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Partial Differential Equations — Local integrability for solutions to some quasilin-
ear elliptic systems, by FRANCESCO LEONETTI and PIER VINCENZO PETRICCA.

ABSTRACT. — In this paper we prove local integrability for weak solutions u of quasilinear elliptic
systems whose off-diagonal coefficients are small when |u| is large.
KEy worDs: Local, integrability, solution, quasilinear, elliptic, system.

MATHEMATICS SUBJECT CLASSIFICATION: 35J62, 35J47, 35D10.

1. INTRODUCTION

In this paper we deal with weak solutions u : Q = R” — RY of quasilinear sys-
tems

n

N
L.y -3°p ( S a2 (x, u(x) D (x )):0, xeQ a=1,...N.

i=1 j=1 p=1

N

We assume that a‘/} (x,u) are measurable with respect to x and continuous with

respect to u; they are also bounded and elliptic. De Giorgi’s counterexample [1]
shows that, in general, weak solutions u of elliptic systems (1.1) are not regular;
see also [2], [13] and chapter 3 of the survey [10]. In order to get regularity, we
need additional assumptions on the coeflicients. If a;ﬁ (x,u) are diagonal

(1.2) all (x,u) =0 for p#y

then the N equations (1.1) are decoupled and maximum principle applies to every

component u” of u = (u',... ,uM):
(1.3) sup u” < sup u’.
o Q

In [12] the authors assume that coefficients are diagonal only for large values
of u”:

(1.4) 0 <u = a’ﬂ(x, u)=0 forp #y;

We acknowledge the support of MIUR.



116 F. LEONETTI AND P. V. PETRICCA

then it results that

(L.5) sup u” < max {W; sup u"’} ;
Q oQ

see also [9] and [7]. Now we no longer assume that off-diagonal coefficients
vanish; we only know that they are small when |u| is large:

(1.6) ja)f ()| < for § # 7,

c
(14 [u])
for some constants ¢, g € (0,+00). We assume ellipticity only for diagonal coeffi-
cients @;; (x,u) and only for large values of [u[:

(1.7) 0<lul = V<> al(xue
i,j=1

for some constants 0 € [0,+00) and v € (0, +00). Also diagonal coefficients are
assumed to be bounded:

(1.8) |a;} (x,u)| < ¢

for some constant ¢ € (0,+00). In this paper we prove that every weak solution
u:QcR"— RY, with ue WH2(Q,RY), of quasilinear system (1.1) verifying
(1.6)—(1.8) enjoys the following higher integrability

(1.9) ue L2 "(Q,RY)

loc

for every ¢ such that

v q
(1.10) 0<t<n52N and zsz

where 2* is the Sobolev exponent n%”z and n > 3, see Theorem 2.1 in section 2.
Note that reverse Holder inequality gives us higher integrability of the gradient:
Du e L2'*, see [3], chapter 6 in [4] and [5]; this improves on the integrability of u

loc > N
by means of Sobolev embedding: u € Ll(o2 j 9" Tt seems that strong ellipticity of a;jﬂ

is required; in the present paper we need ellipticity only for diagonal entries
aj! and only for large values of |u|. Please, note that we do not assume ellipti-
city for small values of |u|: on such a set u is bounded but it might oscillate
very much and the gradient Du might loose regularity. Let us come back to the
regularity result (1.9) of this paper. Let us assume, in addition, that all diagonal
coeflicients come from the same matrix

(1.11) aff (x,u) = by(x,u)
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forall y=1,..., N; then we are able to improve on the integrability (1.9)
(1.12) we L, (@ RY),

see Theorem 2.2 in section 2. This means that the additional assumption (1.11)
allows us to remove the left restriction 7 < =5+ in (1.10). In this last theorem,
the faster off-diagonal a;] #(x,u) decay when |u| — oo the higher u is integrable.
Note that in this paper we prove local integrability: u € L; ; global integrability
has been studied in [8] by means of a different technique, under the assumption
that u5q is bounded.

2. ASSUMPTIONS AND RESULTS

Let Q be a bounded open subset of R”, n > 3. For N > 2, let a;ﬁ QOxRY - R
be Carathéodory functions, that is, a; i (x, y) are measurable with respect to x and
continuous with respect to y. We assume that diagonal coefficients a are
bounded: there exists ¢ € (0, +0o0) such that

(2.1) laif (x,y)| < ¢
for almost every x e Q, for every ye RY, for all i,je {1,...,n}, for any
ye{l,...,N}. Now we assume ellipticity of diagonal coefficients agj.y for large

values of y: there exist 0 € [0,+c0) and v € (0,+00) such that

(22) 0<ly = e < Za (x, »)&¢;

for almost every x € Q, for any ¢ € R” and for any y € {1,..., N}. Now we as-
sume that off-diagonal coefficients a;ﬁ (x, y) do not vanish any more, but they are
small when y is large: there exist ¢ € (0,+00) and ¢, € (0, +00) such that

(2.3) |a;ﬁ(x, y)| < for f§ # y.

(&)
(1+1[y)?
Note that both diagonal and off-diagonal coefficients are bounded.

THEOREM 2.1. Under the previous assumptions (2.1), (2.2), (2.3) let u=
(u',...,u) be a weak solution of the system (1.1), that is, u € WH2(Q, RY) and

(2.4) / Z Zal/ x, u(x))DjuP (x)Dp*(x) dx =0 Vv e W, *(Q,RY).

zy/)’ li,j=
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Then

(2.5) ue LY (@Q RY)

loc

for every t such that

(2.6) 0<t< and t <

v 9
nci2N 2

If we also assume that diagonal coefficients are taken from the same array,
namely, there exists b;(x, y) such that

(2.7) 0<Iyl = aj(x,y)=bjx,y)
for every y =1,..., N, then we can improve on the previous theorem as fol-
lows.

THEOREM 2.2. Under the previous assumptions (2.1), (2.2), (2.3) and (2.7), let

u=(u',...,u") be a weak solution of the system (1.1). Then

(2.8) ue LD WHD(Q RY).

loc

3. PROOF OF THEOREM 2.1

Let ¢ : [0,+00) — [0,400) be increasing and C'([0,+00)); moreover we assume
that there exists a constant ¢ € [1,400) such that

3.1 0<¢(t)<c¢ Vte|0,+0)
3.2 0<¢'(1)<c¢ Viel0,+0)
3.3 0<¢'(Nt<c¢ Viel0,+00)

Let B, = B(x¢,p) and Br = B(xo, R) be open balls with the same center x, and
radii 0 < p < R < 1, with Bg = Q. We assume that 7 : R” — R, n € C}(Bg) with
0<y<1inR", y=1on B, |Dy| <4/(R—p)in R". Note that 0 < R—p <
R<1s04/(R—p)>4 We fix ye{l,...,N}. We consider the test function

v=(v',...,v") defined as follows

(34) Ua:{o 1fOC75V,

P(|ul)un®  if o= y;
it results that

(3.5) ve W) (Br; RY) « W2 (Q;RY)
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and
(3.6) D" = l (Jua]) 1{|u\>0}2 (D )u” + $([u) Dae? | n* + [p(|ul)u”] Di(n*)

where 14(x) =1if x € 4 and 14(x) = 0 if x ¢ 4. We insert such a test function v
into (2.4):

/ (6, u(x)) Dy () Do () v
i,j=la /J’ 1

:/ZZaU quuﬁ¢ |u| 1{‘”‘>0}Z| | Du

Q;j=1 =1

/ i: ZN: (x, u) D’ $(|u|) Dju’n?
1 p=1

/ P (v, ) Dyl Dy )
i,j= l/J’
—/ S a7 (e, ) D ()1 i”—(;(nué)m 2
= oo ii (X, u)Dj {|u]>0} 2 P
/ Z > aif (x,u) Dy ¢ (|ul) {|u\>0}z )’

i,j=1p#y

+ / S a7 (e, u) Dy §([ul) D’
{|”‘>0} i,j=1

+/ Zalj x, u) Dju’ ¢(|u]) D’ n*

{ful<0} ; =

+/ ZZa VDjuP (|u) D’

i,j=1p#y

[, S e op v
+ / S5 P ) Dl D).

Qij=18#y

Then
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(3.8) / 7 (x,u) Dy’ (|ul) D'
|u‘>()},]
5 2
/Za (x,u)Dju’ ¢’ (|ul) 1{|u\>0}2| | (Du”)u?
_/ZZ(JU (x,u) Dl ¢’ (|u]) 1{\u\>0}z| | (D)

i,j=1p#y

/ (v, ) Dy ) Dy
"4‘<9}11

—/ ZZa”}x u)Dju” ¢ (|u|) Du'n?

i,j=1p#y

SRRy
Lj=

—/ZZa (x, u) Db §(|u] ) Di(n?).

i,j=1p#y

Now we use ellipticity (2.2):

(39) v / #(ul)\Du’ / (o, u) Dt () Dy .
{|u|=0} {lu|=0} 1/

Applying twice Cauchy Schwartz inequality we get

Zay xu)Eh < (Z 7o) 1l i

if we keep in mind boundedness (2.1) we get

(3.10)

(3.11) < neyfé] |hl;

now we use this inequality with &; = h; = D;u” and we get

(3.12) < [ gD’
{|u|<0}

Zal, (o, u) Dy §(ul) D’

{lul<0} { =
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then we use inequality (3.11) with & = Du?, h; = Z;VZI ﬁ(D,-u‘s)uV; since
|| < |Dul |u?|, we get

N (3
/Za quu}gb (Ju)) L{ju>0 Zr
o=

= /”Cl|DuV|¢'(|ul)|Dul Ju? s
Q

(3.13)

eventually we use inequality (3.11) with & = Du?, h; = u’D;(%); since
|h] < [u?|2|Dn], we get

/Za (o, ) Dyl Di(r?)

Now we keep in mind that off-diagonal coefficients satisfy (2.3) and we get

(3.14)

< /Q ner | Du|(|ul)|u? 27| Dy .

N 0
(3.15) /ZZaU (x,u) Dl ¢’ (|u)) L{ju/>0} Z|—
i,j=1p#y o=
n?Ne,
——— | Dul¢’ (|u])| Du| |u”|n?,
Q(1+|u|)q| |#°(lul) [Dul [u” |
: n*Ne
(3.16) L s e R
Qi j=1p+#y Q ul)
and
(3.17) /ZZa (x,u) Dy (|u] )’ Di(n?)
Lj=1#y

n?Ne,
< [ ————|Dulg(|u|)|u|2n|Dn|.
[ a4

Since ¢ increases, we have

(3.18)

/ > @ (x.u) D §(|ul) D'
{lul<0} /521

< / ner | D |l
{|u|<0}

< / ner | Du? (O
{lu|<0}

< ne1g(0) /Q |Du’|?
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and

619) v [Pt <v [ puPeon’ < o) [ 1DuP
{lul<0} {[ul<0} Q
Let us collect all these inequalities:

(3.20) / D2l

< (v+ney)p(0 )/ D2 + n’Nes /¢ luilicjﬁu%ul)lul Du?

N / . +<'|'>|) 29/ Du u] | D

+ncl/g2f7|Du7||ul IDf7|¢(|u|)+ncl/QIDu|2¢/(lul)luI'72~

We recall the inequality 24B < eA4? + B? /e, provided ¢ > 0; then

(3.21) nej /9277|Duy [l [ Dl p([ul)

/ 72D P(Juf) + / 12| D 2]

(3.22) n2N02/< +(||)|) 25| Du| |u| | Dy

and

Snchz/Q(l (|||)|)q77 |Du| +n’Ne, /Q(l (|||)|>qu| |D;7|

This results in
(323)  (v—e) /Q D2 g(lul)?

< (v+nc1)¢(9)/Q|Duy|2+n2N62/QZ¢(|LE|1)_tr;()'u')'u'| ul®

N / <1+| |)q|u| Dy + / D g(Jul)

+ ney /Q \Dulg (u]
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Let us sum over y from 1 to N:

(324)  (v—e) /Q (Duld(lu)?

24(|ul) + ¢'(Jul)
(1 fu)?

< (v4 1 )d(0) / DUl + 2N, / 4 pup
Q Q

$(Jul) 2 2 ”2N012/ 2 2
+n’N’c / ul”|Dy|” +——— [ |u|”|D u
|y P [ om0

+ nNey /Q (Dul¢ (u) ul®

so that
(3.25) /Q | Dul*[(v — &) (|ul) — nNe1 ¢’ (|Ju]) ul]n?

< /Q ((v +nc)$(0) +n’Ne; 2¢(LZ|1) _—:__ |q:|()|;l|)u| ) |Du|2

n’N2c;  n’Nc} .
Dn|~.
+/Q<(1+|u|>q+ p )¢(|“|)|“| | Dy

1

Let us consider p € (0,3) and let us assume that

(3.26) P+ e L1 (Bg).
For t € [0, +00) we set
(3.27) (i) = (p+ )%

we would like to take ¢ = in (3.25) but we cannot do that, since ¢ must satisfy
(3.1), (3.2) and (3.3). So we approximate y in this way: for every k € N we con-
sider Y, : [0,4+00) — R as follows

U@ v (-1 if £&[0,7)
o if 1 e [L.A]
328wl = W)+ 100 = (k+1-0%) ifre (kk+1)
W(k) + 8 if 1€ fk+1,+0)

then , : [0, +00) — [0, +00) is increasing, C'([0,+00)) and
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(3.29) 0 <y (1) <2py(r) Vie[0,400),
(3.30) 0<y(t) Y1)+ () Viel0,+0);

in addition, there exists ¢x € [0, +00) such that

(3.31) 0<yy(t) <cx Vte|0,4+0),
(3.32) 0 <y (t) <cx Viel0,+0),
(3.33) 0 <y, ()t <cp Viel0,+0).
Moreover

(3.34) kET;o V() =y(t) Vtel0,+00).

Now we can take ¢ =, in (3.25) and we get
(3.35) /Q | Dul*[(v = &)y (|ul) — nNewi (|ul)|ulJn*

< /Q((v+nc1)l/fk(3)+n2N2c22¢k(|t(l|1)i|fé(rz|u|)|u|)IDu|2

n*NZ2c, nchl2 2 2
+ + Dn|”.

In order to lower the left hand side we use (3.29) and we get

(3.36) (v = )y |ul) — nNew (|[ul)|ul = (v = &) (lul) — nNer2py(Jul)
= (v—&—nNci2p)y,(|ul).

We require that

(3.37) 0<v—nNc2p
that is
v
3.38 .
( ) < nci2N

Note that (2.2) and (3.11) imply

(3.39) VEP < > al (x,u)éé; < neyléf
i,j=1

thus, for & # 0, we get
(3.40) v < ney
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so that

(3.41) 0<

Under (3.38) we have (3.37) thus we can choose

v —nNc2p
3.42 =
(3.42) 5
and it turns out that ¢ > 0 with
, Ve nNep = VT Na
(3.43) Ney2p >

In order to estimate the right hand side of (3.35) we recall (3.29), (3.30) and
(3.27):

(344) Y (0) YD) +(0) = (p+1)°+ (p+ 1)°07 = (p+ 1)°(1 + 67)
<(p+ 121+ 0)* <2%2(1 +0) = 8(1 +0)

where we also used 0 < p < %; moreover

(3:45) 20 (lul) + Wi (Jub)lul < 2 ([ul) + 29 (Jul) = 2(p + D (Jul)

<2(p+ (1) +¥(|ul))
=2p+D)((p+ 1)+ (p+1)*u?)
=2(p+1)°(1 + [u?) <2 x 2% x 2(1 + |u])*
=321 + [u))¥;

on the other hand
n’N2c,

3.46 — = < u’N?

(346) (o ="V

and
272 272

(3.47) n-Nej _ 2n-Nc; ;
& v —nNc2p

moreover

(3:48)  Welul)ul® < () +Y(uD)lul* = ((p+ 1) + (p + 1)ul™)|uf?
= (p+ 1P (L [ul™)|u* <22 % 21+ [u) (1 + [u)®
= 8(1 + Ju]) 77V,
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We insert these estimates into (3.35):

v —nNc12p
(o) L [ Dy

, (L Ju))®
< /Q((v+ncl)8(1+9)+32n2N2cz(1+|u|)q>|Du|2

2n2ch
272 1 2(p+1) 2
+ n +4 1 + u Di] .
/Q ( Noe y— nN612p>8( | |) | |

Now we further require that
(3.50) 2p<gq
so that (3.49) becomes

v —nNc|2p
sty T pulyu?

< ((v+ner)8(1+ 0) + 320 N2¢2) | Dull 72 g,

27 2n’Ne?
+72<n2N2€2+&>/ <1+|u|)2(17+1)‘
(R—p) v—nNci2p/ g,

Positivity of y, and pointwise convergence (3.34) allow us to use Fatou lemma:
v —nNc2
.52 SR [ Du(p o+ 1)
Q
< ((v+ner)8(1 +0) + 32n° N?¢2) || Dul |7 g

27 2n2N¢?
e (i A R Ly YU Y el
Br

(R—p) v —nNc|2p
Let us set
(3.53) w=ul"y;
then
(3.54) we Wy (Bg)
and
(3.55) 1Dw|? < 2(p + 1) ul®| Duln? + 2n|u|2(p+1)<Rip)2-

The previous inequality and (3.52) give
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4 \2
G56) [ 1w <2 [ (e 1Puloule + 2 ) [ e
Br Br R —p Br

~ v—nNc|2p

4 27
+ 2
v—nNci2p (R - p)

2n’Ne?
272 i (p+1)
Necy + ) +
X (n @Yz nNci2p /B < |M|)

4 \2
() [ P
R—p/ Jp,

32((v +ne)(1+0)+ 41’12N2€2>

((v+ner)8(1 4 0) + 320°N?¢2)|| Dul 2

127

< Dul?
< v~ nNer2p | ”HLZ(Q)
2° n’N2c 2n’Ne?
(T L) [ e
(R—p)> \v—nNci2p (v —nNc12p)~/ /b,
23 / 0
g [ (L Ju))? 7Y
(R—p)* /B

We recall (3.37) and (3.40):

(3.57) 0 <v—Nei2p <v<ne
then
ncy
3.58 1< —.
( ) ~ v—Nc2p

Thus (3.56) becomes

(3.59) [ |pw < 2 )1 +0) + 4 Ne)
' Br - v —nNc2p
29
+ 5 (
(R—p)* \v—nNe12p ~ (y—nNe2p)?

2
HD“”LZ(m

Since 2 < n, we can use Sobolev embedding

2 2(n—1) 2\
(360) e |W| < (ﬁAR ‘DWl )

n*N2ec, (2N +n)n’c
. D) [ s
R
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and we get
. . . 22
I N A R e M
B, Br Br n—
32((v+ney)(1 + 0) +4n>N3cy) )
< D
< ( Ve 1Dl 720
N 27 ( n*N2ec, (2N + n)n’c} )
(R—p)> \v—nNc12p (v — nNe¢i2p)?

2%/2 2(n—1)\2"/2
(p+1)
< f @) e (B
Let us summarize as follows: if for some p € (O,%) with

(3.62) p<

and p<

NSTES

vV
nc12N
and for some 0 < p < R < 1 with Bg = Q we have
(3.63) "7V e L'(Bg)
then it results that
(3.64) u|* ") e LY(B,).

Since u € W2(Q,R") and Bx < Q, Sobolev embedding gives us
(3.65) |u*"/ 2D e L1 (Bp)

thus (3.63) is fulfilled, provided

n
(366) p+ 1< m
that is
n 2
. < —-1=
(3:67) P=u2 n-2

Let us fix ¢ such that

(3.68) 0<r<

o
=3
[oN
~
IA
NSRS
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moreover, we fix 0 < ¢ < 1 with B, = Q; we claim that
(3.69) u)> Y e LY(B, ).

Indeed, we start using (3.63) with (3.65): this improves the integrability accord-
ingly to (3.64); then we start again using (3.63) with a larger p and we improve
the integrability accordingly to (3.64) and so on. Let us evaluate how much we
gain at every step:

(3.70) 2(p+ 1) =2p+ 1) =2"=2)(p+1)> (2" =2) > 0;
thus, in a finite number of steps we reach the exponent 2*(7+ 1) and claim

(3.69) is proved: this is a finite Moser’s iteration, [11]. This ends the proof of
Theorem 2.1. O

4. PROOF OF THEOREM 2.2

We start as in the proof of Theorem 2.1 and we arrive at formula (3.12). Instead

of writing (3.13) we remark that our new assumption (2.7) guarantees that, on the
set {[u| > 0},

N 9
u
(4.1) E g al] x, 1) (Dju? )" (Ju]) 1 >0y g |—M|(Dlu5 u'n?
o=1

y=11ij=

I
Mz

N 6
u .
Z (>, u) (Dju’) (|u|)1{\u|>o}z:m(Diu())uyﬂ2
5o1

V
I

=

N
by X, U Z |u| 1{‘“|>0}Z| | Du

Jj=1 y=1

N
¢ (|ul) 1{|u\>0}| K Zbl, x,u) Y (D)

y=1

1

N
u’ (D
o=

1

1 n
¢ ([u) 1 ju>0) mnz S by(ox, u)us Dy Dy = (+);
i,j=1

then (2.7) and (2.2) with &; = <u; D;u) give, on the set {|u| > 0},
(4.2) () = 0;

on the set {|u| <0} we use inequality (3.11) with ¢ =D’ and h; =
5t 1 i (DY since |7 < [Du [u?], we get
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n

N0
> all (x,u)(Dju)¢' (Ju)) 1 ju0y Z|—
o=

i,j=1

< ner | Du’| [ Dul [ ¢ ([ul) a0y < nerd’(|uf)lul | Dul.

(4.3)

We use inequalities (3.14), (3.15), (3.16), (3.17), (3.18), (3.19) as in the proof of
theorem 2.1 and we arrive at the analog of (3.20):

44 /Q \Du? ()

(v+nc1)g / |Du’)?

1+ Iul

<| )
+nNes / i s 211Dul D]

+n61/Q2f7|Duy|ul |D77|¢(|ul)+n01/ ¢ (Jul) u| | Du*

{lul<0}

n N 5
, u
=[S by D () ey D o (D
{ll =0} 5= <= |ul

As in the proof of the previous theorem, we get estimates (3.21) and (3.22): this
results in the analog of (3.23)

45 (v—o / \Du? ()

(v+ncy)g / |Du’)?

i, [ 2 |<)|qu|>|u| D

2 2
+n*Ney /(1+| ) q|u| | Dy|

n-c
+—1/ |u|2!Df1|2¢(|M|)+n61/ ¢'(Ju])|u| | Du|?
Q {lul<0}

_/ Zb,, x,u) (Dju? )¢’ (|ul) 1{|u\>0}z
o=1

{lul =0} ;. =
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Let us sum over y from 1 to N:

@6) (v=e) [ Dl p(ulyr’
< (v ne)g(0) [ |Dul’

Q

a2 [ 20(ul) + @' ([ul)lul
+nNc2/Q 05 )’ |Du|

u
+I’Z2N2C2/Q(1¢(| |) q‘u|2|D77|2

+ [ul)
nNe?
+ ‘/IuIanlzqﬁ(lulHnNcl/ ¢'(Jul)|ul | Dul®
¢ Q {Ju|<0}

/{ Zzbux” )(Dju”) ' (Jul) 1{\u\>0}z| | (Du®)u'n?.

|20} 27 i =

We use (4.2) and we get

N 6
u ,
(4.7) /{ Z Z bij(x,u)(Dju”) ' (|u)1 =0 Zm(piué)mnz <0;
o=1

[u| =0} y=11i,j=

then

(48)  (v—o /Q (Dul )

2¢(|u]) + @' (|u])|u] 2
< /Q ((v + ney)p(0) + n>Ne, 05 ) )|Du|

n’Ne?  n’N2e; 2 2
+/( Ly )o(lu w0
A 05 )’ P(|u]) u|”| D

&

+ nNey / & (|ul)|u | Du)?.
{Ju|<0}

We want to remark that additional assumption (2.7) and ellipticity (2.2) guaran-
tee inequality (4.7) by means of (4.1) and (4.2) as in the sign condition (H3) of [6].
Let us consider p € (0,+c0) and let us assume that

(4.9) u*P™) e L'(Bg).
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For ¢ € [0,+00) we set

(4.10) Y(0) = (p+1)7;

we would like to take ¢ = i/ in (4.8) but we cannot do that, since ¢ must satisfy
(3.1), (3.2) and (3.3). So we approximate v in this way; for every k € N we con-
sider Y : [0, +00) — R as follows: when p < 1 we take

o)+ () (=) if te[0,1)
v if t e[tk
@411  yy() = Yk + B0 = (k+1-0%) ifre (kk+1)
P ERAL if telk+1,+0)

1
when p > 35 we take

Y(1) if t €0,k
412) Y =R+ (1 = (k+1-0?) ifre(kk+1)
W(k) + L if telk+1,+0)

in both cases v, : [0,4+00) — [0,4c0) is increasing, C'([0,+o0)) and satisfies
(3.29), (3.30), (3.31), (3.32), (3.33) and (3.34). Now we can take ¢ = i, in (4.8)
and we get

(413 (e /Q [Dul g ()

< /Q((V+nc1)l//k(9)+n2N2622wk(|lz|1)_:_|f|’/‘)(q|u|)|u|)|Du|2

n*Net  n’N’e S
D
+/Q( & +(1+|u|)q>¢k(|u|)|u| | Dn|

4 nNe, / WL ()l | Duf.
{lu|<0}
We select

Vv
4.14 =—.
(4.14) 6=

In order to estimate the right hand side of (4.13) we recall (3.29), (3.30) and
(4.10):
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(4.15) Ui(0) S W) + () = (p+ 1)+ (p+ 1)
=(p+ 1)+ < (p+ 1201+ 0%

and

(4.16) Wi ()t < 2pY, (1) < 2p(p+ 1)*2(1 4 )7

then (4.13) becomes

@17 3 [ 1wl

<,

+ nzNzcz

(v+ne)(p+ )21 +0)*

20p+ D201 + [u)® + 2p(p + 1221 + [u])*?

(14 [u)?

2n’Ne?  n’N2c
| (e ) (o D720+ ) |y

v (L fu])?

+ nNe, / 2p(p + 1)22(1 + |u|) | Dul?
{Jul<0}

< /<p+1>22 (v+ne))(1+0)%
Q

(1 + fu))™
q

272
+n°N7e2(1+p
( )(1+Iul)

| Dul?

+/ (2n2Nc12+n2N202
Q

: =) (p+ 17201 + lu) | D?

+ nNe, / 2p(p + 1)*2(1 + 0)” |Dul*.
Q
We further require that

(4.18) D

IA
(SIS

and (4.17) becomes

133

| Du|?



134 F. LEONETTI AND P. V. PETRICCA

@19) 3 [ 1DuPue(ly?
< /Q(p+1)22[(v+(1 + 2N e (14 0)% + n2N2e2(1 + p)]| Dul?

2n°Nel 5 2 w2 ¥
AN 122(1 4 [u) P
+/Q( L 2N ) (p+ 17201+ Jul) R

< /Q@ +1)%2[(v + (1 + gN)ner1) (1 + 0)* + n*N?¢22(1 + )] | Dul?

2n>Nc? +1
+/( n C] 2N2C2)25 (q ) ( +|u|) (p+1)
Q

v (R—p)*

_q+q/u+w)”1
Q

where

(4.20) ¢ = /Q (g + 1200+ (1 + gN)nen) (1 + 0)2 + 2 N2e2(1 + ¢)]| Dul?

and
2n2Ne? 1)?
(4.21) 64:(u+n2N262)25(‘]+7)2.
v (R—p)
Then
v
(422) 3 [ 1DuPus ) < cs [ (14 1)

positivity of i, and pointwise convergence (3.34) allow us to use Fatou lemma:

vV
(4.23) 5/ |Dul?(p +1)*[u| SC3+C4/( + Juf)?7 Y.
Q Q
Let us set
(4.24) w= "y,
then

(4.25) w e W, (Bg)
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and
(4.26) [Dw” < 2(p + 1) ul | Dul + 2nfu? D (= 4 )2
: < R )
The previous inequality and (4.23) give
4 \2
@) [ owP <2 [ o )ulouly 4 2n( ) [ e
B Br R—p/ Jp
4 4 \2
- (p+1) 2(p+1)
< ave [0+ (G2 ) [+l
=cs+ cé/(l + [u))?P D
Q
where
4
(4.28) s =—0C3
v
and
4 4 N2
4.29 ~Ze+om( )
( ) Co vC‘4+ n R—p

Since 2 < n we can use Sobolev embedding (3.60) and we get

. . 2n=1) 2/2
430 p+1)2 / [)+1 :/ 2 < 7/ D 2
AL [ = (Fr [ o)
20— 1) ) )22
(BB v o))

Let us summarize as follows: if for some p € (0, +o0) with

(4.31) p<

NI

and for some 0 < p < R < 1 with Bg = Q we have
(4.32) u|*P*V e L'(Bg)
then it results that

(4.33) > "™V e LY(B,).

Now we argue as in the proof of previous Theorem 2.1 and we get the desired
integrability. This ends the proof of Theorem 2.2. O
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Added in proofs: after the paper was completed and accepted, we were told about
[*] where similar results are contained.
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