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Abstract. — The paper mainly concerns the results by N. Grachev and the author in the har-

monic potential theory for polyhedra. Pointwise estimates for kernels of inverse operators are pre-
sented which imply the invertibility of the integral operator generated by the double layer potential

in the space of continuous functions and in Lp. Auxiliary pointwise estimates for Green’s kernel of
the Neumann problem are proved.
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1. Survey of results on the invertibility of

boundary integral operators

To begin with, I mention some results by N. Grachev and the author on integral
equations of the potential theory on smooth surfaces with isolated conic vertices
obtained in [GM1], [GM3], [GM4], where, as in [M1] (see also [M2]), the study
of integral equations is reduced to the study of certain auxiliary boundary value
problems. We found representations for inverse operators of these equations in
terms of inverse operators of the interior and exterior Dirichlet and Neumann
problems. Using estimates for the fundamental solutions of these boundary value
problems, we arrived at estimates for kernels of inverse operators of integral
equations. Such estimates lead to theorems on the invertibility of integral equa-
tions in various function spaces. In particular, the solvability in the space of
continuous functions C for the integral equation associated with the Dirichlet
problem could be stated without any assumptions on openings of the cones with
smooth generatrices.

For a fairly large class of surfaces, the solvability of the boundary integral
equation in the space C was proved by Burago and Maz’ya [BM] and Kral [K],
whose approach requires that the essential norm jT j of the double layer potential
T is less than 1. This condition can be formulated in geometrical terms. However,
it does not hold even for all cones with smooth generatrices. Angell, Kleinman,
Kral [AKK] and Kral and Wendland [KW] succeeded in compelling the



inequality jT j < 1 to hold by replacing the usual norm in C with some equivalent
weighted norm. The polyhedral surfaces considered in [KW] are formed by a
finite number of rectangles parallel to the coordinate planes.

Since in the papers [GM1], [GM4] the solvability of the above mentioned in-
tegral equation on surfaces with a finite number of conic vertices in the space C
was proved without any additional geometric assumptions, it became plausible
that the use of the essential norm has been unnecessary and appeared only in
the method of proof. We [GM6], and independently Rathsfeld [R], extended the
result in [GM4] to arbitrary polyhedra using di¤erent methods. In [R], a proof
based on the Mellin transform was used. By the same approach, Elschner [E]
studied the invertibility and the Fredholm property of a similar integral operator
with a complex parameter on a polyhedral surface in certain weighted L2-Sobolev
spaces.

Now I pass to a description of results obtained by Grachev and the author in
[GM6]. We denote by G the boundary of a compact polyhedron in R3. By Gþ

we denote the interior of the polyhedron and by G� its exterior. Consider two
problems for the Laplace operator

Du ¼ 0 on Gþ; u ¼ f on G;ð1:1Þ
Dv ¼ 0 on G�; qv=qn ¼ g on GnM:ð1:2Þ

Here M is the set of singularities of the polyhedron, i.e. the union of edges and
vertices, and q=qn stands for the derivative in the direction of the outer normal to
GnM.

Let O1;O2; . . . ;Om be the vertices of the polyhedron, let M1;M2; . . . ;Mk be
the edges and let

riðxÞ ¼ distðx;MiÞ ¼ ; rðxÞ ¼ min
1aiak

riðxÞ;

riðxÞ ¼ distðx;OiÞ rðxÞ ¼ min
1aiam

riðxÞ:

By oi, i ¼ 1; 2; . . . ; k we denote the opening of the dihedral angle with the edge
Mi coinciding with Gþ near Mi and let

lþi ¼ p=oi; l�i ¼ p=ð2p� oiÞ; l ¼ minflþi ; l
�
i g:

Let Ki, i ¼ 1; 2; . . . ;m, be the cone with the vertex Oi which coincides with Gþ

near the point Oi. The open set that the cone Ki cuts from the unit sphere S2

centered at Oi is denoted by Wþ and the set S2nWþ is denoted by W�.
Let di and ni be positive numbers such that diðdi þ 1Þ and niðni þ 1Þ are the first

positive eigenvalues of the Dirichlet problem in Wþ and the Neumann problem in
W� for the Laplace-Beltrami operator on S2. We also set

Ki ¼ minfdi; ni; 1g:
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Let Wc denote the classical double layer potential with the density c:

ðWcÞ ¼ 1

4p

Z
G

q

qnx

� 1

jx� xj

�
cðxÞ dsx; x a Ge:

We are looking for a solution of the equation (1.1) in the form of a double poten-
tial. It is known that the density c satisfies the integral equation

ð1þ TÞc ¼ 2 f :ð1:3Þ

Here T is the operator on G defined by the equation

ðTcÞðxÞ ¼ 2W0cðxÞ þ ð1� dðxÞÞcðxÞ;

where dðxÞ ¼ 1 for x a WnM, dðxÞ ¼ oi=p for x a Mi, dðxÞ ¼ measWþ
i =2p for

x a Oi, and W0c is the direct value on G of the double layer potential.
Now we formulate the main result for the integral equation associated with

the Dirichlet problem.

Theorem 1. Let K ¼ min
i

Ki, l ¼ min
i

li. If

p > 2=ð1þ KÞ; p > 1=lð1:4Þ

then the integral operator

1þ T : LpðGÞ ! LpðGÞ

and the operator

1þ T : CðGÞ ! CðGÞ

perform the isomorphisms. The inverse operator admits the representation

ð1þ TÞ�1
f ¼ ð1þ LþMÞ f ;ð1:5Þ

where L and M are integral operators on G with the kernels Lðx; yÞ and Mðx; yÞ
admiting the following estimates:

If Mj is the nearest edge to the point y and Oi is the nearest vertex to y, then

jMðx; yÞja crðyÞKi�1�e
� rðyÞ
rðyÞ

�lj�1�e

:ð1:6Þ

The kernel Lðx; yÞ is di¤erent from zero only if the point x lies near the point y.
Suppose that x and y lie in a neighbourhood of a vertex Oi, i ¼ 1; 2; . . . ;m and this
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neighbourhood contains no vertices of the polyhedron other than Oi. If Mj and Ml

are the nearest edges to y and x, then

jLðx; yÞja crðyÞ�2
� rðyÞ
rðyÞ

�lj�1�e

þ cðrðyÞ þ jx� yjÞ�2ð1:7Þ

�
� rðxÞ
rðxÞ þ jx� yj

�ll�e� rðyÞ
rðyÞ þ jx� yj

�lj�1�e

for rðxÞ=2 < rðyÞ < 2rðxÞ, and

jLðx; yÞja crðyÞ�1ðrðxÞ þ rðyÞÞ�1
�minfrðxÞ; rðyÞg

rðxÞ þ rðyÞ

�Ki�e� rðyÞ
rðyÞ

�lj�1�e

ð1:8Þ

in the opposite case. Here e is any small positive number.

Remark 1. A similar theorem holds for the integral equation

ð1þ T �Þc ¼ �2g;ð1:9Þ

associated with the Neumann problem, where T � is the operator formally adjoint
to T . In that case it is su‰cient to replace (1.4) by the estimates

1a p < 2=ð1� KÞ; p < 1=ð1� lÞ

and to replace x by y and vice versa in the estimates (1.6)–(1.8). However, the
invertibility in the space CðGÞ should not be mentioned.

Here is a brief description of our method. First we consider the interior
Dirichlet problem and the exterior Neumann problem in some weighted Hölder
spaces with the weight rbrg, where b and g are real. It is known (see [MP1]), that
there exists a unique solution satisfying (1.1) and that the representation

uðxÞ ¼
Z
G

Pþðx; xÞ f ðxÞ dsxð1:10Þ

holds with derivatives of the kernel Pþðx; xÞ admiting the following estimates:
Suppose that the points x and x lie in a neighbourhood of a vertex Oi,

i ¼ 1; 2; . . . ;m; and Mj and Ml are the nearest edges to x and x. If either
2rðxÞ < rðxÞ or rðxÞ > 2rðxÞ, then

jqs
xq

t
xP

þðx; xÞja cs; trðxÞ�jsj
rðxÞ�1�jtjðrðxÞ þ rðxÞÞ�1

�
�minfrðxÞ; rðxÞg

rðxÞ þ rðxÞ

�di�e� rðxÞ
rðxÞ

�lj�jsj�e� rðxÞ
rðxÞ

�ll�jtj�1�e

:
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In the zone rðxÞ < 2rðxÞ < 4rðxÞ, the estimates have the form

jqs
xq

t
xP

þðx; xÞja cs; tjx� xj�2�jsj�jtj

�
� rðxÞ
rðxÞ þ jx� xj

�lj�jsj�e� rðxÞ
rðxÞ þ jx� xj

�ll�1�jtj�e

:

In the case x a Ui, x a Uq, where Ui and Uq are small neighbourhoods of the
vertices Oi and Oq with iA q, the estimates take the form

jqs
xq

t
xP

þðx; xÞja cs; trðxÞdi�jsj�e
rðxÞdq�jtj�e

� rðxÞ
rðxÞ

�lj�jsj�e� rðxÞ
rðxÞ

�ll�jtj�1�e

:

Here s and t are arbitrary multi-indices, e is a su‰ciently small positive number.
A similar representation

uðxÞ ¼
Z
G

Q�ðx; xÞgðxÞ dsxð1:11Þ

holds for the solution of the Neumann problem (1.2) and the kernel Q�ðx; xÞ
obeys the following relations (see [GM4] and Part 2 of the book [MR]):

Suppose that the points x and x lie in a neighbourhood of the vertex Oi,
i ¼ 1; 2; . . . ;m, and Mj and Ml are the nearest edges to x and x. If either
2rðxÞ < rðxÞ or rðxÞ > 2rðxÞ, then

Q�ðx; xÞ ¼ Q�ð0; xÞ þR�ðx; xÞ for 2rðxÞ < rðxÞ;
Q�ðx; xÞ ¼ Q�ðx; 0Þ þR�ðx; xÞ for 2rðxÞ < rðxÞ;

where

Q�ð0; xÞ ¼ Q�ðx; 0Þ ¼ a�i =rðxÞ þ b�i þ d�
i ðxÞ; a�i ¼ 1=measW�

i :

For Rðx; xÞ and d�
i ðxÞ one has the estimates

jqs
xd

�
i ðxÞja csrðxÞni�jsj�e

� rðxÞ
rðxÞ

�l l
se

;

jqs
xq

t
xR

�ðx; xÞja cs; trðxÞni�jsj�erðxÞ�1�ni�jtj�e
� rðxÞ
rðxÞ

�l j
se
� rðxÞ
rðxÞ

�l l
se

:

In the intermediate zone rðxÞ < 2rðxÞ < 4rðxÞ, the estimate takes the form

jqs
xq

t
xQ

�ðx; xÞja cst

jx� xj1þjsjþjtj

� rðxÞ
rðxÞ þ jx� xj

�l j
se
� rðxÞ
rðxÞ þ jx� xj

�l l
te

:
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In the case x a Ui, x a Uq, where Ui and Uq are small neighbourhoods of the
vertices Oi and Oq with iA q, we have

jqs
xq

t
xQ

�ðx; xÞja cs; trðxÞnseirðxÞn
q
te

� rðxÞ
rðxÞ

�l j
se
� rðxÞ
rðxÞ

�l l
te

:

Here we use the notation

l j
se ¼ minf0; lj � jsj � eg; l j

te ¼ minf0; ll � jtj � eg;
n ise ¼ minf0; ni � jsj � eg; nqte ¼ minf0; nq � jtj � eg:

One can show that the representation

ð1þ TÞ�1 ¼ 1

2

�
1�Q� q

qn
Pþ
�

ð1:12Þ

for the inverse operator of the integral equation associated with the Dirichlet
problem holds in the space of traces on G of functions from the weighted Hölder
space mentioned above. Here Pþ and Q� are the integral operators defined by
the equalities (1.10) and (1.11).

The estimates for derivatives of the kernels Pþðx; xÞ, Q�ðx; xÞ and the equality
(1.12) allow to establish the representation (1.5) in Hölder spaces and to obtain
estimates (1.6)–(1.8) for the kernels Lðx; yÞ and Mðx; yÞ. With the help of these
estimates one can show that the operator ð1þ TÞ�1 is continuous in the space of
continuous functions as well as in an appropriate Lp space and can extend the
representation (1.5) to these spaces.

Remark 2. The inverse to the integral operator in (1.9) has the form

ð1þ T �Þ�1 ¼ 1

2

�
1� q

qn
PþQ�

�
:

2. Properties of the Neumann problem in a polyhedral cone

The results in this section are borrowed from preprint [GM5]. We consider the
Neumann problem in a polyhedral cone. Its solvability in certain weighted Hölder
and Sobolev spaces is shown and estimates for the fundamental solution are ob-
tained. In Subsection 2.1 the problem is studied in some weighted Hilbert spaces.
Subsection 2.2 is devoted to a generalization of previous results to the Lp norm
with p > 2 which enables one to prove the existence of Green’s function and to
obtain estimates both for this function and its derivatives (Subsection 2.3). With
the help of such estimates, the solvability of the Neumann problem in various
function spaces is proved in Subsection 2.4.

Our estimates for Green’s function of the Neumann problem are similar to
those obtained in the case of the Dirichlet problem in [MP1]. The Neumann and
mixed boundary value problems for a class of elliptic systems are treated in Part 2
of the book [MR].
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2.1. Solvability of the Neumann problem in a polyhedral cone.
The case of weighted Hilbert spaces

1. Function spaces. Let K be an open polyhedral cone in R3 with the vertex O and
the edges Mj, j ¼ 1; 2; . . . ; k. The faces qKj, j ¼ 1; 2; . . . ; k, of the cone are plane
sectors. By M we denote the set of singularities of K , i.e. M ¼

S
1a jal Mj,

and by oj the opening of the dihedral angle coinciding with K in a neighbour-
hood of intMj. Suppose that O is the origin of some Cartesian system.

Let b a R, 1 < p < l, let l be integer, lb 0, and let d be a vector

ðd1; d2; . . . ; dkÞ, dj a R. We introduce the space W
l;p
b;dðKÞ of functions u in K with

the finite norm

kuk
W

l; p
b; d

ðKÞ ¼
�Xl

i¼1

Z
K

jxjðb�lþiÞpYk
j¼i

r
pdj
j j‘iuj p dx

�1=p
:

Here rjðxÞ ¼ distðx;MjÞ and ‘j ¼ fq j=qxa1
1 qxa2

2 qxa3
3 g.

In what follows by L
p
b;dðKÞ we denote the space W 0;p

b;d ðKÞ.
We also need the space of traces on qKj for functions from W

l;p
b;dðKÞ denoted

by W
l�1=p;p
b;d ðqKjÞ. Let W

l�1=p;p
b;d ðqKÞ refer to the space of functions u on qK

whose restrictions uj on qKj belong to W
l�1=p;p
b;d ðqKjÞ and let

kuk
W

l�1=p; p

b; d
ðqKÞ ¼

Xk
j¼1

kuk
W

l�1=p; p

b; d
ðqKjÞ:

2. The model boundary value problem in a plane infinite sector. By Q we denote
an infinite sector with opening o and the vertex O. Let qQe be the sides of this
sector and let qQ be the boundary of Q, i.e. qQ ¼ qQþ A qQ� A f0g.

Given any d a R and any nonnegative integer l, we introduce the space W l
d ðQÞ

of functions in Q for which the norm

kukW l
d
ðQÞ ¼

�Xl

j¼0

krd‘juk2L2ðQÞ

�1=2

is finite. Here r ¼ rðxÞ is the distance from the point x to the vertex O.
The space of traces on qQþ of functions from W l

d ðQÞ will be denoted by
W

l�1=2
d ðqQeÞ. It is well-known (see [MP1]) that the norm in W

l�1=2
d ðqQeÞ can

be defined by the formula

kuk2
W

l�1=2

d
ðqQeÞ ¼

Xl�1

j¼0

krduð jÞk2L2ðqQeÞ

þ
Z l

0

r2d dr

Z r

0

t�2juðl�1Þðrþ tÞ � uðl�1ÞðrÞj2 dt:
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Furthermore, for any positive t, we introduce the norm kukW l
d
ðQ; tÞ defined by

kukW l
d
ðQ; tÞ ¼

�Xl

j¼0

t2ðl� jÞkrd‘juk2L2ðQÞ

�1=2
:

Similarly, one can define the norm depending on a positive parameter t in the
space of traces on qQe:

kuk2
W

l�1=2

d
ðqQe; tÞ ¼

Xl�1

j¼0

t2ðl� jÞ�1krduð jÞk2L2ðqQeÞ

þ
Z l

0

r2d dr

Z r

0

t�2juðl�1Þðrþ tÞ � uðl�1ÞðrÞj2 dt:

Consider the boundary value problem depending on the complex parameter g

q2u

qx2
þ q2u

qy2
þ g2u ¼ f in Q;

qu

qn
¼ g on qQn0;ð2:1Þ

where q=qn is the derivative in the direction of outer normal.

Lemma 1 [ZS], [GM2]. Let AðgÞ be the operator of the problem (2.1). If

0 < 1� d < minf1; p=og;

then the operator

Að1Þ : W 2
d ðQÞ ! W 0

d ðQÞ �
Y
e

W
1=2
d ðqQeÞ

performs an isomorphism.

Lemma 2. Suppose that 0 < 1� d < minf1; p=og. If g belongs to the line
Re g ¼ c1, then there exists a positive number c2 such that the problem (2.1)
has the unique solution u a W 2

d ðQ; jgjÞ for every g with jIm gj > c2, and for any
f a W 0

d ðQÞ, ge a W
1=2
d ðqQe; jgjÞ. The solution admits the estimate

kukW 2
d
ðQ; jgjÞ a c

�
k f kW 0

d
ðQÞ þ

X
e

kgek
W

1=2

d
ðqQe; jgjÞ

�
;ð2:2Þ

where the constant c > 0 is the same for all g with jIm gj > c2 and f a W 0
d ðQÞ,

ge a W
1=2
d ðqQe; jgjÞ.

Proof. Let g ¼ aþ ib, �l < b < l. It su‰ces to consider the case a ¼ 0. We
introduce the function vðxÞ ¼ uðjbjxÞ. Then the existence of the solution of (2.1)
and the estimate (2.2) follow from Lemma 1 applied to the function v.
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3. The Neumann problem in a cone. Let W be a spherical polygon, i.e. W ¼
KBS2, where S2 is the unit sphere centered at O. We introduce the notation

Ej ¼ Mj BS2; qWj ¼ qKj BS2

Since K is a polyhedral cone, it follows that in a neighbourhood Uj of each point
Ej, j ¼ 1; 2; . . . ; k, there exists a di¤eomorphism Kj mapping Uj into a plane sec-
tor Qj. Suppose that the di¤erential of Kj is identical at Ej. We define the space
W l

dðWÞ, d ¼ ðd1; d2; . . . ; dkÞ. We say that a function u on W with support in Uj be-
longs to this space if kju a W l

dj
ðQjÞ. If a function u vanishes near all angle points

then u a W l
dðWÞ if and only if u a W l

2ðWÞ. The case of a function with arbitrary
support is considered in a standard manner with the help of partition of unity.

The space of traces on qWi of functions from W l
dðWÞ, lb 1, will be denoted by

W
l�1=2
d ðqWiÞ. We say that u a W

l�1=2
d ðqWÞ if the restriction ui of u to every

component qWi is in W
l�1=2
d ðqWiÞ and

kuk
W

l�1=2

d
ðqWÞ ¼

Xk
i¼1

kuk
W

l�1=2

d
ðqWiÞ:

Further, replacing W l
dj
ðQjÞ by W l

dj
ðQj; tÞ in the definition of the W l

dðWÞ-norm, we

introduce the norm kukW l
d
ðW; tÞ for any positive t. Similarly, one can define the

norm kuk
W

l�1=2

d
ðqW; tÞ, also depending on the parameter t.

Consider the Neumann problem

Du ¼ f in K ;
qu

qn
¼ j on qKnM:ð2:3Þ

We assume that f a L2
b;dðKÞ, j a W

1=2
b;d ðqKÞ. We are looking for a set of indices

b, d for which the problem (2.1) is solvable in W 2;2
b;d ðKÞ. Let r ¼ jxj and let D 0 be

the Lapalace-Beltrami operator on S2. We rewrite the problem (2.3) in the form

�� rq
qr

�2
þ r

q

r
þ D 0

�
u ¼ r2f in K;

qu

qn
¼ rj on qWnE;ð2:4Þ

where E ¼
S

j Uj . Using the Mellin transform

~uuðg; �Þ ¼ ð2pÞ�1=2

Z l

0

r�g�1uðr; �Þ dr;

we can formally write the system (2.4) as the following system with the complex
parameter g

ðg2 þ gþ D 0Þ~uu ¼ ~FF in W;
q~uu

qn
¼ ~FF on qW;ð2:5Þ

where ~FF ¼ ~ff ðg� 2Þ, ~FFðgÞ ¼ ~jjðg� 1Þ.
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Let AðgÞ stand for the operator of the problem (2.5).

Theorem 2. Suppose that

g ¼ 1

2
� b �

Xk
j¼1

dj

is not an eigenvalue of the operator pencil AðgÞ. Let 0 < dj < 1 and 1� dj < p=oj .
Then

(i) Given f a L2
b;dðKÞ and j a W

1=2
b;d ðqKÞ, there exists a unique solution u a

W
2;2
b;d ðKÞ satisfying the problem (2.3) and there is a positive constant c depend-

ing only on K such that

kuk
W

2; 2
b; d

ðKÞ a cðk f kL2
b; d

ðKÞ þ kjk
W

1=2

b; d
ðqKÞÞ:ð2:6Þ

(ii) Let

f a L2
b;dðKÞBL2

b 0;d 0 ðKÞ; j a W
1=2
b;d ðqKÞBW

1=2

b 0;d 0 ðqKÞ;

where b 0 a R and d 0 is a vector with components d 0j , 0 < 1� d 0j < minf1; p=og,
j ¼ 1; 2; . . . ; k. Suppose that the numbers

1

2
� b �

Xk
j¼1

dj and
1

2
� b 0 �

Xk
j¼1

d 0j

are not eigenvalues of AðgÞ and that the eigenvalues g1; . . . ; gs of the operator
pencil AðgÞ lie in the interval

1

2
� b �

Xk
j¼1

dj < gj <
1

2
� b 0 �

Xk
j¼1

d 0j :

If u is a solution of the problem (2.3) from the space W
2;2
b;d ðKÞ, then

uðxÞ ¼
Xs
i¼1

Xkj
j¼1

cijr
gjjijðoÞ þ RðxÞ:ð2:7Þ

Here jij , j ¼ 1; . . . ; ki are eigenfunctions of the Laplace-Beltrami operator D 0

corresponding to the eigenvalues g2i þ gj , cij are certain constants, and R is a
solution of the problem (2.3) from the space W

2;2
b;d ðKÞ.

Proof. Let AjðgÞ denote the operator of the problem (2.1) in the sector Qj and
let AjðgÞ stand for the transformation of AðgÞ under the di¤eomorphism Kj. Let
he be a smooth function identically equal to 1 in the ball Be of radius e with center
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at the vertex of the sector Qj and vanishing outside the ball B2e. From (2.5) it
follows that the norm of the operator

heðAjðgÞ �AjðgÞÞ : W 2
b ðQj; jgjÞ ! W 0

b ðQjÞ �
Y
e

W
1=2
d ðqQe

j ; jgjÞ

is small for small e and large jgj. Hence, by Lemma 2, the solvability of the prob-
lem (2.5) in W 2

b ðQj; jgjÞ and the estimate

k~uukW 2
b
ðW; jgjÞ a cðk ~FFkW 0

b
ðWÞ þ k~FFk

W
1=2

b
ðqW; jgjÞÞ

are established by a standard argument (see [AV]).
The properties of the Mellin transform imply the equalitiesZ

Re g¼l�b�T
k

j¼1 dj�3=2

k~uuk2W l
d
ðW; jgjÞ dg ¼ kuk2

W
l; 2
b; d

ðKÞ;Z
Re g¼l�b�T

k

j¼1 dj�3=2

k~jjk2
W

l�1=2

d
ðqW; jgjÞ dg ¼ kuk2

W
l�1=2; 2

b; d
ðqKÞ:

Hence the function

uðr; �Þ ¼ ð2pÞ�1=2

Z
Re g¼1=2�b�T

k

j¼1 dj

rgA�1ðgÞ½ ~FF ; ~jj� dgð2:8Þ

belongs to W
2;2
b;d ðKÞ, satisfies the problem (2.3) and obeys the estimate (2.6).

Replacing the line of integration in (2.8) by the line Re g ¼ 1=2� b 0 �
Pk

j¼1 d
0
j ,

we arrive at (2.7) (see [Ko]).

2.2. Solvability of the Neumann problem in a polyhedral cone.
The case of weighted Sobolev spaces

1. The Neumann problem in a dihedral angle. Let D be an open dihedral angle
in R3 with opening o a ð0; 2pÞ, oAp, and let qDe be its sides. By Ll

p;bðDÞ we
denote the completion of Cl

0 ðDÞ in the norm

ðkrd‘luk p

LpðDÞ þ kuk p

LpðBÞÞ
1=p:

Here rðxÞ is the distance from the point x to the edge M of D, B is a ball with
radius 1, BHD.

Let L
l�1=p
p; d ðqDeÞ stand for the space of traces on qDe of functions from

Ll
p;bðDÞ and L

l�1=p
p;b ðqDÞ for the space of functions u whose restrictions ue to qDe

are in L
l�1=p
p; d ðqDeÞ. We set

kuk l�1=p
p; d ðqDÞ ¼

X
e

kuek l�1=p
p; d ðqDeÞ:
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Consider the Neumann problem

Du ¼ f in D;
qu

qn
¼ j on qDnM:ð2:9Þ

The following result is well known (see [GM2], [ZS]).

Theorem 3. Let 0 < 1� b < minf1=2; p=og. Then

(i) The operator of the Neumann problem (2.9) performs an isomorphism

L2
2;bðDÞQL0

2;bðDÞ � L
1=2
2;b ðqDÞ:

(ii) Let p > 1, d > �2=p, let l be an integer, l > 0, 0 < l � dþ 2� 2=p < p=o,
and let f a Ll

2; dðDÞ, j a L
lþ1�1=p
p; d ðqDÞ. If u a Ll

2;bðDÞ is a solution of the prob-

lem (2.9), then u a Llþ2
p; d ðDÞ and the exists a positive constant c depending only

on D such that

kukLlþ2
p; d

ðDÞ a cðk f kLl
2; d

ðDÞ þ kjk
L

lþ1�1=p

p; d
ðqDÞ þ kukL2

2; b
ðDÞÞ:

By W l
p;bðDÞ we denote the space of functions u with the finite norm

kukW l
p; b

ðDÞ ¼
�Xl

j¼0

krd‘juk p

LpðDÞ

�1=p
:

We also introduce the space W
l�1=p
p;b ðqDÞ whose definition is obtained from the

definition of the space L
l�1=p
p;b ðqDÞ after replacing L by W .

Theorem 3 leads directly to the following assertion.

Lemma 3. Let y and z be functions from Cl
0 ðDÞ such that yz ¼ y. Suppose that

0 < 1� b < minf1; p=og and d > �2=p, 0 < l � dþ 2� 2=p < p=o.
If u is a solution of the problem (2.9) and zf a W l

p; dðDÞ, zj a W
lþ1�1=p
p; d ðqDÞ,

and zu a W 2
2;bðDÞ, then yu a W lþ2

p; d ðDÞ and there exists a positive constant c inde-
pendent of f and j such that

kyukW lþ2
p; d

ðDÞ a cðkz f kW l
p; d

ðDÞ þ kzjk
W

lþ1�1=p

p; d
ðqDÞ þ kzukW 2

2; b
ðDÞÞ:

2. The Neumann problem in a cone. We prove the following theorem.

Theorem 4. Let l be a nonnegative integer, pb 2, and let the components dj of
a vector d satisfy the inequalities

ðaÞ dj > 1� 2=p; 0 < l þ 2� dj � 2=p < p=oj:

(b) Assume that the number

l þ 2� 3=p� b �
Xk
j¼1

dj

is not an eigenvalue of AðgÞ. Then
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(i) The operator of the problem (2.9) performs an isomorphism

W
lþ2;p
b;d ðKÞQW

l;p
b;dðKÞ �W

lþ1�1=p;p
b;d ðqKÞ:

(ii) Suppose that

f a W
l;p
b;dðKÞBW

l 0;p 0

b 0;d 0 ðKÞ; j a W
lþ1�1=p;p
b;d ðqKÞBW

l 0þ1�1=p 0;p 0

b 0;d 0 ðqKÞ;

where b, d 0, l 0, and p 0 satisfy the conditions (a) (b), and suppose that the closed
interval with end points

l þ 2� 3=p� b �
Xk
j¼1

dj and l 0 þ 2� 3=p 0 � b 0 �
Xk
j¼1

d 0j

contains no eigenvalues of AðgÞ.

If u is a solution of the problem (2.3) from the space W
lþ2;p
b;d ðKÞ, then

u a W
l 0þ2;p 0

b 0;d 0 ðKÞ.

First we prove an auxiliary assertion. We introduce the sets Uj ¼ fx a K :
2 j�1 < jxj < 2 jþ1g, j ¼e1; . . . , and by wj, cj we denote the functions in the class
Cl

0 ðR3Þ such that

ð1Þ supp wj H fx : 2 j�1 < jxj < 2 jþ1g; suppcj H fx : 2 j�2 < jxj < 2 jþ2g

ð2Þ wjðxÞcjðxÞ ¼ wjðxÞ;
X
j

wjðxÞ ¼ 1 for all x a Kn0

ð3Þ jxjjajjqawjðxÞja ca; jxjjajqacjðxÞja ca for all multindices a:

Lemma 4. Let pb 2 and let b, d satisfy the conditions (a), (b). If j ¼ 0,
f a W

l;p
b;dðKÞ and supp f HUn, then there exists a solution of the problem (2.3)

such that wju a W
lþ2;p
b;d ðKÞ for all j ¼ 0;e1; . . . and the estimate

kwjukW lþ2; p
b; d

ðKÞ a c2�ejn� jjk f k
W

l; p
b; d

ðKÞ

holds, where e and c are positive constants.

Proof. By g we denote the vector with components gj ¼ fdj � 1þ 2=pgþ
1� 2=p, where fxg stands for the fractional part of x. We set

d 0j ¼ gj � 1þ 2=pþ n; b 0 ¼ b þ
Xk
j¼1

dj � l � 2þ 3=p�
Xk
j¼1

d 0j þ 1=2þ m:

Here n is a positive number such that d 0j < 1 and m is so small that the closed in-
terval with end points

l þ 2� 3=p� b �
Xk
j¼1

dj H m
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contains no poles of the operator-function A�1ðgÞ. We assume that m is positive
for n < j and negative otherwise.

We introduce the function h defined by hðxÞ ¼ f ð2nxÞ. By Hardy’s inequality,
there is a positive constant c such that

khk
W

0; p
b; g

ðKÞ a ckhk
W

l; p
b; d

ðKÞ

for all h supported in U1. Returning to the function f , we obtain

k f k
W

0; p
b; g

ðKÞ a c2nsk f k
W

l; p
b; d

ðKÞ; s ¼ l �
Xk
j¼1

ðdj � gjÞ:ð2:10Þ

By Hölder’s inequality,

k f k
W

0; 2

b 0 ; d 0 ðKÞ a rb
Yk
j¼1

r
gj
j f

�����
�����
LpðKÞ

rb 0�b
Yk
j¼1

r
b 0
j�g

j

�����
�����
L2p=ð p�2ÞðUnÞ

:

The choice of the indices d 0j shows that the second factor on the right-hand side is
bounded. Besides, clearly, this norm is equal to c 02nðm�sÞ. From this and (2.10) we
conclude that f a W 0;2

b 0;d
ðKÞ and

k f k
W

0; 2

b 0 ; dðKÞ a c2mnk f k
W

l; p
b; d

ðKÞ:ð2:11Þ

By Lemma 4, there is a constant c such that

kwjukW lþ2; p
b; d

ðKÞ a cðkcj f kW l; p
b; d

ðKÞ þ 2�mjkcjukW 2; 2

b 0d 0 ðKÞÞð2:12Þ

for all j ¼ 0;e2; . . . .
Theorem 2 implies

kcjukW 2; 2

b 0d 0 ðKÞ a ckuk
W

2; 2

b 0d 0 ðKÞ a ck f k
W

0; 2

b 0d 0 ðKÞ:ð2:13Þ

By inequalities (2.11)–(2.13),

kwjukW lþ2; p
b; d

ðKÞ a c2mðn� jÞk f k
W

l; p
b; d

ðKÞ:

We made use of the fact that the first term on the right-hand side of (2.12) van-
ishes for jn� jj > 2. The lemma is proved.

Proof of Theorem 4. Let j ¼ 0. 1) The existence of a solution u a W
lþ2;p
b;d ðKÞ

of the problem (2.3) and the estimate

kuk
W

lþ2; p
b; d

ðKÞ a ck f k
W

l; p
b; d

ðKÞ

follow directly from Lemma 4 and from Lemma 1.1 in [MP2].
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Now we prove the uniqueness of the solution. Let v a W
lþ2;p
b;d ðKÞ be a solution

of (2.3) for f ¼ 0. Consider the function ve;R defined by ve;R ¼ ð1� heÞhRv, where
heðxÞ ¼ hðjxj=eÞ and h is a function of the class Cl

0 ðRþÞ which is equal to 1 on
ft : 0 < ta 1=2g and vanishing on ft : tb 1g. The argument used in the proof
of estimate (2.11) shows that ve;R a W

2;2

b 0;d 0 ðKÞ for

d 0j ¼ ðdj � 1þ 2=pÞ þ n; b 0 ¼ b þ
Xk
j¼1

ðdj � d 0j Þ � l � 3=2þ 3=p

and that there is a positive constant c, independent of e and R, such that

kve;RkW 2; 2

b 0 ; d 0 ðKÞ a ckvk
W

lþ2; p
b; d

ðKÞ:

We pass to the limit in the last inequality as e ! 0 and R ! l. Thus,
v a W 2;2

b;d ðKÞ and hence v ¼ 0 by Theorem 3.

2) The arguments in the part 1Þ show that the inclusions

W
lþ2;p
b;d ðKÞHW 2;2

s; g ðKÞ; W
l 0þ2;p 0

b 0;d
ðKÞHW

2;2
s 0; gðKÞð2:14Þ

hold for

gj ¼ fdj � 1þ 2=pg þ n; s ¼ b þ
Xk
j¼1

ðdj � gjÞ � l � 3=2þ 3=p;

g 0j ¼ fd 0j � 1þ 2=pg þ n 0; s 0 ¼ b 0 þ
Xk
j¼1

ðd 0j � g 0j Þ � l 0 � 3=2þ 3=p 0:

From the first inclusion in (2.14) we have u a W 2;2
s; g ðKÞ. Hence, by Theorem 2,

u a W
2;2
s 0; g 0 ðKÞ. By part 1Þ of this theorem, the problem (2.3) is uniquely solvable

in the spaces W l 0þ2;p 0

b 0;d 0 ðKÞ and W
2;2
s 0; gðKÞ. Thus, the second inclusion in (2.14) leads

to the second assertion of the theorem.
To obtain the result for any j it is su‰cient to refer to the following theorem.

Theorem 5. Let l and di, i ¼ 1; . . . ; k, satisfy the conditions (a) in Theorem 4.
If j a W

lþ1�1=p;p
b;d ðqKÞ, then there exists a function u a W

lþ2;p
b;d ðKÞ such that

qu=qn ¼ j on qKnM and

kuk
W

lþ2; p
b; d

ðKÞ a ckjk
W

lþ1�1=p; p

b; d
ðqKÞ:

One can choose the operator j ! u independent of r, d, and l.

Proof. Let supp jH fx a qK : 1=2 < jxj < 2g. By Theorem 3, there exists a
function

u a W
lþ2;p
b;d ðKÞ; supp uH fx a K : 1=4 < jxj < 4g

satisfying the conditions of the present theorem.
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The case supp jH fx a qK : 2 j�1 < jxj < 2 jþ1g can be reduces to the case
considered above using the transformation x ! 2 jx.

Let j be an arbitrary function from W
lþ1�1=p;p
b;d ðqKÞ. By uj we denote func-

tions from W
lþ2;p
b;d ðKÞ with supp uj H fx a K : 2 j�2 < jxj < 2 jþ2g and such that

quj=qn ¼ wjj and

kujkW lþ2; p
b; d

ðKÞ a ckwjjkW lþ1�1=p; p

b; d
ðqKÞ:

Here wj are the functions introduced before Lemma 4. Thus, the function

u ¼
Pl

�l uj is the required one.

2.3. Estimates for Green’s function of the Neumann problem

1. Auxiliary assertions. From Theorem 4, in a standard manner (see [MP2],
[GM2]), we obtain the following local estimates.

Lemma 5. Let rb 0 and let l be integer, lb 0. Suppose that b and d satisfy the
conditions (a) and (b) of Theorem 4. By y and z we denote functions with compact

support in R3 such that yz ¼ y. If u is a function satisfying the homogeneous equa-

tion (2.3) on KB supp z and zu a L2ðKÞ, then yu a W
lþ2;p
b;d ðKÞ and the estimate

kyuk
W

lþ2; p
b; d

ðKÞ a ckzukL2

holds.

Lemma 6. Let u a W
lþ2;p
b;d ðKÞ. The derivatives of u of order jaj < l � 3=p admit

the poitwise estimates

jxj t
Yk
j¼1

rjðxÞmj jqauðxÞja ckuk
W

l; p
b; d

ðKÞ;

where

tþ
Xk
j¼1

mj ¼ b þ
Xk
j¼1

dj þ jaj � l þ 3=p;

mj bmaxf0; dj þ jaj � l þ 3=pg; dj þ jaj � l þ 3=pA 0;

and rðxÞ ¼ distðx;MÞ.

Proof. First we consider a function u defined in the interior D of a dihedral
angle. Let u a W

l;p
d ðDÞ and let supp uH fx : rðxÞ < 1=2g. It is well-known that

for any u there exists a function ~uu a W
lþ2;p
b;d ðR3nMÞ such that ~uu ¼ u on D,

supp ~uuH fx : rðxÞ < 1g and

k~uuk
W

l; p
b

ðR3nMÞ a ckuk
W

l; p
d

ðDÞ:
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In what follows we assume that the function u is defined on R3nM and that
supp uH fx : rðxÞ < 1g. By Kx we denote the rotational cone with the opening
p=2 whose axis is orthogonal to the edge M.

By the Sobolev integral representation,

jqauðxÞja c

Z
Kx

j‘luðyÞj dy
jx� yj3�lþjajð2:15Þ

a c
�Z

Kx

rðyÞ pdj‘luj p dy
�1=p

�
�Z

fy AKx:jx�yj<1g

dy

rðyÞqdjx� yjð3þjaj�lÞq

�1=q
:

Using spherical coordinates with center at x, we obtain that the second factor in
the right-hand side of (2.15) does not exceed

c
�Z 1

0

r2 dr

rð3þjaj�lÞqðrðxÞ þ rÞqd
�1=q

ð2:16Þ

a c
� 1

rqdðxÞ

Z rðxÞ

0

r2 dr

rð3�lþjaj�lÞq þ
Z 1

rðxÞ

r2 dr

rð3�lþjajþdÞq

�1=q

a

crðxÞ l�jaj�d�3=p; l � jaj � d� 3=p < 0

c; l � jaj � d� 3=p > 0

cjlog rðxÞj; l � jaj � d� 3=p ¼ 0:

8><
>:

Suppose that u a W
l;p
b;dðKÞ. By Bx we denote the ball of radius jxj=2 with

center at x. The estimates (2.15) and (2.16) imply

Yk
j¼1

rmjðxÞjqauðxÞja c
Xl

i¼0

Z
KBBx

Yk
j¼1

r
pdj
j ðyÞj‘iuðyÞj p dy

for all x with jxj ¼ 1.
Let jxj ¼ r. We introduce the function v by vðyÞ ¼ uðryÞ, y ¼ x=r. Applying

the last inequality to v and returning to the function u, we arrive at the desired
estimate. The lemma is proved.

Consider the Neumann problem in the dihedral angle D of opening o with the
edge M

Du ¼ f in D;
qu

qn
¼ 0 on qDnM:ð2:17Þ

The next assertion is borrowed from [ZS].
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Theorem 6. There exists Green’s function Gðx; yÞ of the problem (2.17), i.e. a
unique solution of the boundary value problem

DxGðx; yÞ ¼ dðx� yÞ; x; y a D;

q

qnx
Gðx; yÞ ¼ 0; x a qDnM; y a D

ð2:18Þ

such that the function x ! ð1� hðjx� yj=rðyÞÞGðx; yÞ is in the space L2
2;bðDÞ,

0 < 1� b < minf1=2; p=og for every fixed y a D. Here h a Cl½0;lÞ, hðtÞ ¼ 1
for 0a ta 1=2, hðtÞ ¼ 0 for tb 1, and rðxÞ ¼ distðx;MÞ.

Equation (2.18) is understood in the sense that

vðyÞ ¼
Z
D

Gðx; yÞDvðxÞ ds�
Z
qD

Gðx; yÞ qv
qn

ðxÞ ds

for all v a Cl
0 ðDÞ. Green’s function G admits the estimates

jqa
xq

syGðx; yÞja casjx� yj�1�jaj�jsj

if jx� yj < rðxÞ=2 and

jqa
xq

syGðx; yÞja casjx� yj�1�jaj�jsj
� rðxÞ
jx� yj

�nae� rðyÞ
jx� yj

�nse
in the opposite case. Here

nae ¼ minf0; p=o� e� jajg, nse ¼ minf0; p=o� e� jsjg,

and e is a su‰ciently small positive number.
2. Green’s function of the problem (2.3). Let h be the function from Theorem 6.

Theorem 7. If the interval ðc1; c2Þ contains no points of the spectrum of the pencil
AðgÞ corresponding to the problem (2.5), then

(i) There exists a unique solution Gðx; yÞ of the boundary problem (2.17), i.e. a
solution of the problem

DxGðx; yÞ ¼ dðx; yÞ x; y a K;ð2:19Þ
qG

qnx
ðx; yÞ ¼ 0 x a qKnM; y a K

such that the function x ! ð1� hðjx� yj=rðyÞÞÞGðx; yÞ, for any fixed y a K,
belongs to the space W

lþ2;p
b;d ðKÞ with l ¼ 0; 1; . . . ,

dj > 1� 2=p; 0 < l þ 2� dj � 2=p < p=oj;

c1 < l þ 2�
Xk
j¼1

dj � b � 3=p < c2:
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(ii) The function G is infinitely di¤erentiable with respect to x; y a KnM, xA y.
If jxj < jyj < 2jxj, then

jqa
xq

syGðx; yÞja casjx� yj�1�jaj�jsjð2:20Þ

for jx� yj < rðxÞ=2 and

jqa
xq

syGðx; yÞja casjx� yj�1�jaj�jsjYk
j¼1

� rjðxÞ
jx� yj

�n j
ae
� rjðyÞ
jx� yj

�n j
se

ð2:21Þ

in the opposite case. Here rjðxÞ ¼ distðx;MjÞ, rðxÞ ¼ distðx;MÞ,

n j
ae ¼ minf0; p=oj � e� jajg; n j

se ¼ minf0; p=oj � e� jsjg

and e is a su‰ciently small positive number.
(iii) The function G is a unique solution of the boundary value problem

DyGðx; yÞ ¼ dðx; yÞ; x; y a K ;ð2:22Þ
qG

qny
ðx; yÞ ¼ 0 y a qKnM; x a K

such that the function x ! ð1� hðjx� yj=rðyÞÞÞGðx; yÞ belongs to the space
W

l 0þ2;p 0

b 0;d 0 ðKÞ,

d 0j > 1� 2=p 0; 0 < l 0 þ 2� d 0j � 2=p 0 < p=oj;

1þ c1 < b 0 þ
Xk
j¼1

d 0j � l 0 � 2þ 3=p 0 < 1þ c2;

l ¼ 0; 1; . . . , for any fixed x a K.

Equations (2.19) and (2.22) should be understood in the sense that

vðyÞ ¼
Z
K

Gðx; yÞDvðxÞ dx�
Z
qK

Gðx; yÞ qv
qn

ðxÞ dsx;ð2:23Þ

wðxÞ ¼
Z
K

Gðx; yÞDwðyÞ dy�
Z
qK

Gðx; yÞ qw
qn

ðyÞ dsy;ð2:24Þ

for any v;w a Cl
0 ðKn0Þ.

Proof. (i) The uniqueness of Gðx; yÞ follows from Theorem 4, Since the opera-
tors in (1.3.5) are homogeneous, we have the relation Gðtx; tyÞ ¼ t�1Gðx; yÞ for
every positive t. Therefore, without loss of generality we may assume that jyj ¼ 1.
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We prove the existence of Gðx; yÞ. let y be a fixed point in K with jyj ¼ 1. By
My we denote the edge nearest to the point y and by Dy the dihedral angle which
coincides with K in a neighbourhood of intMy. By Theorem 6, there exists
Green’s function Gðx; yÞ of the problem (2.17) for Dy.

We define the function G by the equality

Gðx; yÞ ¼ hðjx� yj=tÞGðx; yÞ � Rðx; yÞ;ð2:25Þ

where h is the same as in Theorem 6, t is a small positive number such that
supp hðjx� yj=tÞB ðMnMyÞ ¼ j and R is a solution of the Dirichlet problem

DxR ¼ 2‘xh‘Gþ GDxh in K;
qR

qnx
¼ G

qh

qnx
on qKnMð2:26Þ

from the space W lþ2;p
b;d ðKÞ. The existence of G is proved.

(ii) The smoothness of Gðx; yÞ for xA y, x; y a KnM and the estimates (2.20),
(2.21) follow directly from the construction of Gðx; yÞ, Theorem 4 and the homo-
geneity of Gðx; yÞ.

(iii) Since the space Cl
0 ðKn0Þ is dense in W

2;2

b 0;d 0 ðKÞ, it follows that the equa-

tion (2.23) holds for all v a W
2;2

b 0;d 0 ðKÞ.
By (2.5) we have that both g and 1� g belong to the spectrum of the pencil

GðgÞ. Let b, d and b 0, d 0 satisfy the conditions (i) and (iii) of the theorem for
l ¼ 0, p ¼ 2 and for l 0 ¼ 0, p 0 ¼ 2. Let

b 0 þ b þ
Xk
j¼1

d 0j þ
Xk
j¼1

dj ¼ 2:

Let Hðx; yÞ stand for the solution of the problem (2.22) which exists by the first
part of the theorem and let Htðx; zÞ be the mean value of Hðx; zÞ with respect to
the variable z over the ball of radius t. We substitute the function

vðzÞ ¼ ðhðjx� yj=RÞ � hðjx� zj=eÞÞHðx; zÞ þHtðx; zÞhðjx� zj=eÞ

into (2.23) and then pass to the limit as R ! l and t ! 0. We have e > 0 so
small that the ball fx : jx� xja 2eg lies in K and does not contain the point y.
Hence we arrive at the equality Hðx; yÞ ¼ Gðx; yÞ. The theorem is proved.

Corollary 1. The solution u a W
lþ2;p
b;d ðKÞ of the problem (2.3) admits the rep-

resentation

uðxÞ ¼
Z
K

Gðx; yÞ f ðyÞ dy�
Z
qK

Gðx; yÞjðyÞ dsy:

Theorem 8. Let the interval ðc1; c2Þ contain no points of the spectrum of the
operator pencil GðgÞ corresponding to the problem (2.5).
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(i) If jxj < jyj=2, then

jqa
xq

syGðx; yÞja cas
jxjc2�jaj�e

jyjc2þ1þjsj�e

Yk
j¼1

� rjðxÞ
jxj

�n j
ae
� rjðyÞ

jyj

�n j
se

;

where

n j
ae ¼ minf0; p=oj � e� jajg; n j

se ¼ minf0; p=oj � e� jsjg;

and e is a su‰ciently small positive number.
(ii) If jxj > 2jyj, then

jqa
xq

syGðx; yÞja cas
jyj�c1�1þjaj�e

jxj�c1þjsj�e

Yk
j¼1

� rjðxÞ
jxj

�n j
ae
� rjðyÞ

jyj

�n j
se

:

Proof. (i) Let jyj ¼ 2, jxj < 1. Consider the function

vðxÞ ¼ hð4jx� xjÞqyGðx; yÞ:

Lemmas 5 and 6 imply

jxj t
Yk
j¼1

r
mj
j ðxÞjqa

xq
s
yGðx; yÞja c

�Z
K

h2ð4jx� xjÞjqs
yGðx; yÞj

2
dx
�1=2

;ð2:27Þ

where

tþ
Xk
j¼1

mj ¼ b þ
Xk
j¼1

dj þ jaj � l � 2þ 3=p; mj > dj þ jaj � l � 2þ 3=p; mj b 0:

We introduce the solution w a W
lþ2;p
b;d ðKÞ of the Neumann problem

DwðzÞ ¼ qs
yGðx; yÞhð2jx� zjÞ; z a K ;

qw

qn
ðzÞ ¼ 0; z a qKnM:

By Lemmas 5 and 6,

Yk
j¼1

r
m 0
j

j ðyÞjqzwðzÞjz¼yja c
�Z

K

h2ð2jz� yjÞjwðzÞj2 dz
�1=2

;ð2:28Þ

where m 0
j > dj þ jsj � l � 2þ 3=p; m 0

j b 0. The right-hand side of (2.28) does not
exceed

ckwk
W

2; 2
s; q ðKÞ a c

�Z
K

h2ðjz� yjÞjqs
yGðz; yÞj

2
dz
�1=2

:
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Here

1=2 < qj < 1; c1 < 1=2�
Xk
j¼1

qj � s < c2:

The left-hand side is equal to

Yk
j¼1

r
m 0
j

j ðyÞ
Z
K

jqs
yGðx; yÞj2hð2jx� xjÞ dx:

Therefore, (2.28) leads to the estimate

Yk
j¼1

r
m 0
j

j ðyÞ
�Z

K

jqs
yGðx; yÞj

2hð2jx� xjÞ dx
�1=2

a const:

From this and (2.27) we get

jxj t
Yk
j¼1

r
mj
j ðxÞr

m 0
j

j ðyÞjqa
xq

s
yGðx; yÞja const:

Setting

dj ¼ l þ 2� 2=p� p=oj þ e=2; b þ
Xk
j¼1

dj ¼ l þ 2� 3=pþ c2 þ e; p > 2=e;

we have

jqa
xq

s
yGðx; yÞja casjxjc2�jaj�e

Yk
j¼1

� rjðxÞ
jxj

�n j
ae

r
n
j
se

j ðyÞ:

Using the homogeneity of qa
xq

s
yGðx; yÞ, we arrive at the desired estimate for all

y a K in the case jxj < jyj=2.
(2) Considering the problem (2.22) instead of (2.19), we arrive at the estimate

for qa
xq

s
yGðx; yÞ in the case jxj > jyj=2. The theorem is proved.

Corollary 2. Let g1 be the first positive eigenvalue of AðgÞ, i.e. g1 ¼
ð�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4l1

p
=2, where l1 is the first positive eigenvalue of the Neumann prob-

lem on W for the spherical part of the Laplace operator.
Let Gðx; yÞ denote Green’s function from Theorem 8, where c1 ¼ �1, c2 ¼ 0.

Then Gðx; yÞ ¼ Gðy; xÞ and

Gðx; yÞ ¼ � 1

measW

1

jyj þ Rðx; yÞ
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for jxj < jyj=2, where R is a function satisfying the estimate

jqa
xq

s
yRðx; yÞja cas

jxjg1�jaj�e

jyj1þg1þjsj�e

Yk
j¼1

� rjðxÞ
jxj

�n j
ae
� rjðyÞ

jyj

�n j
se

:ð2:29Þ

Here

n j
ae ¼ minf0; p=oj � jaj � eg; n j

se ¼ minf0; p=oj � jsj � eg;

and e is a su‰ciently small positive number.

Proof. The equality Gðx; yÞ ¼ Gðy; xÞ is an immediate corollary of part (iii) of
Theorem 7 and the uniqueness of Gðx; yÞ.

Let G1ðx; yÞ be Green’s function from Theorem 8 with c1 ¼ 0, c2 ¼ g1. By
(2.25) and (2.7) for solutions of (2.26),

Gðx; yÞ ¼ Gð0; yÞ þ G1ðx; yÞ:

Since by Theorem 8 the estimate (2.29) for G1ðx; yÞ holds for jxj < jyj=2, it re-
mains to prove the equality

Gð0; yÞ ¼ �ðmeasWjyjÞ�1:

We fix y a K and set the function

vðxÞ ¼ hðxÞwtðxÞ þ ð1� hðxÞÞjxj�1

into (2.23). Here wtðxÞ is the mean value of jxj�1 over the ball of radius t, h is a
cut-o¤ function such that h ¼ 1 near the origin and hðyÞ ¼ 0. Then

1

jyj ¼
Z
K

Gðx; yÞDvðxÞ dx�
Z
qK

Gðx; yÞ qvðxÞ
qn

dsx:ð2:30Þ

Let Be be the ball of radius e centered at 0 and let We ¼ qBeBK , Ge ¼ BeB qK .
Using Green’s formula, we rewrite (2.29) in the form

1

jyj ¼
Z
We

Gðx; yÞ qvðxÞ
qn

ðxÞ dsx �
Z
We

qG

qnx
ðx; yÞvðxÞ dsx

�
Z
qKnGe

Gðx; yÞ qvðxÞ
qn

ðxÞ dsx þ
Z
KnBe

Gðx; yÞDvðxÞ dx:

Passing to the limit as t ! 0, we get

1

jyj ¼ � 1

e2

Z
We

Gðx; yÞ dsx �
1

e

Z
We

qG

qnx
ðx; yÞ dsx:

To complete the proof we pass to the limit as e ! 0.
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2.4. Solvability in weighted Hölder and Sobolev spaces

Here we prove the solvability of the problem (2.3) in certain weighted Hölder
spaces and formulate a similar result wor weighted Sobolev spaces.

1. Function spaces in the cone. Consider the cone K as the union of setsS
1a jak Kj , where Kj ¼ fx a K : rjðxÞ < 2rðxÞg, rðxÞ ¼ min1a jak rjðxÞ. Let l be

a nonnegative integer, let a a ð0; 1Þ, b a R, and let g be a vector ðg1; g2; . . . ; gkÞ,
gj a R. We introduce the space Cl;a

b; gðKÞ of functions u in K with the finite norm

kuk
C

l; a
b; g

ðKÞ ¼ sup
x AK

Yk
j¼1

rjðxÞgj ½u� lþa
KBBðr=2;xÞ

þ max
f j:1a jak;
lþa�gj>0g

sup
x AKj

jxjbþkgk�gj ½u� lþa�g
KjBBðr=2;xÞ

þ max
1a jak

sup
x AKj

jxjbþkgk�l�a rjðxÞ
jxj

� �sj
juðxÞj:

Here

½u�rK ¼ sup
x;y AK

X
jsj¼½r�

jx� yj½r��rjqs
xuðxÞ � qs

y uðyÞj;

½r� is the integer part of r, Bðr; xÞ is the open ball in R3 of radius r with center at
x, kgk ¼

P
gj, s ¼ maxf0; gj � l � ag.

By C
l;a
b; gðqKjÞ we mean the space of traces on qKj of functions from C

l;a
b; gðKÞ.

We say that u belongs to C
l;a
b; gðqKÞ if and only if the restriction uj to each compo-

nent qKj belongs to C
l;a
b; gðqKjÞ. We introduce the norm

kuk
C

l; a
b; g

ðKÞ ¼
X
j

kujkC l; a
b; g

ðqKjÞ:

2. The Neumann problem in the dihedral angle. Let D be the interior of a dihe-
dral angle of opening o. By qDþ and qD� we denote the sides of the dihedral
angle. Let M stand for the edge and qD for the boundary of D, i.e. qD ¼ qDþ A
qD� AM.

We introduce the space N l;a
g ðDÞ with the norm

kuk
N

l; a
g ðDÞ ¼ sup

x AD
rðxÞg½u� lþa

DBBðr=2;xÞ þ sup
x AD

rðxÞg�l�ajuðxÞj

and the space Cl;a
g ðDÞ with the norm

kuk
C

l; a
g ðDÞ ¼ sup

x AD
rðxÞg½u� lþa

DBBðr=2;xÞ þ kukC lþa�bðDÞ:

Here CsðDÞ is the Hölder space and rðxÞ ¼ distðx;MÞ.
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For g > l þ a we denote N l;a
g ðDÞ by Cl;a

g ðDÞ.
In addition, let Cl;a

g ðqDeÞ refer to the space of traces on De of functions in
Cl;a

g ðDÞ, that is a function u belongs to Cl;a
g ðqDÞ if and only if the restriction ue

to each side qDe is in Cl;a
g ðqDeÞ. We shall use the norm

kuk
C

l; a
g ðqDÞ ¼

X
e

kuek
C

l; a
g ðqDeÞ:

The following assertion was proved in [ZS].

Theorem 9. Let y and z denote functions from Cl
0 ðDÞ such that yz ¼ y. Suppose

that g > 0, 0 < l þ 2þ a� g < p=o, and a� g is not integer.
If u is a solution of the Neumann problem (2.9) and z f a Cl;a

g ðDÞ, zj a
Clþ1;a

g ðqDÞ, then yu a Clþ2;a
g ðDÞ and there is a positive constant c, independent of

f and j, such that

kyuk
C

lþ2; a
g ðDÞ a c

�
kzf k

C
l; a
g ðDÞ þ kzjk

C
lþ1; a
g ðqDÞ þ sup

x AD
jzðxÞuðxÞj

�
:

3. The Neumann problem in a cone.

Theorem 10. Let l be a nonnegative integer and let the components dj of the
vector d satisfy the conditions

ðaÞ dj > 0; 0 < l þ 2þ a� dj < p=oj;

ðbÞ l þ 2þ a� b �
Xk
j¼1

dj is not an eigenvalue of the pencil AðgÞ:

Then

(i) The operator of the problem (2.9) performs an isomorphism

C
lþ2;a
b;d ðKÞQC

l;a
b;dðKÞ � C

lþ1;a
b;d ðqKÞ:

(ii) Suppose that f a C
l;a
b;dðKÞBC

l 0;a 0

b 0;d 0 ðKÞ and j a C
lþ1;a
b;d ðqKÞBC

l 0þ1;a 0

b 0;d 0 ðqKÞ,
where b 0, d 0, l 0, and a 0 satisfy the conditions (a) and (b). Suppose also that the
closed interval with endpoints

l 0 þ a 0 þ 2� b 0 �
Xk
j¼1

d 0j and l þ aþ 2� b �
Xk
j¼1

dj

contains no poles of the holomorphic operator function A�1ðgÞ. If u is a solu-

tion of the problem (2.3) from the space C
lþ2;a
b;d ðKÞ, then u a C

l 0þ2;a 0

b 0;d 0 ðKÞ.
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First we prove auxiliary assertions. Let Gðx; yÞ be Green’s function in Theo-
rem 8, where c1 and c2 are numbers such that

c1 < l þ aþ 2� b �
Xk
j¼1

dj; l 0 þ a 0 þ 2� b 0 �
Xk
j¼1

d 0j < c2

and the interval ðc1; c2Þ contains no points of the spectrum of the pencil AðgÞ of
the problem (2.5). By u we denote the same function as in Corollary 1, i.e.

uðxÞ ¼
Z
K

Gðx; yÞ f ðyÞ dy�
Z
qK

Gðx; yÞjðyÞ dsy:ð2:31Þ

Lemma 7. If u is a function defined by (2.31), then

sup
x AK

jxjmjuðxÞj < c sup
x AK

jxjmþ2
Yk
j¼1

rjðxÞ
jxj

� �1þlj

j f ðxÞj þ sup
x A qK

jxjmþ1
Yk
j¼1

rjðxÞ
jxj

� �lj
jjðxÞj

 !

with 0 < lj < 1, c1 < �m < c2.

Proof. Clearly, the function

w1 ¼
Z
K

Gðx; yÞ f ðyÞ dy:

satisfies

jw1ðxÞja sup
z AK

jzjmþ2
Yk
j¼1

rjðzÞ
jzj

� �1þlj

j f ðzÞjð2:32Þ

�
Z
K

jGðx; yÞj jyj�m�2
Yk
j¼1

rjðyÞ
jyj

� ��1�lj

dy:

To estimate the integral on the right-hand side of (2.32), we represent it as the sum
of three integrals Ii over the sets Ki, i ¼ 1; 2; 3, where K1 ¼ fy a K : jxj < jyj=2g,
K2 ¼ fy a K : jyj=2 < jxjg, K3 ¼ fy a K : jxj > 2jyjg. By Theorem 8,

I1 < c

Z
K1

jxjc2�e

jyjc2þ1�e
jyj�m�2

Yk
j¼1

rjðyÞ
jyj

� ��1�lj

dy < cjxj�m

for all 0 < lj < 1, m > �c2 þ e and

I3 < c

Z
K3

jyj�c1�1�e

jxjc1�e jyj�m�2
Yk
j¼1

rjðyÞ
jyj

� ��1�lj

dy < cjxj�m

for all 0 < lj < 1, m < �c1 � e.
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Similarly, the estimate of Gðx; yÞ in the intermediate zone given by Theorem 7
leads to the same inaquality for I2 for all 0 < lj < 1.

The function

w2 ¼
Z
qK

Gðx; yÞjðyÞ dsy

can be treated in a similar way. The lemma is proved.

Lemma 8. Let dj > 0 and let

0 < l þ 2þ a� dj < p=oj; c1 < l þ 2þ a�
Xk
j¼1

dj < c2:

If u admits the representation (2.31) and f a C
l;a
b;dðKÞ, j a C

lþ1;a
b;d ðqKÞ, then u a

C
lþ2;a
b;d ðKÞ and there exists a positive constant c, independent of f and j, such that

kuk
C

lþ2; a
b; d

ðKÞ a cðk f k
C

l; a
b; d

ðKÞ þ kjk
C

lþ1; a
b; d

ðqKÞÞ:

Proof. Let wj and cj be the functions defined before Lemma 4. By Theorem 9,

kwjukC lþ2; a
b; d

ðKÞ a c
�
kc1 f kC l; a

b; d
ðKÞ þ kc1jkC lþ1; a

b; d
ðqKÞ þ sup

x AK
jc1ðxÞuðxÞj

�
:

Using the dilation x ! 2 jx, we arrive at

kwjukC lþ2; a
b; d

ðKÞ a c
�
kcj f kC l; a

b; d
ðKÞ þ kcjjkC lþ1; a

b; d
ðqKÞ þ 2 js sup

x AK
jc1ðxÞuðxÞj

�
;

where s ¼ b þ
Pk

j¼1 dj � l � 2� a. Thus,

kuk
C

lþ2; a
b; d

ðKÞ a c
�
k f k

C
l; a
b; d

ðKÞ þ kjk
C

lþ1; a
b; d

ðqKÞ þ sup
x AK

jxj2juðxÞj
�
:

By Corollary 1, the function u a W
2;2
b;d ðKÞ admits the representation (2.31). To

complete the proof, we refer Lemma 7.

Proof of Theorem 10. It is clear that the operator of the problem (2.3) is a
continuous mapping:

C
lþ2;a
b;d ðKÞ ! C

l;a
b;dðKÞ � C

lþ1;a
b;d ðqKÞ:

We prove the existence of a solution of the Neumann problem (2.3). Let
f a C

l;a
b;dðKÞ, j a C

lþ1;a
b;d ðqKÞ. Consider the functions fe and je defined by the

equalities f þ ¼ f h, f � ¼ jh, f � ¼ f � f þ, j� ¼ j� jþ, where h is a function
introduced in Theorem 6.
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By l we denote a vector with components ðl1; l2; . . . ; lkÞ, where lj ¼ dj � a�
l � 1þ e, and e > 0 is so small that lj < 1. Further, let

be¼ b þ
Xk
j¼1

ðdj � ljÞ � 3=2� ae e 0;

where e 0 > 0 is such that

c1 < 1=2� be�
Xk
j¼1

lj < c2:

One verifies directly that

fe a W 0;2

be;l
ðKÞ; je a W

1=2;2

be;l
ðqKÞ:

Theorem 2 and Corollary 1 imply the existence of the solutions ue a W 2;2

be;l
ðKÞ to

the problem (2.3) with the data fe and je:

ueðxÞ ¼
Z
K

Gðx; yÞ feðyÞ dy�
Z
qK

Gðx; yÞjeðyÞ dsy:

By Lemma 8, u a C
lþ2;a
b;d ðKÞ and

kuk
C

lþ2; a
b; d

ðKÞ a cðk f k
C

2; a
b; d

ðKÞ þ kjk
C

lþ1; a
b; d

ðqKÞÞ:

It remains to prove the uniqueness of the solution of (2.3).

Let u a C
lþ2;a
b;d ðKÞ be a solution of (2.3) with f ¼ 0, j ¼ 0. We introduce two

functions uþ ¼ uh and u� ¼ u� uþ. Clearly, ue a W
2;2

be;l
ðKÞ. By Corollary 1,

ueðxÞ ¼
Z
K

Gðx; yÞDueðyÞ dy�
Z
qK

Gðx; yÞ qu
e

qn
ðyÞ dsy:

Thus,

uðxÞ ¼
Z
K

Gðx; yÞDuðyÞ dy�
Z
qK

Gðx; yÞ qu
qn

ðyÞ dsy ¼ 0:

(ii) The second part of the theorem follows from Lemma 8 and the fact that
the solution admits the representation (2.31). The theorem is proved.

Applying the argument similar to that used in the proof of Theorem 10, we
arrive at the following assertion on the solvability of (2.3) in weighted Sobolev
spaces.

Theorem 11. Let p > 1, l be a nonnegative integer, and let the components dj of
a vector d satisfy the conditions

ðaÞ dj > 0; 0 < l þ 2þ a� dj < p=oj;

ðbÞ l þ 2þ a� b �
Xk
j¼1

dj is not an eigenvalue of the pencil AðgÞ:
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Then

(i) The operator of the problem (2.9) performs the isomorphism

W
lþ2;p
b;d ðKÞQW

l;a
b;dðKÞ �W

lþ1�1=p;p
b;d ðqKÞ:

(ii) Suppose that

f a W
l;p
b;dðKÞBW

l 0;p 0

b 0;d 0 ðKÞ; j a W
lþ1�1=p;p
b;d ðqKÞBC

l 0þ1�1=p 0;p 0

b 0;d 0 ðqKÞ;

where b 0, d 0, l 0, and p 0 satisfy the conditions (a) and (b). Suppose also that the
closed interval with the endpoints

l þ 2� 3=p� b �
Xk
j¼1

dj and l 0 þ 2� 3=p 0 � b 0 �
Xk
j¼1

d 0j

contains no poles of the operator holomorphic function A�1ðgÞ. If u is a solu-

tion of the problem (2.3) from the space W
lþ2;p
b;d ðKÞ, then u a W

l 0þ2;p 0

b 0;d 0 ðKÞ.
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