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1. Introduction

In this paper we will investigate the singular points of the following unstable free
boundary problem:

Du ¼ �wfu>0g in B1ð0Þð1:1Þ

where wfu>0g is the characteristic function of the set fu > 0g.
This problem was first investigated by G. S. Weiss and R. Monneau [14]. In

[14], C1;1-regularity locally energy minimising and maximal solutions of (1.1)
is shown. There is also some discussion regarding the possibility of the existence
of singular points, that is points x0 a B1ð0Þ such that u B C1;1ðBrðx0ÞÞ for any
r > 0. Such points are proved to be totally unstable [14].

Let us formally define singular points before we proceed.
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Definition 1.1. Let u be a solution to (1.1). Then we define SðuÞ, the set of sin-
gular points of u, according to

SðuÞ ¼ fx a B1ð0Þ; u B C1;1ðBrðxÞÞ for any r > 0g:

Furthermore we will denote by Sn�2ðuÞ the singular points of co-dimension 2:

Sn�2ðuÞ ¼
(
y a SðuÞ; lim

rj!0

uðrjxþ yÞ
kuðrjxþ yÞkL2ðB1ð0ÞÞ

¼ Q � x2
n�1 � x2

n

kx2
n�1 � x2

nkL2ðB1ð0ÞÞ
for some Q a Q and rj ! 0

)

where Q is the matrix group of rotations of Rn.

It was shown in [14] or [3] that if y a SðuÞ then

lim
rj!0

uðrjxþ yÞ
kuðrjxþ yÞkL2ðB1ð0ÞÞ

a P2

if the right hand side is defined, here P2 is the set of homogeneous second order
harmonic polynomials of degree 2. Since the only homogeneous second order
harmonic polynomial, up to translations, rotations and multiplicative con-
stants, in R2 is x2

1 � x2
2 it follows that Sn�2 singles out the singular points with

co-dimension 2 singularities.
In [4] two of the authors showed rigorously that singular points exists, that is

there exist a solution u to (1.1) such that SðuÞA j. This investigation was fol-
lowed by the authors in [2] and [3] where we investigated and provided a total
classification of singular points in R2 and R3 respectively.

In this paper we intend to prove that in Rn the singular points of smallest
co-dimension are locally contained in a C1-manifold of dimension n� 2 and that
the free boundary Gu, defined

Gu ¼ fx a B1ð0Þ; uðxÞ ¼ 0g;

consists of two C1 manifolds of dimension n� 1 intersecting orthogonally at such
singular points.

Our main theorem is

Theorem 1.2. Let u be a solution to (1.1) and assume that

lim
rj!0

uðrjxÞ
kuðrjxÞkL2ðB1Þ

¼ x2
n�1 � x2

n

kx2
n�1 � x2

nkL2ðB1Þ
ð1:2Þ

for some sequence rj ! 0 (In particular, 0 a Sn�2ðuÞ). Then

lim
r!0

uðrjxÞ
kuðrjxÞkL2ðB1Þ

¼ x2
n�1 � x2

n

kx2
n�1 � x2

nkL2ðB1Þ
ð1:3Þ
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and for each h > 0 there exists an rh > 0 such that

SBBr0ð0ÞB x;
Xn�2

i¼1

x2
i a hðx2

n�1 þ x2
nÞ

( )

consists of two C1 hypersurfaces intersecting at right angles at the origin.
Furthermore there is a constant r0ðuÞ > 0 such that the set

Sn�2 ¼
(
y; uðyÞ ¼ j‘uðyÞj ¼ 0 and lim

r!0

uðrxþ yÞ
kuðrxþ yÞkL2ðB1ð0ÞÞ

¼ Q � x2
n�1 � x2

n

kx2
n�1 � x2

nkL2ðB1ð0ÞÞ
for some q a Q

)

is contained in a C1 manifold of dimension ðn� 2Þ in Br0ð0Þ.

We would like to place this result in a long tradition of regularity result for
parametric non-linear PDE. In particular we may view the free boundary Gu ¼
fx a B1ð0Þ; uðxÞ ¼ 0g as a parametric surface with singular points in SðuÞ.

Some of the most famous result in this area are the results by Bombieri, De
Giorgi, Giusti and Simmons ([6], [17]) that states that no minimal cones exists
for minimal surfaces in n < 8. We should also mention the result by B. White
[18] where uniqueness of tangent cones for 2-dimensional minimal surfaces is
proved. From our point of view White’s proof is interesting in that he uses a
Fourier series expansion in constructing comparison surfaces. However, we
work in n-dimensions which means that our Fourier expansions are considerably
more subtle and involved than those that appear in [18].

Singularities in parametric problems have appeared in other areas of mathe-
matics as well and our results have some similarities to the theory for harmonic
mappings ([16] for a good overview). One could also mention a certain similarity
with the theory of singularities that arise for a-uniform measures [13].

Equation (1.1) also arises in several applications for instance in solid combus-
tion (see the references in [14]), the composite membrane problem ([8], [7], [5],
[15], [9], [10]), climatology ([11]) and fluid dynamics ([1]).

Our proof will be based on a dynamic systems approach where we project a
solution

uðrxÞ
r2

onto the harmonic second order polynomials, call this projection
Pðu; r; 0Þ (see Definition 3.2). By a careful analysis of the PDE we will be
able to estimate Pðu; r; 0Þ �Pðu; r=2; 0Þ. Close to a singular point we have that
uðrxÞ
r2

QPðu; r; 0Þ þ ZPðu; r;0Þ where

DZPðu; r;0Þ ¼ �wfPðu; r;0Þ>0g in Rn

ZPðu; r;0Þð0Þ ¼ j‘ZPðu; r;0Þð0Þj ¼ 0

lim
jxj!l

ZPðu; r;0ÞðxÞ
jxj3

¼ 0

PðZPðu; r;0Þ; 1; 0Þ ¼ 0:
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If we disregard lower order terms we may consider the map FðPðu; r; 0ÞÞ ¼
Pðu; r=2; 0Þ defined by

FðPðu; r; 0ÞÞ ¼ Pðu; r; 0Þ þPðZPðu; r;0Þ; 1=2; 0Þ:

The blow-up is unique if limk!lFkðPðu; r; 0ÞÞ exists.
Since the harmonic second order polynomials form a finite dimensional space.

The map F is a map between finite dimensional vector spaces. The main di‰-
culty is that F is highly non-linear and we need quite subtle estimates to charac-
terise the map. On the positive side we may write down Pðu; r; 0Þ explicitly,
modulo lower order terms, by means of Theorem 3.5 by Karp and Margulis
[12]. The definition of F involves a Fourier series expansion of �wPðu; r;0Þ on the
unit sphere. Our main e¤ort will be to estimate the Fourier coe‰cients in this
expansion when Pðu; r; 0Þ=supB1

jPjQx2
n�1 � x2

n . For further details on the idea
of the proof we refer the reader to [3].

2. List of notation

(1) d will denote a vector in Rn�2, we will always assume that jdjf 1. We also
define ~dd ¼

Pn�2
i¼1 di.

(2) P2 will denote the second order homogeneous polynomials.
(3) SðuÞ and Sn�2ðuÞ are the singular set and the singular set of co-dimension 2

respectively, defined in Definition 1.1.
(4) The mapping F is defined in equation (4.20).
(5) Pðu; r; x0Þ is defined in Definition 3.2.
(6) The average of u in W will be denoted ðuÞW.
(7) By dA we mean an area element of the surface under considration.
(8) We will use Landau’s OðrÞ notation to indicate a term that is bounded

from by Cr for a universal constant C. That is f ðxÞ ¼ OðrÞ if and only if
j f ðxÞjaCr for a universal constant C. Similarly, f ðrÞbOðrÞ means that
f ðrÞbCr for some universal constant C > 0 etc.

(9) pdðxÞ ¼
Pn�2

i¼1 dix
2
i þ ð1� ~ddÞx2

n�1 � x2
n , in particular p0ðxÞ ¼ x2

n�1 � x2
n .

(10) Zpd is defined in (3.9).
(11) Q is the matrix-group of rotations of Rn.
(12) The functions BiðdÞ, BðdÞ, CiðdÞ and CðdÞ are defined in (4.12), (4.13), Prop-

osition 4.3 and the remark after that Proposition respectively.

3. Background material and general strategy

In this section we will state some of the results of [3] and outline our strategy
(which is similar to the strategy of [3]).

Our starting observation is the following proposition (Proposition 5.1 in
[14])
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Proposition 3.1. Let u be a solution of (1.1) in B1ð0Þ and let us consider a point
x0 a SðuÞ: Then

lim
rj!0

uðrjxþ x0Þ
kuðrjxþ x0ÞkL2ðB1ð0ÞÞ

a P2

for each sequence rj ! 0 such that the limit exists.

The proof is a fairly standard application of a monotonicity formula.
If u is a solution to (1.1) then Du a Ll which directly implies that D2u a

BMOðB1=2ð0ÞÞ which in particular implies, via the Sobolev inequality, that for
x0 a SðuÞBB1=2ð0Þ

uðrxþ x0Þ � 1
2 ðx� x0ÞðD2uÞBrðx0Þðx� x0Þ

r2
ð3:4Þ

is locally bounded in L2 and pre-compact. It will be convenient for some calcula-
tions later to subtract a harmonic polynomial in (3.4) instead of the polynomial
1
2 ðx� x0ÞðD2uÞBrðx0Þðx� x0Þ. We make the following definition.

Definition 3.2. By Pðu; r; x0Þ we will denote the projection operator onto
P2 defined as follows: Pðu; r; x0Þ ¼ trp, where tr a Rþ and p a P2 satisfies
supB1

jpj ¼ 1 as well as

inf
h AP2

Z
B1ð0Þ

D2
� uðrxþ x0Þ

r2

�
�D2h

����
����
2

¼
Z
B1ð0Þ

D2
� uðrxþ x0Þ

r2

�
� tD2p

����
����
2

:

We will often write Pðu; rÞ when x0 is either the origin or given by the context.
By definition tr ¼ supB1

jPðu; rÞj and pr ¼ Pðu; rÞ=tr.

It is a simple consequence of the BMO estimate (3.4) that if x0 a SðuÞBB1=2ðuÞ
then (Proposition 3.7 in [3])

uðrxþ x0Þ
r2

�Pðu; r; x0Þ
����

����
C 1; aðB1Þ

aCa

�
sup
B1

juj; n
�
:ð3:5Þ

If x0 a SðuÞ then

sup
Brðx0Þ

juj > cr2 lnð1=rÞð3:6Þ

for 0 < r < r0ðu; x0Þ and some small c > 0. To be more precise it is known that
(c.f. Lemma 5.1 in [3]).

Lemma 3.3. Let u be a solution to (1.1) in B1 such that supB1
jujaM and

uð0Þ ¼ j‘uð0Þj ¼ 0. Then there exist r0 > 0 and r0 > 0 such that if

sup
B1

jPðu; rÞjb 1

r0
ð3:7Þ
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for an ra r0 then

sup
B1

jPðu; r=2Þj > sup
B1

jPðu; rÞj þ h0=2;

where h0 is a universal constant.

The Lemma is proved for n ¼ 3 in [3] but the proof is the same in arbitrary
dimension.

This estimate together with (3.5) implies that uð� þ x0Þ ¼ Pðu; r; x0Þ þ a lower
order perturbation. Using the pre-compactness in C1;a (c.f. Equation (3.5)) of

uðrjxþ x0Þ
r2j

�Pðu; rj; x0Þð3:8Þ

for some sequence rj ! 0 we may extract a sub-sequence, which we still denote
by rj, such that

lim
rj!0

� uðrjxþ x0Þ
r2j

�Pðu; rj ; x0Þ
�
¼ ZpðxÞ

for some function Zp. It is not di‰cult to see that Zp is the unique solution to

DZp ¼ �wfpðxÞ>0g in Rn

Zpð0Þ ¼ j‘Zpð0Þj ¼ 0

lim
jxj!l

ZpðxÞ
jxj3

¼ 0

PðZp; 1Þ ¼ 0

ð3:9Þ

where

pðxÞ ¼ lim
rj!0

Pðu; rj; x0Þ
kPðu; rj; x0ÞkL2ðB1Þ

:

In order to show regularity for the free boundary near a singular point we
would have to control the limit

lim
r!0

Pðu; r; x0Þ
kPðu; r; x0ÞkL2ðB1Þ

:

If one can show that the limit is unique then it follows that the blow-up

lim
r!0

ðuðrxþ x0Þ=r2 �Pðu; r; x0ÞÞ ¼ Zp

is unique.
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The following result, Corollary 7.3 in [3], gives a quantitative measure on how
the function ZPðu; r;0Þ controls the di¤erence between Pðu; r; 0Þ and Pðu; r=2; 0Þ.

Proposition 3.4. Let u solve (1.1) in B1 HRn and assume that supB1
jujaM,

uð0Þ ¼ j‘uð0Þj ¼ 0, and that for some ra r0 and ra r0,

sup
B1

jPðu; rÞjb 1

r
:

Then

sup
B1

jPðu; r=2Þ �Pðu; rÞ �PðZPðu; rÞ; 1=2ÞjaCðM; n; aÞ
�
sup
B1

jPðu; rÞj
��a

for each a < 1=4.

In order to estimate supB1ð0ÞjPðu; r; 0Þ �Pðu; r=2; 0Þj we thus need to be able

to calculate PðZPðu; r;0Þ; 1=2; 0Þ. We will do this with the help of the following
theorem from [12].

Theorem 3.5. Let s a LlðRnÞ be homogeneous of zeroth order, that is sðxÞ ¼
sðrxÞ for all r > 0. Assume that s has the Fourier series expansion

sðxÞ ¼
Xl
i¼0

aisi;

on the unit sphere, where si is a homogeneous harmonic polynomial of order i.
Moreover assume that DZ ¼ s and that Zð0Þ ¼ j‘Zð0Þj ¼ limx!l ZðxÞ=jxj3

¼ 0. Then

ZðxÞ ¼ qðxÞ lnjxj þ jxj2fðxÞ;

where

q ¼ a2

nþ 2
s2

and

fðxÞ ¼
X
iA2

ai

ðnþ iÞði � 2Þ si
� x

jxj

�
:

Our strategy in the rest of the paper will be to use Theorem 3.5 to calculate

PðZPðu; r;0Þ; 1=2; 0Þ ¼ � lnð2Þa2
nþ 2

s2ðxÞð3:10Þ
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where s2 is the second order term in the Fourier series expansion

�wfPðu; r;0Þ>0g ¼
Xl
i¼0

aisiðxÞ on qB1ð0Þ:

Using the expression (3.10) in Proposition 3.4 will give us enough information to
deduce that the blow-up of u is unique at all points x0 a Sn�2ðuÞ.

4. Estimates of the Projections

In order to estimate PðZp; 1=2Þ we need to calculate a2s2 from Theorem 3.5.
That involves calculating the second order Fourier coe‰cients for �wfpd>0g on
the unit sphere. To that end we choose nx2

i � jxj2 for i ¼ 1; . . . ; n and xixj for
iA j as a basis for the second order harmonic polynomials.

We may choose coordinates so that

Pðu; r; 0Þ
supB1

jPðu; r; 0Þj ¼ pdðxÞ ¼ d1x
2
1 þ d2x

2
2 þ � � � þ dn�2x

2
n�2ð4:11Þ

þ ð1� ~ddÞx2
n�1 � x2

n ;

where d ¼ ðd1; d2; . . . ; dn�2Þ and ~dd ¼
Pn�2

i¼1 di. We also define the polynomial pd,
for a given vector d a Rn�2 in equation (4.11). We will assume, for definiteness

that ~ddb 0 (this is implicit in the definition of pd in equation (4.11)). If ~dd < 0 then
all the following arguments follows through with minor and trivial changes.

It follows from symmetry (i.e. �wfpd>0g is even and the xixj’s are odd on the

unit sphere) that the Fourier coe‰cient of xixj is zero.
Since we are only interested in points x0 a Sn�2ðuÞ where

lim
rj!0

Pðu; rj; x0Þ
supB1

jPðu; rj; x0Þj ¼ p0;

for some sequence rj ! 0, we may assume that jdjf 1.
We also denote by BiðdÞ the following integral

BiðdÞ ¼ �
Z
qB1ð0Þ

wfpd>0gx
2
i dAð4:12Þ

and by BðdÞ the following integral

BðdÞ ¼ �
Z
qB1ð0Þ

wfpd>0g dA:ð4:13Þ
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Here dA is the surface element. It follows that the Fourier coe‰cient of nx2
i � jxj2

of wfpd>0g is

1

knx2
i � jxj2kL2ðqB1ð0ÞÞ

ðnBiðdÞ � BðdÞÞ:

Using that PðZpd ; 1Þ ¼ 0 by definition and Theorem 3.5 we may deduce that

PðZpd ; 1=2Þ ¼ �K0

Xn

i¼1

ðn2BiðdÞ � nBðdÞÞx2
i ;ð4:14Þ

where

K0 ¼
lnð2Þ

ðnþ 2Þknx2
i � jxj2kL2ðqB1ð0ÞÞ

:

It is clear that we need to estimate the functions BiðdÞ and BðdÞ in order to
estimate

Pðu; rÞ �Pðu; r=2Þ ¼ PðZpd ; 1=2Þ þOðkPðu; rÞk�a
LlðB1ð0ÞÞÞ;

where the above equality is a direct consequence of Proposition 3.4.
Before we can estimate the integrals in (4.12) and (4.13) we need to introduce

some notation for integration on the unit sphere. We parametrise the unit sphere
in R2 according to

qB1ð0Þ ¼ fx1ðfÞ; f a ð0; 2pÞg;

where x1ðfÞ ¼ ðcosðfÞ; sinðfÞÞ. Inductively we define, for kb 2, the polar coordi-
nates

xkðf;c1;c2; . . . ;ck�1Þ ¼ ðsinðfk�1Þxk�1ðf;c1; . . . ;ck�2Þ; cosðck�1ÞÞ:

The unit sphere in Rk is then defined by

qB1ð0Þ ¼ fxk�1ðf;c1; . . . ;ck�2Þ; f a ð0; 2pÞ;cj a ð0; pÞg;

modulo a set of measure zero.
With this parametrisation an area element on the unit sphere becomes

dA ¼ det
qxk�1

qf

qxk�1

qc1

qxk�1

qc2

� � � qxk�1

qck�2

� �
df dc1 . . . dck�2;ð4:15Þ

where xk�1 is considered to be a column vector. Somewhat more explicitly the
k � ðk � 1Þ-matrix in (4.15) is
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ð4:16Þ
�sinðcÞPk�2

j¼1 cosðf1Þ cosðfÞPk�2
j¼2 � � � cosðck�3Þ cosðfÞPk�2

j¼1; jAk�3 cosðck�2Þ cosðfÞPk�3
j¼1

cosðfÞPk�2
j¼1 sinðf1Þ cosðfÞPk�2

j¼2 � � � cosðck�3Þ sinðfÞPk�2
j¼1; jAk�3 cosðck�2Þ sinðfÞPk�3

j¼1

0 �sinðc1ÞPk�2
j¼2 � � � cosðck�3ÞPk�2

j¼1; jAk�3 cosðck�2ÞPk�3
j¼1

0 0 . .
.

cosðck�3ÞPk�2
j¼2; jAk�3 cosðck�2ÞPk�3

j¼2

..

. ..
. . .

. ..
. ..

.

0 0 � � � �sinðck�3Þ sinðck�2Þ cosðck�2Þ cosðck�3Þ
0 0 � � � 0 �sinðck�2Þ

2
666666666666664

3
777777777777775

where we have used the notation

Pk�2
j¼1 ¼ Pk�1

j¼1 sinðcjÞ:

We will denote the matrix in (4.16) by M. By the anti-commutativity of the
rows in the determinant function we have the identity

detðMÞ ¼ sink�2ðck�3Þ sink�2ðck�2Þð4:17Þ

�

0 0

N 0 0

0 0

0 0 0 0 �sinðck�3Þ sinðck�2Þ cosðck�2Þ cosðck�3Þ
0 0 0 0 0 �sinðck�2Þ

�����������

�����������
¼ sink�3ðck�3Þ sink�2ðck�2Þ detðNÞ

where Nðf;c1; . . . ;ck�4Þ is the ðk � 2Þ � ðk � 3Þ-matrix satisfying
sinðck�3Þ sinðck�2Þnij ¼ mij for 1a ia k � 2 and 1a ja k � 3. Notice that
N is independent of ck�3 and ck�2.

In order to estimate Bi we will use the identity in (4.17) to write, with k ¼ n,

BiðdÞ ¼ �
Z
qB1ð0Þ

wfpd>0gx
2
i dAqB1ð0Þð4:18Þ

¼ �
Z 2p

0

Z p

0

. . .

Z p

0

wfpd>0gx
2
i jdetðMÞj dck�2 dck�3 . . . df

¼ �
Z 2p

0

Z p

0

. . .

Z p

0

�
Z p

0

Z p

0

wfpd>0gx
2
i jsin

n�1ðcn�3Þ sinnðcn�2Þj dcn�2 dcn�3

� �

� jdetðNÞj dcn�4 . . . df:
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We will need some further simplifications

BiðdÞ ¼ �
Z
qB1ð0Þ

wfpd>0gx
2
i dAqB1ð0Þð4:19Þ

¼ �
Z 2p

0

Z p

0

. . .

Z p

0

wfpd>0gx
2
i jdetðMÞj dck�1 dck�2 . . . df

¼ �2n

Z
ð0;p=2Þn�2

�
Z p=2

0

Z p=2

0

wfpd>0gx
2
i S

n�1;nðcn�2;cn�1Þ dcn�1 dcn�2

" #

� jdetðNÞj dcn�3 . . . df

¼ �2n

Z
ð0;p=2Þn�2

Z
AðmÞ

wfpd>0gx
2
i S

n�1;nðcn�2;cn�1Þ dcn�1 dcn�2

" #

� jdetðNÞj dcn�3 . . . df

�2n

Z
ð0;p=2Þn�2

Z
ð0;p=2Þ2nAðmÞ

wfpd>0gx
2
i Sðcn�2;cn�1Þ dcn�1 dcn�2

" #

� jdetðNÞj dcn�3 . . . df

¼ I1; iðd; mÞ þ I2; iðd; mÞ;

where

Sn�1;nðcn�2;cn�1Þ ¼ jsinn�1ðcn�2Þ sinnðcn�1Þj;

and AðmÞ ¼ F�1ðð0; mÞ2Þ where F is the stereographic projection

F ðcn�3;cn�2Þ ¼
� cosðcn�3Þ
sinðcn�3Þ

;
cosðcn�2Þ

sinðcn�2Þ sinðcn�3Þ

�
:ð4:20Þ

If m is small then AðmÞQðp=2� m; p=2Þ2, the exact form of AðmÞ is unimportant
as long as AðmÞ contains a small neighbourhood of the point ðp=2; p=2Þ. We
choose the particular form of AðmÞ in order to simplify some calculations further
on (see equation (4.24)).

We will estimate I1; iðd; mÞ and I2; iðd; mÞ separately for jdj small. Fix a m > 0
such that jdjf mf 1. The value of m is not very important and can be chosen
universal, depending only on n in particular m < cL in (4.32).

To estimate I2; iðd; mÞ we notice that

‘pd ¼ 2ðd1x1; d2x2; . . . ; dn�2xn�2; ð1� ~ddÞxn�1;�xnÞ:
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By our choice of polar coordinates we have that when cn�1 a ð0; p=2� mÞ then

xn ¼ cosðcn�1Þb cm:

This means that the gradient of pd is bounded from below by a constant times m
on its zero level set. It is therefore very easy to estimate I2; iðd; mÞ by means of the
co-area formula.

By the co-area formula it follows that for t a ð0; 1Þ and with the notation
qd ¼

Pn�2
j¼1 djx

2
j

d

dt
I2; iðd; tdÞ

����
����¼

Z
fðx2

n�2
�x2

n Þ=ðqd� ~ddx2
n�1

Þ¼tg

1

‘
x2
n�2

�x2
n

qd� ~ddx2
n�1

����
����
dAfðx2

n�2
�x2

n Þ=ðqd� ~ddx2
n�1

Þ¼tg

��������

��������
aC

jdj
m
:

In particular

jI2; iðd; mÞ � I2; iðd; 0ÞjaC
jdj
m
:ð4:21Þ

We need to work a little harder in order to estimate I1ðd; mÞ. We begin to
prove a simple lemma that will allow us to do some integrations explicitly module
OðjdjÞ-terms.

Lemma 4.1. Let f0;c0
1 ;c

0
2 ; . . . ;c

0
n�4 be fixed. Furthermore we let m > 0 be a

small constant and 1a ia n. We use polar coordinates xiðf;c1;c2; . . . ;cn�2Þ.
We also assume that

Xn�2

j¼1

djx
2
j ðf0;c0

1 ;c
0
2 ; . . . ;c

0
n�4; p=2; p=2Þ

2
b 0:ð4:22Þ

Then there exist a constant c > 0 such that

ð1� cmÞ
Z
AðmÞ

x2
i ðf0;c0

1 ; . . . ;cn�2Þ
2

� ðwfpd>0gðf0;c0
1 ; . . . ;cn�2Þ

� wfp0>0gðf0;c0
1 ; . . . ;cn�2ÞÞSn�1;n dcn�2 dcn�1

a

Z m

0

Z m

0

~xx2
i ðwfpdð~xxÞ>0gðf0;c0

1 ; . . . ;cn�3;cn�2Þ

� wfp0>0gðf0;c0
1 ; . . . ;cn�2ÞÞ d~xxn�1 d~xxn

a ð1þ cmÞ
Z
AðmÞ

x2
i ðf0;c0

1 ; . . . ;cn�3;cn�2Þ
2

� ðwfpd>0gðf0;c0
1 ; . . . ;cn�3;cn�2Þ

� wfp0>0gðf0;c0
1 ; . . . ;cn�2ÞÞSn�1;n dcn�3 dcn�2;
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where

S i; j ¼ jsin iðcn�3Þ sin jðcn�2Þj;

~xxiðf;c1;c2; . . . ;cn�2Þ ¼
xiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn�2
j¼1 x2

j

q :

and the set A is the stereographic projection of the two dimensional spherical area

fxðf0;c0
1 ; . . . ;cn�3;cn�2Þ; ðfn�3; fn�2Þ a ðp=�m; p=2Þ2g

under the projection x ! ~xx.

Remark. Assumption (4.22) is non-essential and only made for definiteness and
the result still holds if

Xn�2

j¼1

djx
2
j ðf0;c0

1 ;c
0
2 ; . . . ;c

0
n�4; p=2; p=2Þ

2 < 0:

Proof. It is trivial that 1� cma sinðcn�3Þa 1 and that 1� cma sinðcn�3Þa 1.
Therefore

1� ci; jmaSi; j
a 1:ð4:23Þ

Use the change of variables

ðcn�3;cn�2Þ !
� cosðcn�3Þ
sinðcn�3Þ

;
cosðcn�2Þ

sinðcn�2Þ sinðcn�3Þ

�
¼ ð~xxn�1; ~xxn�2Þ

in Z
AðmÞ

x2
i ðf0;c0

1 ; . . . ;cn�3;cn�2Þ
2ð4:24Þ

� ðwfpd>0gðf0;c0
1 ; . . . ;cn�3;cn�2Þ

� wfp0>0gðf0;c0
1 ; . . . ;cn�2ÞÞSn�1;n dcn�3 dcn�2

¼
Z m

0

Z m

0

x2
i ðf0;c0

1 ; . . . ;cn�3;cn�2Þ
2

� ðwfpdð~xxÞ>0g � wfp0ð~xxÞ>0gÞSn�4;n�2 d~xxn�1 d~xxn;

it is in this change of variables that we use the rather awkward definition of AðmÞ
in order to get a nice area of integration to the right.

Since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn�2

j¼1 x2
j

q
¼ sinðcn�3Þ sinðcn�2Þ we may estimate

ð1� cmÞ~xxi a xi a ~xxið4:25Þ

135the singular set of higher dimensional unstable obstacle type problems



Notice that since

Xn�2

j¼1

djxjðf0;c0
1 ;c

0
2 ; . . . ;c

0
n�4; p=2; p=2Þ

2
b 0:

the integrand is non-negative so we may use (4.23) and (4.25) in (4.24) to deduce
the desired estimates. r

Lemma 4.2. Let jdjf mf 1. Also denote

qd ¼
Xn�2

j¼1

djx
2
j

and f0;c0
1 ; . . . ;c

0
n�4 fixed constants. Then, for i ¼ 1; . . . ; n� 2,Z

ðp=2�m;p=2Þ2
x2
i ðwfpd>0gðf;c1; . . . ;cn�2Þ � wfp0>0gÞSn�1;n dcn�3 dcn�2

¼ � 1þOðmÞ
4

qdðf0;c0
1 ; . . . ; p=2; p=2Þ
1� ~dd

jlnðjqdðf0;c0
1 ; . . . ; p=2; p=2ÞjÞj

þOðjdj=mþ mjdj jlnðjdjÞjÞ

and for i ¼ n� 1; n we haveZ
ðp=2�m;p=2Þ2

x2
i ðwfpd>0gðf;c1; . . . ;cn�2Þ � wfp0>0gÞSn�1;n dcn�3 dcn�2 ¼ OðjdjÞ

Proof. By Lemma 4.1 it is enough to prove the estimate forZ m

0

Z m

0

x2
i ðwfpdðxÞg � wp0ðxÞÞ dxn�1 dxn;ð4:26Þ

where
Pn�2

j¼1 x2
j ¼ 1.

To simplify notation we will write

k ¼ qdðxÞ:

And we will assume that k > 0, if k ¼ 0 then the argument is simple and the case
k < 0 is treated analogously.

Notice that

wfpdð~xxÞ>0g ¼ 1 if 0 < ~xxn <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ ð1þ ~ddÞ~xx2

n�1

q
0 else:

(

For i ¼ 1; . . . ; n� 2 we may write (4.26) as
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Z m

0

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ ð1� ~ddÞx2

n�1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffi
x2
n�1Þ

q
Þ~xx2

i dxn�1

¼ 1

4

k

1� ~dd
lnðkÞ~xx2

i þ
m

2ð1þ m2Þ þOðjdj=mþ mjdj jlnðjdjÞjÞ;

where we have used the identity

Z ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
dx ¼ 1

2
x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
þ 1

2
lnðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
Þ

to evaluate the integral.
For i ¼ n� 1 we can calculate

Z m

0

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ ð1þ ~ddÞx2

n�1

q
�

ffiffiffiffiffiffiffiffiffi
x2
n�1

q
Þ~xx2

n�1 dxn�1 ¼ Oðm2kÞ:

Finally, for i ¼ n we getZ m

0

Z m

0

x2
nðwfpdðxÞg � wp0ðxÞÞ dxn�1 dxn

¼
Z m

0

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþð1� ~ddÞx2

n�1

p
0

x2
n dxn �

Z xn�1

0

x2
n dxn

2
4

3
5dxn�1 ¼ Oðkm2Þ: r

Proposition 4.3. If jdj is small enough and CiðdÞ is defined according to

CiðdÞ ¼ BiðdÞ � Bið0Þ

then there exists a universal constant c such that

1

c
jd lnðjdjÞja

Xn�2

j¼1

jCiðdÞja cjd lnðjdjÞj:

Moreover, if di > dj then CiðdÞ < CjðdÞ.

Proof. In (4.19) we showed that we can write

BiðdÞ � Bið0Þ ¼ ½I2; iðd; mÞ � I2; ið0; mÞ� þ ½I1ðd; mÞ � I1ð0; mÞ�:

We also showed, (4.21), that

½I2; iðd; mÞ � I2; ið0; mÞ� ¼ Oðjdj=mÞ:

Also in (4.19) we showed that we can write
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I1ðd; mÞ � I1ð0; mÞ ¼
Z
Bn�2
1

Z
A

ðwfpd>0g � wp0>0ÞSn�1;n dcn�3 dcn�2

� �
ð4:27Þ

� detðNÞ dAqBn�2
1

ðf; . . . ;cn�4Þ:

Furthermore we showed, in Lemmas 4.1 and 4.2, that the inner integral in (4.27)
satisfies Z

A

ðwfpd>0g � wp0>0ÞSn�1;n dcn�3 dcn�2

¼ ð1þOðmÞÞ
Z
A

x2
i ðwfpdð~xxÞ>0g � wfp0>0gÞ dxn�1 dxn

¼ � 1þOðmÞ
4

qdðx1; . . . ; xn�2Þklnðjqdðx1; . . . ; xn�2jÞk

þOðjdj=mþ mjdj jlnðjdjÞjÞ

for ðx1; . . . ; xn�2Þ a qBn�2
1 . Disregarding lower order terms we may conclude that

I1; iðd; mÞ � I1; ið0; mÞð4:28Þ

¼ � 1

4

Z
qBn�2

1

qdjlnðqdÞj detðNÞ dAqBn�2
1

þOðjdj=mþ mjdj jlnðjdjÞjÞ:

Let us denote the integrand F ðqdÞ, that is F ðtÞ ¼ tjlnðjtjÞj. We may estimate

jFðqdÞ � jdj jlnðjdjÞqdj ja jdqd lnðjqdjÞjð4:29Þ

where qd ¼ 1
jdj qd. Since qd is a second order polynomial with coe‰cients bounded

by one it directly follows thatZ
qBn�2

1

jdqd lnðjqdjÞj detðNÞ dAqBn�2
1

�����
�����¼ OðjdjÞ:ð4:30Þ

By (4.30), (4.29) and (4.28) we may estimate

I1; iðd; mÞ � I1; ið0; mÞð4:31Þ

¼ � jlnðjdjÞj
4

Z
qBn�2

1

qd detðNÞx2
i dAqBn�2

1
þOðjdj=mþ mjdj jlnðjdjÞjÞ:

We define the linear functional L : Rn�2 ! Rn�2 by

Ld ¼

R
qBn�2

1
qdx

2
1 dAqBn�2

1

..

.R
qBn�2

1
qdx

2
n�2 dAqBn�2

1

2
6664

3
7775:
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Writing L in matrix form we get

L ¼ l1I þ l2J

where l1; l2 > 0, I is the identity matrix and

J ¼

1 1 1 � � � 1

1 1 1 � � � 1

..

. ..
. ..

. . .
. ..

.

1 1 1 � � � 1

1 1 1 � � � 1

2
6666664

3
7777775:

It is easy to see that n i ¼ ½1; 1; 1; . . . ; 1�T is an eigenvector corresponding to the
eigenvalue l1 þ ðn� 2Þl2 and that n j ¼ e1 � ej for j ¼ 2; . . . ; n� 2 are eigenvec-
tors corresponding to the eigenvalue l1. In particular L have ðn� 2Þ-linearly in-
dependent eigenvectors that correspond to strictly positive eigenvalues. We may
conclude that detðLÞ > 0. It follows that there exist a universal constant cL > 0
such that

jLdj > cLjdj:ð4:32Þ

To finish the proof we notice that

Xn�2

j¼1

jCiðdÞj ¼
Xn�2

j¼1

jBiðdÞ � Bið0Þj ¼ jlnðjdjÞj jLdj þOðjdj=mþ mjdj jlnðjdjÞjÞ

>
1

c
jdj jlnðjdjÞj þOðjdj=mþ mjdj jlnðjdjÞjÞ:

And

Xn�2

j¼1

jCiðdÞj ¼
Xn�2

j¼1

jBiðdÞ � Bið0Þj ¼ jlnðjdjÞj jLdj þOðjdj=mþ mjdj jlnðjdjÞjÞ

< cjdj jlnðjdjÞj þOðjdj=mþ mjdj jlnðjdjÞjÞ:

The proposition follows for m small enough if jdjf m.
The final statement follows easily since l1 > 0. r

Remark. We will also use the notation CðdÞ ¼ BðdÞ � Bð0Þ. Notice that

CðdÞ ¼
Xn

i�1

CiðdÞð4:33Þ

since
Pn

i¼1 x
2
i ¼ 1 on the unit sphere.
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5. Proof of the main theorem

In this section we prove Theorem 1.2.
By assumption we have

lim
rj!0

uðrjxÞ
kuðrjxÞkL2ðB1Þ

¼ x2
n�1 � x2

n

kx2
n�1 � x2

nkL2ðB1Þ

for some sequence rj ! 0. Therefore

lim
rj!0

Pðu; rj; 0Þ
supB1

jPðu; rj; ÞkL2ðB1Þ
¼ x2

n�1 � x2
n :ð5:34Þ

For any r > 0 we can define a dðrÞ according to

Pðu; r; 0Þ
supB1

jPðu; r; 0ÞkL2ðB1Þ
¼ pdðrÞðxÞ:

With this notation (5.34) implies that (see 4.11)

jdðrjÞj ! 0

so we may, by choosing j large enough, assume that dðrjÞ is as small as we need.
Also, from (3.6) and (3.5) we may deduce that

sup
B1ð0Þ

jPðu; rj; 0Þjb cjlnðrjÞj

for j large enough.
If we denote supB1ð0ÞjPðu; s; 0Þj ¼ tsQcjlnðsÞj for s small enough and t2�j s is

increasing in j (Lemma 3.3). Then Proposition 3.4 implies that

Pðu; rj=2; 0Þ ¼ Pðu; rj; 0Þ þPðZpd ; 1=2; 0Þ þOðt�a
rj
Þ:ð5:35Þ

The main step in our uniqueness proof for blow-up limits is

Lemma 5.1. Let u be a solution to (1.1) and assume that
Pðu; r;0Þ

supB1ð0ÞjPðu; r;0Þj ¼ pdðrÞ for
some dðrÞ satisfying jdðrÞj < k0 for some universal k0.

We also assume that

Xn

i¼1

CiðdðrÞÞ < 0:ð5:36Þ

Then for each g < 1=8 there exist a constant Cg such that if

maxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ > Cgt
�g
rð5:37Þ
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then

maxðd1ðr=2Þ; d2ðr=2Þ; . . . ; dn�2ðr=2ÞÞ
1� ~ddðr=2Þ

>
maxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ

1� ~ddðrÞ
:ð5:38Þ

Moreover, if dj < 0 and

dj aminðd1ðr=2Þ; d2ðr=2Þ; . . . ; dn�2ðr=2ÞÞ

then it follows that

djðr=2Þ
1� ~ddðr=2Þ

<
djðrÞ

1� ~ddðrÞ
;ð5:39Þ

provided that (5.37) holds.

Remark. If
Pn

i¼1 CiðdðrÞÞ > 0 a similar result holds and the proof goes through
with trivial changes.

Proof. From (5.35) and (4.14) we can conclude that the coe‰cient of the
x2
j -term in Pðu; r=2; 0Þ is

trdjðrÞ þ K0ðn2BjðdðrÞÞ � nBðdÞÞ þOðt�2g
r Þ:ð5:40Þ

Next we make the following claim

Claim. For j ¼ 1; . . . ; n� 2 we have n2Bjð0Þ � nBð0Þ ¼ 0.

Proof of the claim. This is easy to verify since we can calculate Zp0 , and thus
Bið0Þ explicitly (cf. [2, Lemma 4.4]):

Define v : ð0;þlÞ � ½0;þlÞ ! R by

vðxn�1; xnÞ :¼ �4xn�1xn logðx2
n�1 þ x2

nÞ

þ 2ðx2
n�1 � x2

nÞ
� p

2
� 2 arctan

� xn

xn�1

��
� pðx2

n�1 þ x2
nÞ:

Moreover, let

wðxn�1; xnÞ :¼
vðxn�1; xnÞ; xn�1xn b 0; xn�1A 0;

�vð�xn�1; xnÞ; xn�1 < 0; xn b 0;

�vðxn�1; xnÞ; xn�1 > 0; xn a 0;

8<
:

and define

~ZZxn�1xnðxn�1; xnÞ :¼
wðxn�1; xnÞ � pðx2

n�1 þ x2
nÞ þ 8xn�1xn

8p
:
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In particular, ~ZZxn�1xnðxn�1; xnÞ is a rotation of Zp0 . It is clear that

Pð ~ZZxn�1xn ; 1=2; 0Þ ¼
lnð2Þ
p

xn�1xn;

or equivalently

PðZp0 ; 1=2; 0Þ ¼
lnð2Þ
2p

ðx2
n�1 � x2

nÞ:

It follows that n2Bjð0Þ � nBð0Þ ¼ 0 for j ¼ 1; . . . ; n� 2. This proves the claim.
By the definition of CjðdÞ we may thus write, for j ¼ 1; . . . ; n� 2, the coe‰-

cient of the x2
j -term in Pðu; r=2; 0Þ (that is equation (5.40))

trdjðrÞ � K0ðn2CjðdðrÞÞ � nCðdÞÞ þOðt�2g
r Þ:

Similarly we can express the x2
n�1 coe‰cient of Pðu; r=2; 0Þ according to

trð1� ~ddðrÞÞ þ lnð2Þ
2p

� K0ðn2Cn�1ðdðrÞÞ � nCðdÞÞ þOðt�2g
r Þ:

The quotient of the x2
j and the x2

n�1 coe‰cients of Pðu; r=2; 0Þ is thus equal
to

trdjðrÞ � K0ðn2CjðdðrÞÞ � nCðdÞÞ þOðt�2g
r Þ

trð1� ~ddðrÞÞ þ lnð2Þ
2p � K0ðn2Cn�1ðdðrÞÞ � nCðdÞÞ þOðt�2g

r Þ
:

Let us first prove the Lemma under the assumption

djðrÞ ¼ maxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ:ð5:41Þ

Then the claim of the Lemma is

trdjðrÞ � K0ðn2CjðdðrÞÞ � nCðdÞÞ þOðt�2g
r Þ

trð1� ~ddðrÞÞ þ lnð2Þ
2p � K0ðn2Cn�1ðdðrÞÞ � nCðdÞÞ þOðt�2g

r Þ
>

djðrÞ
1� ~ddðrÞ

:ð5:42Þ

The inequality (5.42) hold if

�K0ð1� ~ddðrÞÞn2CjðdðrÞÞ þ K0nð1� ~ddðrÞ � djðrÞÞCðdÞð5:43Þ
þOðjdjdj þ t�2g

r Þ > 0:

From (5.41) and Proposition 4.3 we have

ðn� 1ÞCjðdÞa
Xn�2

i¼1

CiðdÞ þOðjdjÞ ¼
Xn

i¼1

CiðdÞ ¼ CðdÞ
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where we used Lemma 4.2 in the first equality and (4.33) in the last equality.
Using this and dj > 0 in (5.43) we can deduce that the Lemma holds if

�K0ð1� ~ddÞCjðdÞ > Oðjdjdj þ t�2g
r Þ;

or equivalently if

�CjðdÞ > Oðt�2g
r Þ;

where we used that jCjðdÞjQ jdj jlnðjdjÞj.
In particular if jdj is small and (5.41) holds then (5.38) holds if dj bCgt

�g.
This is exactly what we wanted to prove.

Next we chose any dj < 0 in order to prove (5.39).
Then the claim of the Lemma is

trdjðrÞ � K0ðn2CjðdðrÞÞ � nCðdÞÞ þOðt�2g
r Þ

trð1� ~ddðrÞÞ þ lnð2Þ
2p � K0ðn2Cn�1ðdðrÞÞ � nCðdÞÞ þOðt�2g

r Þ
<

djðrÞ
1� ~ddðrÞ

:ð5:44Þ

The inequality (5.44) hold if

�K0ð1� ~ddðrÞÞn2CjðdðrÞÞ þ K0nð1� ~ddðrÞ � djðrÞÞCðdÞð5:45Þ
þOðjdjdj þ t�2g

r Þ < 0:

We either have that

CðdÞ < � ~CCt�g
rð5:46Þ

or

CjðdÞ > ~CCt�g
rð5:47Þ

for some universal ~CC. This since if dk ¼ maxðd1ðr=2Þ; d2ðr=2Þ; . . . ; dn�2ðr=2ÞÞb
Cgt

�g
r then CkðdÞ < �cCgt

�g
r jlnðtrÞj so if CðdÞb�Ct�g

r then at least one of
ClðdÞ, for l ¼ 1; . . . ; n� 2, must satisfy ClðdÞ > cCgt

�g
r jlnðtrÞjgCgt

�g
r since

jdjf 1. By the monotonicity of ClðdÞ it follows that CjðdÞ > ~CCt�g
r .

In either case (5.46) or (5.47) it follows that (5.45) holds true. The Lemma
follows. r

We may now proceed with our proof of the main Theorem. From Lemma 5.1
and (1.2) it follows that

jdðrÞjaCt�g
r :ð5:48Þ

If not then we have by Lemma 5.1 that

maxðd1ðr=2Þ; d2ðr=2Þ; . . . ; dn�2ðr=2ÞÞ > maxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ
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if

maxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ > 0

and

minðd1ðr=2Þ; d2ðr=2Þ; . . . ; dn�2ðr=2ÞÞ < minðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ

if

minðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ < 0:

Since tr=2k > tr=2 l for k > l we may iterate this and conclude that if (5.48) is not
true then

lim
k!l

maxðd1ðr=2kÞ; d2ðr=2kÞ; . . . ; dn�2ðr=2kÞÞbmaxðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ

and/or

lim
k!l

minðd1ðr=2kÞ; d2ðr=2kÞ; . . . ; dn�2ðr=2kÞÞaminðd1ðrÞ; d2ðrÞ; . . . ; dn�2ðrÞÞ:

This would contradict (1.2).
So (5.48) has to hold. This implies in particular that

Pðu; r; 0Þ
supB1

jPðu; r; 0Þj �
Pðu; r=2; 0Þ

supB1
jPðu; r=2; 0Þj

����
����aC

t�g
r

supB1
jPðu; r; 0Þj aCt�1�g

r :

We may iterate and conclude that

Pðu; r; 0Þ
supB1

jPðu; r; 0Þj �
Pðu; r=2k; 0Þ

supB1
jPðu; r=2k; 0Þj

����
����aC

Xk
j¼1

Ct
�1�g

r=2kð5:49Þ

aC
Xk
j¼1

ðk lnð2Þ þ lnð1=rÞÞ�1�g

since tr > cjlnðrÞj. Since g > 0 it follows that (5.49) is convergent and we may
directly conclude that

lim
r!0

uðrxÞ
kuðrxÞkL2ðB1Þ

exists. The first claim (1.3) of Theorem 1.2 follows.
That

SBBr0ð0ÞB x;
Xn�2

i¼1

x2
i a hðx2

n1
þ x2

nÞ
( )

144 j. andersson, h. shahgholian and g. s. weiss



consists of two C1 manifolds intersection at right angles at the origin is now
standard (see Corollary 9.2 or in [3]).

To prove that

Sn�2BBr0ð0Þ

is contained in a C1 manifold of dimension ðn� 2Þ for some small r0 we may
proceed as in Theorem 12.2 in [3]. This proves Theorem 1.2.
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