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Functional Analysis — Bisobolev mappings and homeomorphisms with finite dis-
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Abstract. — Let W and W 0 be bounded open sets in Rn, nb 2, and let HomðW;W 0Þ the class of

homeomorphisms f : W ! W 0. We illustrated some properties of bisobolev homeomorphisms and
their connections with homeomorphisms with finite distortion1.
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1. Introduction

Let W and W 0 be bounded domains in Rn, nb 2, and let HomðW;W 0Þ the class of
homeomorphisms f : W ! W 0.

In this paper we will be concerned with the subclasses of HomðW;W 0Þ con-
sisting of the bisobolev homeomorphisms and the homeomorphisms with finite
distortion.

In the last few years, homeomorphisms with finite distortion have attracted a
great interest thanks to their connection with relevant topics such as elliptic par-
tial di¤erential equations, di¤erential geometry and calculus of variations (see
[18] and the references therein).

In [17], the class of bisobolev maps has been introduced as the class of homeo-
morphisms f : W ! W 0 such that

f a W
1;1
loc ðW;W 0Þ and f �1 a W

1;1
loc ðW

0;WÞ:

Similarly, for p > 1, a homeomorphism f : W ! W 0 is said to be a W 1;p-
bisobolev mapping if

f a W
1;p
loc ðW;W 0Þ and f �1 a W

1;p
loc ðW

0;WÞ:

Recall that a homeomorphism f a W
1;1
loc ðW;RnÞ has finite outer distortion if its

Jacobian Jf is strictly positive a.e. on the set where jDf jA 0. In case Jf ðxÞb 0
a.e., we define its outer distortion function as

KO; f ðxÞ ¼
jDf ðxÞjn
Jf ðxÞ for Jf ðxÞ > 0

1 otherwise:

(
ð1:1Þ

1The results of this paper are related to the lecture that the Author gave at the Conference ‘‘Ge-

ometric Function Theory’’, which took place at the Accademia dei Lincei on November 3rd 2011.



Similarly, we say that a homeomorphism f a W
1;1
loc ðW;RnÞ has finite inner distor-

tion if its Jacobian is strictly positive a.e. on the set where the adjugate adjDf of
the di¤erential matrix does not vanish. In case Jf ðxÞb 0 a.e., we define its inner
distortion function as

KI ; f ðxÞ ¼
jadjDf ðxÞjn

Jf ðxÞn�1 for Jf ðxÞ > 0

1 otherwise:

(

Obviously these two notions coincide in the planar case, while for n > 2
Hadamard’s inequality yields that they are related by the inequality

KI ; f ðxÞaKn�1
O; f ðxÞ:

In order to illustrate the connection between bisobolev homeomorphisms and
homeomorphisms with finite distortion, let us begin recalling that in the planar
case, i.e. for n ¼ 2, in [15, 3], the authors prove that each bisobolev map has finite
distortion.

Such a conclusion is not valid in higher dimension. In fact, there exists a biso-
bolev map in Rn, nb 3, such that its Jacobian determinant is zero a.e. and the
modulus of its di¤erential matrix is strictly positive on a set of positive measure
[17].

Hence, if f is a planar bisobolev map the zero set of its Jacobian determinant
coincides a.e. with the zero set of the di¤erential matrix, while for bisobolev map-
pings in dimension greater than 2 the norm of the di¤erential matrix need not
vanish on the zero set of the Jacobian. Actually, the example constructed in [17]
shows that none of the matrix of the l � l minors of the di¤erential matrix need to
vanish on the zero set of the Jacobian determinant for 1a la n� 2. Actually, in
[17], it is proven that bisobolev mappings in dimension greater than 2 have finite
inner distortion (see Theorem 2.3 in Subsection 2.3).

Obviously the question can be reversed, wondering what are the conditions
on a homeomorphism f in the Sobolev class W 1;1 that guarantee that it is a
bisobolev map.

Recall that, in general, the inverse of a homeomorphism f a W
1;n�1
loc ðW;W 0Þ

belongs to BVloc only [3]. For planar homeomorphisms, the explicit expression
of the total variation of the components of the inverse is given in [4] (see also [5]).

On the other hand, in [3], it has been proved that if f a W 1;n�1ðW;W 0Þ is a
homeomorphism with finite outer distortion, then the inverse map f �1 belongs
to W 1;1ðW 0;WÞ and has finite distortion too.

Previous result has been extended to the wider class of homeomorphisms
with finite inner distortion in [7], where it is shown that homeomorphisms in the
Sobolev class W 1;n�1

loc ðW;W 0Þ with finite inner distortion are bisobolev maps, i.e.

f �1 belongs to W 1;1ðW 0;WÞ. The sharpness of previous Theorem has been shown
in [14].

Hence, in case nb 3, if f a HomðW;W 0ÞBW 1;n�1 has finite inner distortion
then it is a bisobolev homeomorphism. Note that f a W 1;n�1 while f �1 a
W 1;1ðW 0;WÞ. So this result still leave open some questions about the regularity
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of the inverse. In the planar case, the L1-integrability of the distortion Kf of
a homeomorphism of the Sobolev class W 1;1 is a su‰cient condition to the
L2-integrability of the di¤erential matrix of the inverse mapping [15].

For n > 2 a similar result has been established in [25], under the stronger as-
sumption f a W 1;pðW;W 0Þ, for some p > n� 1. This stronger assumption has
been removed in [23], where it is shown that the analogous conclusion of the
quoted result of [15] holds true if f a W 1;n�1ðW;W 0Þ (see Theorem 2.5 in subsec-
tion 2.3).

Hence the regularity of the distortion function influences the regularity of the
inverse mapping and this happens also in the scale of Orlicz-Zygmund spaces (see
[15, 10, 23]).

The aim of this paper is to identify suitable Orlicz spaces, more general than
the one treated in the above mentioned papers, in which the same phenomenom
holds true. We will confine ourselves to the case in which the distortion is as-
sumed to belong to a Orlicz class of functions not too far from L1.

More precisely, we will deal with functions P : ½1;þlÞ ! ½0;þlÞ which are
smooth, non decreasing and onto such thatZ þl

1

PðtÞ
t2

dt ¼ þl:ð1:2Þ

Condition (1.2) is called divergence condition and it is a critical assumption for
the regularity of mappings with finite distortion K with ePðKÞ a L1 (see for exam-
ple [8, 9, 13, 2]). We will stay not too far from the borderline case of (1.2), i.e. we
will represent PðtÞ as

PðtÞ ¼ t

LðtÞ

where L : ½1;þlÞ ! ½0;þlÞ is a smooth, non decreasing function, growing at
l slower than any power. More precisely, we will assume that

lim
t!þl

LðtÞ ¼ þl and lim
t!þl

logLðtÞ
log t

¼ 0:ð1:3Þ

We extend LðtÞ and PðtÞ for 0a ta 1 letting LðtÞ ¼ 1 and PðtÞ ¼ 0. For tb 1,
let us introduce the function

AðtÞ ¼ 1þ
Z t

1

PðtÞ
t2

dt:ð1:4Þ

We are going to establish the following

Theorem 1.1. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism with finite inner dis-
tortion such that Z

W

KI ; fA
aðKI ; f Þ dx < lð1:5Þ
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for some ab 0. ThenZ
E 0
jDf �1jnAaðlogðeþ jDf �1jÞÞ dx < lð1:6Þ

for every E 0 T W 0 compact.

When the inner distortion function belongs to an Orlicz class slightly larger
than L1, we have the following

Theorem 1.2. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism with finite inner dis-
tortion such that jadjDf j a LpðWÞ for some p > 1. If

KI ; f

AaðjKI ; f jÞ
a L1ðWÞ

for some ab 0, then

jDf �1jn

AaðjDf �1jÞ a L1ðW 0Þ:

Notice that

PðtÞ ¼ t ) AðtÞU logðeþ tÞ

Hence, in this case, our theorems give back previous results contained in [15, 10,
23].

Our proofs are based on the validity of the area formula for homeomorphisms
[6] and on a chain rule formula proved in [7] for Sobolev functions.

2. Preliminaries

2.1. The area formula

Let W and W 0 be bounded domains in Rn. We shall denote by HomðW;W 0Þ the set
of all Sobolev homeomorphisms f : W ! W 0 ¼ f ðWÞ, by jDf j the operator norm
of the di¤erential matrix and by adjDf the adjugate of Df which is defined by the
formula

Df � adjDf ¼ I � Jf ;ð2:1Þ

where, as usual, Jf ¼ detDf and I is the identity matrix.
We will use the well known area formula for homeomorphisms in W

1;1
loc ðWÞ,

that is Z
B

hð f ðxÞÞjJf ðxÞj dxa
Z
f ðBÞ

hðyÞ dyð2:2Þ
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where h is a nonnegative Borel measurable function on Rn and BHW is a Borel
set (for more details we refer to [6]). The equalityZ

B

hð f ðxÞÞjJf ðxÞj dx ¼
Z
f ðBÞ

hðyÞ dyð2:3Þ

is verified if f is a homeomorphism that satisfies the Lusin condition N, i.e. the
implication jEj ¼ 0 ) j f ðEÞj ¼ 0 holds for any measurable set EHW.

Note that the function defined in (1.1) satisfies the so-called distortion in-
equality

jDf ðxÞjn aKO; f ðxÞJf ðxÞ:

Moreover, by virtue of (2.2), we have that Jf a L1ðBÞ. Hence, the definition of
homeomorphism with finite distortion coincides with the usual one, given for
mappings which are not homeomorphisms (see [18]).

In [11], the authors proved that mappings f a W 1;nðW;RnÞ of finite distortion
satisfy the Lusin condition N. A sharp result is contained in [19], where it is
shown that if f a W 1;1ðW;RnÞ is a homeomorphism with Jf b 0 a.e. in W and
such that

lim
e!0

e

Z
W

jDf jn�e
dx ¼ 0

then it satisfies the Lusin condition N. Here we are interested in mappings of fi-
nite distortion whose di¤erential matrices belong to spaces slightly di¤erent from
Ln. For this reason let us recall the definitions and some basic properties of these
spaces.

2.2. Orlicz spaces

Let F be an increasing function from Fð0Þ ¼ 0 to lim
t!l

FðtÞ ¼ l and continu-
ously di¤erentiable on ð0;lÞ. The Orlicz class generated by the function FðtÞ
will be denoted by LFðWÞ and it consists of the functions h for which there exists
a constant l ¼ lðhÞ > 0 such that F

�jhj
l

�
a L1ðWÞ.

In particular, we shall work with the Orlicz classes generated by the func-
tion FðtÞU tAaðtÞ as t ! l, where A is the function defined at (1.4). Recall
that P : ½1;þlÞ ! ½0;þlÞ is a smooth, non decreasing and onto function such
that Z þl

1

PðtÞ
t2

dt ¼ þlð2:4Þ

and we will represent it as

PðtÞ ¼ t

LðtÞ
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where L : ½1;þlÞ ! ½0;þlÞ is a smooth, non decreasing function, growing at
infinity slower than any power. More precisely, we will assume that

lim
t!þl

LðtÞ ¼ þl and lim
t!þl

logLðtÞ
log t

¼ 0:ð2:5Þ

We extend LðtÞ and PðtÞ for 0a ta 1 letting LðtÞ ¼ 1 and PðtÞ ¼ 0. Recall as
well that, for tb 1,

AðtÞ ¼ 1þ
Z t

1

PðtÞ
t2

dt:ð2:6Þ

Also the function AðtÞ is extended in ½0; 1� by setting AðtÞ ¼ 1. We shall need the
following properties of the functions A andL, that are proven in Proposition 5.1
of [2].

Proposition 2.1. For A defined at (2.6), and L and P satisfying (2.4), (2.5) we
have

(a) For every g > 0, there exists a positive constant C such that

AðtÞaCtg;

for every tb 1.
(b) A and L do not see powers, i.e. for each a > 0 there exist positive constants

C1 ¼ C1ðaÞ and C2 ¼ C2ðaÞ such that

LðtaÞaC1ðaÞLðtÞ

and

AðtaÞaC2ðaÞAðtÞ:

(c) There exists t0 such that

Aðsþ tÞaAðsÞ þAðtÞ;

for every s; tb t0.
(d) There exists t0 such that

AðstÞaCðAðsÞ þAðtÞÞ;

for every tb t0.

(e) The function
AðtÞ
t

is decreasing for every tb 1.

From (e) of previous proposition we deduce the D2-property for A:

Að2tÞa 2AðtÞ; Etb 1:
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We hall also need the following Young’s type inequality

Lemma 2.2. Let A defined at (2.6). For every a > 0 there exists c ¼ cðaÞ such
that

sta sAaðsÞ þ ðAaÞ�1ðctÞ

for every s; tb t0.

Proof. If taAaðsÞ there is nothing to prove. Otherwise s < ðAaÞ�1ðtÞ which
obviously implies

sta tðAaÞ�1ðtÞ:ð2:7Þ

Now, for t ¼ ðAaÞ�1ðtÞ, we observe that

AaðtAaðtÞÞaAaðctaþ1Þa cðaÞAaðtÞ

where we used (a) and (b) of Proposition (2.1) and the D2-property of A. Previ-
ous estimate is equivalent to the following

tAaðtÞa ðAaÞ�1ðcðaÞAaðtÞÞ:ð2:8Þ

Using that t ¼ ðAaÞ�1ðtÞ in (2.8), we get

tðAaÞ�1ðtÞa ðAaÞ�1ðcðaÞtÞ:ð2:9Þ

Combining (2.7) and (2.9) give the conclusion. r

Some examples of functions that we are treating are

PðtÞ ¼ t ) AðtÞU logðeþ tÞ;

PðtÞ ¼ t

logðeþ tÞ ) AðtÞU log logðeþ tÞ;

PðtÞ ¼ t

logðeþ tÞ log logðee þ tÞ ) AðtÞU log log logðeþ tÞ:

For more details on Orlicz spaces, we refer to [20].

2.3. Bisobolev mappings

Let us recall that a homeomorphism f : W ��!onto W 0 is said to be a bisobolev map
if f belongs to the Sobolev space W

1;1
loc ðW;W 0Þ and its inverse f �1 belongs

to W 1;1
loc ðW

0;WÞ. More specifically, if f a W
1;p
loc ðW;W 0Þ and f �1 a W

1;p
loc ðW

0;WÞ,
1a p < l, then we say that f is W 1;p-bisobolev.

The connection between bisobolev mappings and mappings with finite distor-
tion is given by the following results.
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Theorem 2.3 [17]. Let f : W ! Rn be a bisobolev map. Suppose that for a mea-
surable set EHW we have Jf ¼ 0 a.e. on E. Then jadjDf j ¼ 0 a.e. on E. If we
moreover assume that Jf b 0 it follows that f has finite inner distortion.

In the opposite direction we have the following

Theorem 2.4 [7]. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism such that

jadjDf ðxÞjn aKðxÞJ n�1
f ðxÞð2:10Þ

for some Borel function K : W ! ½1;þlÞ. Then f �1 is a W 1;1ðW 0;WÞ map of finite
outer distortion. Moreover

jDf �1ðyÞjn aKð f �1ðyÞÞJf �1ðyÞ a:e: in W

and

Z
W 0

jDf �1ðyÞj dy ¼
Z
W

jadjDf ðxÞj dx:

Next Theorem relates the regularity of the inner distortion function with the
regularity of the inverse mapping

Theorem 2.5 [23]. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism with finite inner
distortion such that

KI ; f a L1ðWÞ:

Then

jDf �1j a LnðW 0Þ

and

Z
W 0

jDf �1ðyÞjn dy ¼
Z
W

KI ; f ðxÞ dx:ð2:11Þ

Moreover we have that

log
�
eþ 1

Jf

�
a L1

locðWÞ:ð2:12Þ
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3. The chain rule

We need to recall the definition of approximate gradient of a Borel map. If
f a L1

locðW;RNÞ, we will say that a point x a W is a point of approximate conti-
nuity if there exists z a RN such that

lim
r!0

Z
BrðxÞ

j f ðyÞ � zj dy ¼ 0:ð3:1Þ

The precise representative of f is the function f � : W ! RN defined by setting
f �ðxÞ ¼ z, where z is the vector appearing in (3.1), if x is a point of approximate
continuity of f and f �ðxÞ ¼ 0 otherwise. We note that f �ðxÞ ¼ f ðxÞ if x is a
Lebesgue point of f . We remark that, as proved in [1], the set Sf of points where
(3.1) does not hold is a Ln-negligible Borel set.

Let f a L1
locðW;RNÞ and let x a point of approximate continuity of f . We will

say that f is approximately di¤erentiable at x if there exists a N � n matrix de-
noted by Df ðxÞ such that

lim
r!0

Z
BrðxÞ

j f ðyÞ � f �ðxÞ �Df ðxÞðy� xÞj
r

dy ¼ 0:ð3:2Þ

The approximate gradient Df ðxÞ is uniquely determined by (3.2), the set

Df ¼ fx a W : f is approximately di¤erentiable at xg

is a Borel set and the map Df : Df ! RNn is a Borel map.
If f a W

1;1
loc ðW;RNÞ then is approximately di¤erentiable a.e. in W and its ap-

proximate gradient coincides a.e. with the distributional gradient [1].
A key tool for our aim is the following chain rule formula, which has been

proved in [7] for bisobolev mappings (see also [23]).

Lemma 3.1. Let f : W ! W 0 be a homeomorphism such that f and f �1 are ap-
proximately di¤erentiable a.e.. Set

F ¼ fy a Df �1 : jJf �1ðyÞj > 0g:

Then there exists a Borel set AHF such that jFnAj ¼ 0, f �1ðAÞH fx a Df :
jJf ðxÞj > 0g, with the following property

Df �1ðyÞ ¼ ½Df ð f �1ðyÞÞ��1 Ey a A:ð3:3Þ

4. Proof of Theorems 1.1 and 1.2

This section is devoted to the proof of our main results. We begin with
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Proof of Theorem 1.1. Since the function Aa is diverging at infinity, for
ab 0, the assumption KI ; fA

aðKI ; f Þ a L1ðWÞ implies KI ; f a L1ðWÞ. Hence we
can apply Theorem 2.5 to deduce that f �1 is a homeomorphism in the Sobolev
class W 1;n with finite inner distortion. Moreover, we have

log
�
eþ 1

Jf

�
a L1

locðWÞ:ð4:1Þ

Hence by the weak version of the Sard Lemma and by the Lusin property of f �1

we get that Jf ðxÞ > 0 a.e. in W. Therefore, if E is a compact subset of W, denoted
by A 0 H f ðEÞ the set determined by Lemma 3.1, by the area formula at (2.2), we
get Z

f ðEÞ
jDf �1ðyÞjnAaðlogðeþ jDf �1ðyÞjÞÞ dyð4:2Þ

¼
Z
A 0
jDf �1ðyÞjnAaðlogðeþ jDf �1ðyÞjÞÞ dy

a

Z
E

jadjDf ðxÞjn

J n�1
f ðxÞ

Aa
�
log

�
eþ jadjDf ðxÞj

Jf ðxÞ

��
dx

¼
Z
EBfjadjDf jb1g

KI ; f ðxÞAa
�
log

�
eþ jadjDf ðxÞj

Jf

��
dx

þ
Z
EBfjadjDf j<1g

KI ; f ðxÞAa
�
log

�
eþ jadjDf ðxÞj

Jf

��
dx

¼ I þ II :

Since jadjDf ðxÞja jadjDf ðxÞjn=n�1 on the set EB fjadjDf jb 1g, we have

I a

Z
EBfjadjDf jb1g

KI ; f ðxÞAa
�
log

�
eþ jadjDf ðxÞjn=n�1

Jf

��
dxð4:3Þ

a

Z
E

KI ; fA
aðlogðeþ K

1=ðn�1Þ
I ; f ÞÞ dx

a

Z
E

KI ; fA
aðcðnÞ logðeþ KI ; f ÞÞ dx

a cðn; aÞ
Z
E

KI ; fA
aðKI ; f Þ dx

where we used that A is an increasing function on ½1;þlÞ and property (b) of
Proposition 2.1. We also used the elementary inequality
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logðeþ xÞa cxg; Eg > 0; xb 1:ð4:4Þ

Hence we can conclude thank to assumption (1.5) that the integral I is finite.
In order to estimate II , we use the Young’s type inequality of Lemma 2.2

II a

Z
EBfjadjDf j<1g

KI ; f ðxÞAa
�
log

�
eþ 1

Jf

��
dx

a ca

Z
E

KI ; f ðxÞAaðcaKI ; f ðxÞÞ dx

þ ca

Z
E

ðAaÞ�1
�
Aa

�
log

�
eþ 1

Jf

���
dx

a ca

Z
E

KI ; f ðxÞAaðKI ; f ðxÞÞ dxþ ca

Z
E

log
�
eþ 1

Jf

�
dx

that is finite thanks to the assumption and (4.1). This concludes the proof. r

Now, we provide the

Proof of Theorem 1.2. Since f a W 1;n�1ðW;W 0Þ is a homeomorphism with
finite inner distortion by Theorem 2.4 we have that f �1 a W 1;1ðW 0;WÞ. Let A 0

be the set determined by Lemma 3.1. Then we can use the chain rule and the
area formula, thus getting

Z
W 0

jDf �1ðyÞjn

AaðjDf �1ðyÞjÞ dy ¼
Z
A 0

jDf �1ðyÞjn

AaðjDf �1ðyÞjÞ dyð4:5Þ

a

Z
W

jadjDf ðxÞjn

Jf ðxÞn�1Aa
�jadjDf ðxÞj

Jf ðxÞ
� dx ¼

Z
W

KI ; f ðxÞ
Aa

�� KI ; f ðxÞ
jadjDf ðxÞj

�1=ðn�1Þ� dx
¼

Z
fKI ; fajadjDf j pg

KI ; f ðxÞ
Aa

�� KI ; f ðxÞ
jadjDf ðxÞj

�1=ðn�1Þ� dx
þ
Z
fKI ; f>jadjDf j pg

KI ; f ðxÞ
Aa

�� KI ; f ðxÞ
jadjDf ðxÞj

�1=ðn�1Þ� dx
a c

Z
W

jadjDf ðxÞj p dxþ
Z
W

KI ; f ðxÞ
AaðK ð1�1=pÞð1=ðn�1ÞÞ

I ; f ðxÞÞ
dx

a c

Z
W

jadjDf ðxÞj p dxþ cðn; pÞ
Z
W

KI ; f ðxÞ
AaðKI ; f ðxÞÞ

dx
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where we used that AðtÞb 1 for every t and that

AðtÞ ¼ Aðtð1�1=pÞðp=ðp�1ÞÞððn�1Þ=ðn�1ÞÞÞa cðn; pÞAðtð1�1=pÞð1=ðn�1ÞÞÞ

thank to the property (b) of Proposition 2.1. Since, by our assumptions, the
integrals in the right hand side of previous estimate are finite we obtain that
jDf �1jn

AaðjDf �1jÞ a L1ðW 0Þ. r

We can weaken the regularity assumption on the adjugate matrix of the di¤er-
ential of the homeomorphism f and we arrive at the same conclusion of Theorem
1.2, slightly improving the regularity assumption on the inner distortion function.
In fact we have

Theorem 4.1. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism with finite inner dis-
tortion such that jadjDf j logðeþ jadjDf jÞ belongs to the space L1ðWÞ and that

KI ; f

Aaðlogðeþ jKI ; f jÞÞ
a L1ðWÞ;

for some ab 0. Then

jDf �1jn

AaðjDf �1jÞ a L1ðW 0Þ:

Proof. Since f a W 1;n�1ðW;W 0Þ is a homeomorphism with finite inner distor-
tion by Theorem 2.4 we have that f �1 a W 1;1ðW 0;WÞ. Then we can use the area
formula, thus gettingZ

W 0

jDf �1ðyÞjn

AaðjDf �1ðyÞjÞ dyð4:6Þ

a

Z
W

jadjDf ðxÞjn

Jf ðxÞn�1Aa
�jadjDf ðxÞj

Jf ðxÞ
� dxa c

Z
W

KI ; f ðxÞ
Aa

� KI ; f ðxÞ
jadjDf ðxÞj

� dx
¼

Z
fKI ; fajadjDf j logðeþKI ; f Þg

KI ; f ðxÞ
Aa

� KI ; f ðxÞ
jadjDf ðxÞj

� dx
þ
Z
fKI ; f>jadjDf j logðeþKI ; f ðxÞÞg

KI ; f ðxÞ
Aa

� KI ; f ðxÞ
jadjDf ðxÞj

� dx
a

Z
W

jadjDf ðxÞj logðeþ KI ; f ðxÞÞ dx

þ
Z
W

KI ; f ðxÞ
Aaðlogðeþ KI ; f ðxÞÞÞ

dx
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where we used that AðtÞ is an increasing function such that AðtÞb 1 for every t.
Since the second integral in the right hand side of (4.6) is finite thanks to the
assumption, it remains to prove that the first integral is finite too. To this aim
observe that

Z
W

jadjDf ðxÞj logðeþ KI ; f Þ dxð4:7Þ

¼
Z
W

jadjDf ðxÞj log
�
eþ jadjDf ðxÞjn

J n�1
f

�
dx

a cðnÞ
Z
W

jadjDf ðxÞj logðeþ jadjDf ðxÞjÞ dx

þ cðnÞ
Z
W

jadjDf ðxÞj log
�
eþ 1

JI ; f

�
dx

a c

Z
W

jadjDf ðxÞj logðeþ jadjDf ðxÞjÞ dxþ c

Z
W

jadjDf ðxÞj
ðJf ðxÞÞðn�1Þ=n dx

¼ c

Z
W

jadjDf ðxÞj logðeþ jadjDf ðxÞjÞ dxþ c

Z
W

KI ; f ðxÞðn�1Þ=n
dx

where we used again that logðeþ xÞa cðnÞxðn�1Þ=n, for xb 1. The first integral in
the right hand side is finite by assumptions. In order to estimate the second one
we observe that, by (a) of Proposition 2.1,

K
ðn�1Þ=n
I ; f ¼ KI ; f

K
1=n
I ; f

and AaðKI ; f Þa cða; nÞK 1=n
I ; f

and hence

Z
W

K
ðn�1Þ=n
I ; f dxa cðn; aÞ

Z
W

KI ; f

AaðKI ; f Þ
dx:ð4:8Þ

Since the integral in the right hand side of previous estimate is finite thank to the
assumption, this concludes the proof. r

Remark that previous Theorem still holds if in the assumption the function
logðeþ xÞ is replaced by any Orlicz function diverging at l slower than any
power.
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5. Integrability of
1
Jf

Theorem 4.1 tells us that jDf �1jn a LFðW 0Þ, where

FðtÞ ¼ t

AaðtÞ

and we know by Theorem 2.4 that f �1 has nonnegative Jacobian a.e. in W 0. The
higher integrability result for the Jacobian determinant in Orlicz spaces of [22]
states that if F satisfies the D2-property and

aÞ bC; t0 > 0: FðtÞbC
t

logðeþ tÞ

bÞ bp > 1:
Fðtn=ðnþ1ÞÞ

t p
%

then Jf �1 a LC
locðW

0Þ where

CðtÞ ¼ t

Z t

0

F 0ðsÞ
s

:ð5:1Þ

We shall use this regularity result of [22] to deduce a integrability property for 1
Jf
.

More precisely, we have

Theorem 5.1. Let f a W 1;n�1ðW;W 0Þ be a homeomorphism with finite inner dis-
tortion such that jadjDf j logðeþ jadjDf jÞ belongs to the space L1ðWÞ and that

KI ; f

Aaðlogðeþ jKI ; f jÞÞ
a L1ðWÞ;

for some a a ½0; 1Þ. Then

Y
� 1

Jf ðxÞ

�
a L1

locðW 0Þ;

where

YðtÞ ¼ CðtÞ
t

¼
Z t

0

F 0ðsÞ
s

:ð5:2Þ

Proof. For a a ½0; 1Þ, one can easily check that the function F satisfies the
assumptions of Theorem 3.1 in [22] that yields Jf �1 a LC

locðW
0Þ, where CðtÞ is

defined by (5.1). In particular, since F verifies condition a), Theorem A in [19]
implies that f �1 satisfies the Lusin condition N and hence jJ0

f j ¼ 0. In fact,
as we noticed before, Sard’s Lemma yields that j f ðDf BJ0

f Þj ¼ 0 and hence the
N-property of f �1 implies jDf BJ0

f j ¼ 0. So we can argue analogously to before,
having
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Z
E

Y
� 1

Jf ðxÞ

�
dx

¼
Z
EBA

1

Jf ðxÞ
Y
� 1

Jf ðxÞ

�
Jf ðxÞ dx

a

Z
f ðEBAÞ

Jf �1ðyÞYðJf �1ðyÞÞ dy ¼
Z
f ðEBAÞ

CðJf �1ðyÞÞ < l

where A is the subset of W determined by Lemma 3.1. r

We’d like to mention that in [12] it is proven that if KI ; f a L
q
locðWÞ then

logq
�
eþ 1

Jf

�
a L

q
locðWÞ.

6. The regularity of the distortion

In [17], it has been proven that, for W 1;p bisobolev mappings, the case p ¼ n
is somehow critical for what concerns the regularity of the distortion. In fact,
if p ¼ n, then the inner distortion functions of f and f �1 both belong to L1. If
p > n, then they both belong to some Lq, q > 1. In case p < n, the authors ex-
hibit a counterexample showing that no L1 integrability of the distortion can be
expected. In [10], in the planar case, it is shown that the regularity of the distor-
tion can be obtained in the scale of Orlicz-Zygmund classes for W 1;2 bisobolev
mappings whose di¤erential matrices belong to L2 loga L, some ab 0. More pre-
cisely, if f is a W 1;2 bisobolev mapping such that jDf �1j a L2 loga LðW 0Þ, some
ab 0, then Kf a L loga LðWÞ. Next result is the analogous of that of [10], relative
to the n-dimensional setting and to more general Orlicz functions. More precisely
we have that

Theorem 6.1. Let f a HomðW;W 0Þ be a W 1;n bisobolev map such that

jDf �1jnAaðjDf �1jÞ a L1ðW 0Þ

for some ab 0. Then

KI ; fA
aðlogðeþ KI ; f ÞÞ a L1ðWÞ:

Proof. First of all, we observe that under our assumptions we can use Theorem
5 in [17], in order to have KI ; f a L1ðWÞ and KI ; f �1 a L1ðWÞ. Hence by Theorem
2.5 we have that

log
�
eþ 1

Jf

�
a L1ðWÞ and log

�
eþ 1

J�1
f

�
a L1ðW 0Þ:

Moreover, since f , f �1 satisfy the Lusin condition N, they have positive
Jacobian a.e.:
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Jf ðxÞ > 0 a:e: in W and Jf �1ðxÞ > 0 a:e: in W 0:ð6:1Þ

Using the chain rule and the area formula, we getZ
W

KI ; fA
aðlogðeþ KI ; f ÞÞ dxð6:2Þ

¼
Z
W

jadjDf jn

J n�1
f

Aa
�
log

�
eþ jadjDf jn

J n�1
f

��
dx

¼
Z
W 0

jDf �1jnAa
�
log

�
eþ jDf �1jn

Jf �1

��
dy

a cðn; aÞ
Z
W 0

jDf �1jnAaðlogððeþ jDf �1jÞÞ dy

þ cðn; aÞ
Z
W 0

jDf �1jnAa
�
log

�
eþ 1

Jf �1

��
dy

¼ I þ II

where we used (c) of Proposition 2.1. In order to estimate the integral I in (6.2),
we use again the elementary inequality (4.4) to obtain that

I a cðn; aÞ
Z
W 0

jDf �1jnAaðjDf �1jÞ dxð6:3Þ

and hence the integral I is finite thank to the assumption. In order to estimate the
second integral, we use the Young’s type inequality of Lemma 2.2 to have

II a cða; nÞ
Z
W 0

jDf �1jnAaðjDf �1jÞÞ dxð6:4Þ

þ cðaÞ
Z
W 0
ðAaÞ�1

�
Aa

�
log

�
eþ 1

Jf �1

���
dy:

Then we conclude by using the assumption on Df �1 and (6.1). r

Acknowledgements. The author wish to thank the ‘‘Accademia Nazionale dei Lincei’’ and the
organizers of the International Conference ‘‘Geometric Function Theory’’ for the kind invitation

and the warm hospitality.

References

[1] L. Ambrosio - N. Fusco - D. Pallara, Functions of bounded variation and free dis-

continuity problems, Oxford University Press, Oxford (2000).

[2] A. Clop - P. Koskela, Orlicz-Sobolev regularity of mappings with subexponentially

integrable distortion. Atti Accad. Naz. Lincei 20 (2009), no. 4, 301–326.

452 a. passarelli di napoli



[3] M. Csörnyei - S. Hencl - J. Maly, Homeomorphisms in the Sobolev space W 1; n�1,
J. Reine Angew. Math. 644 (2010), 221–235.

[4] P. Di Gironimo - L. D’Onofrio - C. Sbordone - R. Schiattarella, Anisotropic
Sobolev homeomorphisms, Ann. Acad. Sci. Fennicae 36 (2011), 593–602.

[5] L. D’Onofrio - R. Schiattarella, On the total variations for inverse of a BV-

homeomorphism, Preprint (2011).

[6] H. Federer, Geometric measure theory, Springer-Verlag, New York (1969) (Second
edition 1996).

[7] N. Fusco - G. Moscariello - C. Sbordone, The limit of W 1; 1 homeomorphisms

with finite distortion, Calc. Var. 33 (2008), 377–390.

[8] F. Giannetti - L. Greco - A. Passarelli di Napoli, Regularity of solutions of

degenerate A-harmonic equations, Nonlinear Anal. 73 (2010), no. 8, 2651–2665.

[9] F. Giannetti - L. Greco - A. Passarelli di Napoli, The self-improving property

of the Jacobian determinant in Orlicz spaces, Indiana Univ. Math. J. 59 (2010), no. 1,
91–114.

[10] F. Giannetti - A. Passarelli di Napoli, Bisobolev mappings with di¤erential in

Orlicz Zygmund classes, J. Math. Anal. Appl. 369, 1 (2010), 346–356.

[11] V. M. Gol’dstein - S. Vodopyanov, Quasiconformal mappings and spaces of func-

tions with first generalized derivatives, Sibirsk. Mat. Zh. 17 (1977), 515–531.

[12] L. Greco - C. Sbordone - R. Schiattarella, Composition of bi-Sobolev homeo-

morphisms, Proc. Roy. Soc. Edinburgh Sect. A, 142 (2012), 61–80.

[13] L. Greco - G. Zecca, A Version of Gehring Lemma in Orlicz Spaces, Atti Accad.
Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., to appear.

[14] S. Hencl, Sharpeness of the assumptions for the regularity of a homeomorphism,
Michigan Math. J. 59 (2010), 667–678.

[15] S. Hencl - P. Koskela, Regularity of the Inverse of a Planar Sobolev Homeomor-

phism, Arch. Rational Mech. Anal. 180 (2006), 75–95.
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