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ABSTRACT. — Let 4 be a matrix in GL;(Z) of infinite order. In a recent paper, G. Levitt and
V. Metaftsis prove that for any sufficiently large integer n the matrix 4” is not conjugated to a
companion matrix. We first prove a local version of this theorem. Then, we give an effective state-
ment, using diophantine methods. We also discuss several related problems.
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RiassuNTO. — Qualche osservazione sul rango dei mapping tori e sulle catene HNN-ascendenti di
gruppi abeliani. Sia A una matrice di GL;(Z) di ordine infinito. In un recente articolo, G. Levitt e
V. Metaftsis dimostrano che per ogni intero n sufficientemente grande, la matrice A” non ¢ coniu-
gata ad una matrice compagna. In questo lavoro dimostriamo prima una versione locale di tale
risultato, quindi una versione effettiva, utilizzando metodi diofantei. Ci occupiamo infine di varie
questioni connesse.

1. INTRODUCTION

The present paper considers certain diophantine issues arising from the study of
the rank of the so-called mapping tori groups. These groups have been studied in a
number of papers. For more on this, we referred to the article [6] of Levitt and
Metaftsis who in fact pointed out to us the question which we now analyze.

Let A € GL;(Z). The natural action v — Av induces a semidirect product

G=27%>,7=<2%t|tvt"! = Av)
where we identify the generator 1 of Z with A. Let OR(A4) be the minimum
number of vectors whose A-orbits generate Z¢ and let rank(G) be the minimum
number of generators of G. In [6] the Authors shows that
THEOREM 1.1 (Levitt-Metaftsis).

rank(G) = 1 + OR(4).

In particular, G can be generated by two elements if and only if A is conjugate in
GL,(Z) to a companion matrix.
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We recall that a companion matrix is one of the shape

0 *
1 0 *
. *

1 0 =«

1

See also the end of this section for equivalent properties.

Since the conjugacy problem is decidable in GL4(Z) (cf. [5]), one can decide
whether G has rank 2 or not.

Motivated by a topological result of J. Souto [8], they then prove:

THEOREM 1.2 (Levitt-Metaftsis). Let A € GL4(Z) be of infinite order. Consider
the family of finitely generated groups G, = Z¢ X4 Z. Then there exists ny = no(A)
such that rank(G,) > 2 for n > ny. In other words, for n > ny the matrix A" is not
conjugate to a companion matrix in GLy(Z).

Their proof is based on the Skolem-Mahler-Lech Theorem on linear recur-
rence sequences. An alternative approach to this last result follows from a local
argument in Z, which amount to reduction modulo p, using equations in S-units.
This approach actually shows a bit more, upon excluding the matrices all of
whose eigenvalues are roots of unity. Namely, under the assumption that some
complex eigenvalue of 4 € GL;(Z) has infinite order, we shall prove the finite-
ness of the set of n € Z such that A” is conjugate to a companion matrix in
GL,(F,) for all primes p outside a prescribed (but arbitrary) finite set S. In
section 2 we prove:

THEOREM 1.3. Let S be a finite set of prime numbers and let A € My(Z). Suppose
that A has two nonzero eigenvalues whose ratio is not a root of unity. Then there
are only finitely many integers n such that for all primes p ¢ S the reduction modulo
p of the matrix A" is conjugate to a companion matrix in GL4([F,).

Let us pause for some remarks on this statement.
REMARK 1.4.

i) Assume A4 € GL,(Z). If the ratio of any two eigenvalues of A is a root of
unity, then in fact all the eigenvalues must be roots of unity, because their
product is det 4 = +1.

il) We remark that the assumption on the eigenvalues is necessary here, and
(if S # 0) cannot be replaced with the weaker one that 4 € GL4(Z) has not
finite order. This is shown by examples like S = {/},

()
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We notice that 4 has infinite order, nevertheless each of the powers 4",
m € N, is conjugate to a companion matrix over [,, for all p # [, and actu-
ally over the ring Z[1/1].

On the other hand, we note that in the special case S = 0, the conclusion of
the Theorem holds even if A € GL;(Z) has all eigenvalues roots of unity, but it
is not of not finite order, see Proposition 2.1 in section 2.

iii) We also remark that for ¢ > 1 there are integral unimodular matrices which
are conjugate to a companion matrix in GLy([F,) for all p (and indeed in
SLy(Z,) for all p) but not conjugate to a companion matrix over Z. Thus
Hasse principle does not hold in the present situation. We provide an explicit
example at the end of section 2. This shows that, even in the case S = (), the
finiteness predicted by the Theorem is a priori a stronger assertion than the
finiteness of the set of integers n such that 4” is conjugate to a companion
matrix over Z.

We give other complements to the results of [6]. In section 3 we prove the fol-
lowing effective version of Theorem 1.2:

THEOREM 1.5. Let A € GL,4(Z) be a matrix of infinite order. Let Z be the set of
positive integers n such that A" is conjugate in GL4(Z) to a companion matrix.
Then there exists an effective absolute constant ¢ > 0 such that

max Z < cd®(logd)>.

We could ask for a strong version of Theorem 1.2. Let 4 € GL4(Z) of in-
finite order. It is true that there exists ny = ng(A4) such that OR(G,) is “large”
for n > ny? Levitt and Metaftsis give a simple counterexample to this state-
ment. It is enough to choose integers s,k > 1 such that k + & = d and matrices
Ay € GLi(Z), A3 € GL;,(Z) with A, of infinite order and with 4, conjugate to a
companion matrix of finite order m. The matrix

4 (Al 0 )
0 A4
is then of infinite order, but OR(4") <k + 1 for n = 1 mod m. In section 4 we
investigate more closely this problem. We formulate a conjecture which predicts
that for a “generic” matrix 4 we would have OR(A4") = 2 for infinitely many
integers n. We shall relate this conjecture to another one concerning algebraic
numbers and we shall give some evidence for it.

In section 5, we partially answer another question posed in [6]. Let A € M;(Z)
be nonsingular and consider the so-called ascending HNN-extension

7%, =z t| tvi™! = Av).

By this notation it is meant that Z%x, is generated by Z¢ and ¢ subject to the
relations written on the right. We remark that Z%, is a semidirect product if
and only if 4 € GL,(Z).
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Levitt and Metaftsis ask if one can generalize Theorem 1.1 to such groups.
We generalize the method of [6], characterizing the rank of Z¢x 4 in terms of the
A-orbits. Then we give a positive answer to their question for 2 x 2 matrices.

NOTATIONS. Let ¢ be a ring and let 4 € M;(0) be a d x d matrix with coeffi-
cient in ¢. We denote by OR¢(A4) the minimum number of elements needed, such
that their 4-orbits generate (/7.

Let k be a field and let 4 € M, (k). Then it is well known that ORy(A4) is equal
to the number of invariant factors of A4. In particular, OR;(A4) = 1 if and only if
A is conjugate in GL,(k) to a companion matrix. This is in turn equivalent to
require that the eigenspace of A4 relative to any eigenvalue has dimension 1. It is
also equivalent to the fact that the minimal polynomial of A4 has degree d.

In what follows we shall consider matrices 4 € M;(Z). We simply write OR(A)
for ORz(A4).

2. AN ALTERNATIVE PROOF USING EQUATIONS IN S-UNITS

In this section we first state and prove a Proposition which shows special cases in
which the conclusion of Theorem 1.3 holds, with different assumptions. Then we
prove Theorem 1.3 and we give some further remarks.

PROPOSITION 2.1. Let A € My(Z) and assume that A has at least one eigenvalue
counted with multiplicity at least 2. Then, for all integers n > 1 and for all primes
p | n, the matrix A" is not conjugate to a companion matrix in GL4([F,).

In particular, if all the eigenvalues of A are roots of unity and A has infinite
order, then for n > 1 there exists a prime p such that the matrix A" is not conjugate
to a companion matrix in GL4([F)).

PRrROOEF. By assumption the characteristic polynomial f(#) € Z[t] of A has a mul-
tiple factor, and we may write f(f) = ¢g(¢)h(t) for suitable monic polynomials
g,h € Z[1], with degg > 1.

Take n > 1 and choose p to be any prime divisor of n. If 4” was conjugate to
a companion matrix over [,, its minimal polynomial over F, would have degree
d, and the same would hold for 47 (because A" € [F,[4”]). However g(A?)h(A?)
= g7 (A)h?(4) = (9" (4)h"7'(4))f(4) = 0 (mod p). But degg(r)h(r) <d, a
contradiction.

Concerning the last assertion of the Proposition, note that if all the eigen-
values of A are roots of unity and A4 has infinite order, then 4 has at least one
eigenvalue counted with multiplicity at least 2; for otherwise 4 would be diago-
nalizable (over @) and hence of finite order. It is now sufficient to choose p as any
prime divisor of n and to apply the previous part. O

Before proving Theorem 1.3 we briefly recall some facts concerning the places
of a number field K. For more details, see [2], chapter 1, section 2. Any absolute
value of K induces a topology on K. Two absolute values |- |, |- |, on K are
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said to be equivalent if they induce the same topology. It may be proved that this
happens if and only if there exists / > 0 such that |x|, = |x|2 for all x e K. An
equivalence class of absolute values is called a place. We say that a place is non-
archimedean (or finite) if the corresponding absolute values satisfy the ultrametric
inequality |x 4+ y| < max(|x],|y|). In this case, the restriction of | | to Q is a p-
adic absolute value for some rational prime p. Let v be a finite place and let | |
be one of the corresponding absolute value. Then R, = {x € K, | |x| < 1} is a lo-
cal ring. Let K(v) be its residue field. Let o € K. If « € R, we call reduction of o
(at v) the image amod v of o in K(v); otherwise we say that the reduction of o is
not defined.

ProOF OF THEOREM 1.3. By assumption we may pick nonzero complex eigen-
values /, ¢ of A4, such that their ratio is not a root of unity (so in particular 4 # &).
Consider the number field K = Q(4,¢) and let x;, x: be respective eigenvectors
of 4 in K\{0}.

We let X be the set of places of K obtained as the union of the following sets:

a) the set of archimedean places and the set of places above primes in S;

b) the set of those places at which either 1 or & is not a unit;

c) the set of those places at which the reductions of 4 and ¢ coincide;

d) the set of those places at which the reductions of x; or x¢ are not defined or
are linearly dependent.

(
(
(
(

Then X is a finite set of places of K.

Suppose now that » is an integer such that A" is conjugate to a companion
matrix over [, for every prime p ¢ S. Fix v ¢ X and denote with a tilde the reduc-
tion modulo v. o ~

We contend that A" # &”". In fact, assuming the contrary we deduce that 4"
has the hnearly mdependent eigenvectors X;, X relative to the same eigenvalue
A". But then, in view of the characterization recalled at the end of section 1, 4"
cannot be conjugate to a companion matrix over the residue field of v. On the
other hand if this residue field has characteristic p, we have p ¢ S (because v ¢ X);
so A" is conjugate to a companion matrix over [F,; this is a contradiction which
proves the claim.

This conclusion may be reformulated as the assertion that 7, := 2" — &" is a
Y-unit for such an integer n; on the other hand both 1", &" are Z-units, due to
our choice of X (see property (b)). So each relevant integer n provides a solution
(n,/A",&" /") to the X-unit equation X + Y = 1 (i.e. to be solved in Z-units X, ¥
of K). But this equation has only finitely many solutions, due to a well-known
(rather deep) Theorem in the theory of diophantine equations (see [2], chapter 5).
Hence (£/4)" can take only finitely many values. Since &/ is neither zero nor a
root of unity, this proves that n too takes values in a finite set. This proves the
Theorem. O

We remark that the above equation in X-units is of special type, and this al-
lows an entirely elementary treatment in special cases (that is, without relying
on the deep result alluded to in the proof).



202 F. AMOROSO AND U. ZANNIER

We also remark that Baker’s theory of linear forms in logarithms allows to
find effectively the finite set of relevant integers n, provided 4 and S are given
effectively. This shall be implicit in the effective treatment in the next section.

Before going ahead with such effective analysis, we give the example promised
in Remark 1.4, iii).

EXAMPLE 2.2. Let A be the 2 x 2 unimodular matrix
_ (196 3617
S \U11 203 )

Then A is conjugate in SLy(Z,) to a companion matrix for all p, but it is not con-
Jugate to a companion matrix in GLy(Z).

PrOOF. It is of course possible that there are simpler numerical examples, espe-
cially if we replace SL»(Z,) by GL»(Z,); we have not pursued in the task of find-
ing one.

To say that A is conjugate to a companion matrix over a ring () means that
there is a vector z € (0> such that z, Az form an ¢-basis of ©%; in turn, this just
means that det(z, 4z) belongs to the group ¢* of invertible elements in O. If actu-
ally det(z, Az) = 1, then A is conjugate to a companion matrix in SL,(0).

If we write z = (¢,u) with coordinates ¢,u € ¢, this may be rephrased saying
that det(z, Az) = 11¢2 + Ttu — 3617u* € O* (resp. 11¢*> + 7tu — 3617u®> = 1 in the
case of SL,(0)).

Consider then the quadratic form Q(T, U) = 11T? + 7TU — 3617U? of dis-
criminant A =72 +4-11-3617 =397 -401 (where 397,401 are primes). We
have 44Q(T, U) = (22T + 7U)* — AU2. 1t is easily checked that Q(T, U) repre-
sents 1 over any Z,. Indeed, by the usual Hensel’s principle (see [7], 11.2.2) we
have only to pay attention to the special cases p = 2, 11,397,401 and prove the
solvability of the corresponding congruences (i.e. modulo 8,11,397,401). For
p=2,use Q(1,1) =1 (mod8). In the remaining three cases, use respectively
that Q(—3,—1) =1 (mod 11) and that 44 is a quadratic residue modulo 397 and
modulo 401.

We conclude that 4 is conjugate to a companion matrix in SL,(Z,) for all
primes p.

On the other hand, suppose that Q(a,b) = se {1,—-1} =27 for some
integers a,b € Z. Then we would have (22a+ 7h)* — Ab? = 44¢. Consider the
unit @ := (399+\/—)/2 of the ring of integers U4 of Q(v/A). Let also & =
(22a + 7b 4 bv/A)/2 which is again in (5 since 22a + 7b and b have the same
parity. Then &’ = 11¢, where a dash denotes conjugation in Q(v/A).

We could then find an integer m so that y/11/w < |lw™| < V1lw. Putting
p:=C¢o™ we find |[pp’| =11, whence the above 1nequaht1es yield \/11 Jo <
|p'| < v1lw. In turn, this gives |p — p’| < 2v/11w. Finally, "\/g) is an integer in Z

bounded in absolute value by 2./1lw/A, which is < 1. Therefore p = p’, s
p € Z. But this is impossible since 11 is not a square, proving the claim. O
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3. AN EFFECTIVE BOUND

In this section we prove the effective version of Theorem 1.2 announced in the
introduction.

PrROOF OF THEOREM 1.5. We first remark that, by Proposition 2.1 in section 2,
we may assume that 4 has distinct eigenvalues 4y, ..., A; and that at least one of
these eigenvalues is not a root of unity.

We now recall some arguments from [6]. Define, as 1n the proof of Proposition
5.3 of op. cit., the linear recurrence sequences 7 — s 0<k<d-1)by

AM — u(O)AO N u(d_1>Ad_1.
m m

These sequences form a basis of the @-vector space V' of linear recurrence
sequences associated to the characteristic polynomial of 4. Let A,(A4) be the
determinant of the matrix (u,(ll,ﬁz)o emi<d1- Letne Nand vy € Z%. Then

det(vo, A"vg, . .. ,A(dil)nv()) = An(A) det(vo, Avg, ... ,A(d71>1)0).

Let, as in the statement of the theorem, Z be the set of positive integers n such
that A" is conjugate in GL,(Z) to a companion matrix. Thus n € Z if and only
if Z? is generated by the A"-orbit of a vector vy, which in turn implies that Z¢ is
generated by the A-orbit of vy. Thus, if n € Z then there exists vy € Z¢ such that

‘det(vo,AnU(), R ,A(d Dn U0)| = |det(1)0,Al)0, e ,A(d D Uo)l =1

Hence |A,(A4)] = 1. On the other hand, let us assume |A,(4)] =1. We may
assume that the set Z is not empty, otherwise the conclusion of the theorem is
trivial. Hence there exists vy € Z¢ such that det(vg, Avy, ..., A“ Duy) = +1. Thus
det(vg, A"vy, . .., A" D"p) = +1 which shows that n € Z.

The previous discussion proves that n e Z if and only if |A,(4)| = 1. Let
D, (A) be the Vandermonde determinant D, (A) = det(/ll’fﬁ’:l)o mk<d_1- Since the
recurrence sequences m — A", (0 <k < d — 1) give rise to another bas1s of 1,
we see that D,(A4) = det(C)A,(A) for some C e GL;(Q). Thus n € Z if and
only if |D,(A4)| = |D1(A)| (remark that A;(4) = 1).

Let n € Z. We shall obtain a bound for n from a lower bound for |D,(A4)| and
from an upper bound for |D;(A4)|. First we recall some definitions. Given two
monic polynomials f,g € Z[tf] we denote by disc(f) the discriminant of f and
by res(f,¢g) the resultant of f and g. We let M(f) > 1 its Mahler’s measure, i.e.
the absolute value of the product of the roots of f lying outside the unit circle.
We also denote by " the polynomial whose roots are the n-th powers of the
roots of f.

Let f(¢) be the characteristic polynomial of A. We factorize f over Z as
f=/h...f.. Welet d; = deg(f;). Then

S

(3.1) Do) =[] Mdisc(f™) x ] Ires(” |>H|dlscf[

i=1 1<i,j<s
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Observe that Jj.["] has only simple roots (since otherwise D,(A4) = 0 # D;(A)) thus
it is of degree d;. By the main result of [4] (which rests on lower bounds in linear
forms in two logarithms), there exists an absolute positive constant ¢y such that

|diSC(f]'»[”])| > M(fj'.)(df_l)(n_ﬁl)dj()log[l/‘logn).

We remark that M(f;)%~" > M(f;). This is clear if d; > 2. If d; = 1 then f; =
x+1(4 e GL(n,Z) implies f(0) = 1) thus M(f;) = 1, and again M(ﬁ)dﬁ1 =
1 = M(f;). Assume n > cod®logdlogn (otherwise our claim is satisfied). By the
remark above

(3.2) disc(f[")] = M(f;)" o oEe
By (3.1), (3.2) and by the multiplicativity of Mahler’s measure we obtain
DA > M(f-)wcodﬁlogdlogn.
By Hadamard’s inequality:
Di(A)] < M(f)*ar e < M (f) " a
Thus |D,(A4)| = |Di(A4)| implies
(3.3) (n — cod®logdlogn — 2d +2)log M(f) < 2d*logd.

Since at least one of the eigenvalues of A is not a root of unity, f is not a prod-
uct of cyclotomic polynomials. By a Theorem of Dobrowolski [3], there exists an
absolute positive constant ¢; such that

(3.4) log M(f) > ¢i(logd) ™.

Assume n > cod®logdlogn +2d — 2 (otherwise our claim is again satisfied).
From (3.3) and (3.4) we have

n < 2c;'d*(logd)* + cod®logdlogn +2d — 2
from which we easily get logn < ¢; logd and then
n < cd®(logd)?

for some absolute positive constant c. O

4. THE RANK > 2 PROBLEM

Let d > 3. As recalled in the introduction, Levitt and Metaftsis provide a family
of examples of matrices 4 € M;(Z) of infinite order and such that OR(A4") =2
for infinitely many n. One can choose

(5 )
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with a # +1 and B € M, _{(Z) conjugate to a companion matrix of finite order.
Note however that this forces 4 ¢ GL;(Z). See Remark 4.4, iv) for an example
of a matrix 4 € GL3(Z) such that OR(A4") = 2 for infinitely many n.

One could ask if for a “generic”” matrix 4 € My(Z) it is true that OR(4") = 2
infinitely often. Let us discuss a bit this problem.

Most of our results are local. Thus it is convenient to introduce the
following notations. Let 4 € M,(Z). Given a prime number p we let OR,(4) =
ORg,(Amod p). We define ORjoc(4) as the maximum of OR,(4) for p a prime.
We remark that ORjoc(4) < OR(A4).

It seems that it happens only in very special cases that ORj,c(A4”) is maximal
(= d) for all large n.

For instance, using Fermat’s little Theorem as in the proof of Proposition 2.1,
it is easy to prove the following.

REMARK 4.1. Let A € My(Z). Assume that A has only one eigenvalue. Let

pd) =]«

q<d

Jor q running over the prime powers < d (we recall that log(d) ~ d by the Prime
Number Theorem). Then OR(A") = ORyoc(A") = d for n > y(d).

PrROOF. Let f(1) = (¢ — a)d be the characteristic polynomial of 4. Let n > (d).
Thus there exists a power g of a prime p, such that ¢|n and ¢ > d. Then
A% —a=(A4—a)? mod p. Since ¢ > d we have A7 = a mod p. Since ¢ | n we also
have A" = 4"/ mod p. Thus the minimal polynomial of 4” mod p is linear, which
implies OR,(A4") = d. Thus ORc(A4") = d. Since OR,c(A4") < OR(A") < d we
also have OR(4") = d. O

Similarly, the method of the proof of Theorem 1.3 shows:

REMARK 4.2. Let A € My(7). Assume that A has two nonzero eigenvalues whose

ratio is not a root of unity. Let r be the sum of the dimensions of their eigenspaces.
Then OR(A") > ORoc(A") > r for n > y(d).

On the opposite side, we generalize a conjecture of Ailon and Rudnick [1]
which would imply that for a “generic” 4 € M;(Z) we had OR|c(A4") = 2 infi-
nitely often.

CONJECTURE 4.3. Let K be a number field and let oy, ... 04 € Og be non-zero
algebraic integers of K. Let us assume:

1) a1,...,0q do not satisfy nom-trivial multiplicative relations of zero degree.
(Namely, of" ...} #1 for integers my,...,mq not all zero but with
mi+ - +my =0.)

2) There are no finite places v of K such that three distinct o; have the same reduc-
tion mod v.
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Then for infinitely many n there are no finite places v of K such that three dis-
tinct o have the same reduction modv.

REMARK 4.4. i) In the special case @ = (1,a,b) with a,b € Z multiplicatively
independent and such that ged(a — 1, — 1) = 1, Conjecture 4.3 reduces to con-
jecture A of [1]. As for this special case, we have a numerical evidence for it.
Moreover, its analogous in function fields should be a consequence of a result of
Lang, as in op.cit.

il) Note that condition 2) is obviously necessary, but not condition 1), as
already remarked in [1]. Take for instance a be a non-zero integer, a # +1 and
let, as in op.cit, @ = (1, a, —a) which trivially satisfies the conclusion of Conjec-
ture 4.3 but not assertion 1). More generally, we are confronted with this curious
phenomenon. All the examples of algebraic numbers for which we can prove that
they satisfy the conclusion of Conjecture 4.3, do not satisfy assertion 1).

iii) Here is another example, which comes from a linear recurrence se-
quence suggested by C. Ballot. Let u, = —1+ F,;;, where F, is Fibonacci’s
sequence. Then u, satisfies the linear recurrence sequence associated to the
polynomial f(7) =3 — 22+ 1= (t— 1)(t> — t — 1) with roots 1, o and . Let
n be an odd integer not divisible by 3. Then there are no finite places v
of Og(y) such that 1, «" and " have the same reduction mod v. Indeed, f (1) =
(t—1)(t—a")(t—B") = (t—1)(* = Lyt + (—1)"), where L, is Lucas’ sequence
Ly=2,Ly=1L,=L,1+ L,_». Thus for n odd f[”] mod p has 1 as triple root
if and only if p =2 and L, is even. In turn, L, is even if and only if 3 | n.

iv) The above linear recurrence sequence provides an example of a companion
matrix 4 € GL3(Z) such that OR(A4") = 2 infinitely often. Let

0 0 -1
A=11 0 0
01 2

be the companion matrix of f(¢) = > — 2>+ 1. Let v = (0,1,0) and let u, =
—1 + F,.1 as before. Then it easily see that A"v = (—u,, —u,_1,u,+1). Thus
Zv @ ZA™"v is primitive if and only if ged(u,, u,,1) = 1. This proves

ged(uy, upy1) = 1 = OR(A") < 2.

An exercise on Fibonacci’s number shows that, for n odd not divisible by 3,
gcd(uy, uyy1) = 1. Thus for these integers, OR(A4") < 2. Since 4 has infinite
order, by Theorem 1.2 we have OR(A4") = 2 infinitely often.

The Conjecture 4.3 immediately implies:

CONJECTURE 4.5. Let A € My(Z) be nonsingular with characteristic polynomial
f. Let us assume:

1) The roots of the f do not satisfy non-trivial multiplicative relations of zero
degree.
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2) For all prime number p the polynomial f mod p do not have irreducible factors
of multiplicity > 3.

Then OR oo (A") < 2 for infinitely many n.

PROOF OF CONJECTURE 4.3 = CONJECTURE 4.5. Let () = H]d 1( a;) be
the characteristic polynomial of A. Thus the characteristic polynomial £ of 4" is
() = Hd (t—0af"). Let us assume Conjecture 4.3. Then for infinitely many n
and for p prime the polynomlal /" mod p has no irreducible factors of multi-
plicity > 3. Since OR,(A4") is equal to the number of invariant factors of 4", we

deduce that OR (A4 ") < 2. Thus ORj(A4") < 2 infinitely often. O

We remark that if A € GL4(Z), condition 1) of Conjecture 4.5 forces the roots
of f to be different from roots of unity.

5. ASCENDING HNN-EXTENSIONS

Let G be a finitely generated abelian group and let ¢ be an injective endomor-
phism of G. We consider the ascending HNN-extension

G, = <G, t]tgt™" = p(g)).

Define OR’(p) as the least positive integer k& such that there exist gi,...,9x € G
and N e N for which Im(p") is contained in the subgroup generated by the
p-orbits of g1, . .., gr. Remark that OR’(p) = OR(¢) for ¢ € Aut(G). The follow-
ing theorem generalizes the first statement of [6], Corollary 2.4.

THEOREM 5.1. Let ¢ be an injective endomorphism of the finitely abelian group
G. Let G' be the ascending HNN-extension Gx,. Then

rank(G’) = OR'(p) + 1.

Before proving this result, we make some simple remarks on ascending HNN-
extensions. Some of them will be needed in the proof of the theorem.

For » € G’ we denote by F, the inner automorphism of G’ defined by F,(x) =
yxy~!. Thus ¢ is the restriction of F; to G.

REMARK 5.2. 1) Since G is abelian, for g,g; € G we have Fy,(g1) = gp(g1)g ' =

9(91)-

ii) We note that every x € G’ may be written as x = t~“gt’, with g € G and
a,b > 0. Even if this form is not unique, ¢ “gt” — b — a defines a morphism
7:G — 7.

iii) Let G/, = {gt’|g € G,b > 0}. Then G' is a monoid. More precisely, for
s, 0, € G and by,...,b, >0 we have gltbl . gythr = gth T +h for some
g e G.

iv) Let g € G and let b > 0. Then (gr*) " = ¢”(9) 1" € G/..
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v) Let x=1t"%t"e G (ge G, a,b>0) and let n>a. Then F'(x)=
("agrth = pn=a(g)tb= 1f b > a, we have F/"(x) € G.. Assume b < a. Then,
by Remark 5.2 iv), F"(x) ' e G'.

vi) Let x; = g1t"1, x; = got™ € G (9i € G, b; > 0) and write the euclidean
division by = gb; +7r (¢ =0, 0 <r < b). Since ¢ >0, by Remark 5.2 iii) we
have x{ = ¢{#9' for some g} € G. Thus

— r —1 r —1_r 2
xy = xx 1= gat’(g1) " = g20"(91) 1" = g5t

with g} € G. We have {xj,x,) = {x,x}). By Euclid’s algorithm we deduce that
there exist x € G| and g € G such that {x;,x;) = {g,x). More generally, if
X1,..., X1 € G, then

<X1,...,Xk+1>: <gla"'7gk7gotb>

with g; € G and b > 0.

vii) Assume now that G’ can be generated by k + 1 elements, say xi, ..., Xx1.
By Remark 5.2 v) we can find n > 0 and s; € {1} such that F/"(x;)" € G, for
i=1,...,k+ 1. Since F, is an automorphism, F,"(x1)",..., F/"(xg41)™" gener-
ate again G’. By Remark 5.2 vi) there exist go,...,gx € G and b > 0 such that
G' ={g1,...,gr,got">. Since t € G', by Remark 5.2 ii) we have 1 = y(t) € bZ
which implies b = 1.

PrROOF OF THEOREM 5.1. We first show that rank(G’) < OR'(p) + 1. Let
k = OR'(p). Thus there exist ¢gi,...,9x € G and N € N for which Im(p?)
is contained in the subgroup generated by the ¢-orbits of ¢gj,...,gr. Let
g€ G. Then tNgt™ = ¢pV(g9) € {g1,...,9x,t>. Thus g € {g1,...,9x, 1y and G’ =
<g17 <o Gk t>'

We now show that OR'(p) + 1 < rank(G’). Let rank(G’) = k + 1. By Remark
5.2 vii) there exist go,...,gx € G such that G’ = {gi,...,gk,got). Let g € G.
Then there exist i1,...,i; € {1,...,k}, A1,..., 4y € Zand p,,...,1; € Z such that

g=(go)"g" ... (g01)" gl = F"(g:))" ... F"(g;)" (go?)”"
where F = F,, is the inner automorphism x — (gof)x(gor) ' and where p, =
M+-+4 (@i=1,...,0). Let N; >0 such that m; :=p;+ N, >0 for i=
1,...,[. Then, by Remark 5.2 i),

0" (g) = FYi(g) = F™ (gi)" ... F"(g:)" (900)""
=" (g:)"" - 9™ (9:)" (g90)"".
By Remark 5.2 ii) we have 0 = y(¢p™(g)) = x((got)"") = p;. Thus ¢™¢(g) is in the

subgroup generated by the g-orbits of ¢gq,...,¢,. It is now enough to choose
N = max, N, for g running over a finite system of generators of G. O

From now on we fix G = Z?. We translate the assertion OR'(¢) = 1 in term
of local conditions. Given a prime p we denote by ¢ : [Flf — [F;l the reduc-



SOME REMARKS CONCERNING THE RANK 209

tion modp of ¢. For veZ¢ we let A, be the subgroup generated by
v,0(v),...,9" ' (v) and we denote by A, its reduction mod p.

Let K be a field and let y be an endomorphism of a d-dimensional K-vector
space V. We recall that dim Im(y)/) = dim Im (%) for j > d.

THEOREM 5.3. Let ¢ : Z¢ — Z% be an injective morphism. Then OR'(p) =1 if
and only if there exists a vector v e Z% such that for all prime p

(5.5) dim Im(p?) = dim 3 (A,).

REMARK. Let det(A,) := [Z2 det(A,)]. Condition (5.5) is obviously satisfied if
p ¥ det(A,). If p|det(A ) then dlm(A < d — 1 and condition (5.5) is equivalent
to dim Im(p?) = dim /"' (A,).

PROOF. Assume first OR’(p) = 1. Then by definition, there exist a vector v € Z¢
and N e N such that Im(p") < A,. Then Im(p"*) < p?(A,). Let p be a prime.
By the remark preceding the theorem,

dim Im(¢?) = dim Im(p"*?) < dim ¢4 (A,).

Assume now that there exists v € Z¢ such that (5.5) holds for every prime p.
Let p be a prime. Since $¢(A,) < Im(p?) and since these [,-vector spaces have
the same dimension,

Im(p?) = p/(A,) = A,

Let b be the product of the primes dividing det(A,). By Bezout’s identity we
easily see that

Im(p?) = A, +b7°.
By induction we deduce
Im(p™) = A, +b"7¢
for N e N. We chose for N a natural number such that det(A,) divides »V. Then
Im(p™) = A, +bV77 = A, + det(A,)Z7 = A,. 0

We consider the following even special case: G = Z2, ¢ € M>(Z) non-singular.
In this case, the assertion (5.5) is equivalent to the following two statements:

1) p|det(A,) = p|det(p).
2) p(v) =0mod p = p|tr(p).

Indeed, assume that p satisfies (5.5). Let p|det(A,). Then dimIm(p?) =
dim #*(A,) < 2. Thus ¢ is not 1nJectlve and p|det( ). Moreover, if ¢(v) =
0 mod p then §(A,) =0, thus dimIm(p?) = dim *(A,) = 0 and § is nilpotent
mod p which in turn implies p | tr(¢p).
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Conversely, let p be a prime satisfying 1) and 2). We have already remarked
that (5.5) is trivially satisfied if p 4 det(A,). Assume that p|det(A,). By 1),
p|det(p). Thus dimIm(p?) < 1. Assume first ¢(v) # 0 mod p. Since p|det(A,),
we must have ¢(v) =/vmodp with A # 0modp. Hence A, = {v)g, and
P*(Ay) = (27v)g . Thus dim p*(A,) = 1 > dimIm(p?). If (v) = 0 mod p, then,
by 2), ¢ is nilpotent mod p, and again dim #*(A,) = dim Im(¢?) = 0.

We write v = (x, y). Then det(A,) = Q(x, y) with Q(X, Y) a quadratic form.
Thus the existence of a vector v € Z> which satisfies conditions 1) and 2) above
translate into the following statements on Q. There exist x, y € Z such that for p
prime we have:

r|O(x,y) = pldet(p)
o(x,y) =0mod p = p|tr(p).

This last requirement amounts to certain finitely many congruence conditions,
depending explicitly only on ¢.

It is now a well-known matter to decide about the existence of x, y € Z sat-
isfying these congruences and moreover such that Q(x, y) is composed only of
primes dividing det(¢) (and one can also calculate such x, y if there exist any).
Thus:

COROLLARY 5.4. Let ¢ : 7% — 7* be an injective morphism. Then one can com-
pute rank(Z%x,).

We have not made any particular effort to generalize this statement to higher
dimension.

We finally remark that the analogous of Theorem 1.2 still holds in ascending
HNN-extensions and it is indeed an easy corollary of Theorem 1.3.

COROLLARY 5.5. Let A € My(Z) be a nonsingular matrix of infinite order. Sup-
pose that A has two eigenvalues whose ratio is not a root of unity. Consider the
family of ascending HNN-extensions G, = Z%% 4n. Then there exists ny = no(A)
such that rank(G,) > 2 for n > ny.

PrROOE. Let S be the set of primes dividing the discriminant of 4. By Theorem
1.3 there exists ny = ng(A) such that for all n > ny the matrix A" is not conju-
gate in GL,(F,) to a companion matrix for all p ¢ S. Let n > ny and assume
OR’(A") = 1. Let p ¢ S. Then, by the choice of S, the matrix 4 is in GL4([F,).
Thus OR(A4") = OR’(4") =1 and A" is conjugate to a companion matrix in
GL,(F,), contradiction. Thus for n > ny we have OR’(4") > 1 and, by Proposi-
tion 5.1, rank(G,) > 2. O
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