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Abstract. — A class of non-selfadjoint, PT-symmetric operators is identified similar to a self-

adjoint one, thus entailing the reality of the spectrum. The similarity transformation is explicitly con-
structed through the method of the quantum normal form, whose convergence (uniform with respect

to the Planck constant) is proved. Further consequences of the uniform convergence of the quantum
normal form are the establishment of an exact quantization formula for the eigenvalues and the

integrability of the classical hamiltonian corresponding to the given PT-symmetric operator.
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1. Introduction and statement of the results

A major mathematical problem in PT-symmetric quantum mechanics (see e.g.
[1], [3] [4], [5] for recent reviews) is to determine whether or not the spectrum of
the PT-symmetric Schrödinger operator is real ( proper PT symmetry [2]). This
is the case, of course, if the given PT-symmetric operator can be conjugated to
a self-adoint one through a similarity transformation. The possibility of such
similarity has been extensively studied (in addition to the relevant references
in [1], [3] [4], [5], see also [6], [7], [8] for its examination in an abstract setting).
Quite recently, a complete characterization has been obtained of PT-symmetric
quadratic Schrödinger operators similar to a self-adjoint one [9].

We address in this paper the problem of constructing such a similarity trans-
formation with the techniques of the Quantum Normal Form (QNF) (see e.g.
[10], [11]), and provide a class of PT-symmetric operators for which the proce-
dure works. Namely: the QNF of the given PT-symmetric Schrödinger operator
is real and convergent, uniformly with respect to �h a ½0; 1�. The convergence of
the QNF not only provides the similarity with a self-adjoint operator, but has
the following straightforward consequences:

1) It yields an exact quantization formula for the eigenvalues;
2) Since the QNF reduces to the classical normal form (CNF) for �h ¼ 0, the

CNF is convergent as well, and the corresponding classical system is therefore
integrable.



Not surprisingly, we are able to prove a result so much stronger than simple sim-
ilarity with a self-adjoint operator only for a very restricted class of operators,
namely a class of holomorphic, PT-symmetric perturbations of the quantization
of the linear diophantine flow over the torus T l .

Consider indeed a classical Hamiltonian family, defined in the phase space
R l � T l , l ¼ 1; 2: . . . , expressed in the action-angle variables ðx; xÞ, x a R l , x a T l :

Heðx; xÞ ¼ LoðxÞ þ eVðx; xÞ; e a R;ð1:1Þ

where LoðxÞ :¼ 3o; x4, o :¼ ðo1; . . . ;olÞ a R l , is the Hamiltonian generating
the linear quasi-periodic flow xi 7! xi þ oit, Ei ¼ 1; . . . ; l, with frequencies oi

over T l , and V is an a priori complex-valued holomorphic function of ðx; xÞ, as-
sumed to be PT-symmetric. Namely, if P : x ! �x denotes the parity opera-
tion, i.e. ðPf Þðx; xÞ ¼ f ðx;�xÞ, Ef a L2ðR l � T lÞ and T : f ! f the complex

conjugation in L2ðR l � T lÞ, then

ððPTÞVÞðx; xÞ :¼ Vðx;�xÞ ¼ Vðx; xÞ; Eðx; xÞ a R l � T l :

Writing V through its uniformly convergent Fourier expansion:

Vðx; xÞ ¼
X
q AZ l

VqðxÞei3q;x4; VqðxÞ ¼ ð2pÞ�l=2

Z
T l

Vðx; xÞe�i3q;x4 dxð1:2Þ

the equivalent formulation of the PT symmetry in terms of the Fourier coe‰-
cients is immediately seen:

VqðxÞ ¼ VqðxÞ; Eðx; qÞ a R l � T l :ð1:3Þ

Moreover we assume that

V�qðxÞ ¼ �VqðxÞ; Vqð�xÞ ¼ VqðxÞ; Eðx; qÞ a R l � T l ;ð1:4Þ

which ensures that the potential Vðx; xÞ is even in the variable x and odd in the
variable x:

Vð�x; xÞ ¼ Vðx; xÞ; Vðx;�xÞ ¼ �Vðx; xÞ; Eðx; qÞ a R l � T l :

We denote V the operator in L2ðT lÞ generated by the Weyl quantization of the
symbol V (see Appendix A.2), namely the operator acting on L2ðT lÞ in the fol-
lowing way:

ðVf ÞðxÞ :¼
Z
R l

X
q AZ l

V̂VqðpÞeið3q;x4þ3p;q4�h=2Þf ðxþ p�hÞ dp; Ef a L2ðT lÞ;ð1:5Þ
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where

V̂VqðpÞ :¼ ð2pÞ�l=2

Z
R l

VqðxÞe�i3p;x4 dx

is the Fourier transform of the Fourier coe‰cient VqðxÞ.
Then the quantization of He is the PT-symmetric (verification below), non

self-adjoint operator in L2ðT lÞ acting as

Hðo; eÞ ¼ i�h3o;‘4þ eV ¼ Lðo; �hÞ þ eV ; Lðo; �hÞ :¼ i�h3o;‘4:ð1:6Þ

The Schrödinger operator Hðo; eÞ thus represents a perturbation of the self-
adjoint operator Lðo; �hÞ in L2ðT lÞ, whose spectrum obviously consists of the ei-
genvalues ln;o ¼ �h3o; n4, n ¼ ðn1; . . . ; nlÞ a Z l , with corrresponding normalized
eigenfunctions fnðxÞ ¼ ð2pÞ�l=2

ei3n;x4.

Remark 1.1. By the assumptions to be specified below V will represent a regu-
lar perturbation of Lðo; �hÞ. However the spectrum of Lðo; �hÞ, although pure
point, is dense in R. Therefore the standard (Rayleigh-Schrödinger) perturbation
theory of quantum mechanics cannot be applied here because no eigenvalue is
isolated, and the approach through the Normal Form is therefore necessary, in-
sofar as it represents an alternative method which serves to the purpose.

The statement of the result will profit in clarity by first sketching the construction
of the quantum normal form (QNF) (see e.g. [10], [11], and in this particular con-
text [12]). Its purpose in this connection is to construct a similarity transforma-
tion UðeÞ in L2ðR lÞ, generated by a continuous operator W ðeÞ, UðeÞ ¼ eiWðeÞ=�h,
such that

UðeÞHðo; eÞUðeÞ�1 ¼ eiWðeÞ=�hðLðo; �hÞ þ eVÞe�iWðeÞ=�h ¼ SðeÞð1:7Þ

where the similar operator SðeÞ is self-adjoint. The procedure goes as follows:

1. Look for that particular similarity transformation UðeÞ ¼ eiW ðeÞ=�h, such that
the transformed operator SðeÞ assumes the form

SðeÞ ¼ Lðo; �hÞ þ
Xl
k¼1

ekBkð�hÞð1:8Þ

under the additional conditions

½Bk;L� ¼ 0; Bk ¼ B�
k ; Ek ¼ 1; 2; . . . :ð1:9Þ

where Bk :¼ Bkð�hÞ, Ek, and L :¼ Lð�h;oÞ. If it can be proved that the series
(1.8) (under the additional conditions (1.9)) has a positive convergence radius
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e�, then obviously SðeÞ is self-adjoint for jej < e�, so that its spectrum is real;
moreover, SðeÞ is diagonal on the eigenvector basis of Lð�h;oÞ. The series (1.8),
assuming the validity of conditions (1.9), is called the operator quantum normal
form (O-QNF ).

2. To determine the O-QNF we first construct the QNF for the symbols (S-
QNF). That is, we first construct for any k ¼ 1; 2; . . . , the symbol Bkðx; x; �hÞ
of the self-adjoint operator Bk. The symbol Bk turns out to be a function only
of x (depending parametrically on �h) so that the application of the Weyl quan-
tization formula (see Appendix A.2) specifies the action of Bk:

Bk f ¼ Bkði�h3o;‘4Þ f ¼ BkðLoÞ f ; Ef a L2ðT lÞ; Lo :¼ L ¼ Lð�h;oÞ:

Hence ½Bk;Lo� ¼ 0, Ek, and the eigenvalues of Bk are simplyBkðn�h; �hÞ, n a Z l .
Then the symbol of SðeÞ is

Sðx; e; �hÞ ¼ LoðxÞ þ
Xl
k¼1

Bkðx; �hÞek

provided the series has a non-zero convergence radius. In that case the eigen-
values of SðeÞ, and hence of Hðo; eÞ, are clearly given by the following exact
quantization formula:

lnðe; �hÞ ¼ 3o; n4�hþ
Xl
k¼1

Bkðn�h; �hÞek;ð1:10Þ

that is, by the symbol Sðx; e; �hÞ evaluated at the quantized values n�h of the
classical actions x a R l . Moreover, the spectrum of SðeÞ, i.e. of Hðo; eÞ, is
real if SðeÞ is self-adjoint, namely if Bk is self-adjoint Ek ¼ 1; . . . ; again by
the Weyl quantization formula (Appendix A.2), this is true if Bkðx; �hÞ is real
and bounded Ek ¼ 1; 2; . . . .

3. By construction, each coe‰cient Bkðx; �hÞ, k ¼ 1; . . . , of the S-QNF turns out
to be a smooth function of �h near �h ¼ 0, and Bkðx; 0Þ :¼ BkðxÞ is just the
k-term of the classical normal form generated by canonical perturbation
theory applied to the classical Hamiltonian Heðx; xÞ. More precisely:

Heðx; xÞPLoðxÞ þ
Xl
k¼1

BkðxÞekð1:11Þ

where P denotes canonical equivalence. Therefore if the convergence of the
S-QNF is uniform with respect to �h a ½0; 1� the CNF (1.11) is also convergent
and therefore the classical hamiltonian Heðx; xÞ is integrable because the
equivalent hamiltonian depends only on the actions.
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We can now proceed to the precise statement of the results. First we describe the
assumptions. Consider again the operator

Lðo; �hÞc ¼ i�h3o;‘4c ¼ �i�h o1qx1 þ � � � þ olqxl½ �c; DðLoÞ ¼ H 1ðT lÞ;

H 1ðT lÞ :¼ c ¼
X
n AZ l

cne
i3n;x4 a L2ðT lÞ :

X
n AZ l

jnj2jcnj
2 < þl

( )
:

The first assumption is:

(A1) The frequencies o ¼ ðo1; . . . ;olÞ are diophantine, i.e. bg > 0, t > l such
that:

j3o; q4j�1
a gjqjt; q a Z l ; qA 0:ð1:12Þ

Remark that (1.12) entails that all the eigenvalues ln;o ¼ 3n;o4�h of Lðo; �hÞ are
simple.

Let now ðt; xÞ 7! Vðt; xÞ be a complex-valued smooth function defined on
R� T l , i.e. V a ClðR� T l ;CÞ. Write its Fourier expansion:

Vðt; xÞ ¼
X
q AZ l

VqðtÞei3q;x4; VqðtÞ :¼ ð2pÞ�l=2

Z
T l

Vðt; xÞe�i3q;x4 dxð1:13Þ

and define the functions Voðx; xÞ : R l � T l ! C in the following way:

Voðx; xÞ :¼ Vð3o; x4; xÞ ¼
X
q AZ l

Vo;qðxÞei3q;x4; Vo;qðxÞ :¼ Vqð3o; x4Þ:ð1:14Þ

Now consider the space Fourier transform of VqðtÞ, q a Z l :

V̂VqðpÞ :¼
1ffiffiffiffiffi
2p

p
Z
R

VqðtÞe�ipt dt; p a R:

Then (see formula (A.1)) the Weyl quantization of Voðx; xÞ is the operator in
L2ðT lÞ acting as follows:

ðVo f ÞðxÞ ¼
Z
R

X
q AZ l

V̂VqðpÞeið3q;x4þ�hp3o;q4=2Þf ðxþ �hpoÞ dp; f a L2ðT lÞ:

Vo is actually a continuous operator in L2ðT lÞ (see Appendix, Remark A.3(d))
by virtue of our second assumption, namely:

(A2) Let the diophantine constants g and t be such that

gttðtþ 2Þ4ðtþ2Þ <
1

2
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and let there exist r > 2 such that

kVokr :¼
X
q AZ l

erjqj
Z
R

erjpjjV̂VqðpÞj dp < þl:ð1:15Þ

Remark 1.2.

(i) Actually, by formula (A.6), kVokL2!L2 a kVokr. Moreover, assumption
(A2) makes Vo a holomorphic function of ðx; xÞ in C2l

r :¼ fðx; xÞ a C2l :
jIm xij < r; jIm xij < r; Ei ¼ 1; . . . ; lg.

(ii) As discussed in [12], Vðt; xÞ must depend explicity on t if l > 1 to make
the problem a nontrivial one. Once more by (A2), formula (1.15), Vðt; xÞ
vanishes exponentially fast as jtj ! l uniformly w.r.t. x a T l .

Our third assumption concerns the PT-symmetry, and is formulated as follows
(see (1.3) and (1.4)):

(A3) The Fourier coe‰cients Vo;qðxÞ enjoy the following symmetry properties:

Vo;qðxÞ ¼ Vo;qðxÞ; Vo;�qðxÞ ¼ �Vo;qðxÞ;
Vo;qð�xÞ ¼ Vo;qðxÞ; Eðx; qÞ a R l � T l :

ð1:16Þ

Remark 1.3. Clearly (A3) entails Voðx;�xÞ ¼ �Voðx; xÞ and

ððPTÞVoÞðx; xÞ ¼ ðPTÞ
� X

q AZ l

Vo;qðxÞei3q;x4
�
¼ Voðx; xÞ; Eðx; xÞ a R l � T l ;

that is,Voðx; xÞ is aPT-invariant function, odd with respect to x. Moreover from
(1.16) one can easily obtain V̂Vo;qð�pÞ ¼ V̂Vo;qðpÞ a R, Ep a R l , Eq a Z l . This
entails that V :¼ Vo is a PT-symmetric operator in L2ðT lÞ, i.e. ½V ;PT� ¼ 0.
We have indeed

ðPTÞðVf ÞðxÞ ¼
Z
R

X
q AZ l

V̂Vo;qðpÞei3q;x4�i�hp3o;q4=2f ð�xþ �hpoÞ dp

¼
Z
R

X
q AZ l

V̂Vo;qðpÞeið3q;x4þ�hp3o;q4=2Þf ð�x� �hpoÞ dp

¼
Z
R

X
q AZ l

V̂Vo;qðpÞeið3q;x4þ�hp3o;q4=2ÞðPTf Þðxþ �hpoÞ dp

¼ VðPTf ÞðxÞ; Ef a L2ðT lÞ; Ex a T l :

To sum up, the operator family acting as

HðeÞ ¼ i�h3o;‘4þ eV
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and defined on DðHðeÞÞ ¼ H 1ðT lÞ has pure-point spectrum denoted sðHðeÞÞ,
and we will prove that it consists of a sequence of non-isolated eigenvalues de-
noted flnð�h; eÞ : n a Z lg. The symbol of HðeÞ is the Hamiltonian family defined
on R l � T l :

Heðx; xÞ ¼ 3o; x4þ eVoðx; xÞ ¼ LoðxÞ þ eVoðx; xÞ:

We can now state the main result of the paper.

Theorem 1.4. Under Assumptions (A1–A3), there exists e0 > 0 independent of
�h a ½0; 1� such that for jej < e0 the spectrum of HðeÞ is given by the exact quantiza-
tion formula:

lnð�h; eÞ ¼ 3o; n4�hþBðn�h; �h; eÞ; n a Z lð1:17Þ

Bðn�h; �h; eÞ :¼
Xl
k¼1

Bkðn�h; �hÞekð1:18Þ

where

1. Bkðx; �hÞ a ClðR l � ½0; 1�Þ is real-valued, k ¼ 1; 2; . . . ;
2. B2sþ1 ¼ 0, s ¼ 0; 1; . . . ;
3. The series (1.18) converges uniformly with respect to ðx; �hÞ a R l � ½0; 1�;
4. Bkðn�h; �hÞ is obtained from the Weyl quantization formula applied to Bkðx; �hÞ,

which is the symbol of the operator Bk, the term of order k of the QNF.

Corollary 1.5. Let jej < e0. Then the operator Hðo; eÞ is similar to the selfad-
joint operator

SðeÞ :¼ Lðo; �hÞ þ
Xl
k¼1

Bkð�hÞ:

Remark 1.6. The explicit construction of the bounded operator WðeÞ realizing
the similarity U ¼ Uðo; e; �hÞ ¼ eiWðeÞ=�h is described in the proof of Theorem 1.4.

A straightforward consequence of the uniformity (with respect to �h a ½0; 1�)
of the convergence of the QNF is a convergence result for the corresponding
CNF, valid for a class of PT-symmetric, non-holomorphic perturbations of
non-resonant harmonic oscillators. Consider indeed the inverse transformation
into action-angle variables

Cðx; xÞ ¼ ðh; yÞ :¼ hi ¼ �
ffiffiffiffi
xi

p
sin xi

yi ¼
ffiffiffiffi
xi

p
cos xi

�
i ¼ 1; . . . ; l:

It is defined only on R l
þ � T l and does not preserve the regularity at the origin.

On the other hand, C is an analytic, canonical map between R l
þ � T l and

R2lnf0; 0g. Then
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ðHe � C�1Þðh; yÞ ¼
Xl

s¼1

osðh2s þ y2s Þ þ eðV � C�1Þðh; yÞ

:¼ P0ðh; yÞ þ eP1ðh; yÞ

where for ðh; yÞ a R2lnf0; 0g

P1ðh; yÞ ¼ ðV � C�1Þðh; yÞ ¼ P1;Rðh; yÞ þP1; I ðh; yÞ;

P1;Rðh; yÞ ¼
1

2

X
k AZ l

ðReVk � C�1Þðh; yÞ
Yl
s¼1

� hs � iysffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2s þ y2s

p �ks
;

P1; I ðh; yÞ ¼
1

2

X
k AZ l

ðImVk � C�1Þðh; yÞ
Yl
s¼1

� hs � iysffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2s þ y2s

p �ks
:

Corollary 1.7. The Birkho¤ normal form of He is real and uniformly conver-
gent on any compact of R2lnf0; 0g if jej < e0. Hence the system is integrable.

2. Proof of the results

Proof of Theorem 1.4. Under the present conditions, statements (3) and (4)
are proved in [12], as well as the smoothness of Bkðx; �hÞ asserted in (1). The as-
sertions left to prove are therefore the reality statement (1), Bkðx; �hÞ ¼ Bkðx; �hÞ,
Eðx; �hÞ a R l � ½0; 1�, and the even nature of the QNF (2), B2sþ1 ¼ B2sþ1 ¼ 0,
Es ¼ 0; 1; . . . . This requires a detailed examination of the structure of the
QNF, whose construction we now recall in Subsection 2.1. In Subsection 2.2 we
describe the inductive argument proving the reality assertion, and the symmetry
argument proving he vanishing of the odd terms.

2.1. The Quantum Normal Form: the formal construction

(We follow Sjöstrand [10] and Bambusi-Gra‰-Paul [11]).
Given HðeÞ ¼ Lðo; �hÞ þ eV in L2ðT lÞ, look for a similarity transformation

U ¼ Uðo; e; �hÞ, in general non unitary (WðeÞAW ðeÞ�):

Uðo; e; �hÞ ¼ eiW ðeÞ=�h : L2ðT lÞ $ L2ðT lÞ

such that

SðeÞ :¼ UHðeÞU�1 ¼ Lðo; �hÞ þ eB1 þ e2B2 þ � � � ¼ Lðo; �hÞ þ
Xl
k¼1

Bke
kð2:1Þ

under the requirement:

½Bk;L� ¼ 0; Ek:
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Recall the formal commutator expansion

SðeÞ ¼ eiWðeÞ=�hHðeÞe�iWðeÞ=�h ¼
Xl
k¼0

Hkð2:2Þ

H0 :¼ HðeÞ; Hk :¼
½W ðeÞ;Hk�1�

i�hk
; kb 1

and look for WðeÞ in the form of a power series expansion in e: WðeÞ ¼
eW1 þ e2W2 þ � � � : Then (2.1) becomes:

SðeÞ ¼
Xl
k¼0

ekBkð2:3Þ

where

B0 ¼ Lðo; �hÞ; Bk :¼ ½Wk;L�
i�h

þ Vk; kb 1;ð2:4Þ

V1CV and

Vk ¼
Xk

r¼2

1

r!

X
j1þ���þ jr¼k

jsb1

½Wj1 ; ½Wj2 ; . . . ; ½Wjr ;L� . . .��
ði�hÞrð2:5Þ

þ
Xk�1

r¼1

1

r!

X
j1þ���þ jr¼k�1

jsb1

½Wj1 ; ½Wj2 ; . . . ; ½Wjr ;V � . . .��
ði�hÞr :

Vk depends on W1; . . . ;Wk�1, but not on Wk. Thus we get the recursive homo-
logical equations:

½Wk;L�
i�h

þ Vk ¼ Bk; ½L;Bk� ¼ 0:ð2:6Þ

To solve (2.6) for the two unkowns Bk;Wk, we look for their symbols and then
apply the Weyl quantization formula. First recall (see e.g. [13] or [14]) that the
symbol of the commutator ½F ;G�=i�h of two operators F and G is the Moyal
bracket fF;GgM of the symbols F ¼ Fðx; x; �hÞ of F and G ¼ Gðx; x; �hÞ of G,
where fF;GgM is defined through its Fourier representation

fF;GgMðx; x; �hÞ ¼
Z
R l

X
q AZ l

dðfF;GgMÞðfF;GgMÞqðp; �hÞe
ið3p;x4þ3q;x4Þ dpð2:7Þ
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and

dðfF;GgMÞðfF;GgMÞqðp; �hÞð2:8Þ

¼ 2

�h

Z
R l

X
q 0 AZ l

F̂Fq�q 0 ðp� p 0; �hÞĜGq 0 ðp 0; �hÞ sin 2

�h
ð3p 0; q4� 3p; q 04Þ

� �
dp 0:

Notice that fF;GgM ¼ �fG;FgM . The above equations (2.2)–(2.5) become,
once written for the symbols:

SðeÞ ¼
Xl
k¼0

Hkð2:9Þ

H0 :¼ Lo þ eV; Hk :¼ fWðeÞ;Hk�1gM
k

; kb 1;

where WðeÞ ¼ eW1 þ e2W2 þ � � � ,

SðeÞ ¼
Xl
k¼0

ekBkð2:10Þ

and

B0 ¼ Lo ¼ 3o; x4; Bk ¼ fWk;LogM þVk; kb 1; V1CVð2:11Þ

Vk ¼
Xk
r¼2

1

r!

X
j1þ���þ jr¼k

jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;LogM . . .gMgMð2:12Þ

þ
Xk�1

r¼1

1

r!

X
j1þ���þ jr¼k�1

jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;VgM . . .gMgM ; k > 1:

Therefore the symbols Wk and Bk of Wk and Bk can be recursively found solving
the homological equation:

fWk;LogM þVk ¼ Bk; k ¼ 1; . . .ð2:13Þ

under the condition:

fLo;BkgM ¼ 0:ð2:14Þ

Here

Wk ¼ Wkðx; x; �hÞ; Vk ¼ Vkðx; x; �hÞ; Bk ¼ Bkðx; x; �hÞ:

394 e. caliceti and s. graffi



Notice that, in view of Theorem A.1 in Appendix, (2.14) is immediately satisfied
if Bk ¼ Bkðx; �hÞ does not depend on x. Moreover, by Theorem A.1(2), since
Lo ¼ LoðxÞ ¼ 3o; x4 is linear in x, we have

fWk;LogM ¼ fWk;Log ¼ �3‘xWk;o4

and (2.13) becomes

�3‘xWkðx; xÞ;o4þVkðx; x; �hÞ ¼ Bkðx; �hÞ:ð2:15Þ

Write now Wkðx; x; �hÞ and Vkðx; x; �hÞ under their Fourier series representation,
respectively:

Wkðx; x; �hÞ ¼
X
q AZ l

Wk;qðx; �hÞei3q;x4; Vkðx; x; �hÞ ¼
X
q AZ l

Vk;qðx; �hÞei3q;x4:

Then (2.15) in turn becomes:

�i
X
qA0

3q;o4Wk;qðx; �hÞei3q;x4 þ
X
q AZ l

Vk;qðx; �hÞei3q;x4 ¼ Bkðx; �hÞð2:16Þ

whence, imposing the equality of the Fourier coe‰cients of both sides, we obtain
the solutions

Bkðx; �hÞ ¼ Vk;0ðx; �hÞ; Wk;qðx; �hÞ ¼
Vk;qðx; �hÞ
i3q;o4

; EqA 0:ð2:17Þ

2.2. Reality of Bk: the inductive argument

Denote now V1CV ¼ Vo. Since Vo;qðxÞ is real Eq a Z l by assumption, we have

B1ðx; �hÞ ¼ Vo;0ðxÞ a R

and

W1;qðx; �hÞ ¼
Vo;qðxÞ
i3q;o4

a iR; EqA 0:ð2:18Þ

Moreover, since no requirement is asked on W1;0, we can choose W1;0 ¼ 0. Now
assume inductively:

(A1) Vj;qðx; �hÞ a R, Ej ¼ 1; . . . ; k � 1, Eq a Z l ;
(A2) we can choose Wj;0 ¼ 0, Ej ¼ 1; . . . ; k � 1.

Remark that (A1) entails

Wj;qðx; �hÞ ¼
Vj;qðx; �hÞ
i3q;o4

a iR; Bjðx; �hÞ ¼ Vj;0 a R; Ej ¼ 1; . . . ; k � 1:ð2:19Þ
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Then the following assertions hold:

(R1Þ Vk;qðx; �hÞ a R, Eq a Z l ;
(R2Þ we can choose Wk;0 ¼ 0.

Remark that (R1) entails

Wk;qðx; �hÞ ¼
Vk;qðx; �hÞ
i3q;o4

a iR; BkðxÞ ¼ Vk;0 a R:ð2:20Þ

In order to prove (R1) consider the Fourier expansion of Vk given by (2.12)

Vk ¼
Xk

r¼2

1

r!

X
j1þ���þ jr¼k

jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;LogM . . .gMgM

þ
Xk�1

r¼1

1

r!

X
j1þ���þ jr¼k�1

jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;VgM . . .gMgMgM

¼
X
q AZ l

Vk;qðx; �hÞei3q;x4:

By (2.19), the Fourier coe‰cients Wjs;q of each term Wjs , s ¼ 1; . . . ; r; are purely
imaginary, and by Theorem A.1(3) each Moyal bracket generates another factor
i. Therefore� X

j1þ���þ jr¼k
jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;LogM . . .gMgM
�
q
ðx; �hÞ ¼ ðiÞ2rak;qðx; �hÞ;

ak;qðx; �hÞ a R

� X
j1þ���þ jr¼k�1

jsb1

fWj1 ; fWj2 ; . . . ; fWjr ;VgM . . .gMgMgM
�
q
ðx; �hÞ ¼ ðiÞ2rbk;qðx; �hÞ;

bk;qðx; �hÞ a R

and, as a consequence, Eq a Z l :

Vk;qðx; �hÞ ¼ ðiÞ2r½ak;qðx; �hÞ þ bk;qðx; �hÞ� ¼ ð�1Þr½ak;qðx; �hÞ þ bk;qðx; �hÞ� a R:

Hence Bkðx; �hÞ ¼ Vk;0 a R. Moreover, the homological equation (2.16) does not
involve Wk;0, therefore we can always take Wk;0 ¼ 0. This concludes the proof of
the induction, and thus of Assertion (1) of Theorem 1.4.
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2.3. Vanishing of the odd terms B2sþ1

Let us now prove Assertion (2) of Theorem 1.4. This will yield

SðeÞ ¼ Bðx; �hÞ ¼ LoðxÞ þ e2B2ðx; �hÞ þ e4B4ðx; �hÞ þ � � � :

To see this, first recall that Voðx; xÞ is odd in x: Voðx;�xÞ ¼ �Voðx; xÞ, and let
M denote the set of functions f : T l ! C with a definite parity (either even or
odd). Moreover, Ef a M define

Jf ¼ þ1; if f is even;

�1; if f is odd:

�
Then Jf ¼ 1 if and only if fq ¼ f�q and Jf ¼ �1 if and only if fq ¼ � f�q, Eq a Z l .
By assumption Vo;qðxÞ ¼ �Vo;�qðxÞ, Eq a Z l , Ex a R l , i.e. JVoðxÞ ¼ 1, and by
(2.18)

JW1ðx; �hÞ ¼ 1; Eðx; �hÞ a R l � ½0; 1�:

Now we can prove by induction that

JVk ¼ ð�1Þk; Ek ¼ 1; 2; . . .ð2:21Þ

whence JV2sþ1 ¼ 1, i.e. V2sþ1ðx; x; �hÞ is odd in x, which entails B2sþ1 ¼
V2sþ1;0 ¼ 0, Es ¼ 0; 1; . . . . To prove (2.21) inductively first notice that JV1 ¼
JVo ¼ 1 and then let us assume that

JVj ¼ ð�1Þ j; Ej ¼ 1; . . . ; k � 1:

Then by (2.17)

JWj ¼ ð�1Þ jþ1; Ej ¼ 1; . . . ; k � 1:

Let us examine the parity of the first summand in the r.h.s. of (2.12), making use
of Theorem A.1(4):

JðfWj1 ; fWj2 ; . . . fWjr ;LogM . . .gMgMÞ ¼ ð�1Þrð�1Þ j1þ1 . . . ð�1Þ jrþ1 ¼ ð�1Þk

since JLo ¼ 1 and j1 þ � � � þ jr ¼ k. Similarly for the second summand in the
r.h.s. of (2.12) we have

JðfWj1 ; fWj2 ; . . . fWjr ;VgM . . .gMgMÞ ¼ ð�1Þrþ1ð�1Þ j1þ1 . . . ð�1Þ jrþ1 ¼ ð�1Þk

since JV ¼ �1 and j1 þ � � � þ jr ¼ k � 1. This completes the proof of Assertion
(2) and hence of Theorem 1.4.
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Proof of Corollary 1.5. It is proved in [12] that the convergence of the
S-QNF

SðeÞ ¼ LoðxÞ þ
Xl
k¼1

Bkðx; �hÞek

takes place in the k � kr=2-norm, where k � kr is the norm defined in (1.15). Since

(Remark A.2(b) and Appendix A.2) the k � kr=2-norm majorizes the operator
norm in L2ðT lÞ of the corresponding Weyl-quantized operators, we can conclude
that

SðeÞ ¼ Lðo; �hÞ þ
Xl
k¼1

Bke
k; B2sþ1 ¼ 0; Es ¼ 0; 1; . . . ;

where the convergence takes place in the operator norm sense. Since Bk ¼ B�
k ,

SðeÞ ¼ SðeÞ� and the similarity between He and a self-adjoint operator is there-
fore proved.

2.4. Proof of Corollary 1.7

By the uniform convergence of the S-QNF with resepct to �h a ½0; 1�, it is enough
to check that Bkðx; 0Þ is the k-th coe‰cient of the CNF for Heðx; xÞ.

Under the present regularity assumptions it is known (see e.g. [10], [11]) that,
for each k, Wkðx; x; �hÞ, Bkðx; �hÞ, Vkðx; x; �hÞ admit an asymptotic expansion in
powers of �h near �h ¼ 0:

Wkðx; x; �hÞP
Xl
j¼0

W
ð jÞ
k ðx; xÞ�h j ;

Bkðx; �hÞP
Xl
j¼0

B
ð jÞ
k ðxÞ�h j

Vkðx; x; �hÞP
Xl
j¼0

V
ð jÞ
k ðx; xÞ�h j:

Let us now prove that the terms of order zero in the above expansions, namely
the principal symbols of Wkðx; x; �hÞ, Bkðx; �hÞ, Vkðx; x; �hÞ, respectively

wk :¼ W
ð0Þ
k ; bk ¼ B

ð0Þ
k ; vk ¼ V

ð0Þ
k

coincide with the coe‰cients of order k of the CNF generated by the Hamilto-
nian family Heðx; xÞ ¼ LoðxÞ þ eVoðx; xÞ. In fact, the recursive homological
equations (2.13) and (2.14)

fWk;LgM þVk ¼ Bk; fL;BkgM ¼ 0; k ¼ 1; . . .
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evaluated at �h ¼ 0 become

fwk;Lg þ vk ¼ bk; fL; bkg ¼ 0; n1C vCV

vk ¼
Xk

r¼2

1

r!

X
j1þ���þ jr¼k

jsb1

fwj1 ; fwj2 ; . . . ; fwjr ;Lg . . .ggð2:22Þ

þ
Xk�1

r¼1

1

r!

X
j1þ���þ jr¼k�1

jsb1

fwj1 ; fwj2 ; . . . ; fwjr ; vg . . .gg

where f f ; gg denotes the Poisson bracket of two observables f ; g a ClðR l � T lÞ.
Let us check that this is exactly the recurrence defined by canonical perturba-
tion theory generated by the Lie transformation algorithm. Look indeed for an
e-dependent family of smooth canonical maps Fe : R

l � T l $ R l � T l , ðx; xÞ 7!
ðh; yÞ ¼ Feðx; xÞ such that

He �F�1
e ðx; xÞ ¼ LðxÞ þ eb1ðxÞ þ e2b2ðxÞ þ � � �ð2:23Þ

Look for Fe as the time 1 flow of a smooth Hamiltonian family weðx; xÞ, the gen-
erating function. Then

He �F�1
e ðx; xÞ ¼ Heðx; xÞ þ

Xl
s¼1

fwð1Þ
e ; fwð2Þ

e ; . . . fwðsÞ
e ;Lg . . .ggð2:24Þ

where w
ðrÞ
e ¼ we, Er ¼ 1; 2; . . . . If we set

we ¼ ew1 þ e2w2 þ � � �

and require equality between (2.23) and (2.24) we obtain

bk ¼ fwk;Lg þ vk; kb 1; v1C vCV

vk ¼
Xk

r¼2

1

r!

X
j1þ���þ jr¼k

jsb1

fwj1 ; fwj2 ; . . . ; fwjr ;Lg . . .gg

þ
Xk�1

r¼1

1

r!

X
j1þ���þ jr¼k�1

jsb1

fwj1 ; fwj2 ; . . . ; fwjr ; vg . . .gg:

Condition fL; bkg ¼ 0 follows from the fact that both LðxÞ and bkðxÞ do not
depend on x. This concludes the proof of the corollary.
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A. Moyal brackets and the Weyl quantization

A.1. Moyal brackets

Theorem A.1. Let F ¼ Fðx; x; �hÞ and G ¼ Gðx; x; �hÞ belong to ClðR l � T l �
½0; 1�;CÞ and vanish exponentially fast as jxj ! l, uniformly with respect to
ðx; �hÞ a T l � ½0; 1�. Consider their Fourier representation

Fðx; x; �hÞ ¼
Z
R l

X
q AZ l

F̂Fqðp; �hÞeið3p;x4þ3q;x4Þ dp

Gðx; x; �hÞ ¼
Z
R l

X
q AZ l

ĜGqðp; �hÞeið3p;x4þ3q;x4Þ dp;

where

Fqðx; �hÞ ¼ ð2pÞ�l=2

Z
T l

Fðx; x; �hÞe�i3q;x4 dx

Gqðx; �hÞ ¼ ð2pÞ�l=2

Z
T l

Gðx; x; �hÞe�i3q;x4 dx

and

F̂Fqðp; �hÞ ¼ ð2pÞ�l=2

Z
R l

Fqðx; �hÞe�i3p;x4 dx

ĜGqðp; �hÞ ¼ ð2pÞ�l=2

Z
R l

Gqðx; �hÞe�i3p;x4 dx:

Then the following assertions hold:

(1) If both F and G do not depend on x, i.e. Fðx; x; �hÞ ¼ Fðx; �hÞ and Gðx; x; �hÞ ¼
Gðx; �hÞ, then fF;GgM C0.

(2) If Gðx; x; �hÞ ¼ 3o; x4, for a given constant vector o a R l , i.e. G does not de-
pend on x and is linear in x, then

fF;GgM ¼ fF;Gg ¼ �3‘xF;o4:

(3) Consider the Fourier expansions of F and G in the x variable:

Fðx; x; �hÞ ¼
X
q AZ l

Fqðx; �hÞei3q;x4

Gðx; x; �hÞ ¼
X
q AZ l

Gqðx; �hÞei3q;x4

where, Eq a Z l ,
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Fqðx; �hÞ ¼ ð2pÞ�l=2

Z
R l

F̂Fqðp; �hÞei3p;x4 dp

Gqðx; �hÞ ¼ ð2pÞ�l=2

Z
R l

ĜGqðp; �hÞei3p;x4 dp:

If Fqðx; �hÞ a R, and Gqðx; �hÞ a R, Eq a Z l , then the Fourier expansion of
fF;GgM has purely imaginary Fourier coe‰cients, i.e.

ðfF;GgMÞqðx; �hÞ :¼
Z
R l

dðfF;GgMÞðfF;GgMÞqðp; �hÞe
i3p;x4 dp a iR:

(4) Let x a T l ! Fðx; x; �hÞ a C and x a T l ! Gðx; x; �hÞ a C belong to the space
M of the functions with a definite parity (either even or odd) and let J : M !
f�1; 1g be defined as in Section 2.3. Then

JfF;GgM ¼ �ðJFÞðJGÞ:

To prove the theorem we need the following

Lemma A.2. Let F ¼ Fðx; x; �hÞ a ClðR l � T l � ½0; 1�;CÞ. Then

(i) Fqðx; �hÞ a R, Eq a Z l , Ex a R l if and only if

F̂Fqðp; �hÞ ¼ F̂Fqð�p; �hÞ; Eq a Z l ; Ep a R l :

(ii) Fqðx; �hÞ a iR, Eq a Z l , Ex a R l if and only if

F̂Fqðp; �hÞ ¼ �F̂Fqð�p; �hÞ; Eq a Z l ; Ep a R l :

Proof of Lemma A.2. We prove only (i) because the proof of (ii) is analogous.
If Fqðx; �hÞ a R, Eq a Z l , Ex a R l , then

F̂Fqðp; �hÞ ¼ ð2pÞ�l=2

Z
R l

Fqðx; �hÞei3p;x4 dx

¼ ð2pÞ�l=2

Z
R l

Fqðx; �hÞe�i3�p;x4 dx ¼ F̂Fqð�p; �hÞ:

Conversely, let F̂Fqðp; �hÞ ¼ F̂Fqð�p; �hÞ, Eq a Z l , Ep a R l . Then

Fqðx; �hÞ ¼ ð2pÞ�l=2

Z
R l

F̂Fqðp; �hÞe�i3p;x4 dp ¼ ð2pÞ�l=2

Z
R l

F̂Fqð�p; �hÞei3�p;x4 dp

¼ ð2pÞ�l=2

Z
R l

F̂Fqðp; �hÞei3p;x4 dp ¼ Fqðx; �hÞ;
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where to obtain the third equality we have performed the change of variables
p ! �p in the integral. Hence Fqðx; �hÞ a R, Eq a Z l , Ex a R l and this completes
the prooof of the lemma.

Proof of Theorem A.1.

(1) IfF and G do not depend on x, thenFqðx; �hÞ ¼ Gqðx; �hÞ ¼ 0, EqA 0, Ex a R l .
Therefore all the terms of the expansion in (2.8) with q 0A 0 vanish. Then
Eq a Z l

dðfF;GgMÞðfF;GgMÞqðp; �hÞ ¼
2

�h

Z
R l

F̂Fqðp� p 0; �hÞĜG0ðp 0; �hÞ sin
� 2

�h
3p 0; q4

�
dp 0

vanishes both for qA 0 and for q ¼ 0, whence fF;GgM C 0 by (2.7).
(2) If Gðx; x; �hÞ ¼ 3o; x4, then by (2.8)

dðfF;GgMÞðfF;GgMÞqðp; �hÞ ¼
2

�h

Z
R l

F̂Fqðp� p 0; �hÞĜG0ðp 0; �hÞ sin
� 2

�h
3p 0; q4

�
dp 0

¼ 2

�h

Z
R l

F̂Fqðp� p 0; �hÞ3o; id 0ðpÞ4 sin
� 2

�h
3p 0; q4

�
dp 0

¼ 2i

�h

Xl

j¼1

oj

q

qpj
F̂Fqðp� p 0; �hÞ sin

� 2

�h
3p 0; q4

�� �����
p 0¼0

¼ �i
Xl

j¼1

ojqjF̂Fqðp; �hÞ ¼ �F̂Fqðp; �hÞ3o; iq4;

where the Fourier transform ĜG0ðp 0; �hÞ of G0ðx; �hÞ ¼ 3o; x4 exists in the distri-
butional sense, and is given by id 0ðp 0Þ, where d 0ðp 0Þ denotes the distributional
derivative of the d-function:

Z
R l

d 0ðp 0Þ f ðp 0Þ dp 0 ¼ ð‘p 0 f Þð0Þ ¼
Xl

j¼1

qf

qp 0
j

����
p 0¼0

; Ef a SðR lÞ:

Here SðR lÞ denotes the Schwartz space. Then by (2.7)

fF;GgMðx; x; �hÞ ¼ �
Z
R l

X
q AZ l

3o; iq4F̂Fqðp; �hÞeið3p;x4þ3q;x4Þ dp

¼ �
X
q AZ l

3o; iq4Fqðx; �hÞei3q;x4 ¼ �3o;‘xFðx; xÞ4:

(3) By Lemma A.2 (i) we have F̂Fqðp; �hÞ ¼ F̂Fqð�p; �hÞ and ĜGqðp; �hÞ ¼ ĜGqð�p; �hÞ,
Eq a Z l , Ep a R l . Then, from (2.8) we obtain
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dðfF;GgMÞðfF;GgMÞqðp; �hÞ

¼ 2

�h

Z
R l

X
q 0 AZ l

F̂Fq�q 0 ð�pþ p 0; �hÞĜGq 0 ð�p 0; �hÞ sin 2

�h
ð3p 0; q4� 3p; q 04Þ

� �
dp 0

whence, performing the change of variables p 0 ! �p 0 in the integral,

dðfF;GgMÞðfF;GgMÞqðp; �hÞ

¼ 2

�h

Z
R l

X
q 0 AZ l

F̂Fq�q 0 ð�p� p 0; �hÞĜGq 0 ðp 0; �hÞ sin 2

�h
ð�3p 0; q4þ 3�p; q 04Þ

� �
dp 0

¼ � 2

�h

Z
R l

X
q 0 AZ l

F̂Fq�q 0 ð�p� p 0; �hÞĜGq 0 ðp 0; �hÞ sin 2

�h
ð3p 0; q4� 3�p; q 04Þ

� �
dp 0

¼ � dðfF;GgMÞðfF;GgMÞqð�p; �hÞ; Eq a Z l ; Ep a R l :

Then, by Lemma A.2 (ii), dðfF;GgMÞðfF;GgMÞðx; �hÞ a iR, Eq a Z l , Ex a R l .
(4) First of all recall that JF ¼e1 if and only if Fqðx; �hÞ ¼eF�qðx; �hÞ, Eq a Z l ,

Eðx; �hÞ a R l � ½0; 1�. Then by (2.8) we have

dðfF;GgMÞðfF;GgMÞ�qðp; �hÞ

¼ 2

�h

Z
R l

X
q 0 AZ l

F̂F�q�q 0 ðp� p 0; �hÞĜGq 0 ðp 0; �hÞ sin 2

�h
ð�3p 0; q4� 3p; q 04Þ

� �
dp 0

¼ 2

�h

Z
R l

X
q 0 AZ l

F̂F�qþq 0 ðp� p 0; �hÞĜG�q 0 ðp 0; �hÞ sin 2

�h
ð�3p 0; q4þ 3p; q 04Þ

� �
dp 0

¼ � 2

�h

Z
R l

X
q 0 AZ l

F̂F�qþq 0 ðp� p 0; �hÞĜG�q 0 ðp 0; �hÞ sin 2

�h
ð3p 0; q4� 3p; q 04Þ

� �
dp 0;

where in the second equality we have performed the change of variables
q 0 ! �q 0. Assume first that JF ¼ JG; then F�qG�q 0 CFqGq 0 and
F̂F�qĜG�q 0 C F̂FqĜGq 0 , Eq; q 0 a Z l . Thus,

dðfF;GgMÞðfF;GgMÞ�qðp; �hÞ

¼ � 2

�h

Z
R l

X
q 0 AZ l

F̂Fq�q 0 ðp� p 0; �hÞĜGq 0 ðp 0; �hÞ sin 2

�h
ð3p 0; q4� 3p; q 04Þ

� �
dp 0

¼ � dðfF;GgMÞðfF;GgMÞqðp; �hÞÞ;
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whence

ðfF;GgMÞ�qðx; �hÞ ¼ �ðfF;GgMÞqðx; �hÞ; Eq a Z l ; Eðx; �hÞ a R l � ½0; 1�

and JfF;GgM ¼ �1 ¼ �ðJFÞðJGÞ. In a similar way we obtain JfF;GgM
¼ 1 if JF ¼ �JG, and this completes the proof of the theorem.

A.2. The Weyl quantization

Let us sum up the canonical (Weyl) quantization procedure for functions (classi-
cal observables) defined on the phase space R l � T l . For more detail the reader is
referred to [12].

Let Aðx; x; �hÞ : R l � T l � ½0; 1� ! C be a family of smooth phase-space func-
tions indexed by �h fulfilling the assumptions of Theorem A.1, written under its
Fourier representation

Aðx; x; �hÞ ¼
Z
R l

X
q AZ l

ÂAqðp; �hÞeið3p;x4þ3q;x4Þ dp

where, as in Section 1:

Aðx; x; �hÞ ¼
X
q AZ l

Aqðx; �hÞei3q;x4;

Aqðx; �hÞ :¼ ð2pÞ�l=2

Z
T l

Aðx; x; �hÞe�i3q;x4 dx

ÂAqðp; �hÞ ¼ ð2pÞ�l=2

Z
R l

Aqðx; �hÞe�i3p;x4 dx

Then the (Weyl) quantization of Aðx; x; �hÞ is the operator acting on L2ðT lÞ, de-
fined by:

ðAð�hÞ f ÞðxÞ :¼
Z
R l

X
q AZ l

ÂAqðp; �hÞeið3q;x4þ3p;q4�h=2Þf ðxþ p�hÞ dp; f a L2ðT lÞ:ðA:1Þ

Remark A.3. (a) If A does not depend on x, Aðx; x; �hÞ ¼ Aðx; �hÞ, (A.1)
reduces to the standard multiplicative action:

ðAð�hÞ f ÞðxÞ ¼
Z
R l

X
q AZ l

Aqð�hÞdðpÞeið3q;x4þ3p;q4�h=2Þf ðxþ �hpÞ dp

¼
X
q AZ l

Aqð�hÞei3q;x4f ðxÞ ¼ Aðx; �hÞ f ðxÞ
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(b) If A does not depend on x, then ÂAq ¼ 0, qA 0; thus ÂA0 ¼ ÂAðp; �hÞ and the
standard (pseudo) di¤erential action is recovered:

ðAð�hÞ f ÞðxÞ ¼
Z
R l

ÂAðp; �hÞ f ðxþ �hpÞ dp ¼
Z
R l

X
q AZ l

ÂAðp; �hÞ fqei3q;xþ�hp4 dp

¼
X
q AZ l

fqAðq�h; �hÞei3q;x4 ¼ ðAð�i�h‘x; �hÞ f ÞðxÞ;

whence the formula yielding all the eigenvalues of A:

lnð�hÞ ¼ 3en;Aen4 ¼ Aðn�h; �hÞ;ðA:2Þ

where fen : n a Ng is the set of the Hermite functions in L2ðR lÞ.
(c) Let Vðt; x; �hÞ be a complex-valued, smooth function defined on

R� T l � ½0; 1� vanishing exponentially fast as jtj ! l uniformly w.r.t.
ðx; �hÞ a T l � ½0; 1�, with Fourier expansion

Vðt; x; �hÞ ¼
Z
R

X
q AZ l

V̂Vqðp; �hÞeið3p;x4þ3q;x4Þ dpðA:3Þ

where, as in Section 1:

Vðt; x; �hÞ ¼
X
q AZ l

Vqðt; �hÞei3q;x4;

Vqðt; �hÞ :¼ ð2pÞ�l=2

Z
T l

Vðt; x; �hÞe�i3q;x4 dx

V̂Vqðp; �hÞ ¼ ð2pÞ�l=2

Z
R

Vqðt; �hÞe�i3p;t4 dt

and let the smooth function Voðx; x; �hÞ : R l � T l � ½0; 1� ! C be defined as
follows:

Voðx; x; �hÞ :¼ Vðt; x; �hÞjt¼LoðxÞ ¼ Vð3o; x4; x; �hÞ:

Then we have:

Voðx; x; �hÞ ¼
Z
R

X
q AZ l

V̂Vqðp; �hÞeið3q;x4þpLoðxÞÞ dp

and (A.1) clearly becomes:

ðVoð�hÞ f ÞðxÞ ¼
Z
R

X
q AZ l

V̂Vqðp; �hÞeið3q;x4þp3o;q4�h=2Þf ðxþ p�hoÞ dpðA:4Þ
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(d) Let

kVokr :¼ sup
�h A ½0;1�

X
q AZ l

erjqj
Z
R

erjpjjV̂Vqðp; �hÞj dp < þl; rb 0;ðA:5Þ

and remark that

kVokL1 :¼ sup
�h A ½0;1�

X
q AZ l

Z
R

jV̂Vqðp; �hÞj dpa kVokr:

Then Voð�hÞ is a bounded operator in L2ðT lÞ, uniformly with respect to
�h a ½0; 1�, namely:

sup
�h A ½0;1�

kVoð�hÞkL2!L2 a kVokL1 a kVokrðA:6Þ

because

kVoð�hÞ f kL2 a
X
q AZ l

Z
R

jV̂Vqðp; �hÞj dpk f kL2 a kVokL1k f kL2 :

(e) If the symbol V is real valued, then its Weyl quantization Vð�hÞ is a clearly
symmetric operator in L2ðT lÞ; if in addition condition (A.5) holds its bound-
edness entails its self-adjointness.
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operators and similarity with self-adjoint operators, J. Phys. A: Math. Theor. 45 (2012),
444007 (20pp).

[10] J. Sjöstrand, Semi-excited levels in non-degenerate potential wells, Asymptotic Anal-
ysis 6 (1992), 29–43.

[11] D. Bambusi - S. Graffi - T. Paul, Normal forms and quantization formulae, Comm.
Math. Phys. 207 (1999), 173–195.

[12] S. Graffi - T. Paul, Convergence of a quantum normal form and an exact quantization

formula, J. Funct. Anal. 262 (2012), 3340–3393.

[13] D. Folland, Harmonic analysis in phase space, Princeton: Princeton University Press,
1989.

[14] D. Robert, Autour de l’approximation semi-classique, Boston: Birkhauser, 1987.

Received 4 September 2012,

and in revised form 17 December 2012.

Emanuela Caliceti

Dipartimento di Matematica
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