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Group Theory — A note on subgroups of cofinite volume, by MARTIN
MoskowITz, communicated on 9 November 2012.

ABSTRACT. — This note explores the relationship of closed cofinite volume subgroups H to lattices
in Lie groups G, particularly when G = G, the group of real points of an algebraic Q-group. In
some, but by no means all cases, H contains a lattice.
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Let G be a Lie group and H a closed subgroup with G/H of finite volume. A
question I was asked some time ago by Michel Kervaire at a lecture I gave on this
subject was whether all such H are lattices. In many cases, for example G = R”,
or more generally when G is a simply connected nilpotent group G with center
Z(G), given a lattice, or in the latter case a log lattice, I, using the fact that exp
is a global diffeomorphism, in the first case one can certainly run lines through
some of the generators, or in the latter case 1-parameter groups through the gen-
erators of I' 1 Z(G) (which is a lattice in Z(G), see e.g. Corollary 6 of [4]) to get a
non discrete closed subgroup H = I'. Hence H also has cofinite volume. In this
way the question then becomes, must H contain a lattice?

In general, the answer is no. The most accessible examples illustrating this are
groups G which have no lattices at all. Then, (assuming G had such an H) since
any lattice in H is also a lattice in G, this can not occur.

EXAMPLE 1. For example, let G be any 2-step simply connected nilpotent group
without lattices (see Proposition 3.1.71 of [1]) and Z be its center. Then G/Z is
abelian and so is R" for some n. Take A = H|Z to be any proper closed subgroup
of G/Z with compact quotient. Then H is a proper closed subgroup of G with G/H
compact and so of finite volume. But this cannot occur since G has no lattices.

The significance of Example 1 is that according to the well known criterion
of Malcev (see [10] Theorem 2.12) a simply connected nilpotent group G posseses
a lattice if and only if its Lie algebra, g, has a rational form. That is, has a basis

The research on this paper was completed while the author was a visitor at the Universita di
Roma, Tor Vergata, in May 2012. He warmly thanks the Mathematics Department for its hospital-
ity and support.



304 M. MOSKOWITZ

under which all the structure constants are rational. The following proposition
formulates this in group theoretic terms.

PROPOSITION 1. Let G be a simply connected nilpotent group with Lie algebra g.
Then g has a rational form if and only if in some unipotent representation G is the
real points of an algebraic group defined over Q.

PROOF. Suppose G is real points of an algebraic group defined over Q. Since G
is nilpotent, by [6] Proposition 19.2, G is the direct product, G, x 4, where A4 is
abelian and G, is the unipotent radical. Therefore, to see that g has a rational
form, we may assume G itself is unipotent. Then the group, Xq(G), of @ charac-
ters is trivial. By the Borel-Harish Chandra theorem [3] G is a lattice in G and
by Malcev’s theorem (Theorem 2.12 of [10]) g has a rational form.

Now suppose g has a rational form. Then the proof of Theorem (2.3) pg. 218
of [5] dealing with faithful representations of a simply connected nilpotent group
shows that when g has a Q-form the faithful representation goes to the real points
of an algebraic Q-group. O

Proposition 1 together with Example 1 suggests that for positive results (that
is, where H must contain a lattice) one should look at groups G which are the real
points of a linear algebraic group defined over Q.

Before proceeding we formalize our terminology. A closed subgroup H of a
connected Lie group G is said to be of cofinite volume if there is a (non trivial)
finite G-invariant measure on G/H. If H is discrete it is called a lattice, usually
written I'. A closed subgroup H of a connected Lie group G is called uniform if
G/H is compact. A result of Mostow (Theorem 3.1 in [10]) tells us, for a solvable
group G, H has cofinite volume if and only if it is uniform.

When there is a cofinite volume subgroup there is often an accompanying den-
sity result. The oldest of these concerns semisimple Lie groups without compact
factors due to Borel (see Theorem 5.5 of [10]). More general density results have
been proved in [7] (as well as by others). In [7] a density theorem relevant to this
note holds when G is a connected subgroup of GL(n, R), with radical R, G/R has
no compact factors and R acts on R" with real eigenvalues. However, as the
reader will see, here density is by no means the whole story.

1. UNIPOTENT GROUPS

We first turn to the real points G of a linear algebraic @ group which is unipotent
and where H a closed subgroup of G of cofinite volume (here uniform). In gen-
eral, H need not contain a lattice.

Let ) denote the Lie algebra of H. When diml) = 0, H is discrete and there-
fore contains a lattice, namely itself. But if diml > 0, then Hj is a non trivial
Euclidean closed unipotent subgroup of G. By [7] H is Zariski dense in G = Gg.
Hence | is an ideal in g and Hj is normal in G. Thus H/H, is a lattice in G/H.
Since this latter group is simply connected and nilpotent, its Lie algebra, g/b, has
a rational form by Malcev’s theorem. So }) is an ideal and both g and g/ have



A NOTE ON SUBGROUPS OF COFINITE VOLUME 305

rational forms. The question of whether H contains a lattice then becomes, does
) itself have a rational form?

EXAMPLE 2. We will now construct a pair (g,b) with the following properties:

1. gis a2 step nilpotent real Lie algebra with a Q-structure.

2. [g glsheg
3. bis an ideal and has no Q-structure.

Since [g, 8] < b, the latter is certainly an ideal and g/Y is commutative and so has a
Q-structure.

To construct (g,by) we begin with the standard construction of a 2 step real nil-
potent Lie algebra, ), which has no rational form (see e.g. Proposition 3.1.71 of [1]).

m 3
h=PRX; ® PRY,
i=1 i=1

where [X;, X;] = Zk ! cl ‘Y, the Yy are in the center of h and ck c]k are alge-
braically lndependent over Q. Then for m is sufficiently large b wzll not have a
Q-structure.

To embed ) in a 2 step nilpotent Lie algebra g with a Q-stricture, let

m 3
g=PRY, ®RX;) @ PRY,

i=1 i=1

where the Yy are central and [X;, X;] are defined as above. For each i < m, let a;
and f3; be distinct non zero real numbers, and for i < j < m let

3
/ X”l==§E:aijk
k=1

and

3
:g;b@Y@

where the ak i and bkj are chosen so that X/ + 0, X;, X/ + oy Xj] and [X] + B; X,
X/ + B, X @k , QY. Then'ly is a subalgebra of g

Moreover these conditions give a Q-structure on the 2 step nilpotent Lie alge-
bra, g with [g,q] S b. This is because for i < j there exist aff ; and b{f ; S0 that

1 1 1 1 1 1
a; b —b;; 11 W%zz+%/ ﬂ@Qz
2 2 2 . _ .
i j bivj _bj}i e B = O(,O(,C +xl] ﬂﬂ/ z] )

ai%/ bi%j _bj%i 4 F 207 +x] Biic; ij
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where xf ; € Qare chosen so that the columns of the right side are linearly indepen-
dent.

Applying Proposition 1 this construction supplies numerous examples of
2-step unipotent Q-groups, where by doesn’t have a rational form and hence H
(which here is connected) cannot contain a lattice. This means if we want a posi-
tive result for the real points of a unipotent algebraic Q-group G, we are forced to
take G abelian. Of course, such a G is simply connected and is isomorphic to
some R” and here H contains a lattice. Henceforth our standing assumption will
be that the unipotent radical G, of G is abelian.

2. SEMISIMPLE GROUPS

We next turn to semisimple groups without compact factors where the situation
is positive. The Weyl-Chevalley root space decomposition guarantees Ad(G) is
represented as the real points of a linear algebraic group defined over Q.

PROPOSITION 2. Let G be a connected semisimple group without compact factors
and represented as the real points of a linear algebraic group defined over Q. Then
any closed subgroup H of cofinite volume contains a lattice.

ProOF. First consider the case when G = G is simple. We may assume H is
non discrete; otherwise we would be done. Since H is closed it is a Lie subgroup
of Gg. Let ) # (0) be its Lie algebra. Since |) is invariant under Ad(H), the Borel
density theorem (see [10], or [7]) tells us } is invariant under Ad(G); that is it is an
ideal. Therefore [) = g and so H is open in G. Therefore HGy is open and there-
fore closed in G. By [3], Gr/Gz has finite volume. Hence so does HGz/G7 and
therefore also H/H n Gz. Thus H contains the lattice H n Gz. We consider this
to be the inductive case, n = 1.

Now let G be semisimple and without compact factors and H a closed sub-
group with G/H of finite volume. Then, just as before, b is an ideal. If the Lie
algebra g of G is the direct sum of g, @ --- @ g,, then b is the direct sum of
some subset of these and H is a product of the corresponding G;. There are two
possibilities. Either this subset is proper, or h =g, @ --- @ g,. In the first case
we get our conclusion that H contains a lattice by induction. If the Lie algebras
of G and H coincide, then H is an open subgroup of G and since G is connected
H = G = Gy and, again by [3], H contains the lattice G. O

LEMMA 1. Let G=X-Y, where X and Y are algebraic subgroups of the real
points of an algebraic group, G, and [X, Y] = (1). If X N Y is finite, then multipli-
cation, m, gives a finite sheeted covering from the direct product X x Y — G. If H
is closed in G and has cofinite volume, then m="(H) is a closed subgroup of X x Y
also of cofinite volume. If T is a lattice in X x Y, its image is a lattice in G.

ProOF. Consider the multiplication map m : X x ¥ — G. Because [X, Y] = (1)
this continuous surjective map is a homomorphism. It has finite kernel since
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X N Y is finite. The statement concerning H is clear. We prove the image of I' is
a lattice by first showing m(T") is closed. Consider a sequence from m(I") converg-
ing to a point in G. Because the preimage of every element is finite, one of these
must repeat infinitely often. This means there is some constant subsequence
which also converges to this point and so the limit is in the image. Now lattices
in connected Lie groups are finitely generated (see e.g. pg. 3 of [8]) and so in par-
ticular are countable and, of course, the same is true for a Lie group with a finite
number of connected components. Since X and Y each has a finite number of
connected components (see [11]), so does X x Y. Hence I' is countable. The
Open Mapping theorem (Corollary 0.47 [1]) then tells us that m restricted to I’
is an open map onto its image and so m(I') is discrete. Finally, the image has
cofinite volume in G because I" has cofinite volume in X x Y and this measure
can be pushed forward. O

Now suppose G is a connected semisimple group perhaps with some compact
factors and represented as the real points of a linear algebraic group defined over
Q. Then G = S - K, where S has no compact factors, K is compact, each is an
algebraic group over Q and [K,S] = (1). Since S N K is discrete and K is com-
pact SN K is finite. By Lemma 1 we may assume G is the direct product of .S
and K.

Let ny be the projection of G onto S. Then ng(H) is a cofinite volume
subgroup of S. By Proposition 2 either ng(H)™ is discrete and so is a lattice,
or contains a lattice of S. Thus in either case ng(H)~ contains a lattice I of S.
Since K is compact, I x (1) is a lattice in S x K = G and is contained in H.
Hence,

PROPOSITION 3. Let G be any semisimple group represented as the real points of
a linear algebraic group defined over Q and H be a closed subgroup of G with G/H
of finite volume. Then H 2 T for some lattice T.

3. MIXED GROUPS

Finally we turn to mixed groups, that is, those with both a reductive part and
a unipotent radical. By the Mostow decomposition theorem [9], G = G, x R
(semidirect product), where R is a maximal reductive of G.

The next example, which is the first one to try, shows in general that in mixed
groups H fails to contain a lattice even though G is the real points of an algebraic
Q-group and G, is abelian.

EXAMPLE 3. Let G be the affine group of R", that is the semidirect product
GL(n,R) with R". G has a faithful representation as a linear algebraic group de-
Sfined over Q and is its group of real points. Since GL(n, R) distorts volume on R",
G is non unimodular. As is well known (see Proposition 2.4.2 of (1)), if G contains
a lattice it must be unimodular. Hence here G has no lattices at all. But of course G
has subgroups H of cofinite volume. For instance, H = R* - SL(n,Z) - R". H con-
tains no lattice as G has none.
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The problem here is that the reductive part distorts Haar measure on the
unipotent radical. This suggests that in looking for positive results in mixed
groups, the reductive part R should be semisimple since then this cannot
happen.

THEOREM 1. Let G = G, x R (semidirect product) be connected component of the
real points of an algebraic Q-group, where R is semisimple, and G, be abelian. If
H is a closed subgroup of G of cofinite volume, then H contains a lattice of G.
Similarly, if G is reductive and the connected component of the real points of an
algebraic Q-group, the same conclusion holds.

PROOF. Xg(G) is trivial since Xq(G,) = (1) and R has no characters at all.
Hence by [3], Gz is a lattice in G. To prove the theorem it suffices to show HGz
is closed in G. For then HG7z/H has finite volume (see Theorem 1.13 of [10]) and
therefore also (Lemma 1.7 of [10]) so does H/H n G. Thus H would contain the
lattice, H N Gz.

By Corollaire 7.13 of [2], (G,), Rz has finite index in Gz so we can replace Gz,
as above, by (G,),Rz. Let g be the projection of G onto R and 7, the projection
of G onto G,,. Then ng(H)™ and 7, (H)™ are closed subgroups of cofinite volume
in R and G, respectively. By Propositions 3 and our assumption that G, is abelian
respectively, ng(H) ™ N Ry is a lattice in R (or ng(H )~ is discrete, that is ng(H)
is discrete) and 7n,(H)™ n (G,), is a lattice in G, (or n,(H)" is discrete, that is
n,(H) is discrete).

If either of these discrete projections occur we would be done. For suppose
n,(H) is discrete. Then the inverse image, 7, '(n,(H)) = RH, is closed in G.
Therefore RH/H = R/R n H has finite volume and so by Proposition 3 Rn H
contains a lattice of R. Hence n,(H)- RN H is a lattice in G contained in H.
Similarly, if zg(H) is discrete, reversing the roles of G, and R and using the fact
that G, is abelian we conclude G, N H - ng(H) is also a lattice in G' contained
in H.

Thus we can assume ng(H) N Ry is a lattice in R and 7,(H) N (G,), is a
lattice in G,. Since these conditions are respectively equivalent to ng(H) - Ry
= R* is closed in R and n,(H) - (G,), = G is closed in G,. Hence their direct
product, G, x R*, is closed in G. To show H - (G,), - Rz is closed in G it is suffi-
cient to show that it is closed in G, x R*. Let h,, (g.), and r, be sequences in H,
(Gy); and Rz respectively and suppose /,(g,),r» converges to (x*, y*), where
x* e G} and y* € R*. Writing h, = x,y, = (X, yn), then for all n, x, € n,(H)
and y, e ng(H). Because G, is normal, X,y,(gu),"n = Xn(gu),Zntn, Where
Zn =Y, I Hence Xn(gu), € G, and z,r, € R. It follows that x,(g,), converges to
x*in G} and z,r, converges to y* in R*. Hence /,(g,),r» converges to a point
of G; x R*.

When G is reductive as above G = Z(G), x [G, G|, where [G, G] is semisimple.
Since Z(G) is also algebraic Q@-group, by [11] [Z(G) : Z(G),] is finite. The argu-
ment above works here as well. m|
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