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Partial Di¤erential Equations — A semilinear problem with a W 1;1
0 solution, by

Lucio Boccardo, Gisella Croce and Luigi Orsina.

Abstract. — We study a degenerate elliptic equation, proving the existence of a W
1; 1
0 distribu-

tional solution.
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In the study of elliptic problems, it is quite standard to find solutions belonging
either to BVðWÞ or to W 1; sðWÞ, with s > 1. In this paper we prove the existence
of a W

1;1
0 distributional solution for the following boundary value problem:

�div
� aðxÞ‘u
ð1þ bðxÞjujÞ2

�
þ u ¼ f in W;

u ¼ 0 on qW:

8><
>:ð1Þ

Here W is a bounded, open subset of RN , with N > 2, aðxÞ, bðxÞ are measurable
functions such that

0 < aa aðxÞa b; 0a bðxÞaB;ð2Þ

with a; b a Rþ, B a R and

f ðxÞ belongs to L2ðWÞ:ð3Þ

We are going to prove that problem (1) has a distributional solution u belonging

to the non-reflexive Sobolev space W 1;1
0 ðWÞ.

Problems like (1) have been extensively studied in the past. In [4], existence
and regularity results were obtained for

�div
� aðxÞ‘u
ð1þ jujÞy

�
¼ f in W;

u ¼ 0 on qW;

8><
>:ð4Þ

where 0 < ya 1 and f belongs to LmðWÞ for some mb 1. A whole range of
existence results was proved, yielding solutions belonging to some Sobolev space
W

1;q
0 ðWÞ, with q ¼ qð2;mÞa 2 or entropy solutions. In the case where y > 1 a

non-existence result for constant sources has been proved in [1].



As pointed out in [2], existence of solutions can be recovered for any value of
y > 0, by adding a lower order term of order zero. If we consider the problem

�div
� aðxÞ‘u
ð1þ jujÞ2

�
þ u ¼ f in W;

u ¼ 0 on qW;

8><
>:ð5Þ

with f in LmðWÞ, then the following results can be proved (see [2] and [5]):

i) if 2 < m < 4, then there exists a distributional solution in W
1;2m=mþ2
0 ðWÞB

LmðWÞ;
ii) if 1ama 2, then there exists an entropy solution in LmðWÞ whose gradient

belongs to the Marcinkiewicz space Mm=2ðWÞ.

In this paper we deal with the borderline case m ¼ 2, improving the above
results as follows.

Theorem 1. Assume (2) and (3). Then there exists a distributional solution
u a W

1;1
0 ðWÞBL2ðWÞ to problem (1), in the sense that

Z
W

aðxÞ‘u � ‘j
ð1þ bðxÞjujÞ2

þ
Z
W

uj ¼
Z
W

f j;

for all j a W
1;l
0 ðWÞ.

Remark 2. If the operator is nonlinear with respect to the gradient, existence of
distributional solutions are studied in [3].

Proof of Theorem 1.

Step 1. We begin by approximating our boundary value problem (1) and we
consider a sequence f fng of LlðWÞ functions such that fn strongly converges to f
in L2ðWÞ, and j fnja j f j for every n in N. The same technique of [2] assures the
existence of a solution un in H 1

0 ðWÞBLlðWÞ of

�div
� aðxÞ‘un
ð1þ bðxÞjunjÞ2

�
þ un ¼ fn in W;

un ¼ 0 on qW:

8><
>:ð6Þ

Indeed, let Mn ¼ k fnkLlðWÞ þ 1, and consider the problem

�div
� aðxÞ‘w
ð1þ bðxÞjTMn

ðwÞjÞ2
�
þ w ¼ fn in W;

w ¼ 0 on qW;

8><
>:ð7Þ

where TkðsÞ ¼ maxð�k;minðs; kÞÞ for kb 0 and s in R. The existence of a
weak solution w in H 1

0 ðWÞ of (7) follows from Schauder’s theorem. Choosing
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ðjwj � k fnkLlðWÞÞþ sgnðwÞ as a test function we obtain, dropping the nonnegative
first term, Z

W

jwjðjwj � k fnkLlðWÞÞþ a

Z
W

k fnkLlðWÞðjwj � k fnkLlðWÞÞþ:

Thus, Z
W

ðjwj � k fnkLlðWÞÞðjwj � k fnkLlðWÞÞþ a 0;

so that jwja k fnkLlðWÞ < Mn. Therefore, TMn
ðwÞ ¼ w, and w is a bounded weak

solution of (6).
Step 2. We prove some a priori estimates on the sequence fung. Let kb 0,

i > 0, and let ci;kðsÞ be the function defined by

ci;kðsÞ ¼

0 if 0a sa k;

iðs� kÞ if k < sa k þ 1
i
;

1 if s > k þ 1
i
;

ci;kðsÞ ¼ �ci;kð�sÞ if s < 0:

8>>><
>>>:

Note that

lim
i!þl

ci;kðsÞ ¼
1 if s > k;

0 if jsja k;

�1 if s < �k:

8<
:

We choose junjci;kðunÞ as a test function in (6), and we obtain

Z
W

aðxÞj‘unj2

ð1þ bðxÞjunjÞ2
jci;kðunÞj þ

Z
W

aðxÞj‘unj2

ð1þ bðxÞjunjÞ2
c 0
i;kðunÞjunj þ

Z
W

unjunjci;kðunÞ

¼
Z
W

fnjunjci;kðunÞ:

Since c 0
i;kðsÞb 0, we can drop the second term; using (2), and the assumption

j fnja j f j, we have

a

Z
W

j‘unj2

ð1þ bðxÞjunjÞ2
jci;kðunÞj þ

Z
W

unjunjci;kðunÞa
Z
W

j f j junj jci;kðunÞj:

Letting i tend to infinity, we thus obtain, by Fatou’s lemma (on the left hand
side) and by Lebesgue’s theorem (on the right hand side, recall that un belongs
to LlðWÞ),

a

Z
fjunjbkg

j‘unj2

ð1þ bðxÞjunjÞ2
þ
Z
fjunjbkg

junj2 a
Z
fjunjbkg

j f j junj:ð8Þ
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Dropping the nonnegative first term in (8) and using Hölder’s inequality on the
right hand side, we obtain

Z
fjunjbkg

junj2 a
Z
fjunjbkg

j f j2
" #1=2 Z

fjunjbkg
junj2

" #1=2
:

Simplifying equal terms we thus have

Z
fjunjbkg

junj2 a
Z
fjunjbkg

j f j2:ð9Þ

For k ¼ 0, (9) gives Z
W

junj2 a
Z
W

j f j2;ð10Þ

so that fung is bounded in L2ðWÞ. This fact implies in particular that

lim
k!þl

measðfjunjb kgÞ ¼ 0; uniformly with respect to n:ð11Þ

From (8), written for k ¼ 0, dropping the nonnegative second term and using
that bðxÞaB, we have

a

Z
W

j‘unj2

ð1þ BjunjÞ2
a

Z
W

j f j junj:

Hölder’s inequality on the right hand side then gives

a

Z
W

j‘unj2

ð1þ BjunjÞ2
a

Z
W

j f j2
� �1=2 Z

W

junj2
� �1=2

;

so that, by (10), we infer that

a

Z
W

j‘unj2

ð1þ BjunjÞ2
a

Z
W

j f j2:ð12Þ

Step 3. We prove that, up to subsequences, the sequence fung strongly con-
verges in L2ðWÞ to some function u.

From (12) we deduce that vn ¼ logð1þ BjunjÞ sgnðunÞ is bounded in H 1
0 ðWÞ.

Therefore, up to subsequences, it converges to some function v weakly in H 1
0 ðWÞ,

strongly in L2ðWÞ, and almost everywhere in W. If we define u ¼ e jvj�1
B

sgnðvÞ,
then un converges almost everywhere to u in W. Let now E be a measurable subset
of W; then
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Z
E

junj2 a
Z
EBfjunjbkg

junj2 þ
Z
EBfjunj<kg

junj2

a

Z
fjunjbkg

j f j2 þ k2 measðEÞ;

where we have used (9) in the last passage. Thanks to (11), we may choose k
large enough so that the first integral is small, uniformly with respect to n;
once k is chosen, we may choose the measure of E small enough such that the
second term is small. Thus, the sequence fu2ng is equiintegrable and so, by Vitali’s
theorem, un strongly converges to u in L2ðWÞ.

Step 4. We prove that, up to subsequences, the sequence fung weakly con-
verges to u in W 1;1

0 ðWÞ.
Let again E be a measurable subset of W, and let i be in f1; . . . ;Ng. ThenZ

E

jqiunja
Z
E

j‘unj ¼
Z
E

j‘unj
1þ Bjunj

ð1þ BjunjÞ

a

Z
E

j‘unj2

ð1þ BjunjÞ2

" #1=2 Z
E

ð1þ BjunjÞ2
� �1=2

a
1

a

Z
W

j f j2
� �1=2

2measðEÞ þ 2B2

Z
E

junj2
� �1=2

;

where we have used (12) in the last passage. Since the sequence fung is compact
in L2ðWÞ, we have that the sequence fqiung is equiintegrable. Thus, by Dunford-
Pettis theorem, and up to subsequences, there exists Yi in L1ðWÞ such that qiun
weakly converges to Yi in L1ðWÞ. Since qiun is the distributional derivative of un,
we have, for every n in N,Z

W

qiunj ¼ �
Z
W

unqij; Ej a Cl
0 ðWÞ:

We now pass to the limit in the above identities, using that qiun weakly converges
to Yi in L1ðWÞ, and that un strongly converges to u in L2ðWÞ; we obtainZ

W

Yij ¼ �
Z
W

uqij; Ej a Cl
0 ðWÞ;

which implies that Yi ¼ qiu, and this result is true for every i. Since Yi belongs
to L1ðWÞ for every i, u belongs to W

1;1
0 ðWÞ, as desired.

Note now that, since s 7! logð1þ BsÞ is Lipschitz continuous on Rþ, and u
belongs to W

1;1
0 ðWÞ, by the chain rule we have

‘½logð1þ BjujÞ sgnðuÞ� ¼ ‘u

1þ Bjuj ; almost everywhere in W:
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Hence, from the weak convergence of vn to v in H 1
0 ðWÞ we deduce that

lim
n!þl

‘un

1þ Bjunj
¼ ‘u

1þ Bjuj ; weakly in ðL2ðWÞÞN :ð13Þ

Step 5. We now pass to the limit in the approximate problems (6).
Both the lower order term and the right hand side give no problems, due to

the strong convergence of un to u, and of fn to f , in L2ðWÞ.
For the operator term we can write, if j belongs to W

1;l
0 ðWÞ,

Z
W

aðxÞ‘un � ‘j
ð1þ bðxÞjunjÞ2

¼
Z
W

aðxÞ ‘un

1þ Bjunj
� ‘j 1þ Bjunj

ð1þ bðxÞjunjÞ2
:ð14Þ

In the last integral, the first term is fixed in LlðWÞ, the second is weakly con-
vergent in ðL2ðWÞÞN by (13), the third is fixed in ðLlðWÞÞN , and the fourth is
strongly convergent in L2ðWÞ, since is bounded from above by 1þ Bjunj, which
is compact in L2ðWÞ. Therefore, we can pass to the limit to have that

lim
n!þl

Z
W

aðxÞ‘un � ‘j
ð1þ bðxÞjunjÞ2

¼
Z
W

aðxÞ‘u � ‘j
ð1þ bðxÞjujÞ2

;

as desired.

Remark 3. Note that if bðxÞb b > 0 in W, then we can choose test functions j
in H 1

0 ðWÞ. Indeed,

0a
1þ Bjunj

ð1þ bðxÞjunjÞ2
a

1þ Bjunj
ð1þ bjunjÞ2

aCðB; bÞ;

for some nonnegative constant CðB; bÞ, so that we can rewrite (14) as

Z
W

aðxÞ‘un � ‘j
ð1þ bðxÞjunjÞ2

¼
Z
W

aðxÞ ‘un

1þ Bjunj
� ‘jð1þ BjunjÞ
ð1þ bðxÞjunjÞ2

;

with the first term fixed in LlðWÞ, the second weakly convergent in ðL2ðWÞÞN ,
and the third strongly convergent in the same space by Lebesgue’s theorem.
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