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Abstract. — Representations for the sharp coe‰cient in an estimate of the modulus of the n-th

derivative of an analytic function in the unit disk D are obtained. It is assumed that the boundary
value of the real part of the function on qD belongs to L p. The maximum of a bounded factor in the

representation of the sharp coe‰cient is found. Thereby, a pointwise estimate of the modulus of the
n-th derivative of an analytic function in D with a best constant is obtained. The sharp coe‰cient in

the estimate of the modulus of the first derivative in the explicit form is found. This coe‰cient is
represented, for p a ð1;lÞ, as the product of monotonic functions of jzj.
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0. Introduction

In this paper we deal with a class of analytic functions in the unit disk D ¼
fz a C : jzj < 1g represented by the Schwarz formula (see, e.g. Levin [7])

f ðzÞ ¼ i=f ð0Þ þ 1

2p

Z
jzj¼1

zþ z

z� z
<f ðzÞjdzjð0:1Þ

and such that the boundary values on qD of the real part of f belong to the space
LpðqDÞ, 1a pal. Here and henceforth we use the same notation D for the
unit disk in R2 and C. In what follows, by h pðDÞ, 1a pal, we mean the
Hardy space of harmonic functions in the real unit disk D which are represented
by the Poisson integral with a density in LpðqDÞ. Thus, we consider analytic
functions in D with <f a h pðDÞ. We shall adopt the notation jzj ¼ r < 1.

We consider the inequality

j<feiaf ðnÞðzÞgjaHn;pðz; aÞk<f kpð0:2Þ

with the sharp coe‰cient Hn;pðz; aÞ, where nb 1, z a D and k � kp stands for the
norm in LpðqDÞ. Here and in what follows we adopt the notation k<f kp for
k<f jqDkp. We find representations for Hn;pðz; aÞ and for the sharp coe‰cient



Hn;pðzÞ in the inequality

j f ðnÞðzÞjaHn;pðzÞk<f kp:ð0:3Þ

In the case n ¼ 1 and p a ð1;lÞ, we factorize the coe‰cient H1;pðzÞ with two
explicit monotonic functions of r. For higher order derivatives, we find upper
estimates for Hn;pðzÞ with a sharp constant depending only on p.

The present paper extends the topics of the monograph [4] by Kresin and
Maz’ya, where explicit formulas

Hn;1ðzÞ ¼
n!

pð1� rÞnþ1
;ð0:4Þ

and

Hn;2ðzÞ ¼
n!ffiffiffi

p
p ð1� r2Þð2nþ1Þ=2

Xn

k¼0

� n

k

�2
r2k

( )1=2

ð0:5Þ

were found.
The expression for the sharp coe‰cient

H1;lðzÞ ¼ 4

pð1� r2Þð0:6Þ

is due to D. Khavinson [3].
Sharp pointwise estimates for derivatives of analytic functions from the Hardy

space H pðDÞ were obtained by Makintyre and Rogosinski [8] and Szász [9] for
di¤erent values of p.

Note that inequalities (0.2) and (0.3) for analytic functions belong to the class
of sharp real-part theorems in the disk (see [4] and references there) which go
back to Hadamard’s real-part theorem [1]. Sharp real-part estimates for deriva-
tives of analytic functions in a half-plane are derived by Kresin and Maz’ya [5, 6].

Now we describe the results of this paper in more detail. Introduction is fol-
lowed by three sections. The first of them concerns representations for the sharp
coe‰cients Hn;pðz; aÞ and Hn;pðzÞ. In particular, we show that the sharp coe‰-
cient in (0.2) can be written in the form

Hn;pðz; aÞ ¼
n!

pð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=p Kn;pðz; aÞ;ð0:7Þ

where

Kn;pðz; aÞ ¼ 2

Z p=2

�p=2

jFnðc; z; aÞjq
�1þ �

1�r
1þr

tanc
�2

1þ tan2 c

�ðnþ1Þq=2�1

dc

( )1=q

;ð0:8Þ
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and Fnðc; z; aÞ is defined by

Fnðc; z; aÞ ¼ cos ðnþ 1Þcþ ðn� 1Þ arctan
�1� r

1þ r
tanc

�
þ a� nQ

� �
ð0:9Þ

with Q ¼ arg z, 1=pþ 1=q ¼ 1.
A consequence of (0.7)–(0.9) is a limit relation for the sharp coe‰cient Hn;pðzÞ

in a pointwise estimate (0.3) for the modulus of the n-th derivative of an analytic
function in a disk as the point approaches the boundary circle:

lim
r!1

ð1� rÞnþ1=pHn;pðzÞ ¼ Qn;p;

where

Qn;p ¼
n!

p
max

b

Z p=2

�p=2

jcosðb þ ðnþ 1ÞjÞjq cosðnþ1Þq�2 j dj

( )1=q

:

Besides, we obtain the relation

sup
jzj<1

sup
k<f kpa1

ð1� jzj2Þnþ1=pj f ðnÞðzÞjb 2nþ1=pQn;p:

In Section 2 we find the value

Kp ¼ max
a

max
jzja1

Kn;pðz; aÞ ¼
2

ffiffiffi
p

p
G
�qþ1

2

�
G
�qþ2

2

�
( )1=q

and thus arrive at the pointwise real-part estimate of the type

j f ðnÞðzÞja n!Kp

pð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=p k<f kpð0:10Þ

with the best possible constant. In particular, K1 ¼ 1, K2 ¼
ffiffiffi
p

p
, Kl ¼ 4.

Section 3 concerns the case n ¼ 1 and the explicit formula for the best coe‰-
cient K1;pðzÞ in the inequality

j f 0ðzÞja K1;pðzÞ
pð1� rÞðpþ1Þ=pð1þ rÞðp�1Þ=p k<f kp;ð0:11Þ

where the factor

K1;pðzÞ ¼ max
a

K1;pðz; aÞ

is a decreasing function of r a ½0; 1� for any p a ð1;lÞ. We prove the formulas

K1;pðzÞ ¼
ð1þ r2Þ1=p

ð1þ rÞ2=p
2

ffiffiffi
p

p Xl
k¼0

� 1=ðp� 1Þ
2k

�� 2r

1þ r2

�2k G
�
k þ 2p�1

2p�2

�
G
�
k þ 1þ p

2p�2

�
( )1�1=p
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for 1 < p < 2, and

K1;pðzÞ

¼ ð1þ r2Þ1=p

ð1þ rÞ2=p

(
2G

�2p� 1

2p� 2

�Xl
k¼0

�1=ðp� 1Þ
2k

�� 2r

1þ r2

�2k G
�
k þ 1

2

�
G
�
k þ 1þ p

2p�2

�
)1�1=p

for 2 < p < l. The series in k becomes a finite sum for p ¼ ð2mþ 1Þ=ð2mÞ or
p ¼ ð2mþ 2Þ=ð2mþ 1Þ, where m is a positive integer. The maximum of the func-
tion K1;pðz; aÞ defined by ð0:8Þ with n ¼ 1 is attained for a ¼ Q if 1a p < 2 and
for a ¼ Qþ ðp=2Þ if 2 < p < l. The coe‰cients K1;2ðz; aÞ and K1;lðz; aÞ are in-
dependent of a.

A direct corollary of (0.11) is the following inequality with the sharp coe‰cient

j‘uðzÞja K1;pðzÞ
pð1� rÞðpþ1Þ=pð1þ rÞðp�1Þ=p kukp:

Here u is a harmonic function in the unit disk D of R2 from the class h pðDÞ,
1a pal, and z ¼ ðx; yÞ a D. The maximum modulus of the derivative
jð‘uðzÞ; lÞj with respect to the direction l and with kukp a 1 is attained at the di-
rection of the normal for 1a p < 2 and at the tangent direction for 2 < p < l.
If p ¼ 2 or p ¼ l, the maximum of jð‘uðzÞ; lÞj with kukp a 1 and fixed z a D is
independent of l.

We note that the best possible constant Cp in the inequality

j f 0ðzÞja Cp

pð1� r2Þðpþ1Þ=p k<f kp

was obtained in the work by Kalaj and Marković [2]. The last relation is a point-
wise real-part estimate of a kind di¤erent from (0.10) with n ¼ 1. Namely, by
(0.11), Cp is the maximal value of ð1þ jzjÞ2=pK1;pðzÞ in D.

1. Representations for sharp coefficients in estimates for

derivatives of analytic functions

The next assertion contains representations for the best coe‰cients in (0.2) and
(0.3).

Proposition 1. Let <f a h pðDÞ, 1a pal, and let z be an arbitrary point in
D. The sharp coe‰cient Hpðz; aÞ in the inequality

j<feiaf ðnÞðzÞgjaHn;pðz; aÞk<f kpð1:1Þ

is given by

Hn;pðz; aÞ ¼
n!

pð1� r2Þðnpþ1Þ=p Hn;pðz; aÞ;ð1:2Þ
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where

Hn;pðz; aÞ ¼
Z p

�p

jFnðj; z; aÞjqð1þ 2r cos jþ r2Þq�1
dj

� 	1=q

ð1:3Þ

with

Fnðj; z; aÞ ¼
Xn�1

k¼0

� n� 1

k

�
rk cos½ðn� kÞjþ a� nQ�:ð1:4Þ

Alternatively, the sharp coe‰cient Hpðz; aÞ in inequality ð1:1Þ is given by

Hn;pðz; aÞ ¼
n!

pð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=p Kn;pðz; aÞ;ð1:5Þ

where

Kn;pðz; aÞ ¼ 2

Z p=2

�p=2

jFnðc; z; aÞjq
�1þ �

1�r
1þr

tanc
�2

1þ tan2 c

�ðnþ1Þq=2�1

dc

( )1=q

;ð1:6Þ

and the function Fnðc; z; aÞ is defined by formula

Fnðc; z; aÞ ¼ cos ðnþ 1Þcþ ðn� 1Þ arctan
�1� r

1þ r
tanc

�
þ a� nQ

� �
:ð1:7Þ

Here Q ¼ arg z, 1=pþ 1=q ¼ 1.
In particular, the best coe‰cient in the inequality

j f ðnÞðzÞjaHn;pðzÞk<f kpð1:8Þ

is given by

Hn;pðzÞ ¼ max
a

Hn;pðz; aÞ:ð1:9Þ

Proof. Di¤erentiating with respect to the parameter z in the right-hand side of
(0.1), we obtain

f ðnÞðzÞ ¼ n!

p

Z
jzj¼1

z

ðz� zÞnþ1
<f ðzÞjdzj;

which leads to

<feiaf ðnÞðzÞg ¼ n!

p

Z
jzj¼1

< zeia

ðz� zÞnþ1

( )
<f ðzÞjdzj:ð1:10Þ
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Hence the best coe‰cient Hn;pðz; aÞ in (1.1) is

Hn;pðz; aÞ ¼
n!

p

Z
jzj¼1

< zeia

ðz� zÞnþ1

( )











q

jdzj
( )1=q

:ð1:11Þ

We make the change of variable in (1.11)

w ¼ 1� zz

z� z
ð1:12Þ

with jzj ¼ 1. Then jwj ¼ 1 and

z ¼ 1þ zw

wþ z
:ð1:13Þ

Therefore,

z� z ¼ 1� jzj2

wþ z
; dz ¼ jzj2 � 1

ðwþ zÞ2
dw:ð1:14Þ

By (1.13) and (1.14), we can write (1.11) as

Hn;pðz; aÞ ¼
n!

pð1� r2Þðnpþ1Þ=p Hn;pðz; aÞ;ð1:15Þ

where

Hn;pðz; aÞ ¼
Z
jwj¼1

j<feiað1þ zwÞðwþ zÞngjq jdwj
jwþ zj2

( )1=q

:ð1:16Þ

The equality (1.15) leads to (1.2). Since jwj ¼ 1 and

ð1þ zwÞðwþ zÞ ¼ wðwþ zÞðwþ zÞ ¼ wjwþ zj2;

(1.16) takes the form

Hn;pðz; aÞ ¼
Z
jwj¼1

j<feiawðwþ zÞn�1gjqjwþ zj2ðq�1Þjdwj
( )1=q

:ð1:17Þ

From this we conclude that Hn;pðz; aÞ is a bounded function of z a D for any
q a ½1;l�.

Setting w ¼ eic and z ¼ reiQ in (1.17), we see that

Hn;pðz; aÞ ¼
Z p

�p

j<feiðaþcÞðeic þ re�iQÞn�1gjqjeic þ re�iQj2ðq�1Þ
dc

� 	1=q

:

100 g. kresin



Making the change of variable j ¼ cþ Q and using the 2p-periodicity of the in-
tegrand, we obtain

Hn;pðz; aÞ ¼
Z p

�p

j<feiða�nQþjÞðrþ eijÞn�1gjqjrþ eijj2ðq�1Þ
dj

� 	1=q

:ð1:18Þ

This implies (1.3) with (1.4).
After the change of variable j ¼ 2c in (1.18) we find that

Hn;pðz; aÞ ¼ 2

Z p=2

�p=2

jFnðc; z; aÞjqjrþ e2icj2ðq�1Þ
dc

( )1=q

;ð1:19Þ

where

Fnðc; z; aÞ ¼ < eiða�nQþ2cÞ
� rþ e2ic

jrþ e2icj

�n�1
� 	

:ð1:20Þ

We are looking for the solution C ¼ Cðr;cÞ of the equation

rþ e2ic

jrþ e2icj ¼ eiðcþCÞ;ð1:21Þ

or, equivalently, of the system

rþ cos 2cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2r cos 2cþ r2

p ¼ cosðcþCÞ; sin 2cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2r cos 2cþ r2

p ¼ sinðcþCÞ:ð1:22Þ

By (1.22) we have sin 2c cosðcþCÞ � ðrþ cos 2cÞ sinðcþCÞ ¼ 0, which can be
written as sinðc�CÞ � r sinðcþCÞ ¼ 0. Hence

ð1� rÞ sinc cosC� ð1þ rÞ cosc sinC ¼ 0

and therefore

C ¼ arctan
�1� r

1þ r
tanc

�
:ð1:23Þ

Combining (1.20) and (1.21), we obtain

Fnðc; z; aÞ ¼ <feiða�nQþ2cÞeiðn�1ÞðcþCÞg ¼ cos½ðnþ 1Þcþ ðn� 1ÞCþ a� nQ�;

which together with (1.19) and (1.23) proves the equality

Hn;pðz; aÞ ¼ 2

Z p=2

�p=2

jFnðc; z; aÞjqð1þ 2r cos 2cþ r2Þðnþ1Þq=2�1
dc

( )1=q

ð1:24Þ
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with

Fnðc; z; aÞ ¼ cos ðnþ 1Þcþ ðn� 1Þ arctan
�1� r

1þ r
tanc

�
þ a� nQ

� �
:

Expressing cos 2c by tanc in (1.24) and using (1.1) and (1.2), we arrive at (1.5)–
(1.7). The relations (1.8) and (1.9) follow from (1.1). r

The next assertion is a direct corollary of the representation (1.5) and formulas
(1.6), (1.7) and (1.9) from Proposition 1.

Corollary 1. The limit relation

lim
r!1

ð1� rÞnþ1=pHn;pðzÞ ¼ Qn;p;ð1:25Þ

holds, where

Qn;p ¼
n!

p
max

b

Z p=2

�p=2

jcosðb þ ðnþ 1ÞjÞjq cosðnþ1Þq�2 j dj

( )1=q

:ð1:26Þ

Remark 1. This result was proved in a di¤erent way by Kresin and Maz’ya [6],
where it was shown that Qn;p is the sharp coe‰cient in inequality

j f ðnÞðzÞja Qn;p

ð=zÞnþ1=p
k<f kp;ð1:27Þ

with f being an analytic function in the upper half-plane Cþ, <f a h pðR2
þÞ,

1a pal.

Corollary 2. The relation

sup
jzj<1

sup
k<f kpa1

ð1� jzj2Þnþ1=pj f ðnÞðzÞjb 2nþ1=pQn;pð1:28Þ

holds.

Proof. By (1.9)–(1.11) we have

sup
k<f kpa1

ð1� jzj2Þnþ1=pj f ðnÞðzÞj ¼ ð1� jzj2Þnþ1=pHn;pðzÞ;

which together with (1.5) and (1.9) implies

sup
k<f kpa1

ð1� jzj2Þnþ1=pj f ðnÞðzÞj ¼ n!

p
ð1þ jzjÞn�1þ2=p

Kn;pðzÞ;ð1:29Þ

where

Kn;pðzÞ ¼ max
a

Kn;pðz; aÞ:
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We combine this with (1.6), (1.7), and pass to the limit in (1.29) as jzj ! 1. This
gives

lim
jzj!1

sup
k<f kpa1

ð1� jzj2Þnþ1=pj f ðnÞðzÞj ¼ 2nþ1=pQn;p;

with Qn;p defined by (1.26). The last relation proves (1.28). r

2. A pointwise real-part estimate for derivatives of analytic

functions

Proposition 1 implies the inequality

j f ðnÞðzÞjaHn;pðzÞk<f kpð2:1Þ

with the sharp coe‰cient, where

Hn;pðzÞ ¼
n!Kn;pðzÞ

pð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=pð2:2Þ

and

Kn;pðzÞ ¼ max
a

Kn;pðz; aÞ:ð2:3Þ

The next assertion concerns the value

Kp ¼ max
jzja1

Kn;pðzÞð2:4Þ

and implies (0.10) with the least possible constant.

Proposition 2. Let <f a h pðDÞ, 1a pal, and let z be an arbitrary point
in D. The best constant Kp in the inequality

j f ðnÞðzÞja n!Kp

pð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=p k<f kpð2:5Þ

is given by

Kp ¼ Kn;pð0Þ ¼
2

ffiffiffi
p

p
G
�qþ1

2

�
G
�qþ2

2

�
( )1=q

:ð2:6Þ

In particular,

K1 ¼ 1; K2 ¼
ffiffiffi
p

p
; Kl ¼ 4:ð2:7Þ

Proof. By (1.2) and (1.5) we see that

Kn;pðz; aÞ ¼
Hn;pðz; aÞ

ð1þ rÞn�1þ2=p
;ð2:8Þ
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which together with (1.3) implies

Kn;pðz; aÞa
1

ð1þ rÞn�1

Z p

�p

jFnðj; z; aÞjq dj
� 	1=q

:ð2:9Þ

Using (1.4) and the Minkowski inequality, we find

Z p

�p

jFnðj; z; aÞjq dj
� 	1=q

ð2:10Þ

¼
Z p

�p

Xn�1

k¼0

� n� 1

k

�
rk cos½ðn� kÞjþ a� nQ�













q

dj

( )1=q

a
Xn�1

k¼0

� n� 1

k

�
rk

Z p

�p

jcos½ðn� kÞjþ a� nQ�jq dj
� 	1=q

:

The integral in (2.10) can be written as

Ik ¼
Z p

�p

jcos½ðn� kÞjþ a� nQ�jq dj ¼ 1

n� k

Z ðn�kÞpþa�nQ

�ðn�kÞpþa�nQ

jcoscjq dc;

which, due to 2p-periodicity of the integrand, leads to

Ik ¼
1

n� k

Z ðn�kÞp

�ðn�kÞp
jcoscjq dc ¼

Z 2p

0

jcoscjq dc ¼ 4

Z p=2

0

cosq c dc:

Combining this with (2.9) and (2.10), we obtain

Kn;pðz; aÞa 4

Z p=2

0

cosq c dc

( )1=q

;

which along with (2.3), (2.4) implies

Kp a 4

Z p=2

0

cosq c dc

( )1=q

:ð2:11Þ

By (2.3), (2.4), (2.8) and (1.3), (1.4) we get the lower estimate

Kp bKn;pð0Þ ¼ max
a

Kn;pð0; aÞ ¼ max
a

Z p

�p

jcosðnjþ a� nQÞjq dj
� 	1=q

¼ 4

Z p=2

0

cosq c dc

( )1=q

;

which together with (2.11) leads to (2.6). r
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Remark 2. Note that in view of (2.2),

Hn;pð0Þ ¼
n!

p
Kn;pð0Þ;

where Hn;pð0Þ is the sharp constant in

j f ðnÞð0ÞjaHn;pð0Þk<f kp:

Thus, by (2.6), one can write (2.5) as

j f ðnÞðzÞja Hn;pð0Þ
ð1� rÞðnpþ1Þ=pð1þ rÞðp�1Þ=p k<f kp:

The sharp constant Hn;pð0Þ was found by Kresin and Maz’ya (see [4], Sect. 5.3).
A particular case of (2.5) with p ¼ l

j f ðnÞðzÞja 4n!

pð1� rÞnð1þ rÞ k<f kl;ð2:12Þ

was derived in [4], Sect. 5.6, by a di¤erent method and without discussion of
sharpness of the constant.

3. The case n ¼ 1

By Proposition 1 it follows that the sharp coe‰cient H1;pðz; aÞ in

j<feiaf 0ðzÞgjaH1;pðz; aÞk<f kp;

is given by

H1;pðz; aÞ ¼
K1;pðz; aÞ

pð1� rÞðpþ1Þ=pð1þ rÞðp�1Þ=p ;ð3:1Þ

where

K1;pðz; aÞ ¼ 2

Z p=2

�p=2

jcosð2cþ a� QÞjq
�1þ �

1�r
1þr

tanc
�2

1þ tan2 c

�q�1

dc

( )1=q

ð3:2Þ

and Q ¼ arg z, 1=pþ 1=q ¼ 1. By (1.3), (1.4), and (2.8) we can write

K1;pðz; aÞ ¼
1

ð1þ rÞ2=p
Z p

�p

jcosðcþ a� QÞjqð1þ 2r coscþ r2Þq�1
dc

� 	1=q

:ð3:3Þ

The next assertion contains an explicit expression for K1;pðzÞ in (2.1) with
n ¼ 1.

For reader’s convenience, we give the proof of (0.4) and (0.5) with n ¼ 1 as
well as Khavinson’s formula (0.6).
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Corollary 3. Let <f a h pðDÞ, 1a pal, and let z be an arbitrary point
in D.

(i) The sharp coe‰cient H1;pðzÞ in the inequality

j f 0ðzÞjaH1;pðzÞk<f kpð3:4Þ

is given by

H1;pðzÞ ¼
K1;pðzÞ

pð1� rÞðpþ1Þ=pð1þ rÞðp�1Þ=p ;ð3:5Þ

where the coe‰cient K1;pðzÞ is a decreasing function of r on interval ½0; 1� for any
p a ð1;lÞ, and

K1;pðzÞ ¼
ð1þ r2Þ1=p

ð1þ rÞ2=p

(
2

ffiffiffi
p

p Xl
k¼0

�1=ðp� 1Þ
2k

�
ð3:6Þ

�
� 2r

1þ r2

�2k G
�
k þ 2p�1

2p�2

�
G
�
k þ 1þ p

2p�2

�
)1�1=p

for 1 < p < 2, and

K1;pðzÞ ¼
ð1þ r2Þ1=p

ð1þ rÞ2=p

(
2G

�2p� 1

2p� 2

�Xl
k¼0

� 1=ðp� 1Þ
2k

�
ð3:7Þ

�
� 2r

1þ r2

�2k G
�
k þ 1

2

�
G
�
k þ 1þ p

2p�2

�
)1�1=p

for 2 < p < l.
In the cases p ¼ 1; 2, and l we have

H1;1ðzÞ ¼
1

pð1� rÞ2
; H1;2ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
ffiffiffi
p

p
ð1� r2Þ3=2

; H1;lðzÞ ¼ 4

pð1� r2Þ :ð3:8Þ

(ii) The maximum in a of the function K1;pðz; aÞ defined by ð3:2Þ is attained at
a ¼ Q if 1a p < 2 and at a ¼ Qþ ðp=2Þ if 2 < p < l. The coe‰cients K1;2ðz; aÞ
and K1;lðz; aÞ are independent of a.

Proof. 1. Cases p ¼ 1; 2, and p ¼ l. By (2.3) and (3.3),

K1;1ðzÞ ¼
1

ð1þ rÞ2
max

a
sup
jcj<p

jcosðcþ a� QÞjð1þ 2r coscþ r2Þ ¼ 1;

which together with (3.1) proves the first formula in (3.8). The maximum value in
the last equality is attained for cþ a� Q ¼ 0 and c ¼ 0, i.e., for a ¼ Q.
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In view of (3.3),

K1;2ðz; aÞ ¼
1

1þ r

Z p

�p

cos2ðcþ a� QÞð1þ 2r coscþ r2Þ dc
� 	1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1þ r2Þ

p
1þ r

;

which together with (3.1) implies the second formula in (3.8) as well as indepen-
dence of K1;2ðz; aÞ on a.

By (3.3),

K1;lðz; aÞ ¼
Z p

�p

jcosðcþ a� QÞj dc ¼
Z p

�p

jcos yj dy ¼ 4;

which together with (3.1) shows that the third formula in (3.8) holds and that
K1;lðz; aÞ is independent of a.

2. Cases 1 < p < 2 and 2 < p < l. By (3.2), the coe‰cient K1;pðz; aÞ is a
decreasing function of r a ½0; 1� for any p a ð1;lÞ and any fixed a. Hence the
function

K1;pðzÞ ¼ max
a

K1;pðz; aÞ

has the same property. Introducing the notation

FqðaÞ ¼
Z p

�p

jcosðcþ aÞjqð1þ 2r coscþ r2Þq�1
dc;ð3:9Þ

we can write (3.3) as

K1;pðz; aþ QÞ ¼ 1

ð1þ rÞ2=p
fFqðaÞg1=q:ð3:10Þ

The function FqðaÞ is p-periodic and even. Hence, while looking for its maximum
we may take a a ½0; p=2�.

We di¤erentiate (3.9) in a and take into account that partial derivatives of
jcosðcþ aÞjq in a and c are equal. Integrating by parts in

dFq

da
¼

Z p

�p

ð1þ 2r coscþ r2Þq�1 q

qc
jcosðcþ aÞjq dc;

we obtain

dFq

da
¼ 2rðq� 1Þ

Z p

�p

jcosðcþ aÞjqð1þ 2r coscþ r2Þq�2 sinc dc:

Let us take here two integrals: over ð0; pÞ and over ð�p; 0Þ and make the
change of variable j ¼ �c in the second one. Then the sum of those integrals is

dFq

da
¼ 2rðq� 1Þ

Z p

0

ðjcosðjþ aÞjq � jcosðj� aÞjqÞð1þ 2r cos jþ r2Þq�2 sin j dj:
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Next, we integrate over ð0; p=2Þ and ðp=2; pÞ and make the change of variable
c ¼ p� j in the second one. Their sum will give

dFq

da
¼ 2rðq� 1Þ

Z p=2

0

ðjcosðj� aÞjq � jcosðjþ aÞjqÞCqðjÞ sin j dj;ð3:11Þ

where

CqðjÞ ¼ ð1� 2r cos jþ r2Þq�2 � ð1þ 2r cos jþ r2Þq�2:ð3:12Þ

Note that

jcosðj� aÞjq b jcosðjþ aÞjqð3:13Þ

for a; j a ½0; p=2�. In fact, since jcosðj� aÞj ¼ cosðj� aÞ for a; j a ½0; p=2�,
jcosðjþ aÞj ¼ cosðjþ aÞ for jþ a a ½0; p=2�, and jcosðjþ aÞj ¼ �cosðjþ aÞ for
jþ a a ½p=2; p�, it follows that

jcosðj� aÞj � jcosðjþ aÞj ¼ 2 sin j sin a for jþ a a ½0; p=2�;
2 cos j cos a for jþ a a ½p=2; p�;

�

and hence jcosðj� aÞjb jcosðjþ aÞj for a; j a ½0; p=2�. This implies (3.13). Be-
sides, the equality sign in (3.13) holds only for a ¼ 0 and for a ¼ p=2 provided
that j a ð0; p=2Þ.

Taking into account that the sign of the function (3.12) for j a ½0; p=2Þ is de-
rived by the relations

CqðjÞ > 0 for 1 < q < 2; and CqðjÞ < 0 for q > 2;

from (3.11) and (3.13) we obtain

dFq

da
< 0 for 1 < p < 2; and

dFq

da
> 0 for 2 < p < l:ð3:14Þ

Combining this with (2.3) and (3.10) we see that

K1;pðzÞ ¼ max
a

K1;pðz; aÞ ¼
K1;pðz; QÞ for 1 < p < 2;

K1;p

�
z; Qþ p

2

�
for 2 < p < l;

8<
:ð3:15Þ

which completes the proof of part (ii).
Thus, by (3.3) and (3.15),

K1;pðzÞ ¼
1

ð1þ rÞ2=p
2

Z p

0

jcos jjqð1þ 2r cos jþ r2Þq�1
dj

� 	1=q

ð3:16Þ
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for 1 < p < 2, and

K1;pðzÞ ¼
1

ð1þ rÞ2=p
2

Z p

0

sinq jð1þ 2r cos jþ r2Þq�1
dj

� 	1=q

ð3:17Þ

for 2 < p < l.
We write the integral in (3.16) as the sum of the integrals over ð0; p=2Þ and

ðp=2; pÞ, and make the change of variable c ¼ p� j in the second one. As a re-
sult we findZ p

0

jcos jjqð1þ 2r cos jþ r2Þq�1
djð3:18Þ

¼
Z p=2

0

cosq j½ð1þ 2r cos jþ r2Þq�1 þ ð1� 2r cos jþ r2Þq�1� dj;

where p a ð1; 2Þ. Using the series decomposition

ð1þ 2r cos jþ r2Þq�1 þ ð1� 2r cos jþ r2Þq�1

¼ 2ð1þ r2Þq�1
Xl
k¼0

� q� 1

2k

�� 2r

1þ r2

�2k
cos2kj

and (3.18), we write (3.16) in the form

K1;pðzÞ ¼
1

ð1þ rÞ2=p
4ð1þ r2Þq�1

Xl
k¼0

� q� 1

2k

�� 2r

1þ r2

�2k Z p=2

0

cos2kþq j dj

( )1=q

;

which implies (3.6).
The integrand in (3.17) can be written with the help of the decomposition

ð1þ 2r cos jþ r2Þq�1 ¼ ð1þ r2Þq�1
Xl
k¼0

� q� 1

k

�� 2r

1þ r2

�k
cosk j:

Evaluating the integrals in the sum, we arrive at (3.7). r

Remark 3. Multiplying (3.16) and (3.17) by ð1þ rÞ2=p, we obtain formulas for
the sharp coe‰cient C1;pðzÞ ¼ ð1þ jzjÞ2=pK1;pðzÞ in the equality

H1;pðzÞ ¼
C1;pðzÞ

pð1� r2Þðpþ1Þ=p ;

obtained earlier by Kalaj and Marković [2].
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