
ka(p) ka(p) -+ ka(p)

Since Y is complete and non-singular, the primitive vectors of the 1-dimensional
rays of g, form a Z-basis of the lattice L =~ Z¢ (see e.g. [0da88] Page 15, Theo-
rem 1.10). Thus the row vectors of the previous matrix, which generate the dual

cone g = Mg, form a Z-basis of M as well. We conclude that (s1,s2,...,54) #
(0,0,...,0) and hence we get a contradiction since the sequence
o, f,ay,a, ... ay

is multiplicative independent by construction.

We have proved that for X := S x Y and g := (F, f), witha € (Sl)d generic,
the topological entropy of ¢ is positive (Proposition 3.2) and that ¢ has exactly
v > N Siegel disks. To complete the proof of Theorem 1.1.2 we need to show
that a € (Sl)d can be chosen such that its components «; are algebraic integers
of absolute value 1 and the sequence («, 5, a1, ..., a,) is multiplicatively indepen-
dent. This follows from Theorem 4.2 and hence Theorem 1.1.2 is proved.

3.3. Proof of Theorem 1.1.3. Let d = n/2 and let
(3.0.6) (S1,F1),...,(Sq, Fg)
be a sequence of McMullen’s pairs. Set

g = (Flv"'aFd)eAUt(Sl X”'XSd)'
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As in the proof of Proposition 3.2, by Kiinneth decomposition, we obtain that
h(g) = h(Fy) + h(F>) + -+ + h(Fy) > 0.

Hence (3-1) of Theorem 1.1 is verified for the pair (X, g).
The fixed point set of ¢ is

(Sl X -ee X Sd)gz {RZ (R],...,Rd)|R,' € {P,’,Q,‘},l Siﬁd}.
By construction, we have a Siegel disk at

(Q]7Q2>"'7Qd)

but, if R; = P; for some i, then we have no Siegel disk at R by Theorem 2.6(3).
Therefore g has only one Siegel disk. Moreover, from Proposition 2.7 and from
the proof of Theorem 4.2 (of Section 4), it follows that we can choose the
pairs (S;, F;) in (3.0.6) such that the eigenvalues of the linearization of g at
(01,0, ...,0Q,) are multiplicatively independent algebraic integers of absolute
value 1. This completes the proof of Theorem 1.1.3.

4. SALEM POLYNOMIALS AND MULTIPLICATIVELY INDEPENDENT SEQUENCES

In this section we introduce the notion of ““‘multiplicatively independent sequence
of algebraic integers on the unit circle (MAU) of length 2m” and show its exis-
tence for any m > 0. The existence of a MAU is crucial in our product construc-
tion.

DEFINITION 4.1. Let

O‘lvﬁla s 7amvﬁm

be a sequence of complex numbers of length 2m. We call this sequence a “multipli-
catively independent sequence of algebraic integers on the unit circle of length 2m”
(MAU of length 2m for short) if the following (1), (i) and (iii) are satisfied.

(1) oy, B; (1 <1< m) are algebraic integers;
(i) oy, B; (1 <i < m) are of absolute value 1, i.e., they are on the unit circle; and
(ii1) (o, By -+ o, B,y) is multiplicatively independent.

By abuse of language, we call the following subsequence of a MAU of length 2m,
O‘lvﬁl)’ .. 7am717ﬁmfla O
a MAU of length 2m — 1.

THEOREM 4.2. Any MAU of length 2m can be extended to a MAU of length
2(m+ 1). In particular, there is an infinite sequence

(407) al?ﬁlv'"7am7ﬂm>am+l7ﬂm+la"‘

such that for any given integer n > 0, the first n terms of this sequence form a MAU
of length n.
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REMARK 4.3. In the proof, we shall give an explicit construction of the sequence
(4.0.7). This explicit construction is essential in our proof of Theorem 1.1. In fact
in our construction of the sequence (4.0.7) there is a McMullen’s pair (S,,,, F},,) for
each m such that (S,,,)F’" = {Py, O} and F,, has an arithmetic Siegel disk at Q,,
with

Fr:(zl ) 22) = (amzl,ﬁmz2),

for appropriate local coordinates (zj, z2) at Q,, (but no Siegel disk at P,,).

PrOOF. We construct o,,, 5, inductively.
For each positive integer k, we set

n(k) := 360k + 19, d(k):= 180k + 7.
Then n(k) = 1 mod 6. Note that 180 and 7 are coprime, hence by Dirichlet’s

Theorem (see e.g. [Se73], Page 25, Lemma 3) there are infinitely many prime
numbers in the sequence

First we construct a MAU o, 8, of length 2. Choose a sufficiently large prime
number p; = d (k) and set n; := n(k;). Asn; = 1 mod 6 and #n; is also sufficiently
large, we can apply Theorem 2.6 for this n;. Hence we obtain a McMullen’s pair

(S1, 1) := (S(m), F(n))
with a Siegel disk at Q; such that
(F1)"(z1,22) = (1) z1, B(n1)22)

at Q;. This Siegel disk is arithmetic by Proposition 2.7. Here and hereafter, to
describe McMullen’s pairs, we adopt the same notation as in Theorem 2.6. Set

o :=oa(n), f;:=pm).

Then, o and f; form a MAU of length 2.
Next, assuming that we have constructed a MAU of length 2m

alvﬁla-“a‘xmvﬂm)

we shall extend this sequence to a MAU of length 2(m + 1).
Let us consider the field extension

K = @(a17ﬂ17 cee 7O(mvﬁm)'
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We put / := [K : Q]. Then, choose sufficiently large k such that g :=d(k) is a
prime number with ¢ > 7. Set n := n(k). As n = 1 mod 6, we can apply Theorem
2.6 for this n. Then, we obtain a McMullen’s pair (S(n), F(n)) with important
values 6(n), a(n), B(n), 8'(n), o' (n), B’ (n) and the Salem polynomial ¢(x) as de-
scribed in Theorem 2.6. We set:

d:=9(n), 9 :=0d"(n), o:=an), B:=pmn), o«:=d0), p=pH).
We shall show that

(4.0.8) ALy Py ey Oy Pogs &

is a MAU of length 2(m + 1). We then define «,,41 := « and f,,,; := f, and con-
tinue in this way.

By the assumption (on the first 2m terms) and by Theorem 2.6(3) and Propo-
sition 2.7, we already know that each term of (4.0.8) is an algebraic integer of
absolute value 1. Thus, it suffices to show that they are multiplicatively indepen-
dent. We shall prove this from now.

First we compute the degree of the Salem polynomial ¢(x) and its Salem trace
polynomial r(x). Since

n = 360k + 19 = 19 mod 360,

we have C,(x) = Cjg(x) in Theorem 2.6(1) (cf. Theorem 2.3). On the other hand,
by Example 2.4, we have deg Cjo(x) = 5. Thus

deg p(x) = 360k + 19 — 5 = 360k + 14.

Hence

degr(x) = deg;’ ™) 180k +7 = d(k) = g

As r(x) is irreducible over Z, it follows that

{@(ﬂé) :@} —q

As g >/ and ¢ is a prime number, we have then that

{K(ﬂ%) :K} —q

So, r(x) is also irreducible over K. Let L be the Galois closure of K 6+ %) in the
algebraic closure K. As

1, 1 1
54—5,5 +y,77+5
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are roots of r(x) = 0, there are ¢ € Gal(L/K) and 7 € Gal(L/K) such that

a(5+é):5’+§, f(5+%)—n+%.

Here 7 is the Salem number of ¢(x). Extending ¢ and 7 to Gal(K/K), we have

5(0) =5 or o(d) % 5
1
0)=n or 1(6)=-.
n
Let
(409) a{lﬁ{{ Lo mﬁkm r»1+lﬁkm+1 — 1

where /;, m; are integers. Transforming (4.0.9) by & (and switching o’ and p’ if
necessary), we obtain either

By B () () = 21 or

aflﬂ{( . Cx - k,,,(a ) m+l (F) m+1 +1

Here we use Theorem 2.6(3) and (4). In the first case, taking (the square of) the
norm, we get

1 = |(a/)2/m+1 (ﬁ/)zkm+1| _ |(a//ﬁ/)/m+1fkm+1 (a/ﬁ/)/m+1+km+1| _ |ocl/ﬂ/|/”’“7k’”“,

Here we use |o/f'| = [0'| = 1 (Theorem 2.6(4)). As |o//B’| # 1 (Theorem 2.6(4)),
it follows that

/erl - km+l = 0.

For the same reason, this is true also for the second case. Substituting this into
(4.0.9), and using off = 6, we obtain

/ k /Wl kl” km —
oy Byt o ot = 1.
Transforming this equality by 7, we get either

km 1
Oclflﬂ{( o mﬁkm Kms1 1 or ﬁkl /mﬁkm (7) * — 1

Taking the norm, we get

nan»l — 1
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As i > 1, this implies k1 = 0. Thus

/erl = km+l =0.

Substituting this into (4.0.9), we obtain

ocf‘/?{“ ol ,/;’” =1
As oy, B,y 0m, B, 1s @ MAU of length 2m, it follows that
/1 :kl = =tm= mZO-
This completes the proof. |
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