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Partial Differential Equations — On the first curve of the Fucik spectrum for
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ABSTRACT. — In this Note we present a new variational characterization of the first nontrivial
curve of the Fucik spectrum for elliptic operators with Dirichlet or Neumann boundary conditions.
Moreover, we describe the asymptotic behaviour and some properties of this curve and of the
corresponding eigenfunctions. In particular, this new characterization allows us to compare the first
curve of the Fucik spectrum with the infinitely many curves we obtained in previous works (see
(8, 9]): for example, we show that these curves are all asymptotic to the same lines as the first curve,
but they are all distinct from such a curve.

Key worps: Elliptic operators, Fucik spectrum, first curve, asymptotic behaviours, variational
methods.

MATHEMATICS SUBJECT CLASSIFICATION: 35J20, 35J60, 35J66.

1. INTRODUCTION

The Fucik spectrum plays an important role in the study of some elliptic prob-
lems with linear growth. Let us consider, for example, the Dirichlet problem

Au+g(x,u) =0 inQ, u=0 on0Q,

where Q is a smooth bounded connected domain of R" and g is a Carathéodory
function in Q x R such that

. ,t . , L
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=pf VxeQ,

with o, f € R. Existence and multiplicity of solutions of problems of this type are
strictly related to the position of the pair (, ff) with respect to the Fucik spectrum
¥ which is defined as the set of all the pairs («, ) € R? such that the Dirichlet
problem

(1.1) Au—ou +put =0 inQ, u=0 onoQ

has nontrivial solutions (i.e. u € H}(Q), u # 0). In analogous way one can define
the Fucik spectrum X when the Dirichlet boundary condition is replaced by the
Neumann condition £ = 0 on 0€Q2.
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After the pioneering papers [2, 1] on these problems, the important role of
the Fucik spectrum has been pointed out in [5, 3]. Then, several works have
been devoted to describe the structure of £ and X (see, for instance, [4, 11, 12]
and the references therein). The really interesting case is N > 1 since, in the
case N =1, ¥ and X are completely known and may be obtained by direct
computation.

Let us denote by 41 < 4y < 13 < - - - the eigenvalues of —A in H} (Q); it is clear
that X includes the lines {4;} x R and R x {/;}, contains all the pairs (4;, 4;)
Vi e N (that are the only pairs («,f) of £ such that « = ff) and is symmetric
with respect to the line {(a,) € R?: « = ff}; moreover, if o # A;, f # A; and
(o, ) € X, then o > Ay, f > 41 and the Fucik eigenfunctions corresponding to
(o, f5) are sign changing functions (analogous properties hold for ).

In [3] it is shown that the lines {4;} x R and R x {4;} are isolated in X. Many
results (see [6, 7, 11, 12, 4] and the references therein) concern the curves in X
emanating from each pair (4;,4;) (local existence and multiplicity, variational
characterization, local and global properties, etc....). Combining these results,
one can infer in particular that £ contains a first nontrivial curve, which passes
through (4,4,) and extends to infinity. In [4] the authors prove directly the
existence of such a first curve, show that it is asymptotic to the lines {4;} x R
and R x {4}, give a variational characterization and deduce that all the corre-
sponding eigenfunctions have exactly two nodal domains (extending the well
known Courant nodal domains theorem).

Recently (see [8, 9]) we have proved that, if N > 1, the Fucik spectrum X
contains infinitely many curves asymptotic to the lines {4} x R and R x {4;}
(notice that, on the contrary, if N =1 X has only two curves asymptotic to
{M1} x Rand R x {4;}).

A similar result holds also in the case of Neumann boundary condition. In this
case the first eigenvalue of —A is zero and, if N > 1, the Fucik spectrum X
includes infinitely many curves asymptotic to the lines {0} x R and R x {0}
(notice that, on the contrary, if N = 1 X does not contain any curve asymptotic
to {0} x Rorto R x {0}).

More precisely, the following theorem holds.

THEOREM 1.1. Let Q be a smooth bounded domain of RN, N > 2. Then, there
exists a nondecreasing sequence (), of positive numbers such that Yk e N
and Nf > B there exists oxp > Ay and oxp >0 such that (oyp,p) € X and
(0.3, B) € Z; moreover, Yk € N, axp and oz depend continuously on [
in ]ﬁk,—FCO[, Ok, p < Olg+1,4 &k’/j < &k+l,/f Vg > ﬁk+1 and lim/jﬂ+x Ok, p = A,
lim‘[fHJ’»oo &k,ﬁ =0.

In this Note we present a new variational characterization of the first nontrivial
curve of the Fucik spectrum in the cases of Dirichlet and Neumann boundary
conditions; this characterization, in particular, allows us to show that all the
curves given by Theorem 1.1 (even for k = 1) are distinct from such a curve.
This results, announced in this Note, will appear in [10], presented and proved
in a more completed and detailed way.
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For the sake of simplicity, here we present our results in the case of the
Laplace operator; however, they may be easily extended in order to cover the
case of more general elliptic operators in divergence form.

2. THE MAIN RESULTS

Theorems 2.1 and 2.2 give a variational characterization of the first nontrivial
curve of the Fucik spectrum in the cases, respectively, of Dirichlet and Neumann
boundary conditions.

THEOREM 2.1 (see [10] for the proof). Let Q be a smooth bounded connected
domain of RN with N > 2. For all > 11, let us set

(2.1) aﬁ:inf{/ \Du~|*dx : u e H (Q),
Q

- 2
M2y = 2@y = 1’/Q|Du+| dx_/’)}'

Then og > A1, (op, ) € ZVB > A1 and ag < o for every o > Ay such that (a,ff) € Z.
Moreover, ag is continuous and decreasing with respect to ff in A1, +ool, the infi-
mum in (2.1) is achieved ¥ > 11 and an eigenfunction corresponding to the pair
(op, B) is given by up = —tiy +,uﬂuﬂ, where iig is a minimizing function for (2.1)
and pg is a suitable positive constant.

Asﬂ — +00, ap — A and ug — —ey in H} (Q), where ey is the positive function
in H}(Q) such that Aey + Alel =0inQand |le1]|;2q) =1 as f— Z1, g — +0
and H“/; ||L2 \up — ex in H} (Q).

THEOREM 2.2 (see [10] for the proof). Let Q be a smooth bounded connected
domain of RN with N > 2. For all > 0, let us set

(2.2) dy = inf{/ \Du~|*dx :ue H'(Q),
Q

”u+||L2(Q) = ||u_||L2(Q> = 1,/Q|Du+|2dx _ﬁ}

Then ag > 0, (ag,f) € > VB >0 and ag < o for every o> 0 such that (o, f) € T
Moreover, ag is continuous and decreasing with respect to [ in |0, 40|, the infimum
in (2.2) is achieved V3 > 0 and an eigenfunction corresponding to the pair (o?/; p) is
given by up = —u; + ,u/;u , where 1 is a minimizing function for (2.2) and i is a
suitable positive constant.

Asﬂ—>+oo dg — 0 and up — —|Q” * in HY(Q) while, as f — 0, &5 — +00
and || ||L2 yig — || 2 in H! (Q)

Finally, for all >0, there exist xg € Q and pg > 0 such that llmngrOC ps=0
and supp(uﬂ) < B(xg,pg) VB > 0; if (up to a subsequence) limg_. o X = X for a
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suitable X, then X € 0Q and, if we set H = {x € RY : (x - ¥) < 0} where ¥ denotes
the outward normal to 0Q in X, then we have

. NLox ~
ﬁgril% (sgp u/;) uﬁ(ﬁ—l-x/;) =U(x) VxeH,
where U is the radial solution of Zhe problem AU+ U* =0 in RY, U(0) = 1.
Similar properties hold for —||i,; ||L yug as f — 0.

All the properties of the first nontrivial curve of the Fucik spectrum and of the
corresponding eigenfunctions, in the cases of Dirichlet and Neumann boundary
conditions, may be deduced from the variational characterization given by
Theorems 2.1 and 2.2. In particular, one can deduce that «;, = A, (namely, the
first curve of X passes through (42, 42)) and, analogously, that a; = », where
denotes the second eigenvalue of the Laplace operator —A with the Neumann
boundary condition & S =0 on JQ. In next proposition we use this variational
characterization to show that the curves given by Theorem 1.1, contained in X
[respectively, in %], are all distinct from the first nontrivial curve of X [respec-
tively, of X].

PROPOSITION 2.3. Let Q be a smooth bounded domain of RN with N > 2. Then,
there exists f > 0 such that og < ax g and ap < o g Yk € N, VB > max{p, f; }.

Sketch of the proof. For simplicity, here we consider only the case N > 3 (the case
N = 2, which requires more refined estimates, is considered in [10]).

In order to prove that oy < oy 4, for ff large enough, notice that (as we proved
in [9])

N-2 2
(2.3) lim 7 (o p— A1) = kcap(fl)(mgx el) Vk e N,

f—+oo

where 7, is the radius of the balls in R" for which the first eigenvalue of —A in HO1
is equal to 1 and cap(7;) denotes the capacity of these balls. Then, choose X € Q
such that e;(X) < maxg e; and (for f§ large enough so that B(X, rl/\/_ < Q) set

(2.4) ap(X) = inf{/ |Dul*dx :u e HH (Q),u < 0in Q,
Q

u—OlnB( \/E) lull 2 _1}.

Since there exists u € H}(Q) such that u >0 in Q, u=0 in Q\B(X,7/\/f),

|20y = 1 and Dul* dx = , we have oy < o3(X). As f — +oo (after rescal-
L( B B
ing) We obtam

2
@5)  lim p Flop(x) — ] = cap(F)ler (%)) < cap(i) (max er) .

HJroo
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It follows that there exists f > 8, such that oy < 0p(X) < oy, 5 VB > 8 and, as a
consequence, ag < o, g Yk € N, YV > max{f,f;}.

In analogous way one can prove that og < ax g Vk eN, for >0
large enough because limg .. ﬂ = p=kecap(i)|Q|™" VkeN while

limg_, o ﬁ 7 ag = (1/2) cap(1)|Q| " (see [10] for more details).

REMARK 2.4. The eigenfunctions ux 4 € Hi(Q) and a3 € H'(Q), correspond-
ing respectively to the pairs (o g,f) € X and (o p,f) € Z, present k interior
bumps; moreover, for u; s and for u; g, the asymptotic profile of the rescaled
bumps is described by the function U introduced in Theorem 2.2 (see [8]).

On the contrary, the eigenfunctions ug € H (Q) and ug € H'(Q), correspond-
ing respectively to the pairs (o, ) € £ and (ag,f) € X, have only one bump
which, for f large enough, is localized near the boundary of Q. In Theorem 2.2
we have described this property for up; a similar property holds also for ug, but
the asymptotic profile of the rescaled bump of ug is not described by the function
U; in fact, as f — +o0, the functions u; concentrate near suitable points Xp such
that hm/pﬂc dist(xp,0Q) = 0; if (up to a subsequence) lims ., xp = x, for a
suitable X € 0Q, and if we set H :={x e R : (x-7) < O} where ¥ denotesA the
outward normal to 0Q in x, then llm/;ﬂm(supg ug) u/; (x/\/B+xp) = U(x)
Vx e H, where U is a function in H{(H), which solves a suitable limit equatlon
in H.
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