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ABSTRACT. — In this paper we study convergence results and rate of approximation for a family of
linear integral operators of Mellin type in the frame of BV‘/’(Rf ). Here B V’/’(RiV ) denotes the space
of functions with bounded ¢-variation on [Riv , defined by means of a concept of multidimensional
p-variation in the sense of Tonelli.
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1. INTRODUCTION

The importance of Mellin operators in approximation theory is well-known: they
are widely studied (see, e.g., [33, 22]) and they have important applications in
several fields. For example, we recall that Mellin analysis has deep connections
with Signal Processing, in particular with the so-called Exponential Sampling
(see [23]).

In this paper we study approximation properties for a family of linear integral
operators of Mellin type of the form

(1) (T f)(s / Ko(t)f(st)<t) ' dt, seRY, w>0,

with respect to the multidimensional ¢-variation in the sense of Tonelli intro-
duced in [10] Here {K,}, ., is a family of approximate identities (see Section
2), (ty:= H t; and st := (s1t1,...,8x5ln), S, t € [R{N

The class of the above operators (I) contams as particular cases, several
families of well-known integral operators (see Section 4): among them, for exam-
ple, the moment-type or average operators, the Mellin Picard operators and
others.

Due to the homothetic structure of our operators, it seems that the most
natural way to frame the theory is to work with the Haar measure in Rf , 1.e

wA) = / (t>~'dt, where A is a Borel subset of R z+v . Results about homothetic-
4

type operators in various settings can be found, for example, in [19, 33, 45, 18, 40,
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17, 15, 16, 3, 10, 11, 12, 21], while for similar results about classical convolution
operators see, e.g., [24, 42, 34, 14, 20, 6, 7, 8, 2, 4].

The main results are presented in Sections 3 and 4. We first study the problem
of the convergence in ¢-variation: in particular, after some estimates for our
integral operators, we prove that, if f € AC(/’([REf ) (the space of g-absolutely
continuous functions), there exists a constant ¢ > 0 such that

(1) lim VO[u(T,f — )] = 0.

W—+00

Then we face the problem of the rate of approximation and we prove that, if f
belongs to a Lipschitz class V'?Lipy(«), o > 0, under suitable assumptions on the
kernels {K, },.. (see Section 4), there exists a constant / > 0 such that

VIMTWS = )l = 0(w™),

for sufficiently large w > 0.

An important step in order to achieve (II) is to prove the convergence for
the p-modulus of smoothness in the present setting; this problem was solved in
[10]. This result extends to the multidimensional case an analogous one for the
(one-dimensional) Musielak-Orlicz g-variation ([40]). In the case of the classical
variation (see, e.g., [14] for translation operators) such result is an easy conse-
quence of the integral representation of the variation for absolutely continuous
functions; on the contrary, in the case of the g-variation, due to the lack of an
integral representation, it requires a more delicate direct construction.

2. NOTATIONS

We will study approximation results in BV‘/’(IRiv ), namely the space of functions
/o Rf — R of bounded g-variation introduced in [10]. Such a concept of multi-
dimensional ¢-variation on [R{iv has the purpose to provide a p-variation in the
sense of Musielak-Orlicz ([37]) in the multidimensional frame, following the
Tonelli approach ([43]), generalized in dimension N > 2 by T. Rado ([38]) and

C. Vinti ([44]). Here we endow R with the Haar measure p(4) = / ey,
y

where A4 is a Borel subset of [Riv, (t) = Hl]il ti, t=(t1,...,ty) € [Riv, which
seems to be the natural setting working with homothetic operators. We recall
that, under some properties of approximate continuity, the multidimensional
version in the sense of Tonelli of the classical variation is equivalent to the distri-
butional variation (see, e.g., [25, 28, 29]).

We denote by @ the class of all the functions ¢ : Rj — R, such that

1. ¢ is convex and ¢(u) = 0 if and only if u = 0;
2. u'p(u) = 0asu— 0F,

From now on we will assume that ¢ € ©.
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We now recall some notations of the multidimensional setting in which we
work (see, e.g., [14]). For f: RY — Rand x = (x1,...,xy) e RY, N e N, if we

want to focus the attention on the j-th coordinate, j =1,..., N, we will write
:(xl,...,xj_l,xj+1,...,xN)e[REiV’l, X_(],X]) f(x):f(xj,xj).
Given I =[N, [a;,bi] < < RY, by I} :=[aj,b]] we will denote the (N —1)-

dimensional interval obtalned deletmg by I the j-th coordinate, so that

I = [a]7b]} [aﬂb/]
In order to define the multidimensional g-variation, we first recall that the
p-variation of a function ¢ : [a,b] — R is defined as

Vie.ylo] = sup > ollg(s) = glsin))),
i=1

where D = {sy = a,s1,...,s, = b} is a partition of [a, b] ([37, 36]), and g is said to
be of bounded g-variation (g € BV ?([a, b)) if V[a b [Ag] < +o0, for some A > 0.
The ¢-variation was introduced by L. C. Young ([48]) as a generalization of
the concept of p-variation, p > 1 ([47, 31]), which extends Wiener’s quadratic
variation ([46]). However the main developments of this concept are due to J.
Musielak and W. Orlicz and their school: we refer to [37] for the main properties
of the (one-dimensional) g-variation. For results concerning the ¢-variation, the
reader can see, e.g., [37, 30, 36, 32, 35, 39, 1, 26, 41].

Now we consider the Musielak-Orlicz g-variation of the j-th section of f, i.e.,
V[a b][ f(x],)], for x; € I/, and then the (N — 1)-dimensional integrals

/
dxj

W00 = [Vl

J
N
where {x/) = [[,Z; ;4 Xi-
We now denote by
1

P

j=1

the euclidean norm of (d){/’(f, I),...,®%(f.1)), where we put ®?(f,I) = +o0 if
®/(f,I) = +oo for some j = 1,...,N. Then the multidimensional p-variation of
/f on an interval I = IRN is deﬁned as

VIS supZd) (f, i),

i=
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where the supremum is taken over all the finite families of N-dimensional inter-
vals {J,...,J,,} which form partitions of 7. Finally by

Vol = sup V/[f],
IcRY

where the supremum is taken over all the intervals I < [R{ , we will denote the
p-variation of f over the whole space Ri’

We will say that a function f is of bounded p-variation on [R{N if there exists a
constant 4 > 0 such that V?[if] < —I—oo and BV?(RY) will denote the space of
functions of bounded g-variation on [R{ , namely

BV?(RY) :={f e :32>0s.t V?[if] < +oo},

where ./ is the space of all the measurable functions f : Rf — R. For the main
properties of the multidimensional p-variation, see [10].

Finally by AC;f)L([R{N ) we will denote the space of functions f : [Riv — R
which are locally g-absolutely continuous, namely which are locally (uniformly)
p-absolutely continuous in the sense of Tonelli. This means that, for every
I:Hill[ai,b,-] c Rﬁ’ and for every j=1,2,...,N, the j-th sections of f,
f(xf,) ¢ [a;,b] — R, are (uniformly) g-absolutely continuous for almost every
j’ [a/,bj] (see, e.g., [13, 27]), i.e., there exists 4 > 0 such that, for every / =
H 1lai, b;] = RY, the following property holds:

for every ¢ > 0, there exists 0 > 0 such that
D oG (%) ) = f(x2)]) <,
i1

Jor a.e. X, € [a, b/] and for all finite collections of non-overlapping intervals
[ai>ﬁl] [ajab} I = 1 I’l,fOV which

znjw(ﬁ -
i=1

The space ACV’(RJ]:’ ) of the ¢@-absolutely continuous functions will be the
space of the functions f € .# which are of bounded g¢-variation and locally
p-absolutely continuous on RY.

Strictly related to convergence problems is the notion of modulus of smooth-
ness: in this paper we will use the concept of g-modulus of smoothness of
f € BV?(RY) defined as

w’(f,0) = sup V’[r.f —f],

[1-t|<o
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0 < 0 < 1, which is the natural generalization, in the present setting of BV‘”(Rf ),
of the classical modulus of continuity (see, e.g., 36, 17, 8, 10]). Here (7. f)(s) :=
f(st), for every s,t € [R{ , 1s the homothetic operator, 1 := (1,...,1) is the unit
vector of RY and st := (slzl, sniy), s, t e RY.

The class of Mellin integral operators that we study is the following:

(I) (Twf)(s / K,(t)f(st)<ty 'de, w>0,seRY,

for /€ D, where D denotes the space of f : RY — R for which (7,,f)(s) exists
and is ﬁnite for every s € [R{ , w > 0 (domain of the operators). We remark that
D contains a large class of functions, among them, for example, all the bounded
functions or, in case of bounded kernels {K,},.,, all the L;(Riv )-functions,

where L! (IRN) {f RY — Rs.t. ||f||L1 :—/ |f(t )|<t>_1dt<+oo}

Throughout all the paper we will assume that the functions that we consider
belong to the domain D, so that (7,.f)(s) is well defined for every s € RY,
w > 0.

As concerns the kernel functions {K,,} we assume that:

w>0>
K,.1) KW:[RN — R is a measurable function such that KweL/i(Riv ),

| Kw|l,1 < A for an absolute constant 4 > 0 and rl<w(t)<t>‘1 de =1,
for every w > 0; R}

K,,.2) for every fixed 0 <o < 1, / K, (t)|<t>'dt — 0, as w — +0,
[1—t|>0

e, {Ku},-o Is an approximate identity (see, e.g., [24]). We will say that
{Ky} a0 © A if K1) and K,,.2) are fulfilled.

3. MAIN CONVERGENCE RESULTS

The first result is an estimate for the family of integral operators (I), which shows
that our operators map BV(/’([RRiV ) into itself.

PROPOSITION 1. Let f € BV?(RY) and let {K,},., be such that K,,.1) holds.
Then there exists . > 0 such that

(1) VT < VOIS,

where { > 0 is the constant for which V?[(f] < +co. Therefore, for every w > 0,

T, : BV?(RY) — BV?(RY).

PROOF. Let us fix an interval I =TI~ l[af,bi] cRY and a partitlon of I,

{Jl,... Tn}, with Ji = [TY,[Ma;, * b], k=1,...,m. Let {s = Wg, ... 5" =
K1b;} be a partition of the mterval [(Ma;, ®p], forevery j=1,...N,k=1,...m

Then for every 4 > 0, s € I’
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—1
Sp =Y oGN(Tuf)(s],s) = (Twf)(s), s/ ))

"/RNKw(t)f(sjt/,s”tj)<t> dt

)

v A »
< l(p(l/R| J(8)] 1 (siels't) — f(slt) st~ 1)|<e> dt).

_ /R Ku(©)f ()]s ey e

Using Jensen’s inequality and assumption K,,.1),
Sj=A” / |Z¢ ZAIf(s]e),s1) = f(sfe] s ) <> de

<A! /[R{N IKW(t)|V[‘{’k) ’ [AAf( s/ ﬁ ')]<t>_1dt,

and therefore, passing to the supremum over all the partitions of [(k>q,-, (k)b,],

[, ®11;]

ST <47 [ ROV, 0y 247 (5]t ))C0

+

Then, by the Fubini-Tonelli theorem,
(D;p(l(wa)v Jk)

<at [ { | KONV E, 0y A7 (5] 1> dt}<s;>1 ds]

B!

- /R{[) Vg, wn) A/ (555 '>J<s}>‘1ds}}le<t)l<t>—1dt
— a7 [ o £ IR ) o> de
R

for every j=1,...,N. Now, applying a Minkowski-type inequality, for every
k =1,...,m there holds:
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1
2

N )
OO (MTuf): k) = {Z[(I)}’(/I(wa),Jk)]z}
=1

1
2

|/\
/_/H

A ([ o [, @ ol e >|<t>1dt)2}

J=1

I/\

1
N 2

/ {Z YA S Tp) }|Kw<t>|<t>—1dt
J
R

1

=A7" [ ®Ar S, T)|K(8)|<e> d.

Summing over kK = 1,...,m and passing to the supremum over all the partitions
{J1,...,Jm} of the interval I, we obtain that

@ VKT < a7 [ VG SR () de

+

and hence, by the arbitrariness of / < Rf and by K,.1),
VOIMTW)] < A7YKyll 1 VO[2AS] < VO[RAS].
Therefore the thesis follows for 0 < A < A~!{, since V?[{f] < +0. O

REMARK 1. We point out that, in case of ¢(u) = u, u € Ry, and non-negative
kernels {K,},,.¢, then 4 = ||K,, ||L1 =1, w > 0, and we can take 1 = { = 1. Hence
the previous result gives a non- augmentmg property of p-variation.

The following estimate of the error of approximation (7, f — f') with respect
to the g-variation will be crucial for the main convergence result (Theorem 3).

PROPOSITION 2. Let f € BV?(RY) and let {K,}
fied. Then for every > 0,0 €0, 1] and w > 0,

o be such that K,,.1) is satis-

w>

VTS — 1)) < 00 GAf.3) + A~ Vo[22 Af] / 1K, (£)|Ce> " .

[1—t[>6
PRrROOF. Similarly to Proposition 1 (following an analogous reasoning for
(Twf —f), instead of T, f, and recalling that /N K, (t ey tde = 1), it is
possible to reach an analogous estimate to (2), i.e., ?or every A > 0,

VIATS =Pl <47 [ ViGAGes = DK de,

+
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and hence, for every 0 € ]0, 1],

VETof - 1)) / » / tw VA(tf — 1) Kau(0)] <6 d.

About the second integral, let us recall that, for every g,h € BV(”(RN ), A>0,
VO[A(g + h)] < $(V?[24g] + V?[24h]) (see property (A) in [10] and also Proposi-
tion 1 of [2]). Therefore

VITf =) <4 /1_ - VAt f — f]|K(t)[<e>  de

-1
i AT |1—t\>6<V1¢[2&Ath] + Vl(p[ziAf])‘KW(t)|<t>71 dt.

Finally, by the arbitrariness of I < [R{f and K,,.1), we conclude that
O VES = A [ Kl = e
—t|<

+ VA4S /

1-t|>0

Ku(£)] <> ! dt}

Sw‘/’(/IAf,é)+A‘1V‘”[2)LAf]/ K, (t)[<e> Tde. o

[1—t|>0
We are now ready to state the main convergence result.

THEOREM 3. Let f € AC?(RY) and {K,},~o = #,. Then there exists a constant
u > 0 such that

lim V(p[:u(wa - f)] =

w——+00

PRrOOE. By Proposition 2, for every x> 0, 0 € |0, 1],

VTS = ) < 0" udf.0) + 47 VRuaf] [ Ku(oKe de.

[1-t|>0

Now, using Theorem 4.3 of [10], for every fixed &> 0 there exist 2>0
and 0<o0<1 such that w?(if,0) <e if [1—t[<o. This imples that
w?(uAf,0) <e for 0 <u< A1}, Moreover for every 6 e]0,1], by K,.2),

|K,(£)|<t> 'dt < e for w> 0 large enough. Finally, V?[(f] < +o0,
1—t|>0
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for some (>0, since f e BV?(RY). Therefore, if we consider 0 < u<
(A< th
miny —, 5= ¢, then
VOuTof = )] < 0?(4f,6) +eAd” VOS] < e(1+ 47" VILS]),

for sufficiently large w > 0. Hence the theorem is proved, since ¢ > 0 is arbitrary.
O

REMARK 2. We point out that the assumption that f € AC?(RY) in Theorem 3
is essential and cannot be relaxed. For example, the result is no more true, in gen-
eral, if we just assume that f € BV“’(RQ’ ). Indeed, let us consider, for example in
the case N = 1, the function

0, 0<x<l,

f(x):{l, x>,

which is of bounded ¢-variation on R, , but not g-absolutely continuous, and the
Mellin Gauss-Weierstrass kernels (see, e.g., [22] and [10] for their multidimen-

. . 21002
sional version) defined as G, (¢) = %e’”’zlog , t>0, w>0. Then {G,},., are
approximate identities, i.e., {Gy},-o < H,

1 +0o0
a ﬁ wiog(1)

and therefore f € D since (7),f)(s) < oo, for every s,w > 0. Moreover, for
every u > 0,

2
e du, s5>0,

(T f)(s)

VOu(Twf = ) = Vg [ Tf = )l = co(u

o[ ) e(5) 0

for every w > 0, and therefore V?[u(T,f — f)] + 0, as w — 400, for every
u>0.

lim (T,.f)(s) = lim (T.f)(s)

4. ORDER OF APPROXIMATION

In this section we will study the problem of the rate of approximation for the
family of operators (I). Before giving the main result, we introduce some defini-
tions.

We say that {K,,}, ., is an a-singular kernel, for o. > 0, if

) / 1K, (£)[<E> " db = 00w ™), as w — +oo,
[1—t[>0

for every o €0, 1].
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As it is usual in this kind of problems, we have to introduce a Lipschitz class
V¢ Lipy(a) defined as

V?Lipn(a)
={f e BV/(RY):3u>0s.t V[ pA.f]= O(Jlogt|”), as |1 — t| — 0},

where A, f(x) == (tof — f)(x) = f(xt) — f(x), for x,teRY, and logt :=
(logty,...,logty).

THEOREM 4. Let us assume that {K,,}

e w0 © A 1s an a-singular kernel and that
there exists 0 < 6 < 1 such that

6) | K@) logel ey de = 00 ), asw— +on.
1-t|<d

Then if f € V?Lipy(a), there exists .. > 0 such that

VAMTwf = )l = O(w™),

for sufficiently large w > 0.

ProoF. By (3) of Proposition 2 we have that, for every 4 >0, J € ]0,1[ and
w > 0,

vt = < a [ s - Sl e e

—t|<o

+ V?[22Af] /

[1-t|>0

|K,(t)[<e> ! dt}
=AY I, + o).

Since f e V’Lipy(x), there exist N >0 and Je]0,1[ such that
VODRAlr f — fI] < VO[uAc f] < Nllogtl”, if [1—t| <0 and 0<i<ud™"
Now, (5) ensures that, if 0 < 0 < min{d, o}, then

JI<N |K,, ()| |logt|"¢e> " de = O(w™),
[1—t|<0o

for sufficiently large w > 0. ~
Finally, there exist A > 0, M > 0 such that V?[if] < M, since in particular
f € BV?(RY). Then, if 0 < 2 < 1(24) ", by (4),

<M K (£)[<e> " de = O(w™),

[1—t]>0
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for sufficiently large w > 0. Hence we conclude that

VIAMTwS = )l = O(w™),

fu A
for 0 < 4 =, —.
asw — +o0, tor 0 < <m1n{A,2A} O

REMARK 3. We point out that it is possible to obtain a more general version
of Theorem 4 replacing the functions |logt|* and w=* by z(t) and &(w), respec-
tively, where 7: IRiV — Ry is a continuous function at t =1 and such that
7(t) =0 if and only if t =1, and &:Rj — R; is such that &(w) — 0 as
w — +o0. The Lipschitz class has to be now defined as

V(/)Ll'pN(‘L')
={fe€ BV(/’(RiV) c3u>0s.t VO [uA. f]= O(z(t)), as [1 — t| — 0},

and (5) has to be replaced by

(5) / K (8)|r(£)<e T de = O(E(w)),  as w— +oo,
[1-t|<0o

for some ¢ € 10, 1[. Finally, a-singularity becomes now ¢&-singularity, i.e.,

[ K0y de = 0. asw— +oc,
[1—t|>0

for every 0 € |0, 1[. Then, similarly to Theorem 4 it is possible to prove that

VIAMTS = )] = 0(E(w)),

as w — +oo, for f € V?Lipy(t) and assuming that (5') holds and that the family
{Ky},~ 1s a &-singular kernel.

It is not difficult to find examples of kernel functions which fulfill all the
assumptions of Theorem 4. For example, in [12] it is proved that the moment-
type kernels defined as

M, (t) = I/VN<t>wX]071[N(t), teRY, w>0,

satisfy all the previous assumptions.
Moreover, in the classical case, as it is well known, an important class of
kernels which satisfy all the assumptions for the rate of approximation is given
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by the Fejér-type kernels with finite absolute moments of order « (o > 0). The
same holds in the present setting, where the Fejér-type kernels are kernel func-
tions of the form

(6) Ko(t) =wVK(t"), teRY, w>o0,

where K € L;([R{iv) is such that /[R{N K(t)<t>—1dt =1, t":=(1},...,1)), and
the absolute moments of order o are defined as
m(K, o) = / llog t|*|K (¢)|<t> ! dt.
N

Indeed in [12] the following Proposition is proved:

PrROPOSITION 5. Let {K,.},,. be of the form (6) and assume that m(K, o) < +o0.
Then

(a) / K, (t)|<t> de = O(w™), as w — + o0, for every 5 € 10, 1[;
[1—t|>0

(b) 1K, (t)] [logt|*¢e> " dt = O(w™), as w — ~+o0, for every § € ]0,1[.
[1-t[<0o

Finally we point out that there are many examples of Fejér-type kernels for
which the absolute moments are finite. Among them, there are the Mellin-Gauss-
Weierstrass kernels (see [12] and also [9]), defined as

wh o
Gy(t) :=—e™" floge[” ¢ ¢ IRiv, w > 0;
2

they are of Fejér-type and their absolute moments of order o are finite ([12]).
Another example are the Mellin Picard kernels, defined as

)

P,(t) = _ —wl|logt|
(®) 275 T'(N) '

teRY, w>0,

where I' is the Euler function. Such kernel functions are setted in the frame
of RY from the classical Picard kernels (see, e.g., [24, 14, 5]), and they are an
example of kernels which fulfill all the previous assumptions. First of all they

are of Fejér-type since P, (t) =w"P(¢") with P(t) = L

) posel ¢ e Y
and/ P(t)<t>'dt = 1. Indeed

277T(N)
Y

_ G TG [ pegepyt g - LGB ol
I:.= /RN P(t)<t) dt_F(N) /Rﬁ'e S EH) dt_2ﬂ%r(N)/[R{Ne du.

+
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Passing to polar coordinates

up =psing;...singy_q,
up = psing; ... cosgy_y,

uy = pcos gy,

5
and taking into account that, by the Wallis’integrals formula, / sin” xdx =
——~ = " then

(=)
+o0 7 2n
/ el gu = / e ?pN1dp / sinV 2 ¢, d, ... / déy
RY 0 0 0

T

= 2]"1711"(N)/zsinN2 ¢ dg, ~-~/25in¢N2d¢N2
0 0
yT(N)
= 27[2 B
r@3)

andso I = 1.
Moreover, putting u = logt,

ré)
m(P, o) = log t|*|P(t t‘ldt:%/ logt|%e et Yy~ gt
(P = [ HomelIPtecey” de = 2 [ ogeleice)
(X
:ﬂ/ a1 du < +oo,
2n2T(N) Jr¥

and hence {P,,}
applied.

w0 are an example of kernel functions to which our results can be
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