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ABSTRACT. — Let Q and Q' be bounded open sets in R”, n > 2, and let Hom(€; Q') the class of
homeomorphisms f : Q — Q’. We illustrated some properties of bisobolev homeomorphisms and
their connections with homeomorphisms with finite distortion®.
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1. INTRODUCTION

Let Q and Q' be bounded domains in R”, n > 2, and let Hom(€; Q') the class of
homeomorphisms f : Q — Q'

In this paper we will be concerned with the subclasses of Hom(Q;Q') con-
sisting of the bisobolev homeomorphisms and the homeomorphisms with finite
distortion.

In the last few years, homeomorphisms with finite distortion have attracted a
great interest thanks to their connection with relevant topics such as elliptic par-
tial differential equations, differential geometry and calculus of variations (see
[18] and the references therein).

In [17], the class of bisobolev maps has been introduced as the class of homeo-
morphisms f : Q — Q' such that

fewbl@a) and f'ewl.'(@;).

loc C
Similarly, for p > 1, a homeomorphism f:Q — Q' is said to be a W!7’-
bisobolev mapping if
few I Q) and f'e W (Q)Q).

oc oc
1,1

Recall that a homeomorphism f e W, . (Q,R") has finite outer distortion if its
Jacobian Jy is strictly positive a.e. on the set where |Df| # 0. In case Jy(x) >0

a.e., we define its outer distortion function as
|Df (x)]"
(1.1) Ko r(x) = { Jr(x) for Jy(x) >0

1 otherwise.

! The results of this paper are related to the lecture that the Author gave at the Conference “Ge-
ometric Function Theory”, which took place at the Accademia dei Lincei on November 3rd 2011.
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Similarly, we say that a homeomorphism f € Wl(l)c1 (Q, R") has finite inner distor-
tion if its Jacobian is strictly positive a.e. on the set where the adjugate adj Df of
the differential matrix does not vanish. In case Jy(x) > 0 a.e., we define its inner

distortion function as

[adi D7 ()" .
Kp,(x) :{ ot or Jr(x) >0
1 otherwise.

Obviously these two notions coincide in the planar case, while for n > 2
Hadamard’s inequality yields that they are related by the inequality

Krr(x) < ngfl (x).

In order to illustrate the connection between bisobolev homeomorphisms and
homeomorphisms with finite distortion, let us begin recalling that in the planar
case, i.e. for n = 2, in [15, 3], the authors prove that each bisobolev map has finite
distortion.

Such a conclusion is not valid in higher dimension. In fact, there exists a biso-
bolev map in R", n > 3, such that its Jacobian determinant is zero a.e. and the
modulus of its differential matrix is strictly positive on a set of positive measure
[17].

Hence, if f is a planar bisobolev map the zero set of its Jacobian determinant
coincides a.e. with the zero set of the differential matrix, while for bisobolev map-
pings in dimension greater than 2 the norm of the differential matrix need not
vanish on the zero set of the Jacobian. Actually, the example constructed in [17]
shows that none of the matrix of the / x / minors of the differential matrix need to
vanish on the zero set of the Jacobian determinant for 1 </ < n — 2. Actually, in
[17], it is proven that bisobolev mappings in dimension greater than 2 have finite
inner distortion (see Theorem 2.3 in Subsection 2.3).

Obviously the question can be reversed, wondering what are the conditions
on a homeomorphism f in the Sobolev class W' that guarantee that it is a
bisobolev map.

Recall that, in general, the inverse of a homeomorphism f € Wl(ljcn l(Q Q)
belongs to BV, only [3]. For planar homeomorphisms, the explicit expression
of the total variation of the components of the inverse is given in [4] (see also [5]).

On the other hand, in [3], it has been proved that if f € W 1(Q Q) is a
homeomorphism with finite outer distortion, then the inverse map f~! belongs
to W1(Q',Q) and has finite distortion too.

Previous result has been extended to the wider class of homeomorphisms
with finite inner dlstortlon in [7], where it is shown that homeomorphisms in the
Sobolev class Wloc (Q Q') with finite inner distortion are bisobolev maps, i.e.
£ ! belongs to W1(Q' Q). The sharpness of previous Theorem has been shown
in [14].

Hence, in case n > 3, if f € Hom(Q, Q') n W!”~! has finite inner distortion
then it is a bisobolev homeomorphism. Note that f e W!”"! while f~!
Wwh(Q', Q). So this result still leave open some questions about the regularity



BISOBOLEV MAPPINGS AND HOMEOMORPHISMS WITH FINITE DISTORTION 439

of the inverse. In the planar case, the L'-integrability of the distortion Ky of
a homeomorphism of the Sobolev class W!! is a sufficient condition to the
L*-integrability of the differential matrix of the inverse mapping [15].

For n > 2 a similar result has been established in [25], under the stronger as-
sumption f € W7(Q,Q’), for some p >n— 1. This stronger assumption has
been removed in [23], where it is shown that the analogous conclusion of the
quoted result of [15] holds true if f € W"~1(Q, Q') (see Theorem 2.5 in subsec-
tion 2.3).

Hence the regularity of the distortion function influences the regularity of the
inverse mapping and this happens also in the scale of Orlicz-Zygmund spaces (see
[15, 10, 23)).

The aim of this paper is to identify suitable Orlicz spaces, more general than
the one treated in the above mentioned papers, in which the same phenomenom
holds true. We will confine ourselves to the case in which the distortion is as-
sumed to belong to a Orlicz class of functions not too far from L'.

More precisely, we will deal with functions 2 : [1,4+00) — [0, +00) which are
smooth, non decreasing and onto such that

“20)

(1.2) 2 dt = +o0.

1

Condition (1.2) is called divergence condition and it is a critical assumption for
the regularity of mappings with finite distortion K with ¢”X) e L' (see for exam-
ple [8, 9, 13, 2]). We will stay not too far from the borderline case of (1.2), i.e. we
will represent 2(¢) as

P(1) = ﬁ

where & : [1,400) — [0,+00) is a smooth, non decreasing function, growing at
oo slower than any power. More precisely, we will assume that

1
(1.3) lim (1) =+ and lim 2L
t—+om —+wo  logt

We extend #(¢) and 2(¢) for 0 < ¢t < 1 letting £ (¢) = 1 and 2#(¢) = 0. For ¢t > 1,
let us introduce the function

(1.4) 42/(2‘)21—1-/1[@611.

We are going to establish the following

THEOREM 1.1. Let f € WI1(Q,Q’) be a homeomorphism with finite inner dis-
tortion such that

(1.5) / Kppot™(Kp.g) dx < o0
Q
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for some o > 0. Then
(1.6) |Df "o/ *(log(e + |Df 7)) dx < o
E/

for every E' € Q' compact.

When the inner distortion function belongs to an Orlicz class slightly larger
than L', we have the following

THEOREM 1.2. Let f € W1 (Q, Q) be a homeomorphism with finite inner dis-
tortion such that |adj Df | € L?(Q) for some p > 1. If

Ky

7k S E @

for some o > 0, then

‘Df71|n L/~
— e L (Q).
7o) <1 )
Notice that

Pt)=t = (1) ~logle+1)

Hence, in this case, our theorems give back previous results contained in [15, 10,
23].

Our proofs are based on the validity of the area formula for homeomorphisms
[6] and on a chain rule formula proved in [7] for Sobolev functions.

2. PRELIMINARIES
2.1. The area formula

Let Q and Q' be bounded domains in R”. We shall denote by Hom(Q; Q') the set
of all Sobolev homeomorphisms f : Q — Q' = f(Q), by |Df| the operator norm
of the differential matrix and by adj Df the adjugate of Df which is defined by the
formula

(2.1) Df -adiDf =1-J;,

where, as usual, J; = det Df and I is the identity matrix.
We will use the well known area formula for homeomorphisms in W13{c1 (Q),
that is

22) [atreneiass [t

J(B)



BISOBOLEV MAPPINGS AND HOMEOMORPHISMS WITH FINITE DISTORTION 441

where 7 is a nonnegative Borel measurable function on R"” and B = Q is a Borel
set (for more details we refer to [6]). The equality

(2.3) / D () () dx = /f L

is verified if f is a homeomorphism that satisfies the Lusin condition N, i.e. the
implication |E| = 0 = |f(E)| = 0 holds for any measurable set £ < Q.

Note that the function defined in (1.1) satisfies the so-called distortion in-
equality

|Df (x)|" < Ko,y (x)Jr(x).

Moreover, by virtue of (2.2), we have that J; € L!(B). Hence, the definition of
homeomorphism with finite distortion coincides with the usual one, given for
mappings which are not homeomorphisms (see [18]).

In [11], the authors proved that mappings f € W' (Q, R") of finite distortion
satisfy the Lusin condition N. A sharp result is contained in [19], where it is
shown that if /e WH1(Q,R") is a homeomorphism with J; > 0 a.e. in Q and
such that

lim 8/ [Df|" “dx =0
e—0 Q

then it satisfies the Lusin condition N. Here we are interested in mappings of fi-
nite distortion whose differential matrices belong to spaces slightly different from
L". For this reason let us recall the definitions and some basic properties of these
spaces.

2.2. Orlicz spaces

Let ® be an increasing function from ®(0) =0 to lim ®(¢) = co and continu-
ously differentiable on (0, c0). The Orlicz class genérated by the function ®(r)
will be denoted by L®(Q) and it consists of the functions /4 for which there exists
a constant A = A(h) > 0 such that ®(%) e L1(Q).

In particular, we shall work with the Orlicz classes generated by the func-
tion ®(¢) ~ to/%(t) as t — oo, where .o/ is the function defined at (1.4). Recall
that 2 : [1,+00) — [0,400) is a smooth, non decreasing and onto function such
that

+00 P(t
I
and we will represent it as
t
P(t) = ——
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where % : [1,+o0) — [0,4+00) is a smooth, non decreasing function, growing at
infinity slower than any power. More precisely, we will assume that

1
(2.5) lim #(f) =+c and lim log 2(1) _ 0
t—+ oo =+ logt

We extend Z(¢) and 2(¢) for 0 <t < 1 letting #(¢) = 1 and 2(t) = 0. Recall as
well that, for t > 1,

(2.6) (1) =1 +/1t@dt.

Also the function ./ (¢) is extended in [0, 1] by setting .7 (¢) = 1. We shall need the
following properties of the functions .« and ., that are proven in Proposition 5.1
of [2].

PROPOSITION 2.1. For of defined at (2.6), and ¥ and P satisfying (2.4), (2.5) we
have

(a) For every y > 0, there exists a positive constant C such that
(1) < Ct,

for every t > 1.
(b) of and ¥ do not see powers, i.e. for each o. > 0 there exist positive constants
C) = C(a) and Cy = Cy(a) such that

L(1*) < C(a) (1)
and
o (t%) < Cy(a).e(1).
(c) There exists ty such that
A (s+1) < oA(s)+ A(1),

for every s, t > t.
(d) There exists ty such that

o (st) < C(A(s) + (1)),

for every t > 1.
(€) The function V/T(’) is decreasing for every t > 1.

From (e) of previous proposition we deduce the A,-property for .o7:

of (2t) <24/(1), Yi=1.
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We hall also need the following Young’s type inequality

LEMMA 2.2. Let o defined at (2.6). For every o > 0 there exists ¢ = c(o) such
that

st < sl*(s) + (4*) " (ct)
for every s,t > t.

PROOF. If 1 < .o/%(s) there is nothing to prove. Otherwise s < (./*) ' (¢) which
obviously implies

(2.7) st < (%) ().
Now, for 7 = (/%) "' (¢), we observe that
oA (1. %(1)) < A (et < (o).t (1)

where we used (a) and (b) of Proposition (2.1) and the A,-property of .«7. Previ-
ous estimate is equivalent to the following

(2.8) /(1) < (A4*) " (e(a) 2 *(7)).

Using that 7 = (%) ' (¢) in (2.8), we get

(2.9) o) (1) < () (e(2)2).

Combining (2.7) and (2.9) give the conclusion. O
Some examples of functions that we are treating are

P(t)=t = (1) ~logle+1),
t
B log(e + 1)
t
- log(e + 1) loglog(e€ + 1)

2(1) /(1) ~ loglog(e + 1),

N

(1) o (1) ~logloglog(e + 7).

For more details on Orlicz spaces, we refer to [20].

2.3. Bisobolev mappings

onto

Let us recall that a homeomorphism f : Q — Q' is said to be a bisobolev map
if f belongs to the Sobolev space WI’I(Q;Q’ ) and its inverse f~! belongs

loc
to Wh1(Q';Q). More specifically, if f e W27 (Q;Q') and f~' e W, (Q;Q),
1 < p < oo, then we say that f is W!7-bisobolev.
The connection between bisobolev mappings and mappings with finite distor-

tion is given by the following results.
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THEOREM 2.3 [17]. Let f : Q — R" be a bisobolev map. Suppose that for a mea-
surable set E < Q we have Jr =0 a.e. on E. Then |adjDf| =0 a.e. on E. If we
moreover assume that J; > 0 it follows that [ has finite inner distortion.

In the opposite direction we have the following
THEOREM 2.4 [7]. Let f € W'=Y (Q, Q') be a homeomorphism such that
(2.10) ladj Df (x)|" < K(x)J} (x)

for some Borel function K : Q — [1,+00). Then f~'isa WH1(Q', Q) map of finite
outer distortion. Moreover

IDfF " < K(f T 0D (9) aeinQ

and

12701y = [ Jadi D] a
Q Q

Next Theorem relates the regularity of the inner distortion function with the
regularity of the inverse mapping

THEOREM 2.5 [23]. Let f € Wh=1(Q, Q') be a homeomorphism with finite inner
distortion such that

Krye LY(Q).
Then
IDf ' e L"(Q)
and
-1 n _
(211) Lot as = [ K

Moreover we have that

1 1
(2.12) log (e + J—f) e LL ().
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3. THE CHAIN RULE

We need to recall the definition of approximate gradient of a Borel map. If
feLl (& RY), we will say that a point x € Q is a point of approximate conti-

nuity if there exists z € RY such that

(3.1) lim [/ (¥) —zldy = 0.
r— B,A(x)

The precise representative of f is the function f* : Q — RY defined by setting
f*(x) = z, where z is the vector appearing in (3.1), if x is a point of approximate
continuity of f and f*(x) =0 otherwise. We note that f*(x) = f(x) if x is a
Lebesgue point of f. We remark that, as proved in [1], the set .%; of points where
(3.1) does not hold is a .#"-negligible Borel set.

Let f e Ll .(Q; RY) and let x a point of approximate continuity of /. We will
say that f is approximately differentiable at x if there exists a N x n matrix de-
noted by Df(x) such that

(3.2) lim I/ (») = f*(x) = Df (x)(y — x)|

=0 Jp, (x) r

dy =0.

The approximate gradient Df(x) is uniquely determined by (3.2), the set
Py = {x € Q: f is approximately differentiable at x}

is a Borel set and the map Df : 2, — R™" is a Borel map.
If fe WII"I(Q; RY) then is approximately differentiable a.e. in Q and its ap-

oc
proximate gradient coincides a.e. with the distributional gradient [1].

A key tool for our aim is the following chain rule formula, which has been
proved in [7] for bisobolev mappings (see also [23]).

LEMMA 3.1. Let [ : Q — Q' be a homeomorphism such that f and f~' are ap-
proximately differentiable a.e.. Set

F= {y € .@f—] : |Jf—l(y)| > O}

Then there exists a Borel set A = F such that |F\A| =0, f~1(4) = {xe 2, :
|[Jr(x)| > 0}, with the following property

(3.3) Df '(»)=[DF(f ()] WreAa

4. PROOF OF THEOREMS 1.1 AND 1.2

This section is devoted to the proof of our main results. We begin with
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PrOOF oF THEOREM 1.1. Since the function .«7* is diverging at infinity, for
o« >0, the assumption K; ;.o/*(K; ) € L'(Q) implies K; ; € L'(Q). Hence we
can apply Theorem 2.5 to deduce that f~! is a homeomorphism in the Sobolev
class W with finite inner distortion. Moreover, we have

(4.1 log (e + %) e L.(Q).

Hence by the weak version of the Sard Lemma and by the Lusin property of /!
we get that Jy(x) > 0 a.e. in Q. Therefore, if E is a compact subset of Q, denoted
by A" < f(E) the set determined by Lemma 3.1, by the area formula at (2.2), we
get

(42) / 1D ()" *(log(e + |DF ' (3)])) dy
f(E)

= [ D17 )l ogte + 1 (1))

ladj Df (x)[" . |adj Df (x)|
< : J/’?—l(x) of <log(e—|— 7% ))dx

|adj Df ()|
= Kr p(x)o/*(log(e + ———=) ) dx
/En{adef|>1} ) ( g< Jr ))

‘ |ladj Df (x)|
+/ K s(x)eZ*(logle +————) ) dx
En{ladj Df|<1} / ( ( Jr ))

=I+1I

Since |adj Df (x)| < |adj Df (x)|"/"~" on the set E n {|adj Df| > 1}, we have

: n/n—1
43)  I< / K,Af(x),;z/“(log(e—l—M))dx
En{ladiDf|>1} Jr

< / K; o/ *(log(e + K,l_/f("_l))) dx
< [ Kiyot(ctn)logle + Ki) d
E

<c(n,o) | Kpyo?*(Kyp 5)dx
E

where we used that .o/ is an increasing function on [1,400) and property (b) of
Proposition 2.1. We also used the elementary inequality
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(4.4) logle+x) <cx?, Vy>0,x=>1.

Hence we can conclude thank to assumption (1.5) that the integral I is finite.
In order to estimate 7/, we use the Young’s type inequality of Lemma 2.2

12 e K000 (el )

/Klf “(euKr, f(x)) dx

+ca/(&f ) (%“(log(e+}>)>dx
/Klf “(Kr,r(x ))dx+cm/10g e—l—}f)d

that is finite thanks to the assumption and (4.1). This concludes the proof. O
Now, we provide the

PrROOF OF THEOREM 1.2. Since f ¢ W 1(Q, Q') is a homeomorphism with
finite inner distortion by Theorem 2.4 we have that f~! ¢ W1(Q';Q). Let 4’
be the set determined by Lemma 3.1. Then we can use the chain rule and the
area formula, thus getting

|Df ' (y)|" B |Df 1 (y)|"
S A Rl D R Rl

y
ladj Df (x)|" Ki r(x)
S/ i1 o ([adi DI )] dx_/ T Ko T
QJr ()" (5550 2 (o) )

e fads D/ (]
— / Ky /(%) dx
{K17/vg‘adef‘|I)} MV[(‘agléf ) ‘) ]/ ]
1.7 (x)
+/ Y o KI/() 1= )dx
(K1, r>[adi Df|"} of [(IdeDf )\) }
. K r(x)
d p P
g(,/glad]Df(x” dx+/9{%a(KI(lvl/p)(l/(n1))(x))dx
K[f

<c/]ad]Df ) dx + ¢(n, p) dx

o Klf x))
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where we used that .«/(¢) > 1 for every ¢ and that
() = (YD -D)E-D/0-1)) < (. ). (¢1-1/P/ =Dy

thank to the property (b) of Proposition 2.1. Since, by our assumptions, the
1ntegrals in the right hand side of previous estimate are finite we obtain that
\Df i !
7oy € L'(@). =
We can weaken the regularity assumption on the adjugate matrix of the differ-
ential of the homeomorphism f and we arrive at the same conclusion of Theorem
1.2, slightly improving the regularity assumption on the inner distortion function.
In fact we have

THEOREM 4.1. Let f € Wh1(Q, Q) be a homeomorphism with finite inner dis-
tortion such that |adj Df|log(e + |adj Df'|) belongs to the space L'(Q) and that

K s

Zlogle + K, < L @)

for some o. > 0. Then

LIl
A *(I1Df 1)
PRrROOF. Since f e W 1(Q,Q') is a homeomorphism with finite inner distor-

tion by Theorem 2.4 we have that f~! € W!1(Q'; Q). Then we can use the area
formula, thus getting

DF ()"
S N D

- / |adj Df (x)|" d < ¢ Ky r(x)
-~ JaJi(x) N

e LY(Q)).

i1 (di D7 )] e
)" () " (agibra)
_ / Krr (%)
(51 <l Do) o/ (g )
N / Kir ()
(1> D og(e K1 ()} o/ * (415070

< [ ladi Do)l og(e + Koy ()

/ Ky () dx
</ *(log(e + K, 7(x)))
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where we used that .o7(7) is an increasing function such that .«7(¢) > 1 for every .
Since the second integral in the right hand side of (4.6) is finite thanks to the
assumption, it remains to prove that the first integral is finite too. To this aim
observe that

(4.7) /Q ladj Df (x)|log(e + K; 1) dx

s DY)

:/ |adef(x)|log(e—|— —
Q J7

n) / ladj Df (x)] log(e + Jadj Df (x)]) dx
Q

(n) /Q |adj Df (x)| log (e + Jllf) dx

: . |adj Df (x)|
< C/Q|adj Df (x)|log(e + |adj Df(x)|)dx+c/Q(Jf(x))(nIW dx

- C/ ladj Df (x)|log(e + |adj Df (x)|) dx + c/ KIJ(X)(”*U/" dx
Q Q

where we used again that log(e + x) < ¢(n)x"~1/" for x > 1. The first integral in

the right hand side is finite by assumptions. In order to estimate the second one
we observe that, by (a) of Proposition 2.1,

n—1)/n Kl. ' o 1/n
K[(.f )/ :K—l'/fn and /*(K;y) < c(oz,n)KI&
Ly

and hence

K,
4. K DM e < LS
(4.8) / dx < c(n W KIf

Since the integral in the right hand side of previous estimate is finite thank to the
assumption, this concludes the proof. O

Remark that previous Theorem still holds if in the assumption the function
log(e + x) is replaced by any Orlicz function diverging at oo slower than any
power.
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5. INTEGRABILITY OF Jl/

Theorem 4.1 tells us that |[Df ~!|" € L?(Q’), where

and we know by Theorem 2.4 that ! has nonnegative Jacobian a.e. in Q'. The
higher integrability result for the Jacobian determinant in Orlicz spaces of [22]
states that if @ satisfies the A,-property and

) 3C, 1> 0: Dt) > !

logle+1)
b) Ip>I: .Q)(t"[/;"m)
then J,-1 € L)} (Q') where
(5.1) W(i) = Z/()tw'

We shall use this regularity result of [22] to deduce a integrability property for -
More precisely, we have

THEOREM 5.1. Let f € Wh1(Q, Q) be a homeomorphism with finite inner dis-
tortion such that |adj Df|log(e + |adj Df'|) belongs to the space L'(Q) and that

K s
/" (log(e + Ky 1))

e L'(Q),

for some o € [0,1). Then

O(75) © Ln(®).

where

(5.2) @(z):T(’):/O PAs).

S

ProOOF. For o € [0,1), one can easily check that the function @ satisfies the
assumptions of Theorem 3.1 in [22] that yields J;1 € L (Q'), where W(7) is
defined by (5.1). In particular, since @ verifies condition a), Theorem A in [19]
implies that /! satisfies the Lusin condition N and hence | ff| =0. In fact,
as we noticed before Sard’s Lemma yields that |f(Z; n ff )] = 0 and hence the
N-property of f~! 1mphes |Zr 0 /f | = 0. So we can argue analogously to before,

having
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1
/EG)(W> dx
-/ Jix) © (szw) Tyl dx

< [ i weuond= [ w0 <o

where A is the subset of Q determined by Lemma 3.1. O

We'd like to mention that in [12] it is proven that if K; , € L (Q) then
log?(e+7) € LiL ().

loc

6. THE REGULARITY OF THE DISTORTION

In [17], it has been proven that, for W7 bisobolev mappings, the case p = n
is somehow critical for what concerns the regularity of the distortion. In fact,
if p = n, then the inner distortion functions of f and f~! both belong to L'. If
p > n, then they both belong to some L%, ¢ > 1. In case p < n, the authors ex-
hibit a counterexample showing that no L' integrability of the distortion can be
expected. In [10], in the planar case, it is shown that the regularity of the distor-
tion can be obtained in the scale of Orlicz-Zygmund classes for W2 bisobolev
mappings whose differential matrices belong to L?log” L, some « > 0. More pre-
cisely, if f is a W2 bisobolev mapping such that |Df ~!| € L?log” L(Q'), some
a >0, then Ky € Llog” L(€Q). Next result is the analogous of that of [10], relative
to the n-dimensional setting and to more general Orlicz functions. More precisely
we have that

THEOREM 6.1. Let f € Hom(Q, Q") be a W bisobolev map such that
\Df "/ *(IDf 1) € LN(Q)
for some o > 0. Then
K ro/*(logle+ K; 1)) € L'(Q).

Proo¥r. First of all, we observe that under our assumptions we can use Theorem
5in [17], in order to have K; ; € L'(Q) and K; ;-1 € L'(Q). Hence by Theorem
2.5 we have that

log<e+%) e L'(Q) and log(e +%) e L'(Q)).
E

Moreover, since f, f~! satisfy the Lusin condition N, they have positive
Jacobian a.e.:
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(6.1) Jr(x)>0 ae inQ and  Jyi(x) >0 ae inQ'.

Using the chain rule and the area formula, we get
(6.2) / K; s/ *(log(e + Ky 1)) dx
Q

= Q%&/“(log(6+w>) dx

= [ 1o s o (e + 2 =) )y

A

<clna) [ D77t ol (e + |DF ) dy

+ ¢(n, o) /Q, |Df*1|”,szi°‘(log(e +%>> dy

=I+1

where we used (c) of Proposition 2.1. In order to estimate the integral I in (6.2),
we use again the elementary inequality (4.4) to obtain that

(6.3) I < c(n,2) /Q \Df V)" (IDf 7)) dix

and hence the integral I is finite thank to the assumption. In order to estimate the
second integral, we use the Young’s type inequality of Lemma 2.2 to have

(6.4) I < c(oc,n)/ Df " er*(1Df ) dx
Q/
oy —1 o 1
+ c(a) /,(,52/ ) (,sz/ (log<e+ .]f—l))) dy.
Then we conclude by using the assumption on Df ~! and (6.1). |
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