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ABSTRACT. — In a recent paper (R. Quintanilla, G. Saccomandi. Quarterly Applied Mathematics,
44, (2006) 547-560.) we investigated the spatial behavior of a linear equation of fourth order which
models several mechanical situations where dispersive effects are taken into account. We proved
a polynomial decay estimate for the solutions of this equation. In the present note we improve this
result and we show a Phragmén-Lindelof alternative of exponential type.
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1. INTRODUCTION AND BASIC EQUATIONS

It has been pointed out recently [1] that, on studying solitary waves propagating
on the free surface of a constant depth fluid, Boussinesq derived initially a well-
posed equation which contained a mixed fourth order derivative for the dispersion
alongside with the purely spatial fourth order derivative. Then, in an attempt to
find an analytical solution he went on to replace the time derivatives in the mixed
derivative term by purely spatial ones using the ansatz u, = —cu , which is true
for steady linear waves propagating with phase speed c. If this unnecessary ansatz
was not applied by Boussinesq the form of his celebrated equation in one spatial
dimension would it be in the linear regime

(1~1) Uy — Cé“,xx = (ﬁ]“,rt - ﬁz“,xx)_,xx,

where ﬁl,ﬁz > 0.

The equation we usually denote as the Boussinesq equation (BE) is obtained
from (1.1) considering ff; = 0 and f, < 0. This is an incorrect equation called for
this reason the bad BE. Here incorrect means that the corresponding initial-value
problem is ill-posed in the sense of Hadamard. To make the coefficient f3, positive
we need to add a sufficiently strong surface tension to the model.

On the other hand Rosenau [8] considering the long-wave-length limit of a
chain of atoms interacting nonlinearly and considering a special expansion in
the discrete-continuum approximation was able to deduce (in the linear regime)
the equation (1.1) with f, = 0 which is denoted the regularized long-wave (BE)
equation and which is correct in the sense of Hadamard. Several papers have
shown that this approach is interesting and effective to introduce mesoscopic
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informations in mathematical models of solid mechanics [2, 4], fluid mechanics [5]
and in the context of the heat conduction equation with two temperatures and
without energy dissipation [6].

For these reasons in [7], we investigated the spatial behavior of the dispersive
fourth-order linear equation

(1.2) Uy —eluy = alu.

Here ¢ and «a are two positive constants. We obtained a polynomial decay estimate
for the solutions whenever we assume the decay of solutions. Now, it is clear that
if we assume solutions of (1.2) in the form

u(x, y; t) = exp(—mx) cos(wt — ny),

(for the sake of brevity we are considering only two spatial dimensions), it is
easily checked that exponential decaying solutions are possible. In [7] the expo-
nential decay was established also for the harmonic vibration problem in a cylin-
drical domain. It is interesting therefore to improve the result in [7] about the
polynomial decay estimate for the whole class of solutions of (1.2). The aim of
the present note is exactly to show a Phragmén-Lindelof alternative of exponen-
tial type for the solutions of this equation.

In this article we use the summation and differentiation conventions. Summa-
tion over repeated indexes is assumed and differentiation in the direction xj is
denoted by , k.

As we want to study the spatial behavior, we will denote by R the cylinder
(0, 00) x D, where D is a two dimensional bounded domain such that the bound-
ary 0D is smooth enough to apply the divergence theorem. Let D(z) be the cross
section of the points in R such that x; = z, and let R(z) be the points of the cyl-
inder such that x; > z. By R(zy,z), we denote the points in R such that the first
component is greater than zy and lower than z. The equations we study here are
determined on the semi-infinite cylinder R. u is constrained to be zero on the lat-
eral sides of the cylinder. Thus, we add to our equation the following conditions

(1.3) u=0, xe[0,00)xdD.

Moreover, we impose boundary conditions on the finite end of the cylinder. Thus,
we take as assumptions

(1.4) u(0,x7,x3,1) = f(x2,x3,1), (x2,x3) € D.

To have a well determined problem we need to impose initial conditions. Here,
we assume null initial conditions. Thus

(1.5) u(x,0) =u,x,0) =0, xeR.

2. PHRAGMEN-LINDELOF ALTERNATIVE

In this Section we study the spatial asymptotic behavior of the solutions of the
problem determined by equation, boundary conditions, and initial conditions
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proposed previously. In fact, we are going to prove that either the measure on the
solutions

t 1 2 2e 2
2.1) // <[|Vu| +a i+ 2|
0 JR(0,z) a

2
+ % (Auﬁs)2 + e(Au)ﬂ) dvds, z>0,

grows in a exponential way or the function

(2.2) 8(z,1) = // <[|Vu| ta + %\sz

2
+ % (Auy)? + S(Au)z] ) dv ds,

decays in a exponential way.
Our analysis starts noting that the following relations

1d
(2.3) () ;=5 (Vul” 0 g = ebuy)” + e(Lu)’),
(2.4) (tti) ;= |Vug)* +u oy,

are satisfied for every solution of the equation (1.2).
We consider the function

t
(2.5) D(z,1) = —/ / ((t — S)u U +Eu,su,51) da ds.
0 JD(z) a

Using the divergence theorem and the initial and boundary conditions from (2.5)
we obtain

(2.6) ®(z,1) = D(z, 1)

1 [t 2
——/ / <{|Vu| tat? + 2 v
2Jo JRez.2) a

2
+ % (AuJ)2 + 8(Au)2}) dvds z>zy=0.

If ®(z,7) — 0 as z — oo, then

1 ! 28 2
(2.7) CI)(Z,t):—/ / Vu)* +a~"u? + = |Vu|
2Jo Jre a

+ % (Aug)® + g(Au)z]> dv ds.
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Moreover, by a simple differentiation,

e8)  Fen--3/ /D(Z)<[|Vu| Fard v

2
+ % (Aug)* + S(Au)z] > da ds.

The next step is to estimate the absolute value of ®(z,¢) in terms of its spatial
derivative to obtain an inequality of the type

(2.9) Dz, 1) < —A(1) %if.

Using the Holder inequality it is possible to obtain

(2.10) |D| gt(/t/uidads)l/z(/[/uﬁ alads)l/2
0 D 0 D
+Z</[/uidads)l/2</[/ ui,l dads)l/z.
0 D 0 D

After the use of the arithmetic-geometric mean inequality we obtain the existence
of two positive constants 4, B such that

oD
(2.11) |®| < —(At+ B)—:

0z
which is the estimate (2.9). This inequality is well-known and often used in the
study of spatial decay estimates for partial differential equation. This is because
it implies that

oD

(2.12) ch—(Az+B)aiD and  —® < (41 + B) -~

0z

and from these statements we obtain an alternative of Phragmén-Lindelof type
which states (see [3]) that the solutions either grow exponentially for z sufficiently
large with the measure given at (2.1) or the function (2.2) decays exponentially in
the form

(2.13) &(z, 1) < &0, 1) exp(—(At + B) ') :

for all z > 0.
In summary the estimates just derived allow to state the following result:

THEOREM 2.1. Let u be a solution of the initial-boundary value problem deter-
mined by (1.2), (1.3)—(1.5). Then, either the function (2.1) becomes exponentially
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unbounded when z goes to infinity or the measure (2.2) satisfies the spatial decay
estimate (2.13).

It is important to emphasize that the Phragmén-Lindel6f result here obtained
is quite different from the one usually obtained in the framework of the classical
hyperbolic problems.

3. THE AMPLITUDE TERM

To have a more detailed knowledge and understanding of the decay estimates here
proposed, we give an estimate for the term &(0, #) which is the amplitude term.

Let us assume that u(x,7) is a solution of the initial-boundary value problem
satisfying the decay estimate. Let &(x, ) be a regular function which satisfies the
boundary conditions and such that tends to zero uniformly (in x;, x3 and 7) when
z goes to infinity. We know that

(3.1) ®(0,7) = — /0 ’ /D (0)(@_5);% +§5,Su,ls) da ds.

It follows that
! e e
(32) (D(07 l) = / / ((l - s)f,isu,i + 7€,isu,is + (l - S)é,SAu + 7f.sAu‘s) dU dS.
0 JR a ' a '

Using the Holder inequality, we see

t t
2 < / /(t—s)f’is.f,is dvds/ /(Z—s)u’,-u,,- dv ds
0 JR 0o Jr
"le "le
+/ /—évisf,isdvds/ /—u,isu‘isdvds
0o JrRA 0o JrRA '
t t
—l—/ /(t—s)ésé_rsdvds/ /(t—s)(Au)zdvds
0o Jr 0o JR

t e t P 5
+ =& & ydvds —(Auy)” dvds.
0o JrRA o JrA
Thus, we obtain

(3.3) (0,7 < </ /{ I—S |V§ 12 +<(t_s>+2>|é,x|2}dvds>l/z
) (/o /R {(I_S)Wul2 +Z|V”.s|2

+ (t—s)(Lu)* + 2 (Auyx)z} dv ds>1/2.
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From (3.2) and (3.3) it follows

(34) ®(0,1) < 0t1/2<//[ (=5 +5)ve,

1/2
+((z_s)+§)|5,5|2} dvds) ,

where K(¢) is a calculable function of time'.
This means that

(3.5) (0,) < (142 ) K> (/OI/R[W@SP 1Y dvds).

Let us take the function

(3.6) E(xi,t) = f(x2, x3,1) exp(—vxy),

where v is an arbitrary positive constant. By simple computations we may derive
that

é,l = f,t(XZ; X3, l) exp(—vxl),
Ei = —vf(xa, 33, ) exp(—vx1), g = fip(xa, x3,1) exp(—vxy),

where ff = 2,3 and
(38)  &2=flexp(-2m). V&[> = (Pffit fufp) exp(~2v).

Because the function ¢ defined in (3.6) is a regular function which as required
satisfies the boundary conditions and converges to zero uniformly when z — oo
in all the remaining independent variables we introduce the following notation

t 1 1
_ / / Ve | dvds = ~ / / Pfofs + f5sf 5s) dads
0 JR 2v)o Jp :
t 1 t
Bz—/ /éiduds_—/ /ffdads,
o JrR” 2v)o Jpo

and we evaluate as

(3.7)

(3.9)

(3.10) ®(0,1) < <z+§)K2(z)(Bl 1 By).

This relation is an upper bound for the amplitude term in the estimate (2.13).
We note that the estimate depends on an arbitrary positive constant v which can
be optimized to have the right hand side of (3.10) as small as possible.

! The explicit expression of K(7) is easy to be computzed but cumbersome. We note that an upper-
bound for such quantity is given by (27 + 1+ 2 + 2z¢) 1/
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4. FURTHER COMMENTS

We point out that our rate of decay depends on time. It is possible to save this
fact by selecting an alternative measure. If we define the function

I3
2
(4.1) D, (z,1) = —/ / exp(—2ws) (u,qu —l—ﬁu@u’sl) dads,
0 JD(2) a

where > 0, we obtain

(42)  D,(z,1) = Dy(z0,1)

1
— 5 exp(—201) / (IVul?* + a~ ' (2 — etuy)? + e(Au)?]) dv
R(zp,2) ’

t
2
—w/ / exp(—2a)s)<[|Vu|2—i—aluzs—i-—8|Vu7s|2
0 JR(z,2) ’ a

2
+ % (Auy)® + E(Au)z} > dvds,

for z > zyp > 0. Similar manipulations to the ones proposed previously bring us to
an estimate of the type

43) @0 (2. 0)] < ) T2
z

As A(w) does not depend on time, we could also obtain a P-L alternative where
the rate of decay depends on w, but it is independent of the time. However, if we
want to obtain a decay estimate for the function & we will have the dependence
on the time in the amplitude term.

We can also recall that in the reference [6], a theory of thermoelasticity with-
out energy dissipation with two temperatures has been proposed. For isotropic
and homogeneous materials the system of equations is

4.4)  pil = i i + duj i — PO — eAO), Py + (0 — eAO) = a0,

where u; is the displacement, @ is the thermal displacement, p > 0, ¢ > 0, ¢ > 0,
a > 0 and f are constitutive constants. We assume null initial conditions

(4.5) ui(x,0) = i;(x,0) = 0(x,0) = 6(x,0) =0, x € R,
and boundary conditions
(4.6) ui(x,t) =0(x,1) =0, xe0,00)xdD, t>0.

Moreover, we impose boundary conditions on the finite end of the cylinder. Thus,
we take as assumptions

(47) ui(07x27x37 l) = ﬁ(x27x37 t)? €(07x27x37 l) = g(x27x37 Z)? (x27x3) eD.
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We define the function

(4.8) Dy(z,1) = —/0 /D(") exp(—2aws) (uu; 1u; + u; juy — f(0 — eAO)u,

+al 01 + 20wcel (0 1) da ds.

It satisfies the relation

(4.9) D, (z,1) = Dy (20, 1) — exp(—2wt)/ M, dv
R(z0,2)

t
—w/ / exp(—2ws) M, dv ds,
0 JR(zp,2)

where
DM = piigts; + gy ju; j + i iy + a|VO) + c(Hi, —eA0y)” + ea(10)?,
and
M> = puji; + pu; ju; j + du; v + a|V0|2 + cHi,
+26c|VO,* 4 2¢(10,5)* + ea(A6)*.

It is possible to obtain an inequality of the type (4.3) and then an alternative of
P-L type for the solutions of the problem of the thermoelasticity without energy
dissipation with two temperatures. To be precise, we will obtain the exponential
decay of the function

t
(4.10) Eo(z, 1) :/ M, dv—i—w/ / M, dv ds.
R(z) 0 JR(z)

5. CONCLUDING REMARKS

The present note is a complement to the paper [7]. Here by using the relation (2.4)
we are able to control the term «,. We note that we had the term

(u,— sAuJ)z

in (2.3) and then we could not control the time derivative of the solution. In [7]
only a polynomial decay result has been provided. It is worth noting that we also
need to control Vu,, but we also have this in the RHS of (2.4).

The exponential decay of the solutions of the equation (1.2) is an important
result because dispersive models are connected with the existence of localized
solution (e.g. solitary pulse waves). The linear model here considered and the
results obtained are a first step toward a better understanding of localization
phenomena in many frameworks as, for example, in the study of disturbances
on elastic substrates.
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