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Partial Differential Equations — Local versus nonlocal interactions in a reaction-
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ABSTRACT. — We study existence of patterns for a reaction-diffusion system of population dynam-
ics with nonlocal interaction. We address the system as a bifurcation problem (the bifurcation
parameter being the diffusivity of one species), and investigate the possibility of patterns bifurcating
out of a constant steady state solution via Turing destabilization. It is shown that the nonlocal
character of the interaction enhances the possibility that patterns exist with respect to the case of
the companion problem with local interaction.

KEYy worbDs: Patterns, Turing destabilization, bifurcation point, asymptotically stable solutions,
nonlocal term.
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1. INTRODUCTION

Reaction-diffusion systems with nonlocal interactions arise in a variety of appli-
cations, particularly in models of mathematical biology (e.g., see [4, 6, 7, 10, 11,
19, 20] and references therein), the motivation for their introduction depending
on the context. For instance, in epidemiological models it is conceivable that the
presence of infectives at some point influences some surrounding region as far as
the spread of epidemics is concerned, whereas in population dynamics one can
think of a population whose individuals communicate by chemical means, or
compete for some resource which can rapidly redistribute itself, e.g. by convec-
tion. Nonlocal terms in equations modelling population dynamics can also arise
by very different factors (e.g., see [2, 5, 18]), or derive by some limiting procedure
(as in the “shadow system” associated to some reaction-diffusion system with
local interaction [12, 13, 16, 17]).

In this note we address the following reaction-diffusion system with nonlocal
interaction (see [8, 9)):
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Uy =ty +u(l —u) —uv in Q xR,
. {u, vy uv )
(L) v[:/mxx—)((uxv)x—/)’v—l—5<1’v>v—yl+w in Qx R,
Uy, =0, =0 in 0Q x R,
u=uy, V=71 in Q x {0}.

Here Q = (0,1), Ry = (0,00), 0Q = {0, 1}, B, 7, J, T are positive constant coeffi-
cients, A > 0 and y > 0 will be regarded as parameters, and

1

1
(1.2)  <u,v)(2) ::/0 u(x, to(x, t)dx, {1,v)(1) ::/0 v(x,t)dx (teRy)

for any measurable u,v : Q x Ry — R.. The unknowns v = v(x, #) and u = u(x, )
denote the densities of a population of amoebae, feeding on bacteria, respectively
of bacteria belonging to a virulent strain, which can kill amoebae by infecting
them—a novel feature with respect to standard predator-prey interaction (in
fact, amoebae are attacked by bacteria following a Holling type II functional re-
sponse, with handling time 7 and attack rate y). However, the main feature of the
model is that predation of the amoeboid population on bacteria is governed by
{u,vp
<Lvy
amoebae behave like a sole organism when food supply is low, so that food is
redistributed among all cells (see [8] for a discussion of this point).

The question we want to address in this note is that of existence of patterns,
namely, of space dependent stable equilibrium solutions of problem (1.1). Both
experimental and numerical evidence support the existence of such solutions,
which is related to the pathogenic action of bacteria [9]. Specifically, we wonder
whether existence or nonexistence of patterns is affected by the nonlocal character
of the interaction. Therefore, we also investigate existence of patterns for the
companion problem

a nonlocal law through the integral term 6 v. This describes the fact that

U= tyy +u(l —u) —uv in Qx R,
(1.3) U = Ay — x(uyv),, — v+ ouv — 71 :I_Dw in Q xR,
Uy =0, =0 in 0Q x Ry
u=uy, V=71 in Q x {0},

{u, v

where the nonlocal term o v 1s replaced by the local interaction term duv.

)

Our approach is to treat both (1.1) and (1.3) as bifurcation problems, the bifurca-
tion parameter being the diffusivity A of amoebae, and investigate the possibility
of patterns bifurcating out of a constant steady state solution. As we shall see, a
second relevant parameter in this analysis is the strength y of the chemotactic
term —y(uy) ..
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Both systems (1.1) and (1.3) are space dependent generalizations of the
“lumped parameter”” Cauchy problem

u=u(l—u)—uv in Ry
uv
1.4 p = — ey
(1.4) v Pv + duv (- in R,
u(0) = ug, v(0) = vy.

Steady state solutions of problem (1.4) are spatially homogeneous equilibria of
both problems (1.1) and (1.3). In particular, we shall be interested in coexistence
equilibria of (1.4)—namely, in steady state solutions U = (i, ) such that &, v > 0.
In the following we assume that there exists a coexistence steady state U, with
0<u<1, 0<d<1, which is asymptotically stable with respect to problem
(1.4) (note that we can do it, since this occurs for a suitable choice of parameters
B, 0, v, T (see [8])). Then we seek conditions on the parameters / and y ensuring
that:

(i) the steady state U becomes unstable with respect to solutions of problem
(1.3)—namely, Turing destabilization of U occurs;
(ii) patterns of problem (1.3) bifurcate from U.

Subsequently, the same question is addressed for problem (1.1), to study whether
the conditions of Turing destabilization are affected by the nonlocal character of
the interaction.

The main qualitative outcome of the above analysis is that the nonlocal inter-
action enhances the possibility that patterns exist with respect to the case of local
interaction. In fact, in the local case patterns can only exist for small values of the
parameter y (see assumption (A4;)), a requirement which has no counterpart in
the nonlocal case. Moreover, in the local case patterns can exist for a more lim-
ited range of values of the diffusivity 4 than in the nonlocal case (this is apparent
from the subsequent discussion, since the function  defined in (2.20) is always
smaller than the function y defined in (2.9)). It is worth observing that these
results are in agreement with those proven in [10] for a single reaction-diffusion
equation with nonlocal interaction, showing that for such an equation patterns
can exist in cases where this is impossible, if a local interaction is considered
(3, 15].

2. RESULTS

2.1. Well-posedness. Let C*(Q) denote the space of k times continuously dif-
ferentiable functions u: Q — R, endowed with the usual norm (k € N u {0};
C(Q) = C'(Q)).

Solutions of problems (1.1) and (1.3) are always meant in the classical sense.
The following well-posedness result for problem (1.1) is easily proven. A compan-
ion result holds for problem (1.3), whose formulation is left to the reader.
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THEOREM 2.1. For any uy,vy € C(Q), uy > 0, vy > 0 there exists a unique global
solution (u,v) of problem (1.1). Moreover, there holds u > 0, v > 0 in Q x R,.

2.2. Existence of patterns: local interaction. Let us first address the simpler prob-
lem (1.3).
Steady state solutions of problem (1.4) are found solving the system

F(u,v) =u(l—u—v)=0

G(u,v) :z(—))ﬁ—i-&u—ﬁ)vzo.

2.1)

In particular, coexistence equilibria of problem (1.4) are found solving the system
u=1-vo

(22) —ou+f=0.

y1+w

Hereafter we set F, = F,(U), F, = F,(U), G, = G,(U), G, = G,(U). There holds

(2.3) F,=F, = —i,

(2.4) G”::Qs_1gifa)a

(2.5) Gﬁzujimgw
Denote by

(2.6) JEH%@&(% Z)

the linearized operator of the right-hand side on the solution U. By standard

results, U is asymptotically stable with respect to the ODE problem (1.4) if
(Ao) F,+G, <0, G,> Gy;
in fact, the above conditions ensure that

TrJ=F,+G,<0, DetJ=F,G,—F,G,>0.

Let U be a solution of (2.2). We wonder whether the Turing destabilization
of U, regarded as a spatially homogeneous equilibrium of (1.3), occurs for some
values of the parameters 4 and y. It turns out that this can only happen if

YT

A 0<y<yxo=-p = ,
1) “THR] (14 w)
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and

(2G, — G, + yoF, — 2\/(G, + yoF,)(G, — G,))

() 0 <A< igi=
|Ful

(observe that /gy is well defined and positive by assumptions (4y)—(A4;)). More
precisely, we have the following result.

THEOREM 2.2. Let U = (u,v) be a stationary solution of problem (1.4) such that
0<a<1,0<0v<1,and let assumption (Ao) be satisfied. Then the homogeneous
steady state U is unstable with respect to problem (1.3) if and only if:

(1) the chemotaxis coefficient y satisfies condition (Ay), and the diffusion coeffi-
cient A of amoebae satisfies condition (A,);

(1) there exists n € N such that
(2.7) k(A y) < ky:=n*n* <k,(y),

where

1
(2.8)  ki(Ay) = 2 {F,.+ G, + y0F,

+ \/ (Fud+ Gy + 1BF,)* + 43F,(G, — G,)}.
Observe that the functions k4 defined in (2.7) are the roots of the equation
(2.9) V(2. k) = Jk* — (FA+ G, + yoF,)k — F,(G, — G,) = 0.
By assumption (A4) and equality (2.3) there holds
(2.10) ¥(4,2,0) = Fu(Gy — Gu) = |F|(Gy — Gu) > 0,

thus positive roots of equation (2.9) need not exist. Existence prevails, if as-
sumptions (4;)—(A4») are satisfied; in fact, in this case there holds 0 < k_(4,y) <
ki (4, ) (see Section 3).

In the following of this subsection we assume y € [0, ;) to be fixed. Accord-
ingly, for any fixed y € [0,,) we set Y(4,k) = (A, x k) and k(1) = ki(4, ).
An elementary analysis shows that (see Figure 2.1):

(a) k_ is increasing, k., decreasing with 4 € (0, 49) and

B F,J0 + G, + y0F, ]

@11) ki (o) i

(b) there holds

Fu u — Yo .
(2.12) Alir(r)1+ k_(A) = (G, = Go) >0, lim k(1) = 0.

G, + yvF, 40+



196 F. PUNZO AND T. SAVITSKA

Figure 2.1

The proof of Theorem 2.2 relies on a linearized stability analysis of problem
(1.3). The Fréchet derivative of the system in (1.3) at U = (&, 7) is the operator-
valued matrix

d2
~ 4+ F, F,
dx? *
2 2
——— Gu /17 Gv
A a2 * dx? +

(see (3.4)), supplemented with homogeneous Neumann boundary conditions. Its
spectrum consists of eigenvalues {,, € C, which are the roots of the equation

(2.13) O+ ¢ kn)l + (A k) =0
where k, := n’zn* (n e N U {0}) and
(2.14) P2, k) =1+ )k — (F, + Gy).

Clearly, we are interested in eigenvalues {,, with positive real part, which turn out
to be real positive solutions of equation (2.13). The proof of Theorem 2.2 shows
that such solutions exist if and only if the conditions (i)—(ii) of the theorem are
satisfied.

Now suppose that assumptions (4y)—(4,) are satisfied. By (2.12) inequality
(2.7) is satisfied for any n € N sufficiently large, thus by Theorem 2.2 U is unsta-
ble for any 4 > 0 sufficiently small. Then it is natural to conjecture that a pattern
of problem (1.3) bifurcates from U at some value A € (0, 4.

The above question can be addressed by standard methods of bifurcation
theory (e.g., see [1, 14]). In fact, let there exist np € N and 4o € (0, o] such that
kn, = k_(4). Then (Lo, ky,) = W (Ao,k_(4)) =0, and {(k,,) =0 is an eigen-
value of the operator A4; . To avoid technicalities, we only consider the case
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k

Figure 2.2: Condition (2.15)
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Figure 2.3: Theorem 2.3

when this eigenvalue is simple. This is certainly the case if Ao = Ay, since for any
n e N\{ny} there holds y(4g,k,) > 0, thus the real part of {(k,) is negative (see
Figure 2.2). Then we have the following result (see Figure 2.3), where the labels
s and u stand for ““stable” and ““unstable”, respectively, and E denotes the eigen-
vector (3.9)).

THEOREM 2.3. Let U be the homogeneous steady state considered in Theorem
2.2. Let assumptions (Ay)—(Az) be satisfied. Moreover, suppose that

(2.15) there exists ny € N such that k,, = k(4o).
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Then:

(i) (4o, U) is a bifurcation point of stationary solutions of problem (1.3);
(ii) the bifurcating stationary solutions are nonconstant, and exist in some neigh-
bourhood of the bifurcation point (1, U);
(iii) the bifurcation is subcritical, and the bifurcating nonconstant stationary solu-
tions are asymptotically stable.

REMARK 2.1. Concerning statement (ii) of Theorem 2.3, the set of bifurcating
solutions can be described as follows (see [1, Proposition 26.13]). Denote by Y
the Banach space

(2.16) Y :={U = (u,v) € C}Q) x C*(Q) |u'(0) = v'(0) = (1) = '(1) = 0}

with norm

2
101y =Y (@ + 0]}
k=0

forany U = (u,v) € Y. Then there exist ¢ > 0 and a smoothmap U : (—¢,&) — Y
such that for any s € (—¢,¢) and x € Q the bifurcating stationary solutions are
given by the equality

kno - Fu

v

(2.17) U(s,x) = U+ s{(cos( kny ), cos( knox)) + (s, x)}

where the map s — y(s,-) belongs to C'((—e,é&); N.) for some closed subspace
N. < Y, and y(0,-) = 0. Moreover, there exists a smooth map 4: (—¢,¢) — Ry
such that A = A(s) for any s € (—¢&,¢), 4 € R being the parameter in problem
(1.3) and 4y = A(0).

In view of Theorem 2.3 and Remark 2.1, there exists ¢ > 0 such that for any
A€ (A — & o) there exist patterns of problem (1.3). Observe that, under the as-
sumptions of Theorem 2.3, the steady state U is unstable with respect to problem
(1.3) for any A € (0, 49), whereas it is asymptotically stable for any 1 > 4y (see
Theorem 2.2 and Figure 2.3).

REMARK 2.2. Conclusions similar to those of Theorem 2.3 hold in more general
situations. In fact, let there exist ny € N such that

(A3)(1) k_(0) < ky, < ki(4o).

Then there exists a unique 4o € (0, 49) such that k,, = k_(4y) (see Figure 2.4a).
Suppose that

(43)(ii) ki1 > ki (Jo).
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kno —1

5\0 /\0 A 5\0 /\0 A
(a) Condition (As) (b)
Figure 2.4

Since the function  is increasing in (k4 (4y), o), this implies that y(k,) > 0 for
every n > ny + 1. Plainly, it follows that the real part of {(k,) is negative for any
n € N\{ng}. Then the same conclusions of Theorem 2.3 hold with /4, replaced by
Ao. Similar remarks hold in analogous situations (e.g., see Figure 2.4b); we leave
their formulation to the reader.

2.3. Existence of patterns: nonlocal interaction. Let us now regard the coexis-
tence steady state U as a spatially homogeneous equilibrium of problem (1.1). It
will be seen below that in this case the functions k4 of the previous analysis (see
(2.8)) are replaced by

1
(2.18) ki(4,y) = 7 {F.J.~+ G, + y0F,

[ (Fd+ G, + 75F,)* — 43F,(G, — G, +060))},

which are the roots of the equation

(2.19) V(A k) =0;

here

(2.20) (42, k) = W(4, 1, k) + 60F,
= Ji®> — (Fy+ G, + yoF,)k 4+ F,(G, — G, + b)

Observe that, at variance from the previous case (see (2.10)), there holds

(2.21)  Y(4x,0) = Fu(Gy, — G, +67) = —y(l—
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|Ful(Go—Gut60) k—(\)
T GotxuF,

Figure 2.5

Hence for any 4 > 0 and y >0
(2.22) k (A,y) <0<k(ly)

(see Figure 2.5, where y > 0 is fixed). The root k_ has no role in the subsequent
analysis since it is always negative, thus we set k = k. hereafter. Observe that
assumptions (4;)—(A4,) have no counterpart in the present case. However, it is
worth mentioning that

lim & (1) = G, & 1iF, <0 if (A4;) holds

A—0* .
—0 otherwise.

Let y >0 be fixed, and set ,
checked that k is decreasing in (0, o0), an

lim k(2) = o, lim k(1) = 0.

A—0+ A— 00
Denote by 4; € (0, 0) the unique root of the equation k(1) = k|, namely
(2.23) =k e k() =k

(recall that kj := n?). Arguing as in Subsection 2.2, we obtain the following
result.

THEOREM 2.4. Let U = (i1,0) be a stationary solution of problem (1.4) such that
0<u<l1,0<0<1,andlet assumption (Ay) be satisfied. Let A1 € (0, 0) be the
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unique root of the equation IE(/L) = ky. Then the homogeneous steady state U is
unstable with respect to problem (1.1) if and only if 1 € (0, ).

As in the case of local interaction, the proof of Theorem 2.4 is based on a
linearized stability analysis of problem (1.1). The Fréchet derivative of the system
in (1.1) at U = (i1, 0) is the operator-valued matrix

2

(2.24) X
54 Prite! 1] J @ G
—xvﬁ—ﬁ—Gu—i— o[<1,-> —1] ”ﬁ"‘ v

(see Section 4), supplemented with homogeneous Neumann boundary conditions;
here the linear functional <1,-) is defined in (1.2), F, = F,(#,0), and so on. By
analogy with the situation encountered for the case of local interaction, it is nat-
ural to conjecture that (U, /) be a bifurcation point of patterns of problem (1.1).
The affirmative answer is the content of the following theorem.

THEOREM 2.5. Let U be the homogeneous steady state considered in Theorem
2.2, and let assumption (Ay) be satisfied. Let 11 € (0, 0) be the unique root of
the equation k(1) = ky. Then the conclusions of Theorem 2.3 hold true, with A

replaced by 1. Moreover, the nonconstant bifurcating stationary solutions are of
the form (2.17) with k,, replaced by k;.

3. LOCAL INTERACTION: PROOFS

Consider the Banach space X := C(Q) x C(Q) endowed with the norm
1Ullx := Nl + ol (U = (w,0) € X).

Define a bounded nonlinear operator % : R, x R, x ¥ — X, with Y as in
(2.16)), by setting

(3.1) F (b U) = (A —u;:&g’(%(u v))

forany 2 > 0,y > 0and U = (u,v) € Y. Then problem (1.3) reads as the abstract
Cauchy problem

(32) {Ut:y(l’{,){, U) ln [R+

U(O) = U() = (uo,l)o).

PRrROOF OF THEOREM 2.1. Forevery A >0, y = 0 the map # (4,x,-): ¥ — X is
locally Lipschitz continuous, thus for each Uy € X a unique local solution exists.
The solution is global by elementary a priori estimates. The claim concerning
nonnegativity follows by the maximum principle. O



202 F. PUNZO AND T. SAVITSKA

To prove Theorem 2.2 we need a linearized stability analysis of problem (1.3),
which is conveniently thought of in the abstract form (3.2). If so, stationary
solutions of problem (1.3) satisfy

(3.3) F 4y, U) = 0.

Clearly, for any U = (uj,v;) € Y
ul + F,(u,v)u; + F,(u,v)v,

Fy(dyy, U)Up = : ’ ’ ;

vt 1 U) U ()tv{’ — xl@'v)" + (ujv)'] + Gu(u, v)uy + Gy (u,v)v) )’

hereafter, by Fy, Z,u, Zyu, Fyyu we denote the Fréchet partial derivatives of
Z with respect to its arguments. Observe that 7y (A, y,U) € L(Y,X) (L (W, Z)
denoting the space of bounded linear operators from the Banach space W to the
Banach space Z).

Let U = (i1, 7) be a stationary solution of problem (1.4). By the above equal-
ity, the linearized operator at U of the right-hand side of (3.2) is

d2
- a2t fe
(34) A;”X = 37[](&,)(, U) = d2 d2 s
—y0—+ G, L—+ G,
XY dx? + dx? +

where F, = F,(i1,7), and so on. It is easily seen that the linearized operator 4, ,
has compact resolvent, thus purely point spectrum. Its eigenvalues are the roots
{, € C of the equation

C+kn_Fu _Fv

(35 —xvk, — G, (+ ik, — G,

=0 & CH+d(hk)+ (A ky) =0,

where k, := n*z* (n € N U {0}) and the functions ¢, Y are defined by (2.14), re-
spectively (2.9) (here use of equalities (2.3) has been made). The corresponding
eigenfunctions are

(3.6) D, = (¢!, 04) = (acos(v/knx), bcos(v/knx)),

with a,b € R to be chosen. By the completeness of the trigonometric system it is
easily seen that no other eigenfunctions and eigenvalues exist.

In the following we suppose that assumption (A4g) is satisfied. Let us seek
conditions on the parameter / ensuring that some eigenvalue {,, of the linearized
operator A, has positive real part, so that the steady state (i, v) becomes unstable
with respect to solutions of the PDE problem (1.3). In fact, this amounts to prove
Theorem 2.2.

PrROOF OF THEOREM 2.2. Every complex root { = {; + i{, of the equation

(3.7) A+ g+ (k) =0 (k= 0)
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satisfies the system

{C% — 2+ ALK + (A, k) =0
24, + ¢(2, k)G = 0.

Since we seek solutions with {; > 0, and there holds ¢(4,k) > 0 for any A,k >0
(see (2.14) and recall that F, + G, < 0 by assumption (4y)), the second equation
gives {, = 0. Hence solutions of the above system with {; > 0 exist, if and only if
there exist real positive solutions of equation (3.7). Since ¢(4,k) > 0 for any
A,k >0, this happens if and only if (4, y,k) <0 for some 2 >0, y >0 and
k> 0.

By equalities (2.8)—(2.9) and (2.10) there holds

F+ G, + yoF, > 0

Ak fi
V(A k) <0 forsomek >0 < {(Fuﬂ+Gv+){ﬁFu)2+4Fu(Gu_GU);“>0'

The second inequality of the above system is satisfied if either A < 4y, or

> % =

7 (2G, — G, + y0F, + 2\/(G, + yoF,)(G, — G,)),
u

whereas the first inequality yields

J< W= 7Gv + vk
7

By assumptions (A4g)—(4;) there holds 0 < 49 < A" < 1 thus condition (4,)
ensures that the system of inequalities above is satisfied.

Therefore, if y and A satisfy conditions (A4;) and (4;) respectively, there exists
k > 0 such that W (2, 1, k) < 0. On the other hand, there holds (4, x,0) > 0 (see
(2.10)) and (4, y, ) — oo as k — oo, since by assumption A > 0. Then, by con-
tinuity, for every y € [0,y,) and A € (0,4y) there exist 0 < k_(4,x) < k+(4,%)
such that (4, x, k+(4,x)) = 0 and (4, x, k) < 0 for any k € (k—(4, %), k+ (4, 1))
Therefore, an eigenvalue of the linearized operator 4, with positive real part
(namely, a real positive solution of equation (3.7) with k = k) exists if and only
if inequality (2.7) is satisfied for some n € N. This completes the proof. O

In the remaining part of this section we suppose that y € [0, y,) is fixed, thus
we denote by Z (4, U) = (1, y, U) the operator defined in (3. 1)

If condition (2.15) is satisfied, the roots of equation (2.13) are {, (k,,) =0,
{_(kn,) = —¢(2,ky,) < 0. Then the linearized operator 4;, = Zy (Ao, U) is not in-
vertible, since it has an eigenvalue equal to zero. Moreover, if assumptions (4y)—
(A,) are satisfied, U is unstable with respect to problem (1.3) for any A € (0, ).
This suggests that the point (g, U) is a bifurcation point of equation (3.3), as in
fact the following proposition shows.
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ProrosSITION 3.1. Let the assumptions of Theorem 2.3 be satisfied. Then the
statements (1)—(ii) of the same theorem hold true.

To prove Proposition 3.1 we need some preliminary remarks. Set @ =
(p1,0,) € Y. Then the eigenvalue equation 4; ® = (@ reads (see (3.4))

o + Fup, + Fopy = (o
(3.8) Aopy — xvp) + Gupy + Gupy = {p,  in Q
91(0) = 03(0) = @1 (1) = p5(1) = 0.

It is immediately checked that any vector E € Y,
(3.9) E = (e1,e) := (acos(y/knx),bcos(\/knX)) (x€Q)

(see (3.6)) is an eigenvector of the linearized operator 4,, with eigenvalue 0, if &,
and 4 are related by equality (2.15) and

n _Fu
(3.10) a € R\{0}, b::koTa.

Observe that in this case the first equality in (3.5) reads

K, — F, _F,

3.11
( ) _Xﬁkng - Gu kn())vO - Gv

=0.

It has been already observed that the eigenvalue 0 is simple, thus the kernel
N'(A;,) € Y of the operator 4, coincides with the linear span of the vector E.
Consider also any vector E* € Y,

(3.12) E* = (ef,e5) = (a* cos(y/kn,x),b* cos(\/kn,X)) (x €Q),
with k,, and 4y related by equality (2.15) and

* * . FU *
(3.13) a* e R\{0} »b":= —kn(])»o—Gua .

It is easily checked that E* is an eigenvector with eigenvalue 0 of the formal
adjoint 4} of 4,

d? d?
) Fu -V u
A* . dx2 + XU dx2 + G
0T d?
F, A— .
073 + G

It is also easily seen that

(3.14) (E*,Z)) =0 forany Z € #(A4;,),
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where #(A;,) = X denotes the range of the operator A, and ((-,-)) the scalar
product in L?(Q) x L*(Q), namely

(F,G)) = /0 (fig1 + fg2) dx

for any F = (f1,/2), G=(g1,92) € L*(Q) x L*(Q). In fact, let Z = (z1,23) €
R(A,,). Then there exists W = (w;,w;) € Y such that Z = 4,, W, namely

wi + Fwy + Fowy = 2
Aowy — yow( + Gywi + Gywy =25 in Q.

Since wi(0) = wj(0) = wi(1) = wj(1) = 0, by the definition of b (see (3.10)) and
equality (3.11) there holds

((£7, )>=—{a [(Fu — kny)a + Fyb]
+ b*[(4Tkny + Gu)a + (Gy — kg 20)B]} = 0.

Further, observe that
1
((E*,E)) = (aa* +bb*)/ cos(v/Tomx) dx
0

aa* kny, — Fy
= 1+ — |-
2 knO/L() — Gl;

Then choosing

2 k, 4o — G,
3.15 == 0

(3.15) T d kot D) — (Fat Gy
we have

(3.16) (E*,E)) = 1.

Without loss of generality, hereafter we suppose
(3.17) a>0

and b, b*, a* chosen as in (3.10), (3.13) and (3.15), respectively. Observe that by
equalities (2.3), (2.11) and (2.15)

F |4 + G, v|F),
Fillo + Oc 711 _

(3.18) Kny iy — Gy = —
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Then by assumption (A4y), equality (2.3) and inequality (3.18) there holds
(3.19) b<0, a* <0, b*<O.
Now we can prove Proposition 3.1.

PRrROOF OF PROPOSITION 3.1. Consider the second Fréchet derivative

0 0
dx?

(observe that Zy(4,U) e (R, Z(Y,X)) ~£(Y,X)). By the Lyapunov-
Schmidt theorem (e.g., see [1, Theorem 26.13]), the result will follow if we prove
that

(3.20) Fow (4 O) N (A3)] & A(Aj,),

where .17(4;) =Y denotes the kernel of the operator A4; and
Fu(A, U)[AN(A4,,)] its image under the operator 7,y (4, U).
Let E, E* be the vectors defined in (3.9) and (3.12). Clearly, there holds

T (2 U)E = (0, —bky, cos(y/kny X)),
whence by (3.19)

1 *
B20) ((E"\ vl DE)) = bk, [ cos?(For) ds = =225 <0,
0

Since .47(A4,,) coincides with the linear span of the vector E, by equality (3.14)
and inequality (3.21) we obtain (3.20). Then the conclusion follows. O

It is easily seen that for any U; = (u;,v) and U, = (up,15) € Y
Fuu (4, U) UL U,
B < Fuiuy + Fop(uiv2 4 upv1) + Fopv1v2 )
\ —xlWhor)" + u]v2)] + Gtz + G (102 + uav1) + Guo1v2 )

where F, = F,(&,7) and so on, whereas

Fuvu (4, (_]) U U, Us
_ ( Fuuiupus + Foo (Uy, Ua,y Us) + Fuwon(Uy, U,y Us) + Fupvi 0203 >
Gtz + G0t (U, Us, Us) 4 Guwoia (Ut Ua, Us) + G203 )
where
o1 (Uy, Uz, Uz) = ujupvs + ugvaus + viupls,

ax(Ur, Uz, Us) = ujvp03 + v1uav3 + v102u3
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for any U, = (uj,v1), Us = (ur,v2) and Us = (u3,v3) € Y. Observe that
fUU(l, U)Gg(Y,g(Y,X))Zgz(YX Y,X) and e97UUU()V, U)E
LY, LY XY, X)2AB(YxY XY, X) (L(W,Z), neN, denoting the
space of bounded multilinear operators from the Banach space W :=
Y x ---x Y to the Banach space X). If U; = U, = U; we write Zyy(4, U)U}
H—/

n times
and Zyyu (4, U)U3, with obvious meaning of the symbols.

Now we can complete the proof of Theorem 2.3.

PrROOF OF THEOREM 2.3. In view of Proposition 3.1, we only have to prove
statement (iii).

Let us first prove that the bifurcation is subcritical. Let 4: (—¢&¢) — Ry
(e >0), 2o = A(0) be the smooth map which appears in the parametrization of
the bifurcation curve (A(s), U(s)) = Ry x Y (see Remark 2.1). By [1, Remark
27.6] and the proof of [1, Proposition 27.7], we have:

v L((E*, Fyu(de, U)E?))
(322 HO = 3 (& Fu o, DE))
w1 ((E*, Zugu(lo, U)EY))
(3:23) PO =3 Fue 0)E)

Then by [1, Proposition 27.7] and (3.20) the claim will follow, if we prove that
(3.24) 2'(0)=0, 2"(0) <0.

Recalling equality (3.9) and the definition of the functions F, G (see (2.1)), from
the above expressions of Zyy (4, U)U; U, and Zyyy (4, U) Uy U, Us we obtain

(325) Fuulio, U)Ez _ ( FW/(—:'I2 4 2F,.e1e3 + Fwel2 )
—2){((3{6’2) + Guuel2 + 2Guve162 + vae%
—612 — e1e
=2 IRY YTl 2 |
_X(eleg) + 5—m ﬁ@z-f-mez

respectively

Fovw(ho, O)E® = ( Fuu€i + 3Fupeier + 3F,peie3 + Fupes )

3 2 2 3
Guuue1 + 3GuuveleZ + 3Gubvelez + vavez

0
= 6yt ) 6y’ 5 |.
—3€16; — RVES)
(14 70) (14 70)
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It is easily checked that

s__ 1

abb*
(1 +10)

((E*, Zuyu(ho, U)E?)) = 2{—a2a* —aa*h +

- 1
FRAL T c0s> (\/ku, Xx) dx
(1+1p)° 0 ’

1
2)(abb*kn0/ sin?(y/ky, x) cos(y/ky, x) dx = 0,
0

whence 4'(0) = 0 by equality (3.22). Moreover, there holds

— 6yth*h* Til !
* g 3 o _ 4
(E*, Fuww o, U)E ))_(1+Tﬁ)3(a 1+mb)/0 cos*(y/Tomx) < 0

(here use of (3.17) and (3.19) has been made). Then by (3.21) and (3.23) we obtain
that 4”(0) < 0. This proves (3.24), whence the claim follows.

Let us now prove that the stationary bifurcating solutions U(s) = (u(s), v(s))
(see (2.17)) are asymptotically stable. By [1, Proposition 26.24] there exists a
unique continuation x(s) € a(Fy(A(s), U(s))) of the zero eigenvalue of 4, =
Fu (2o, U) along the curve {U(s) |s € (—¢,¢&)} of bifurcating solutions—namely,
there exists a smooth function (i, E):(—¢e) — Rx Y, with x(0) =0 and
E(0) = E, such that

Fu(A(s), U(s))E(s) = x(s)E(s) for any s € (—¢,¢).

By [1, Theorem 27.2] there exists (possibly for some smaller ¢) a function « €
C((—¢,¢), R) such that

(3.26) Kk(s) = a(s)si'(s) for any s € (—&¢);
moreover,

Since 4'(0) = 0, by (3.26) we have
(3.28) i(s) = a(s)[s22”(0) + o(s?)] ass— 0,

where o(s?) denotes a term of higher order with respect to s%. On the other hand,
by (3.21) and (3.27) there holds «(0) > 0. Then by continuity of the «(-) and
the inequality in (3.24), from (3.28) we obtain that x(s) < 0 for any |s| € (0,¢)
sufficiently small. Hence the conclusion follows. |
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4. NONLOCAL INTERACTION: PROOFS

/Olv(x)dx;zéO}7

and consider the map % : R, x R, x B — X,

u” + F(u,v)
v" — y(u'v) + G(u,v)

Consider the open subset of the space Y

B::{Uz(u,v) ey

F Iy, U) = <z

forany 4 >0, y > 0 and U = (u,v) € B; here
o w <u U>
Tt 00’

Cu,v)
doy ”} .

G(u,v) ==

=G(u,v)+06 [
Then problem (1.1) can be given the abstract form

G0 ;
(41) {Ut_‘/’(ﬂv)(? U) n RJr

U(0) = Uo.

Observe that

- 0 0
(4.2) J(M,U)=f(ﬂ»,x,U)+5<%(U)_uU 0>’
where
1
%:I?:—{Uz(u,v)eX/v(x)dx;éO}—>C(§_2), U— A (U):= ?1”;;
0

By #'(U) e Z(X,C(Q)), #"(U) € £ (X,C(Q)), #"(U) e £3(X,C(Q)) we
shall denote the first three derivatives of #(U) evaluated at some U € B. The
following technical lemma will be used in the sequel (in particular, to obtain the
expression (2.24) of the Fréchet derivative A, = (4, 1, U)).

LEMMA 4.1. Let U = (u,v) € B. Then:

(i) for any Uy = (u,v1) € X

o + vy - <y v> Syl v)

2O =070 o T o
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(i) for any Uy = (u1,v1) and Uy = (up,12) € X
Cup,v1) + {up, v2)
d,v)
{uyv1) + {uy, vy u,v2) + up, vy
O T aw
[y v + un, )<L v2) + [Kuyv2) + Sun, v)IK, Ul>
(1,v)?
Cu,vy<{1,02) Cu,vy<{1, 01 2u, v)<1, v {1, 02
- vy — vy + )
1, v)? 1, v)? 1,0y’
(iii) for any Uy = (u1,v1), Uz = (uz,v2) and Uz = (u3,v3) € X
H"(UYU U Us
g3 + <u3yvz>v Suy,v3) + uz, v1)
N ) : a0y
Cup,va) + {uz, v1) [<u,v1) 4 Cup, 0)[<1, 03>
+ U3 —
a,v> (1, 0)2
 [Kun, v 4 Cuz, v )<L v2) + [Kun, v3) + <us, 02041, Ul>
(1,v)?
~ Kuy v + Cun, 03K w2 ) + [Cuy v + o, 03K Ul>
(1,v)?
Kz, v1) 4 Cury )<, Us> Ky 02) + Cup, 0)I<1, U3>
{1, v} {1, v>
 [Cuyv3) + Cuz, 0)IKLL v2) [<u,v3) + <us, v)|<1, Ul>
% he %
24u, v)<1, v )<, v3) 2¢u, vy<1,v1><{1,v3»
+ v + (%)
(1, 0)° (1, 0)’
{[<” vy 4 ur, v vy + [Kuy v2) + Cup, 03K, v1) §<1, U3>
1,0y’
[<u 3y 4 Cuz, )<, v <1, Uz> 2<M vy<1, v )<1, 01>
1,0’ 1,0’
~6<u, v)<LL v <L v (], U3>
(1,op?

ProoF. We only prove claim (i); the lengthy proof of (ii)—(iii) is similar, thus
we omit it. For any U = (u,v) € B, Uy = (u;,v1) € X and ¢ > 0 sufficiently small

H"(UYUL U, =

U]
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there holds U + ¢U; € B. Then, denoting by o(¢) any term of higher order with
respect to ¢, we have that

_ lu+eu,v+evy)

H(U+¢elUp) = oot a0 (v+evr)
o <M, U> + 8[<LI, U]> + <u1,v>] + 0(8)
- 1 v>(1+8<1701>> (v+e0r)
’ LLvy
) ) ) 17
_ ) +efCu U<‘1>’ ;L><ul vl + oe) (1 - e<<171;1>> + 0(6))(0 +&avp)
b b ) ]‘7
B e[<u, v1) + <uy, v)) {u,v)
= A (u,v) + T U+8<1,U>Ul
ERONED
Ty T
Hence the claim follows. O

Now we can show that the linearized operator 4; = (4, y, U) at the con-
stant stationary solution U has the expression given by (2.24). In fact, applying
the Fréchet derivative of the operator-valued matrix in equality (4.2) to any
U, = (u1,v1) € X we get

(4.3) (%'(U) U, (1 vy — buy 8)

Since # and v are constant, there holds
Lay=u, <1,0)="0
Then by Lemma 4.1 we plainly obtain

<L_l7vl>+ <u175>ﬁ+ <L_l7l_)>v o <a75><lyvl>ﬁ
) Aoy Ly

= ul,v1) + o1, u1 ) + vy — ul,v1)

= o1, uy ) + uvy,

#'(O)U, =

thus

%/(U)Ul — uvy — Uy = E[(l,u1> — ul].
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By (4.2) and the above equality we obtain

- 0 0
4 A=t 3y o)

whence equality (2.24) follows. In particular, equality (4.4) shows that the opera-
tor 4, has compact resolvent (since this holds for 4,), thus its spectrum consists
of eigenvalues. ~

In view of (2.24), the eigenvalue equation 4,® = (@ (® = (¢,,p,) € Y) reads

o + Fup, + Fopy = (o
(4.5) 295 — xopl + Gupy +00[<1,0,> — 9] + Gopy = {py  in Q
91(0) = 95(0) = @i (1) = p5(1) = 0.

As for system (3.8), choose

o, = (¢?7¢g> = (acos( knx),bcos(\/k_nx)),

with &, := n’7? (n e N U {0}) and @, b € R to be fixed, as trial functions. Observe
that

(4.6) Qo> =0 = [Kl,9{>—9¢]]=—¢y foranyneN.

Hence ®) = (a,b) is an eigenfunction of A, if and only if  is a root of the
equation

4.7)

C_Fu _Fv
=0
e |

u C_Gv

namely an eigenvalue of the linearized operator (2.6) without space dependence.
By assumption (A4() both eigenvalues of this operator have negative real part.
Therefore, to have Turing destabilization of the stationary solution U we must
consider eigenvalues of system (4.5) with n € N. By (4.6), these are the roots of
the equation

(4.8)

k, — F, _F,
‘ ¢+ 0

—yiky — G, + 00+ Ak — Gy
& A k) YAy k) =0,

where ¢(4, k) and (4, y, k) are defined by (2.14) and (2.20), respectively.
Let us now prove Theorem 2.4.

PROOF OF THEOREM 2.4. As in the proof of Theorem 2.2, by (4.8) a necessary
condition for the Turing destabilization of U is the existence of real positive
solutions of the equation

(4.9) 4 d( k) + (A, k) =0 (k> 0).
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Since ¢(4,k) > 0, such solutions exist if and only if V(2,7 k) <0, namely if
and only if 0 <k < k(4,x) (see Figure 2.5). Therefore, a positive eigenvalue
of system (4.5) exists if and only if 0 <k, < k(4,y) for some n e N. Since
0<k <---<k,<---, for any y > 0 this happens if and only if

0<ki<k(ly) e 71e(0,k).
Then the conclusion follows. O

The following analogue of Proposition 3.1 holds true.

PROPOSITION 4.2. Let the assumptions of Theorem 2.5 be satisfied. Then (A1, U)
is a bifurcation point of nonconstant stationary solutions of problem (1.1).

The proof of the above proposition is almost verbatim the same of Proposi-
tion 3.1 (observe that %,y (4, U) = Fy(4, U) by equality (4.2)), thus we omit it.
Let us only mention for future reference that in the present case the vectors E, E*
are replaced by the vectors D, D* € Y,

(4.10) = (di,d>) = (ccos( \/7x dcos(vkix)) (xeQ)
with
(4.11) ¢ e R\{0}, d::kl;Fuc,
and
(4.12) = (d],dy) = (c" cos( (Vkix),d* cos(\/kix)) (xeQ),
with

L2 kil — G, . F .
(4.13) D —Fta T a6

By the above choice in (4.11) and (4.13), there holds ((D*, D)) = 1. Without loss
of generality, we assume that

(4.14) c>0.
Then, by equalities (2.3) and assumption (Ay), from (4.11) and (4.13) we get

2 F,

— < 0.
ki + 1) — (Fy + Gy)

(4.15) d<0, d =

Now we can prove Theorem 2.5.
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PrROOF OF THEOREM 2.5. By Proposition 4.2, we only have to prove that the
bifurcation is subcritical, and the bifurcating nonconstant stationary solutions
are asymptotically stable.

By the same notations used in the proof of Theorem 2.3, now we have (see
(3.22)—(3.23))

(4.16) 2(0) = —% (

(4.17) 2"(0) = —

By equality (4.2) there holds

~ _ _ 0 0
4.18)  Zyu(Ay, UYD? = Zyy(Ay, U)D? +6 .
(4.18)  Fyu(41,U) vu(A, U)D™ + < \D? — 2dydy O)

N
9

Since U is constant and
A, dp> = c/ol cos(v/kyx)dx =0 = <1,d>)
(see (4.10)), from Lemma 4.1-(ii) plainly we get
A" (U)D?* = 2/01 dy (x)d>(x) dx.

Then from (4.18) and the above equality we obtain

—d? — dydy
Fuu (1, U)D* =2 ! i
ou(h, U) —}((dzd’)'—l—é/ didydx ——"—— dydy + "3
1 2 _\3 2
0 (14 10) (1 +170)

(see (3.25)). Then there holds

((D*a g}UU(’lla U)D2>)

- 1
=2{ —c*c¢* —ecd — %cdd* +L_3d2d* / cos®(v/kix) dx
(1 + D) (1+10) 0

1 1
+25cdd*/ cos®(v/k1x) dx/ cos(v/kix) dx
0 0

1
— 2kyycdd® / sin®(y/k1x) cos(+/k x) dx = 0,
0

thus 2/(0) = 0 by (4.16).
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On the other hand, from Lemma 4.1-(iii) we easily obtain

1
%///(U)DS = ngz(/o dl(x)dg(x) dx)dz.
Then by (4.18) and the above equality we have
0
= VN3 27 1
Foou(, D= | _ O 4 p OTH s +65cd2(/ didy dx)ds |
3%y —ah
(1 +10) (1 +10) v 0
whence
~ — 6ytd>d* Til !
D* T D3 — . 4
(0 Fouon DD = T (o= ) [ eost (Vi)

1 2
+ @cdzd*</ cosz(\/k_lx)) <0
v 0
(here use of (4.14)—(4.15) has been made). Moreover, arguing as for (3.21) we have
1
4.19) (D", Fu(i, U)D)) = —dd"k: / cos? (v/krx) dx < 0,
0

thus 4”(0) < 0 by equality (4.17). Then the same argument used in the proof of
Proposition 3.1 proves that the bifurcation is subcritical.
Finally, replacing equality (3.27) by

(4.20) 2(0) = —((D*, Ziy (41, U)D))

and inequality (3.21) by (4.19), the above calculations and the same arguments
used in the proof of Theorem 2.3 prove that the stationary bifurcating solutions
are asymptotically stable. This completes the proof. O
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