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Finite Geometry — Sets of type (3,h) in PG(3,¢q), by ViTo NAPOLITANO and
DoMENICO OLANDA, communicated on 22 June 2012.

ABSTRACT. — In this paper, a complete classification of subsets of points of PG(3,¢) of type
(3,4 + 3) with respect to planes is given.

KEy worDs: Two-character sets, strongly regular graphs.

1991 MATHEMATICS SUBJECT CLASSIFICATION: 05B25, 5S1E20, 51E22.

1. INTRODUCTION

A subset K of PG(3,q) is a two character (m,h)-set, m, h integers such that
0 <m < h, with respect to planes if it intersects every plane either in m or A
points. If there exist both an m-secant plane and an A-secant plane, then K is of
type (m,h).

Subsets in PG(3,¢) with two intersection numbers with respect to planes
have been studied by many Authors but they have not yet been completely
classified.

The interest in their study is also motivated by the well known equivalence
between two-character sets, two-weight codes and some strongly regular graphs;
see [3]. In our setting, let K be a set of n points in PG(3,q) with characters
(m, h) with respect to the planes, and consider the code ¥ whose generator ma-
trix contains as columns the coordinates of the points of K. Then, % is an [n,4],
linear code whose non-zero words have either weight w, =n —m or w; =n — h.
Denote now by d(x, y) the usual Hamming distance and fix i € {1,2}. We say
that two codewords x, y € € are adjacent if, and only if d(x, y) = w;. The graph
I'; with the elements of % as vertices and adjacency defined as above for turns
out to be strongly regular, see [6, 12] and to sport several further properties.
Some of the papers in the references, see [6, 3, 12], contain further details on
this topic.

The subsets of PG(3,¢) of type (1,4) and (2,4) with respect to planes have
been completely determined in [11] and [8], respectively.

In this paper, we consider the case (3, /), that is we consider sets in PG(3, ¢)
which are intersected by every plane either in 3 or in /-points, & > 3.

All two character (3, h)-sets for ¢ = 2 are described in Section 3. If ¢ > 2, then
we prove that & — 3 divides ¢ so h < g + 3.
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By running a computer programme for admissible values of 4 < ¢ + 3 results
were obtained which led the Authors to think that sets of type (3,/4) corre-
sponding to such values of 4, if they do exist, they have to be considered spo-
radic. Thus, the Authors study sets in PG(3, g) of type (3,¢ + 3) with respect to
planes.

The following two theorems are proved.

THEOREM 1. Let K be a subset of PG(3,2) intersected by every plane either in 3
or in h points, then either h =7 or h = 5 and K is either a plane, or the whole space
PG(3,2) or the set of points on three pairwise skew lines.

THEOREM II. Let K be a subset of PG(3,q) (¢ > 2) of type (3, q + 3) with respect
to planes. Then,

(i) If g = 3, then K is the set of points on three pairwise skew lines, or one of the
three sets described in Examples 4.1, 4.2 and 4.3.
(i) If ¢ =4, then K is either the set of points on three pairwise skew lines or
PG(3,2) embedded in PG(3,4).
(i) If ¢ > 4, then K is the set of points on three pairwise skew lines.

2. FIRST PROPERTIES AND EXAMPLES

Throughout the paper K will denote a subset of PG(3,¢) of size k intersecting
every plane of PG(3, ¢) either in 3 or in / points.

Let / be a line of PG(3, q), 7 is external if it intersects K in the empty set, / is
tangent if it intersects K in exactly one point and 7 is s-secant if it intersects K in
exactly s-points, s > 2.

A plane of PG(3, g) is a 3-secant plane if it intersects K in exactly 3 points, and
a plane is a h-secant plane if it meets K in exactly 4 points.

An example of k-set in PG(3, q) of type (3, g + 3) with respect to the planes is
the following.

ExampLE [. Let 7, m, n be three pairwise skew lines of PG(3,¢q). The set
K =/ umun is intersected by every plane either in 3 or in ¢ + 3 points.

Let us recall some known properties on sets in PG(3, ¢) with two intersection
numbers with respect to planes [10].

Let #3 and #;, denote the number of 3-secant and /-secant planes, respectively.
The following equations hold.

Q) BAo=¢+¢ +q+1
(i) 33+ hty, =k(g* +q+1)
(i) 613+ h(h — 1)ty = k(k — 1)(g +1).
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From (i), (ii) and (iii) it follows that:

2.1) K g+ 1) =k[(h+3)(@*+q+1) = ¢’ ] +3h(¢* +¢* +q+1)=0
WP +q@>+q+1)—k(g>+q+1)

h—3
k(> +q+1)=3(4>+¢* +q+1)

h—3

(2.2) 13 =

(2.3) th =

Let p be a point of K, denote with v3(p) and with v;(p) the numbers of
3-secant and /-secant planes on p, respectively.

Then,
W@t q+1)—k(g+1) 4
Cklg+ D) =3P +q9+1) ¢
(2.5) vn(p) = 3 Ty

Let p be a point not in K, denote with u3(p) and with u,(p) the numbers of
3-secant and /-secant planes on p, respectively. We have that

h(g*> +q+1) —k(g+1)

26) (p) = .
1) wip) = D3 gt ])

Thus, the integers v3(p), vi(p), us(p), u ( ) are independent from p and compar-
ing Equation (2.4) and Equation (2.6) gives

(2.8) (h=3)1q°

3. TWO CHARACTER (3,5)-SETS IN PG(3,2)

Let K be a subset of points of PG(3,2) intersected by every plane either in 3 or in
h points. By Equation (2.8) it follows that # € {4,5,7}.

For h =4, ¢ = 2 Equation (2.1) has no solution. When 4 = 5 or & = 7 the cor-
responding values of k are 7, 15, 9. It follows that at least one plane is 4-secant,
otherwise k < 5.

For h =7, ¢ = 2 Equation (2.1) gives k = 7 or k = 15.

If k =7, the set K is a plane. If k = 15 the set K is PG(3,2).

Next, assume that # = 5. From Equation (2.1) it follows that £ = 9. In such a
case, we are going to prove that K is the union of three pairwise skew lines. The
proof will proceed by steps.
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STEP 1. Every point of K belongs to at least one line contained in K.
This is clear, since k = 9.

STEP 2. Through every point of K there are at most two lines contained in K.

Assume to the contrary that it there exists a point p of K on three lines, say /],
/>, {3 contained in K. Namely such lines are not coplanar, and they contain seven
points of K. Let p’ and p” be the other two remaining points of K, and let 7y, 75,
73 be the three distinct planes obtained by connecting each of the lines /1, />, /3
with the point p’. Each of these planes has to contain a fifth point which is p”,
necessarily.

Thus, p” belongs to the line pp’ and so there are four lines containing p and
contained in K. A plane 7 not containing p does contain none of those four lines,
and so it has exactly four points of K, a contradiction.

STEP 3. K is the union of three pairwise skew lines.

Let / be a line contained in K and let 7y, 7p, 73 be the three planes passing
through /. Each of such planes is 5-secant, and so besides / it contains another
line. Let /1, /5, /3 be the lines different from / and contained in 7;, 7y, 73, respec-
tively.

By Step 2 the lines 7}, /> and /3 meet / in distinct points. Thus, they are three
pairwise skew lines and they contain all the points of K. |

4. k-seTs IN PG(3,¢), ¢ > 2, OF TYPE (3,h)

From now on, by Section 2, we may assume that ¢ > 2.
Equation (2.8) implies that & < ¢*> + 3 and so K cannot contain planes.

PROPOSITION 4.1. There are both 3-secant planes and h-secant planes.

PrROOF. Assume by way of contradiction that all the planes are /-secant. Let /
be a s-secant line. Clearly, s < &, otherwise K should be the set of s collinear
points, and so not of type (3, /). Computing the size of K via the planes through
/ gives

(4.1) K| =(¢+ 1)(h—s)+s.

Counting in double way the incident point-plane pairs (x,7x), with x € K|
gives

(4.2) IKI(q” +q+1) = h(g+1)(¢* +1).
Comparing equations (4.1) and (4.2) it follows that

h(g* +1)(q+1)

(g+1D)(h—s)+s= pEa—




SETS OF TYPE (3,/) IN PG(3,q) 399

and so
he s S _ M+ 1)
g+1 ¢+q+1
h(q2+1)_ S
R FTES iy
h S

PHq+rl q+1
hg+1)—s(g+1) :sq2
(h=s)g+1)=s(¢"—1)+s

from which it follows that ¢ + 1|s and so s = ¢ + 1. Since K is of type (3,4) it
cannot be a line, thus there is at least one point p of K outside the line /. The
plane connecting p and / is contained in K since all the lines px, with x € Z, are
secant lines and so they are contained in K. Since K does not contain planes, we
have a contradiction.

Finally, we prove that there is at least one /-secant plane.

Assume to the contrary that all the planes are 3-secant. Let x and y be two
distinct points of K, and let / be the line containing both x and y. Such a line is
a 2-secant line, otherwise K should be the set of three collinear points. It follows
that, |[K| = ¢ + 3. Being ¢ > 2 it there exists an external line, let £ be such a line.
Computing |K| via the planes on E gives |K| = 3¢ + 3, a contradiction. O

PROPOSITION 4.2. h — 3 divides ¢ and so h < g + 3.

PrOOF. Since there are 3-secant planes and ¢ > 2, it follows that there are both
external lines and tangent lines. Let £ be an external line, computing the size k of
K via the planes on E gives

k=30+(q+1—a)h=(q+ 1)h— h(o—3),

where o denotes the number of 3-secant planes through E.
Now, let ¢ be a tangent line, computing k via the planes on ¢ gives

k=1+2u+(q+1-ph—1)=(q+1)h—q—ph-3)

where u denotes the number of 3-secant planes on ¢. Comparing the two above
values of k one gets that (& — 3) | g. O

Consider the discriminant
A=[g*— (h+3)(g*+q+ 1) —12h(g+ 1)(¢* + > + g + 1)

of Equation (2.1).
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Fixed ¢ = p’, p prime, and chosen 1 = 3 + d, with 1 <d < ¢ and d| ¢, run-
ning a computer programme the Authors have checked the possible values of A
allowing p and ¢ to assume the following values:

pprime 1<p<300111<¢<100
pprime 1<p<19791<t<200
pprime 1<p<16991 << 500.

The only values of ¢ and /4 that make A a perfect square are ¢ = 8 and 1 = 7.

Hence, it seems that sets of type (3,4) with respect to the planes with
h < ¢+ 3 and such that & — 3| g, if they do exist they are very rare.

Therefore, from now on we will assume 2 = g + 3.

PrROPOSITION 4.3. If K contains no line then either ¢ = 3 or ¢ = 4. If ¢ = 4, then
K is PG(3,2). If ¢ = 3 then K is determined.

PrOOF. When 2 = ¢+ 3, Equation 2.1 gives k =3¢+ 3 org=3and k =12 =
3g+3ork=15.

Assume k = 3¢ + 3. Since there are 3-secant planes, then at least one external
line exists. Let E be an external line, and let o be the number of (¢ + 3)-secant
planes passing through E. Then,

k=o(qg+3)+(q+1—-a)3=3¢+3

from which it follows that o - ¢ = 0 and so « = 0. Let 7z be a (¢ + 3)-secant plane
and let B =7 n K. By the previous argumentation, the set B has no external line
and since by assumptions it contains no line, it is a blocking set of 7.

From the results contained in [2] it follows that

|IBl=q¢+3>q+q+1

from which it follows that either g =3 or¢q=4.1fg=4,k=3¢g+3 =15and B
is a Baer subplane. Let r be a line containing two points, say p and p’ of K. At
least one plane, through the line r is (g + 3)-secant otherwise k < ¢+ 3. Let =
be such a plane. The set K n 7 is a Baer subplane and so r has three points in
common with K. Thus, on every 3-secant plane 7, the three points of K in 7 are
collinear. If any plane intersects K either in three collinear points or in a Baer
subplane then K = PG(3,2), (cfe.g. [13]).

If ¢ = 3, as already remarked, the set K has size either 12 or 15. The sets K of
PG(3,3) not containing lines and intersecting every plane in either 3 or 6 points
have been determined with the help of a computer. Using a package in MAGMA
similar to that contained in [9] an exhaustive search provided an unique 12-set
and two 15-sets in PG(3,3), not projectively equivalent and with the required
properties. Below, such sets are described via the homogeneous coordinates

(x,9,2,1).
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ExamMPLE 4.1. k=12

4(1,0,0,0), B(0,1,0,0), C(0,1,1,1), D(0,0,1,0), £(0, 1,0, 1), £(0,0,0, 1)
G(1,0,0,1), H(1,1,0,1),1(1,0,2,0), L(1,2,2,0), M(1,0,2,1), N(0, 1, 1,0).

ExaMPLE 4.2. k=15

A(1,1,2,1),B(1,0,0,0), C(0,1,0,0), D(0,0,1,0), E(0,0,0, 1),
F(0,0,1,2),G(1,1,1,1), H(1,1,1,2),1(1,0,2,0), L(1,2,2,0),
M(0717272)’N(071’170)7 (1707272)) (1727171) (1 2’172)

ExaMPLE 4.3. k=15

A(1,0,0,0), B(0,1,1,0), C(0,1,0,0),D(0,0,1,0), £(0,0,0, 1),
F(1717271)7G(1717171) (1707172) (1717172) (1727270)7
M(0,1,2,2),N(1,1,2,2),0(0,1,2,1), P(1,0,1,1), 0(1,0,2,0).

5. THE CHARACTERIZATION THEOREM

In view of the previous Sections we may assume that ¢ > 2, # = ¢ + 3 and K con-
tains at least one line.

PROPOSITION 5.1. If ¢ > 2 and K contains at least one line, then K is the point-
set of the union of three pairwise skew lines.

PRrROOF. Let L; denote a line contained in K. Being ¢ > 2 every plane passing
through L; is a (¢ + 3)-secant plane, and so counting & = |K| via the planes on
L gives:

k=qg+1+2(g+1)=3g+3.

Put K’ = K — L, and let 7 be a plane. If 7 contains L;, then it is a (¢ + 3)-secant
plane and hence it intersects K’ in exactly two points. If 7 does not contain L,
then it meets K’ in exactly two points if it is a plane meeting K in three points and
it meets K’ in g + 2 points if it is a plane meeting K in ¢ + 3 points. Hence every
plane meets K’ either in two or in ¢ + 2 points. From results contained in [5] it
follows that K’ is the union of two pairwise skew lines L, and Ls;. Hence K =
Ly v L, u Lj and the assertion is proved. O

6. FINAL REMARKS

The aim of this last section is to analyse some properties of the linear codes
related to the subsets of PG(3,3) described in examples 4.1, 4.2, 4.3 of Sec-
tion 4.
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The set of PG(3,3) described in Example 4.1 gives rise to a linear [12,4, 6];-
code with second weight 9. This code is the subcode generated by the first 4
rows of

1 00010110110
01 0001 T1TO0T1O0T1°1
G 001 0100202171
060001 0210T1T1T1F@©0
0000102122202
000002021222

Observe that G generates a [12, 6, 6], code, equivalent to the usual ternary ex-

tended Golay code.

The strongly regular graphs arising from the sets in examples 4.2 and 4.3 have
different automorphism groups. More in detail, the automorphism group of the
graph from Example 4.2 has order 5832, while that from Example 4.3 has order
116640. In view of this latter property, we can compare the structure here ob-
tained with that described in [4] and the code with that of [12]. In particular, the
two linear [15,4, 9];-codes with second weight 12 associated to the sets of exam-
ples 4.2 and 4.3 are different.

REFERENCES

[1] A. BEUTELSPACHER, On Baer subspaces of Finite Projective Spaces, Math. Z. 184
(1983), 301-319.
[2] A. BRUEN, Blocking sets in finite projective planes, SIAM J. Appl. Math. 21 (1971),
380-392.
[3] R. CALDERBANK - W. M. KANTOR, The geometry of two-weight codes, Bull. London
Math. Soc. 18 (1986), 97-122.
[4] P. J. CaAMERON - J. H. VAN LINT, On the Partial Geometry pg(6,6,2), J. Combin.
Theory Series A, 32 (1981), 252-255.
[5] M. DE FINIs, On k-sets of type (m,n) in PG(3,q) with respect to planes, Ars Combin.
21 (1986), 119-136.
[6] P. DELSARTE, Weights of linear codes and strongly regular normed spaces, Discrete
Math. 3, 1972, 47-64.
[7] N. DURANTE - V. NAPOLITANO - D. OLANDA, On k-sets of class [1,h] in a planar
space, Atti Sem. Mat. Fis. Univ. Modena 50 (2002), no. 2, 305-312.
[8] N. DURANTE - D. OLANDA, On k-sets of type (2,h) in a planar space, Ars Combin. 78
(2006), 201-209.
[9] S. MARCUGINI - F. PAMBIANCO, Minimal 1-saturating sets in PG(2,q), g < 16, Aus-
tralasian Journal of Combinatorics, 28 (2003), 161-169.
[10] M. TALLINI SCAFATI, Sui k-insiemi di uno spazio di Galois S, , a due soli caratteri nella
dimensione d, Rend. Acc. Naz. Lincei 8 vol. LX (1976), 782-788.
[11] J. A. THAS, A combinatorial problem, Geom. Dedicata 1 (1973), no. 2, 236-240.
[12] J. H. VAN LINT - A. SCHRUVER, Construction of strongly regular graphs, two-weight
codes and partial geometries by finite fields, Combinatorica 1 (1981), 63-73.



SETS OF TYPE (3,/) IN PG(3,¢) 403

[13] M. ZANNETTI, A combinatorial characterization of Baer subspaces, J. Discrete Math.
Sci. Cryptogr. 7 (2003), 77-82.

Received 02 March 2012,
and in revised form 28 May 2012.

Vito Napolitano

Dipartimento di Ingegneria Civile
Seconda Universita degli Studi di Napoli
Real Casa dell’Annunziata

via Roma 29, 81031 Aversa (CE)
vito.napolitano@unina?2.it

Domenico Olanda

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”
Universita degli Studi di Napoli

Via Cintia, Napoli

domenico.olanda@unina.it






	mk1
	mk10
	mk11
	mk12
	mk2
	mk3
	mk4
	mk5
	mk6
	mk7
	mk8
	mk9
	mk13
	mkEnd-page

