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Mathematical Analysis — Luzin’s condition (N) and Sobolev mappings, by PEKKA
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ABSTRACT. For the purpose of change of variables in integral, it is important to know how
to verify Luzin’s condition (N) for Sobolev mappings. In this article we survey some results on this
topic sorted according to the method. We discuss the method of absolute continuity, results obtained
via degree, and results based on the interplay between integrability and modulus of continuity.!
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mappings.

MATHEMATICS SUBJECT CLASSIFICATION: 26B15 (primary), 28A75, 30C65, 49Q15, 51M25
(secondary).

1. INTRODUCTION

An advanced version of the theorem on change of variables in integral is due to
Federer [9], [10]. It states that the area formula

(1 Jungras= [ ()

{xeM:f(x)=y}

is valid for all non-negative measurable functions u: Q — R if Q < R” is an
open set, f: Q — R" approximately differentiable a.e. (for example, a Sobolev
mapping) and M < Q a suitable set of full measure. In particular, we can take
M = Dypp(f), namely, the set where f is approximately Lipschitz continuous. It
is desirable to have as small as possible or even empty exceptional set Q\ M. This
problem leads us to consider the so-called Luzin’s condition (N).

DEeFINITION 1 (Condition (N), area formula). Let Q = R” be an open set and
f:Q — R" a mapping. We say that f satisfies (Luzin’s) condition (N) on a set
Q' = Q if the implication

[E|=0 = [f(E)]=0

holds for each subset E of Q'. We say that the area formula holds for f on Q' if
(1) holds for each measurable subset M of Q' with the choice u = 1 (then it holds

! The results of this paper are related to the lecture that the second author gave at the Conference
“Geometric Function Theory”, which took place at the Accademia dei Lincei on November 3rd 2011.
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for an arbitrary measurable u > 0.) If Q' = Q above, then we simply say that the
area formula holds for f.

Strictly speaking, above we consider a precise representative of f, see e.g.
[8]. Now, let us summarize that for a Sobolev mapping (this means Wll)‘c]), the
area formula is equivalent to the condition (N).

The aim of this article is to survey some results on the condition (N) (area
formula) and to announce some new progress.

In the scale of Sobolev spaces, the area formula for W1 * is just the Lipschitz
setting and thus a particular case of Federer’s results. It is also classical that the
area formula holds for absolutely continuous functions on the real line, which is
the case n = p = 1. If the space dimension 7 is strictly larger than 1, the situation
is much more complicated. Marcus and Mizel [38] proved that the area formula
holds for W!”-mappings if p > n, see also [3]. On the other hand, there are
planar examples due to Cesari [3] and Reshetnyak [46] according to which the
area formula can fail for (continuous) W!"-mappings, for higher dimension see
Viisdld [51] and Maly and Martio [37]. The borderline case p = n is actually
rather delicate. Indeed, the validity of the area formula can be retrieved if we
refine the scale or impose a suitable additional condition. Reshetnyak proved
that W'”-homeomorphisms [44] and quasiregular mappings (mappings of
bounded distortion) [45] satisfy the area formula. Gol’dshtein and Vodop’yanov
[16] extended the latter to the class of mappings of finite distortion. The topolog-
ical condition of being homeomorphic has been also relaxed in various directions,
see e.g. Reshetnyak [46], Martio and Ziemer [39], and Maly and Martio [37] for
results in this spirit.

For other related results see Alberti and Ambrosio [1], Giaquinta, Modica
and Soucek [13], Hajtasz [20], [21], Kauhanen [28], Swanson [50], Vodop’yanov
[52], Vodop’yanov, Gol’dshtein and Reshetnyak [53], and the monographs
Reshetnyak [47], Gol’dshtein and Reshetnyak [15], Giaquinta, Modica and
Soucek [14], and [11]. We also refer to some other sources later in connection
with particular methods.

This note is organized as follows. In sections 2—4 we describe three different
methods for proving condition (N) and state the corresponding main results.
In the final section, Section 5, we pose open questions and make some related
comments.

2. THE METHOD OF ABSOLUTE CONTINUITY AND ITS GENERALIZATIONS

We will consider some n-dimensional concepts of absolute continuity. Let us note
that not all classes of functions which reduce to absolutely continuous functions
when n = 1, or bear the name of “n-dimensional absolutely continuous func-
tions” (e.g. in the sense of Banach or Tonelli) are in our focus of interest.

Following the traditional &-¢ definition of absolutely continuous functions
on the real line, the following n-dimensional generalization was introduced in
[35].
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DEFINITION 2. Let Q = R” be an open set. A function f : Q — R is n-absolutely
continuous (shortly AC") if for each ¢ > 0 there exists 6 > 0 such that for every
pairwise disjoint finite collection {B;} of balls in Q we have

Z |Bj| <0 = Z(oscB/ N <e
J

J

The ¢—0 definition is not the only way to introduce the class of absolutely con-
tinuous functions on the real line. We may say that f : R — R is absolutely con-
tinzlous if there exists an integrable function g : R — R such that | f(b) — f(a)| <

/ g(x) dx for each a < b. This yields locally the same system of functions. The
n-dimensional analogue has been considered by Radé and Reichelderfer [43].

DEFINITION 3. Let Q = R” be an open set. A function f : Q — R is generalized
Lipschitz continuous of class RR" if there exists a function 6 € L] (Q) such that
for each ball B in Q we have

(oscp f)" < /G(x) dx.
B
By defining oscp f = sup{|f(x) — f(»)| : x, y € B}, the two definitions above
can be used as well for mappings. It has been observed in [35] that these classes
of mappings provide a unified approach to various results on the area formula.
Namely, the 4C" condition can be verified in several situations (we will mention
them below), and the following theorem holds.

THEOREM 1 [35]. Let Q < R" be an open set and [ : Q — R" be an AC" map-
ping. Then [ € Wli"c"(Q; R") and f satisfies condition (N). Hence the area formula
holds for f.

For the class RR", the following result goes back to Rado and Reichelderfer.

THEOREM 2 [43]. Let Q < R" be an open set and f:Q — R" be generalized
Lipschitz continuous of class RR". Then the area formula holds for f.

It is an easy observation that the RR" property implies AC”, so that
Theorem 2 is a consequence of Theorem 1. Moreover, the converse holds as
well (but it is much deeper).

THEOREM 3 (Csornyei [5]). Let Q = R” be an open set and [ : Q — R" be gener-
alized Lipschitz continuous of class RR". Then f is an AC" mapping.

2.1. Sufficient conditions for AC"
We give rather sharp criteria for a mapping to have the AC”" property. Let us

begin with the setting of rearrangement invariant spaces (for the definition see
e.g. [4]). The following result has been given in [29]. The main achievements
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were (i) = (ii) and (iii) = (i). The implications (ii) = (iii)—(vi) are from [35]. For
some other implications we refer to [4] and [48]. Recall that L, ;(R") is the
Lorentz space of all functions g : R” — R satisfying

/OO [{x 2 |g(x)| > s}/ ds < oo.
0

If Y is a Banach space of functions on R”, then W!(Y) is the space of all func-
tions u € Y such that Vu € Y, with the norm ||u|, + [|Vu||y.

THEOREM 4 [29]. Let Y be a rearrangement invariant Banach space of functions
on R". Then the following assertions are equivalent:

(
(i) all W(Y)-functions can be represented as locally AC" functions,
(i) all continuous W' (Y; R")-mappings satisfy condition (N),

)

)

)

)

v) all W'(Y)-functions are in L (R"),

) all continuous W' (Y)-functions are a.e. differentiable,
) WY(Y) embeds into Cy(R"),

) WI(Y) embeds into L*(R").

Notice that this theorem implies the area formula for W!”-mappings for
p > n|[38].

We can recover some other classical results on the area formula (for references
see Introduction) noticing that certain classes of function are contained (locally)
in the AC” class. This is often the case if we consider a W!”-mapping f obey-
ing some additional qualitative properties, like being a homeomorphism, or a
continuous and open mapping, or a mapping of finite distortion. The essential
information which allows us to prove the 4C” property is a kind of monotonicity
condition, as shown by the theorem below.

DEFINITION 4. Let Q = R” be an open set and f : Q — R? be a mapping. We
say that f is spherically pseudomonotone if there exists a constant C such that

oscg f < Coscyp f
for each ball B c= Q.
THEOREM 5 [35]. Let f € WY"(Q,RY). If f is spherically pseudomonotone, then
f is an AC" mapping.
3. THE METHOD OF JACOBIAN AND DEGREE

Let Q < R" be an open set. We say that a mapping f: Q — R" is sense
preserving, if f is continuous and for each open set G —c< Q and every
vy € f(G)\ f(0G), the topological degree deg(f, G, y) is strictly positive.
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If a Sobolev mapping f : Q — R”" is sense preserving, then one can achieve
condition (N) under the assumptions that the degree can be represented via the
pointwise Jacobian of f and this Jacobian is locally integrable. Roughly, the idea
is that if G c< Q then

faNeal s [ detf.Gdrs [ gas
G\ f(2G) G

Recall that J; is the pointwise Jacobian computed from the Sobolev derivative
Vf. For smooth f, one may represent the degree via the Jacobian as

d@ﬁaw:LMNmmww

whenever y belongs to a component U of f(G)\ f(0G) and ¢ € C;°(U) satisfies
/ ¢ = 1. Integrating by parts, one ends up with a formula involving the distribu-
U

tional Jacobian DetVf. By approximation, this formula extends to hold for
rather general Sobolev mappings ¢, and one is reduced to the question whether
the distributional Jacobian of g can be represented by J, = det Vg. If this is the
case, we simply write “Det Vg = det Vg'.

The following result gives us a setting where the degree approach is appli-
cable.

THEOREM 6 [30]. Let Q = R” be an open set and f € WP (Q, R") with p >n — 1
be a continuous mapping. If f is sense preserving and DetVf = detVf, then f
satisfies condition (N).

Let us briefly discuss the most important results on validity of the formula
(2) Det Vf = det Vf..

It has been proved by Miiller [40] that (2) holds if / € W!7(Q, R") with p > %
and if the distribution Det Vf can additionally be represented as an integrable
function. This is a general criterion. However, sometimes it is desirable to make
a judgement only based on knowledge of V/f and its integrability. An important
sufficient condition is

lim e/ VA" “dx =0,
Q

e—0

assuming that Jy(x) = det Vf(x) > 0 almost everywhere. Here one really needs
the assumption that the Jacobian has constant sign. This result is due to Iwaniec
and Sbordone [25] and Greco [17]. Sharp sufficient conditions in the Orlicz scales
are discussed in the papers by Greco [18], Greco, Iwaniec and Moscariello [19],
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Koskela and Zhong [34], and Kauhanen, Koskela, Maly, Onninen and Zhong
[31]. Especially, it suffices that

/ IVf|"log ! (e + |Vf]) dx < o0
Q

when Jr(x) >0 almost everywhere. For an interesting sufficient condition in
terms of minors we refer to the paper [12] by Giannetti, Iwaniec, Onninen and
Verde. For further studies on this see e.g. the works of Sverak [49], Miiller, Qi
and Yan [41], Miller and Spector [42], Fonseca and Gangbo [11], Hamburger
[23], Iwaniec [24], Jerrard and Soner [26], De Lellis [6], De Lellis and Ghiraldin
[7], and Brezis and Nguyen [2].

REMARKS 1. 1. Concerning the counterexample by Ponomarev (f is a W!»?
homeomorphism with p < n violating the condition (N)), the distributional
Jacobian of f has a singular part. In this example, one necessarily has

/ IV/|"log (e + |Vf]) dx = oo.
Q

2. By the degree method, we can obtain results below W Since the class
AC™ is locally contained in W!", these results cannot be obtained through the
AC" condition.

4. METHODS INVOLVING THE MODULUS OF CONTINUITY

Let B be a ball in R" and f: B— R be a measurable function. We use the
notation

. 1
medB(xy,ﬁf:lnf{s >0:|{xeB: f(x)> s} <§|B|}

for the upper median of f in B.

DEFINITION 5 (Moduli of continuity). Let Q < R” be an open set and
f:Q — R be a measurable function. We define two moduli of continuity for
£ : Q — R? which make sense for x, r such that B(x,r) < Q.

® Classical modulus: o.(f, x,r) = supg, »|/ — f(x)|.
® Median modulus: o(f, x,r) = medp, »|f — f(x)].

Of course, we have w(f,x,r) < w.(f,x,r), so that the results based on
o(f,x,r) have weaker assumptions.
We start with the following result, due to Maly and Martio [37].

THEOREM 7. Let f € WI"(Q, R") be Hélder continuous. Then f satisfies condi-
tion (N).
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More generally, condition (N) holds on the set of all points where
o(x, f,r) < r* for some o.

REMARK 1. Results in spirit of Theorem 7 have a chance to be established in
metric measure space setting, see e.g. [36].

COROLLARY 1 [37]. If f € Whn(Q, R") is precisely represented, then there exists
a set E of Hausdorff dimension zero such that f satisfies condition (N) on Q\E.

4.1. Results in a finer scale

We want to announce our new result in a finer scale of moduli of continuity.

THEOREM 8 [33]. Let0 < A<n—1andu>0. Set
o0 = {exp_(—ulogl)'/("1)(1/;’)), i h<n—1,
log™“(1/r), if A=n—1.
Let Q = R" be an open set and [ : Q — R" be a precisely represented Sobolev
mapping. Assume that / IVf|"log”(e + |Vf|) dx < 0. Let E = Q be a Lebesque
null set. Suppose that a)(?c, f,r) < at all points of E. Then |f(E)| = 0.

REMARK 2. If 4 > n — 1, then the gradient of f isin L, ; and condition (N) fol-
lows without any modulus of continuity assumption. The case 4 = 0 corresponds
to Theorem 7. If 4 < 0, then we are below W!” and the method does not seem to
work.

5. FURTHER COMMENTS AND OPEN PROBLEMS

Recall from Section 3 that condition (N) holds for all Sobolev homeomorphisms
with

/ IVf|"log™ (e + |Vf]) dx < oo;
Q

the Jacobian of such a homeomorphism necessarily has constant sign in
each connected component. By Section 2, another sufficient condition is that
f e Whn(Q,R?) be pseudomonotone. We do not know if a pseudomonotone
Sobolev mapping with

/ V7| log ™! (e + [V/]) dx < o0
Q

could always satisfy condition (N), even if Jy(x) > 0 almost everywhere. The
obstacle here is that /' may well fail to be sense preserving, and thus the technique
from Section 3 does not apply.
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Secondly, from Section 4, a general f € W!"(Q, R") satisfies condition (N)
outside a set of Hausdorff dimension zero. We do not know if such an excep-
tional set of Hausdorff dimension strictly less than n could exist for a general
Sobolev mapping with

/ IVf|"log™*(e + |Vf]) dx < oo
Q

for 0 < 4 < 1. By [28], this may fail if 1 > 1.

Thirdly, recall the moduli of continuity exp(—ulog“(1/r)) from Section 4.
Given 0 < A <n—1, one can construct examples [33] of Sobolev mappings f
with this modulus of continuity for any a < ”*nﬂ for some x>0 and with

/|Vf|"log)'(e+ |Vf|)dx < oo so that condition (N) fails. Notice the slight
Q

mismatch of @ with the exponent from Section 4. We do not know if this is
because of the constructions not being optimal or because the arguments are
not optimal. When 4 = 0 and n = 2, the exponent a above is % This very same
exponent shows up in the results [27] on the boundary behavior of conformal
maps of the unit disk. In fact, any planar W!2-mapping with this modulus of
continuity necessarily maps regular Cantor sets to sets of vanishing area [32].
Here regularity requires that the complement of the set be a so-called uniform
domain.

Fourthly, in all (continuous) counterexamples to condition (N), one necessar-
ily maps a perfect compact set onto a set of positive measure. For example, in
the setting of continuous mappings in W!7(Q, R"), where p > n — 1, one may
additionally assume that the set be totally disconnected, see [33]. Hence, at least
in this case, one can find a compact set homeomorphic to the ternary Cantor
set that gets mapped onto a set of positive measure. We would like to know
how generally this phenomenon holds and if an even more regular set that gets
blown up would necessarily exist.

For ¢ > 1, one can find a continuous f that maps a regular Cantor set onto a
cube and so that the gradient of f belongs to the Lorentz space L, ,(R"). This
issue is related to the problem of covering compact metric spaces by the unit
cube. For recent studies on this see [22] for the case of Sobolev spaces and [54]
in the Lorentz space setting.
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