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ABSTRACT. — We give an overview of some recent results concerning openness and discreteness
for mappings of finite distortion.
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1. INTRODUCTION

In the pioneering works [1] and [2] J. Ball studied a class of mappings that could
be used to model nonlinear elasticity and he found weak conditions for regularity
and invertibility properties. One of the main properties in the models of nonlinear
elasticity is that there is no interpenetration of matter. This in the physically rele-
vant models corresponds to the fact that two parts of the body cannot be mapped
to the same place. From the mathematical point of view this means that the map
is one-to-one and thus invertible.

Let us consider the holomorphic function f(z) = z? in the complex plane
which can be identified with R?. We know that /' € C* and its distortion satisfies
K = 1. On the other hand each nonzero point has two preimages and so f is not
invertible. This shows that even for analytically very nice mappings we cannot
conclude that the inverse exists without some extra information.

Therefore as a first step one usually studies conditions under which the map-
ping is open and discrete. Note that for example homeomorphisms are automat-
ically open and discrete.

DEFINITION 1.1. Let Q = R” be a domain. We say that mapping f : Q — R" is
open if f(U) is open for each open set U = Q, and discrete if the preimage of each
point () is a discrete set, i.e. does not have an accumulation point in €.

It is known that each open and discrete map which equals to a homeomor-
phism close to the boundary is necessarily a homeomorphism. Moreover, a dis-
crete and open mapping is locally invertible in the neighborhood of most of the
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points by the following result of Chernavskii [4], [5]. Recall that the branch set of
a map is the set of points where it fails to be locally injective.

THEOREM 1.2. Let Q = R" be a domain and let [ : Q — R" be a discrete and
open mapping. Then the topological dimension of the branching set satisfies

dim Bf = dlmf(Bf) <n-2.

The following example shows that the openness and discreteness may fail even
for Lipschitz mappings if the integrability of the distortion is not sufficient.

ExAMPLE 1.3 (Ball). Ler [ : (—1,1)* — R? be defined as

S5 p) = e [y
Then f is not open and discrete since £~'([0,0]) = {0} x (=1, 1). The derivative

equals
. I 0
Df(x()):<iy |X‘>

and therefore it is easy to see that f is Lipschitz and Js(x) = |x| > 0. Hence f is a
mapping of finite distortion and its distortion

is integrable with any power p < 1.
Analogously the mapping f : (—1,1)" — R" defined as

FUxts e Xn)) = X1y X /X 4+ X2 X

is a Lipschitz mapping of finite distortion and its distortion satisfies

K(x) = !

2 2
XAl

and is integrable with any power p < n— 1. On the other hand f~'([0,...,0]) =
{0}"" x (=1,1) and hence f is not open and discrete. It is moreover possible to
extend this mapping to Lipschitz mapping f : (=2,2)" — R" such that the restric-
tion of f close to the boundary f |(72" )M [o1, 1) IS @ homeomorphism.

The positive results of Ball about invertibility were later extended for example
in the works of V. Sverak [28], I. Fonseca and W. Gangbo [10] and S. Miiller,
S. J. Spector and Q. Tang [21]. The whole theory is nowadays very rich and
we recommend the monograph [13] for an overview of the field, discussion of
interdisciplinary links and further references.

Let us recall the definition of the class of mappings involved. Suppose that
Q < R" is a connected open set and f is a mapping in the Sobolev space
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W1(Q,R") whose pointwise Jacobian J; is integrable. Then f is said to be a
mapping of finite distortion K if there is a measurable function K : Q — [1, o0)
such that

(1.1) |Df (x)|" < K(x)Jr(x) a.e. inQ.

The whole theory reduces to holomorphic functions when n =2 and K = 1.
An important intermediate step consists of the study of mappings of bounded
distortion, also called quasiregular mappings (for an overview see [26], [27], [13]).
In [25], Yu. G. Reshetnyak proves (among other things) the remarkable result
that a mapping of bounded distortion is continuous (i.e. has a continuous
representative) and either constant or open and discrete. It is worth noticing
that Reshetnyak’s result gives topological conclusions from purely analytical
assumptions.

2. RESULTS

The continuity question for general mappings of finite distortion is nowadays
quite well understood. Gol’dstein and Vodop’yanov [11] have shown that map-
pings of finite distortion in the Sobolev class W!"(Q, R") are monotone and
continuous. Manfredi [18] defined the class of weakly monotone functions and
showed that continuity holds more generally for all W!”-functions that are
weakly monotone. A generalization to Orlicz-Sobolev spaces below W' has
been achieved by T. Iwaniec, P. Koskela and J. Onninen [12].

The optimal assumptions for openness and discreteness turned out to be much
more challenging. In the fundamental paper [15] T. Iwaniec and V. Sverak
proved that the condition K € L'(Q) is enough to guarantee the openness and
discreteness of planar nonconstant W'2(Q, R?) mappings of finite distortion.
In Example 1.3 we have seen that this condition on the integrability of the distor-
tion is optimal in the plane. In higher dimensions we obtain, that assuming /" is
Lipschitz and K € L? for all p < n — 1 is not enough.

It was conjectured in [15] that the conditions K € L"~! and f € W' are suf-
ficient for openness for all » > 3. Soon afterwards, different authors conjectured
that these conditions are also sufficient for discreteness (openness and discreteness
were expected to be equivalent properties under these assumptions; it was known
that discreteness implies openness). This problem is well-known and mentioned in
several consequent works (see e.g. [13, Conjecture 6.5.1]).

It was shown by J. Manfredi and E. Villamor [19] and [20] that each nonconst-
ant W1 mapping of finite distortion such that K € L? for some p >n—1 is
open and discrete. Their proof is based on certain solutions of n-Laplace equa-
tion. The proof was shortened and simplified by J. Onninen and X. Zhong [22]
who used essentially only the definition of the distributional Jacobian. Moreover,
the Sobolev regularity of f can be relaxed to some Orlicz-Sobolev spaces below
W as was shown by J. Kauhanen, P. Koskela and J. Maly in [16], but this
condition cannot be relaxed for example to f € W7 for some p < n (see [17]).

If we a priori require that our mapping equals to a homeomorphism close
to the boundary, or that the multiplicity of f is essentially bounded, then the
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condition K € L"! is in fact sufficient for openness and discreteness. This was
established in a series of papers of V. Sverak [28], J. Heinonen and P. Koskela
[6], S. Hencl and J. Maly [7], S. Hencl and P. Koskela [8] and K. Rajala [23].
These requirements, which are satisfied by Example 1.3, were also used in the
original papers [1] and [28]. However, a priori topological assumptions cannot
be always required and they are unnatural in some applications.

Recently it was shown by S. Hencl and K. Rajala [9] that, unexpectedly, the
conjectures concerning discreteness are false and there is even a Lipschitz map-
ping of finite distortion K € L"~! which is not discrete. It follows that infinite
twisting around one point in the image may in fact improve the integrability of
the distortion. Unfortunately this mapping is open. Therefore it also shows that,
surprisingly, openness does not imply discreteness under our assumptions. Here
and in the sequel we denote the m-dimensional ball centered at the origin with
radius r by B"(r).

THEOREM 2.1 [9]. Let n>3. There is an open Lipschitz mapping of finite
distortio;11 f:B"1(1) x (1,2) — R" such that K e L"'(B"'(1) x (1,2)) but
S0} x (1,2)) = 0,...,0]

It is possible to simplify the ideas from this example to obtain a sharp result
in the planar case. From Example 1.3 we see that K = 1/|x|, and one may ask if
the condition K /log(e + K) € L! is sufficient or not (see [14] and [8]). We show
that this is not the case and again it is possible to construct a counterexample
which is sharper.

THEOREM 2.2 [9]. There is an open Lipschitz mapping of finite distortion
£ (=1,1) x (1,2) — R? such that K /log®(e + K) € L'((—1,1) x (1,2)) for every
&> 0but f({0} x (1,2)) =[0,0].

Let us mention some of the open problems in this area.

OPEN PROBLEM 1 [15]. Suppose that /€ W1"(Q,R"), n > 3, is a nonconstant
mapping of finite distortion such that K € L"~!(Q). Is f open?

OPEN PROBLEM 2. Suppose that f e W!"(Q,R"), n> 3, is a nonconstant
mapping of finite distortion such that the inner distortion satisfies K; € L”(Q)
for some p > 1 (see [13] for the definition of the inner distortion). Is " open and
discrete?

Let us note that some results in this direction were obtained by K. Rajala
[23] and [24].

OPEN PROBLEM 3. Suppose that f e W!"(Q,R"), n>3, is a nonconstant
mapping of finite distortion such that K e L"!(Q)log” L for some o e
[n—2,n(n—2)]. Is f open and discrete?

If o <n—2 then it is possible to use the counterexample from [9]. If
o > n(n — 2) then the answer is positive as was shown by J. Bjorn [3].
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3. POSITIVE RESULT BELOW K € L!

Let us close this note by a small observation that there is some positive result in
the plane under weaker assumptions than K € L!.

THEOREM 3.1. Let Q < R?> be a domain and let f:Q — R*> be a non-
constant mapping of finite distortion. Suppose that f is Lipschitz and that
K /log(log(e + K)) € L' (Q). Then f is open and discrete.

PROOF. It is well-known that it is enough to show that f~!(y) is totally discon-

nected for all y € R”, thatis, /~!(y) does not contain an arc. Therefore following
the proof in [22] we can use a translation and it is enough to show that

#'(7(0)) =o.
Suppose for contrary that
A(f710)) > 0.

Then we can use [8, Theorem 3.2] to conclude

/() .
5 /0<|f|<52 7 08117 (o)) logllog (17170 “* ~ %

We claim that it is possible to use the computations analogous to [22, proof of
Theorem 1.1] to show that

/ [/ (%)
0<171<5 |/ (x)|* log(1/]f (x)1) log(log 1/ (x)]))

Then we can use Young inequality for A(¢) ~ r*log™ ' (log(e? +¢)) and B(z) ~
t*log(log(e? + 1)) and we obtain

dx < oo

(3.2)

K(x)Jr(x)

4 /f 70 0g(1/17 ()] log10g(1/1/(¥))

dx

K(x)
=¢ /0<f|<52 log(log(e? + K(x))
C / Yr(x)loe (k’g (ez N |f‘<§>|2) )
X
otr1< L () Plog? (1/11 ()] og(log(1/1/(x)])

dx

where we have estimated J; by C in the last integral since f is Lipschitz. The first
integral is bounded by K /log(log(e + K)) € L' and the second one is bounded by
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a constant multiple of (3.2). Therefore this integral is finite which together with
the distortion inequality | Df (x)|* < K(x)J;(x) contradict (3.1).

It remains to show the claim (3.2). This is analogous to [22, proof of Theorem
1.1] and therefore we will only sketch it and point out the differences. We use
[22, Lemma 2.1] for

1 9.(5) s

=7 stog? (1) log log 1))

and on the right hand side we use the estimate

Y(1)

/()7 1 1
/ ds< C ; —
0 slog? (%) log (log G)) log ok loglog L
At the end we can estimate the right hand side by Young’s inequality analogously
to (3.3) and we get the claim. O
REFERENCES

[1] J. BALL, Convexity conditions and existence theorems in nonlinear elasticity, Arch.
Rational Mech. Anal. 63 (1978), 337-403.

[2] J. BALL, Global invertibility of Sobolev functions and the interpenetration of matter,
Proc. Roy. Soc. Edinburgh Sect. A 88 no. 3—4 (1981), 315-328.

[3] J. BIORN, Mappings with dilatation in Orlicz spaces, Collect. Math. 53 no. 3 (2002),
303-311.

[4] A. V. CHERNAVSKIIL, Finite to one open mappings of manifolds, Mat. Sb. 65 (1964),
357-369.

[5] A. V. CHERNAVSKII, Remarks on the paper “Finite to one open mappings of manifolds”,
Mat. Sb. 66 (1965), 471-472.

[6] J. HEINONEN - P. KOSKELA, Sobolev mappings with integrable dilatations, Arch.
Rational Mech. Anal. 125 no. 1 (1993), 81-97.

[7] S. HENCL - J. MALY, Mappings of finite distortion: Hausdorff measure of zero sets,
Math. Ann. 324 (2002), 451-464.

[8] S. HENCL - P. KOSKELA, Mappings of finite distortion: Discreteness and openness for
quasi-light mappings, Ann. Inst. H. Poincaré Anal. Non Linéaire. 22 no. 3 (2005),
331-342.

[9] S. HENCL - K. RAJALA, Optimal assumptions for discreteness, preprint 2011.

[10] I. FoNSecA - W. GANGBO, Degree Theory in Analysis and Applications, Clarendon
Press, Oxford, 1995.

[11] V. GOL’DSTEIN - S. VODOP’YANOV, Quasiconformal mappings and spaces of functions
with generalized first derivatives, Sibirsk. Mat. Z. 17 (1976), 515-531.

[12] T. IWANIEC - P. KOSKELA - J. ONNINEN, Mappings of finite distortion. Monotonicity
and continuity, Invent. Math. 144 (2001), 507-531.

[13] T. IWANIEC - G. MARTIN, Geometric function theory and nonlinear analysis, Oxford
Mathematical Monographs, Clarendon Press, Oxford 2001.



OPENNESS AND DISCRETENESS FOR MAPPINGS OF FINITE DISTORTION 435

[14] T. IWANIEC - G. MARTIN, The geometric analysis of deformations of finite distortion:
Sfuture directions and problems, Future trends in geometric function theory, Rep. Univ.
Jyviskyld Dep. Math. Stat. 92 (2003), 119-142.

[15] T. IWANIEC - V. SVERAK, On mappings with integrable dilatation, Proc. Amer. Math.
Soc. 118 (1993), 181-188.

[16] J. KAUHANEN - P. KOSKELA - J. MALY, Mappings of finite distortion: Discreteness and
openness, Arch. Ration. Mech. Anal. 160 (2001), 135-151.

[17] J. KAUHANEN - P. KOSKELA - J. MALY - J. ONNINEN - X. ZHONG, Mappings of
finite distortion: Sharp Orlicz-conditions, Rev. Mat. Iberoamericana 19 (2003), 857-872.

[18] J. MANFREDI, Weakly monotone functions, J. Geom. Anal. 3 (1994), 393—-402.

[19] J. MANFREDI - E. VILLAMOR, Mappings with integrable dilatation in higher dimensions,
Bull. Amer. Math. Soc. (N.S.) 32 no. 2 (1995), 235-240.

[20] J. MANFREDI - E. VILLAMOR, An extension of Reshetnyak’s theorem, Indiana Univ.
Math. J. 47 no. 3 (1998), 1131-1145.

[21] S. MULLER - S. J. SPECTOR - Q. TANG, Invertibility and a topological property of
Sobolev maps, Siam J. Math. Anal. 27 (1996), 959-976.

[22] J. ONNINEN - X. ZHONG, Mappings of finite distortion: a new proof for discreteness and
openness, Proc. Roy. Soc. Edinburgh Sect. A 138 (2008), 1097-1102.

[23] K. RAJALA, Reshetnyak’s theorem and the inner distortion, Pure Appl. Math. Q. 7
(2011), 411-424.

[24] K. RAJALA, Remarks on the Iwaniec-Sverdk conjecture, to appear in Indiana Univ.
Math. J. 59 (2010), 2007-2040.

[25] Yu. G. RESHETNYAK, Space Mappings with Bounded Distortion, Sibirsk. Mat. Z. 8
(1967), 629-658.

[26] Yu. G. RESHETNYAK, Space Mappings with Bounded Distortion, Trans. of Mathemati-
cal Monographs, Amer. Math. Soc, vol. 73, 1989.

[27] S. RICKMAN, Quasiregular Mappings, Ergebnisse der Mathematik und ihrer Grenzge-
biete (3) [Results in Mathematics and Related Areas (3)], 26. Springer-Verlag, Berlin,
1993.

[28] V. SVERAK, Regularity properties of deformations with finite energy, Arch. Rational
Mech. Anal. 100 no. 2 (1988), 105-127.

Received 22 February 2012,
and in revised form 9 March 2012.

Stanislav Hencl

Department of Mathematical Analysis

Charles University

Sokolovska 83, 18600, Prague 8, Czech Republic
hencl@karlin.mff.cuni.cz

Kai Rajala

Department of Mathematics and Statistics
University of Jyviskyld

P.O. Box 35, FI-40014, Finland
kai.i.rajala@jyu.fi






	mk1
	mk10
	mk11
	mk12
	mk13
	mk2
	mk3
	mk4
	mk5
	mk6
	mk7
	mk8
	mk9
	mk14
	mk15
	mk16
	mk17
	mk18
	mk19
	mk20
	mk21
	mk22
	mk23
	mk24
	mk25
	mk26
	mk27
	mk28
	mkEnd-page

