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Abstract. — Motivated by conjectures of Beauville and Voisin on the Chow ring of Hyperkähler

varieties we will prove some basic results on the rational equivalence class of modified diagonals of
projective varieties.
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0. Introduction

Let X be an n-dimensional variety over a field K and a a X ðKÞ. For
I H f1; . . . ;mg we let

Dm
I ðX ; aÞ :¼ fðx1; . . . ; xmÞ a Xm j xi ¼ xj if i; j a I and xi ¼ a if i B Ig:ð0:0:1Þ

The m-th modified diagonal cycle associated to a is the n-cycle on Xm given by

GmðX ; aÞ :¼
X

jAIHf1;2;...;mg
ð�1Þm�jI jDm

I ðX ; aÞð0:0:2Þ

if n > 0, and equal to 0 if n ¼ 0. Gross and Schoen [6] proved that if X is a
(smooth projective) hyperelliptic curve and a is a fixed point of a hyperelliptic
involution then G3ðX ; aÞ represents a torsion class in the Chow group of X 3. On
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the other hand it is known that if X is a generic complex smooth plane curve and
m is small compared to its genus then GmðX ; aÞ is not algebraically equivalent to
0, whatever a is, see [11] (for the link between vanishing of GmðX ; aÞ and Voisin’s
result on the Beauville decomposition of the Abel-Jacobi image of a curve see the
proof of Prop. 4.3 of [3]). Let X be a complex projective K3 surface: Beauville
and Voisin [3] have proved that there exists c a X such that the rational equiva-
lence class of G3ðX ; cÞ is torsion. A natural question arises: under which hypoth-
eses a modified diagonal cycle on a projective variety represents a torsion class
in the Chow group? We should point out that such a vanishing can entail
unexpected geometric properties: if X is a smooth projective variety of dimen-
sion n and Gnþ1ðX ; aÞ is torsion in the Chow group then the intersection of
arbitrary divisor classes D1; . . . ;Dn on X is rationally equivalent to a multiple
of a. A set of conjectures put forth by Beauville [2] and Voisin [10] predict
exactly such a degenerate behaviour for the intersection product of divisors on
hyperkähler varieties i.e. complex smooth projective varieties which are simply
connected and carry a holomorphic symplectic form whose cohomology class
spans H 2;0 (see [7, 9] for more results on those conjectures). Our interest in
modified diagonals has been motivated by the desire to prove the conjecture
on hyperkähler varieties stated below. From now on the notation ACB for
cycles A, B on a variety X means that for some integer dA 0 the cycle dA
is rationally equivalent to dB, i.e. we will work with the rational Chow group
CHðX ÞQ :¼ CHðXÞnZ Q.

Conjecture 0.1. Let X be a Hyperkähler variety of dimension 2n. Then there
exists a a X such that G2nþ1ðX ; aÞC 0.

In the present paper we will not prove Conjecture 0.1, instead we will establish
a few basic results on modified diagonals. Below is our first result, see Section 2.

Proposition 0.2. Let X, Y be smooth projective varieties. Suppose that
there exist a a XðKÞ, b a YðKÞ such that GmðX ; aÞC0 and GnðY ; bÞC0.
Then Gmþn�1ðX � Y ; ða; bÞÞC0.

We will apply the above proposition in order to show that if T is a complex
abelian surface and a a T then G5ðT ; aÞC 0. Notice that if E is an elliptic curve
and a a E then G3ðE; aÞC 0 by Gross and Schoen [6]. These results are particular
instances of a Theorem of Moonen and Yin [8] which asserts that G2gþ1ðA; pÞC 0
for A an abelian variety of dimension g and p a AðKÞ (and more generally for
an abelian scheme of relative dimension g). A word about the relation between
Moonen-Yin’s result and Conjecture 0.1. Beauville and Voisin proved that the
relation G3ðX ; cÞC0 for X a complex projective K3 surface (and a certain c a X )
follows from the existence of an elliptic surface Y dominating X and the relation
G3ðEt; aÞC 0 for the fibers of the elliptic fibration on Y . We expect that the
theorem of Moonen and Yin can be used to prove that Conjecture 0.1 holds for
Hyperkähler varieties which are covered generically by abelian varieties, this is
the subject of work in progress. (It is hard to believe that every Hyperkähler

250 kieran g. o’grady



variety of dimension greater than 2 is covered generically by abelian varieties, but
certainly there are interesting codimension-1 families which have this property,
viz. lagrangian fibrations and Hilbert schemes of K3 surfaces, moreover Lang’s
conjectures on hyperbolicity would give that a hyperkähler variety is generically
covered by varieties birational to abelian varieties.) In Section 3 we will prove
that, in a certain sense, Proposition 0.2 holds also for Pr fibrations over smooth
projective varieties if certain hypotheses are satisfied, then we will apply the result
to prove vanishing of classes of modified diagonals of symmetric products of
curves of genus at most 2. In Section 4 we will prove the following result.

Proposition 0.3. Let Y be a smooth projective variety and V HY be a
smooth subvariety of codimension e. Suppose that there exists b a VðKÞ such
that Gnþ1ðY ; bÞC 0 and Gn�eþ1ðV ; bÞC 0. Let X ! Y be the blow-up of V and
a a X ðKÞ such that f ðaÞ ¼ b. Then Gnþ1ðX ; aÞC 0.

We will apply Proposition 0.3 and Proposition 0.2 in order to show that
Conjecture 0.1 holds for S ½n� where S is a complex K3 surface and n ¼ 2; 3, see
Proposition 4.7. In Section 5 we will consider double covers f : X ! Y where
X is a projective variety. We will prove that if a a X ðKÞ is a ramification point
and GmðY ; f ðaÞÞC 0 then G2m�1ðX ; aÞC 0, provided m ¼ 2; 3. The proof for
m ¼ 2 is the proof, given by Gross and Schoen, that if X is a hyperelliptic curve
then G3ðX ; aÞC 0 for a a XðKÞ a fixed point of a hyperelliptic involution; we ex-
pect that our extension will work for arbitrary m but we have not been able to
carry out the necessary linear algebra computations. The result for m ¼ 3 allows
us to give another proof that G5ðT ; aÞC 0 for a complex abelian surface T :
the equality G5ðT ; aÞC 0 follows from our result on double covers and the
equality G3ðT=3�14; cÞC 0 proved by Beauville and Voisin [3].

0.1. Conventions and notation. Varieties are defined over a base field K. A point
of X is an element of X ðKÞ. We denote the small diagonal Dm

f1;...;mgðX ; aÞ by
DmðX Þ and we let pm

i : Xm ! X be the i-th projection—we will drop the super-
script m if there is no potential for confusion. We let X ðnÞ be the n-th sym-
metric product of X i.e. X ðnÞ :¼ X n=Sn where Sn is the symmetryc group on n
elements.

0.2. Acknowledgments. It is a pleasure to thank Lie Fu, Ben Moonen and
Charles Vial for the interest they took in this work.

1. Preliminaries

1.1. Let X be an n-dimensional projective variety over a field K, a a X ðKÞ and h
a hyperplane class on X . Let i : DmðXÞ ,! Xm be the inclusion map. If ma n
then

GmðX ; aÞ � p�1 ðhÞ � p�2 ðhÞ � . . . � p�m�1ðhÞ � pmðhn�mþ1Þ ¼ i�ðhnÞ:ð1:1:1Þ
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Since deg i�ðhnÞA 0 it follows that GmðX ; aÞ2 0 if ma n. Now suppose that
Gnþ1ðX ; aÞC0. Let D1; . . . ;Dn be Cartier divisors on X : then

0 ¼ pnþ1;�ðGnþ1ðX ; aÞ � p�1D1 � . . . � p�nDnÞð1:1:2Þ
¼ D1 � . . . �Dn � degðD1 � . . . �DnÞa

in CH0ðXÞQ.

Remark 1.1. Equation (1.1.2) shows that if Gnþ1ðX ; aÞC 0 and Gnþ1ðX ; bÞC 0
then aC b.

Example 1.2. The intersection product between cycle classes of complementary
dimension defines a perfect pairing on CHððPnÞmÞ. Let a a Pn: since Gnþ1ðPn; aÞ
pairs to 0 with any class of complementary dimension it follows that
Gnþ1ðPn; aÞC 0.

1.2. In the present subsection we will assume that X is a complex smooth projec-
tive variety of dimension n. Let a a X . Let a1; . . . ; am a HDRðX Þ be De Rham
homogeneous cohomology classes such that

Pm
i¼1 deg ai ¼ 2n. Thus it makes

sense to integrate p�1a1b� � �bp�mam on GmðX ; aÞ. Let

s :¼ jf1a iam j deg ai ¼ 0gj:ð1:2:1Þ

A straightforward computation gives that

Z
GmðX ;aÞ

p�1a1b� � �bp�mam ¼
Xm�1
l¼0
ð�1Þl s

l

� �Z
X

a1b� � �bam:ð1:2:2Þ

Proposition 1.3. Let X be a smooth complex projective variety and a a X. Let
n be the dimension of X and d be its Albanese dimension. The homology class of
GmðX ; aÞ is torsion if and only if m > ðnþ dÞ.

Proof. If n ¼ 0 the result is obvious. From now on we assume that n > 0. By
(1.1.1) we may assume that m > n. The homology class of GmðX ; aÞ is torsion
if and only if the left-hand side of (1.2.2) vanishes for every choice of ho-
mogeneous a1; . . . ; am a HDRðX Þ such that

Pm
i¼1 deg ai ¼ 2n. Suppose first that

n < ma ðnþ dÞ and let m ¼ nþ e: thus 0 < ea d. Choose a point of X and
let albX : X ! AlbðX Þ be the associated Albanese map. Let y be a Kähler form
on AlbðX Þ: by hypothesis dimðImalbX Þ ¼ d and hence there exist holomorphic
1-forms c1; . . . ;ce on AlbðX Þ such thatZ

ImðalbX Þ
c1b� � �bcebc1b� � �bcebyd�e > 0:ð1:2:3Þ

For i ¼ 1; . . . ; e let fi :¼ alb�X ci and h :¼ alb�X y. Let o a H 2
DRðXÞ be a Kähler

class. Equations (1.2.2) and (1.2.3) give that
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Z
GmðX ;aÞ

p�1f1b� � �bp�efebp�eþ1f1b� � �bp�2efebp�2eþ1hð1:2:4Þ

b� � �bp�eþdhbp�eþdþ1ob� � �bp�mo

¼
Z
X

f1b� � �bfebf1b� � �bfebhd�ebon�d > 0

It follows that the homology class of GmðX ; aÞ is not torsion. Lastly suppose that
m > ðnþ dÞ. Let s be given by (1.2.1): then sa ðm� 1Þ because n > 0. It follows
that if s > 0 the right-hand side of (1.2.2) vanishes (by the binomial formula).
Now assume that s ¼ 0: by (1.2.2) we have that

Z
GmðX ;aÞ

p�1a1b� � �bp�mam ¼
Z
X

a1b� � �bam:ð1:2:5Þ

Let

t :¼ jf1a iam j deg ai ¼ 1gj:ð1:2:6Þ

If t > 2d then the right-hand side of (1.2.5) vanishes because every class in
H 1

DRðX Þ is represented by the pull-back of a closed 1-form on AlbðX Þ via the
Albanese map and by hypothesis dimðIm albX Þ ¼ d. Now suppose that ta 2d.
Then

degðp�1a1b� � �bp�mamÞb tþ 2ðm� tÞ > 2nþ 2d � tb 2nð1:2:7Þ

and hence the right-hand side of (1.2.5) vanishes because the integrand is
identically zero. This proves that if m > ðnþ dÞ the homology class of GmðX ; aÞ
is torsion. r

1.3. Let f : X ! Y be a map of finite non-zero degree between projective vari-
eties. Let a a X and b :¼ f ðaÞ. Then f�G

mðX ; aÞ ¼ ðdeg f ÞGmðY ; bÞ. It follows
that if GmðX ; aÞC 0 then GmðY ; bÞC 0.

2. Products

We will prove Proposition 0.2 and then we will prove that if T is a complex
abelian surface then G5ðT ; aÞC 0 for any a a T .

2.1. Preliminary computations. Let X and Y be projective varieties and a a X ,
b a Y . Let jA I H f1; . . . ; rg and jA JH f1; . . . ; sg. Thus Dr

I ðX ; aÞHX r and
Ds
JðY ; bÞHY s: we let

Dr; s
I ;JðX ;Y ; a; bÞ :¼ Dr

I ðX ; aÞ � Ds
JðY ; bÞHX r � Y s:ð2:1:1Þ
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We let Dr; sðX ;Y Þ ¼ Dr; s
f1;...; rg;f1;...; sgðX ;Y ; a; bÞ. For the remainder of the present

section we let

e :¼ mþ n� 1:ð2:1:2Þ

We will constantly make the identification

ðX � Y Þe !P X e � Y e

ððx1; y1Þ; . . . ; ðxe; yeÞÞ 7! ðx1; . . . ; xe; y1; . . . ; yeÞ
ð2:1:3Þ

With the above notation Proposition 0.2 is equivalent to the following rational
equivalence: X

jAIHf1;...; eg
ð�1Þe�jI jDe; e

I ; I ðX ;Y ; a; bÞC 0:ð2:1:4Þ

Proposition 2.1. Let X be a smooth projective variety and a a X. Suppose that
GmðX ; aÞC0. Then

DmþrðX ÞC
X

1ajJjaðm�1Þ
ð�1Þm�1�jJj mþ r� 1� jJj

r

� �
Dmþr
J ðX ; aÞð2:1:5Þ

for every rb 0.

Proof. By induction on r. If r ¼ 0 then (2.1.5) is equivalent to GmðX ; aÞC 0.
Let’s prove the inductive step. Since GmðX ; aÞC0 we have that

Dmþrþ1ðXÞð2:1:6Þ

Cp�1;...;mþrD
mþrðX Þ � p�mþr;mþrþ1D2ðX Þ

Cp�1;...;mþr
X

JHf1;...;mþrg
1ajJjaðm�1Þ

ð�1Þm�1�jJj mþ r� 1� jJj
r

� �
Dmþr
J ðX ; aÞ

0
BB@

1
CCA

� p�mþr;mþrþ1D2ðX Þ:

Next notice that

p�1;...;mþrD
mþr
J ðX ; aÞ � p�mþr;mþrþ1D2ðX Þð2:1:7Þ

C
Dmþrþ1
J ðX ; aÞ if ðmþ rÞ B J;

Dmþrþ1
JAfmþrþ1gðX ; aÞ if ðmþ rÞ a J;

(
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Thus Dmþrþ1ðX Þ is rationally equivalent to a linear combination of cycles
Dmþrþ1
J ðX ; aÞ with jJja ðm� 1Þ and of cycles Dmþrþ1

K ðX ; aÞ where

jK j ¼ m; fmþ r;mþ rþ 1gHK:ð2:1:8Þ

Let K be such a subset and write K ¼ fi1; . . . ; img where i1 < � � � < im. Let
i : Xm ! Xmþrþ1 be the map which composed with the j-th projection of
Xmþrþ1 is equal to the constant map to a if j B K, and is equal to the l-th pro-
jection of Xm if j ¼ il . Then Dmþrþ1

K ðX ; aÞ ¼ i�D
m and hence the equivalence

GmðaÞC 0 gives that

Dmþrþ1
K ðX ; aÞC

X
JHK

1ajJjaðm�1Þ

ð�1Þm�1�jJjDmþrþ1
J ðX ; aÞ:ð2:1:9Þ

Putting everything together we get an equivalence

Dmþrþ1ðXÞC
X

1ajJjaðm�1Þ
ð�1Þm�1�jJjcJDmþrþ1

J ðX ; aÞð2:1:10Þ

In order to prove that cJ ¼ mþr�jJj
rþ1

� �
we distinguish four cases: they are indexed

by the intersection

JB fmþ r;mþ rþ 1g:ð2:1:11Þ

Suppose that (2.1.11) is empty. We get a contribution (to cJ) of
mþr�1�jJj

r

� �
from

the first case in (2.1.7), and a contribution of

jfðJA fmþ r;mþ rþ 1gÞHK H f1; . . . ;mþ rþ 1g j jK j ¼ mgjð2:1:12Þ

¼ mþ r� 1� jJj
m� 2� jJj

� �
¼ mþ r� 1� jJj

rþ 1

� �

from the subsets K satisfying (2.1.8). This proves that cJ ¼ mþr�jJj
rþ1

� �
in this case.

The proof in the other three cases is similar. r

Corollary 2.2. Let X be a smooth projective variety and a a X. Suppose that
GmðX ; aÞC 0. Let sb 0 and I H f1; . . . ;mþ sg be a subset of cardinality at least
m. Then

Dmþs
I ðX ; aÞC

X
JHI

1ajJjaðm�1Þ

ð�1Þm�1�jJj jI j � jJj � 1

jI j �m

� �
Dmþs
J ðX ; aÞ:ð2:1:13Þ

Proof. Let q :¼ jI j and I ¼ fi1; . . . ; iqg where i1 < � � � < iq. Let i : X
q ! Xmþs

be the map which composed with the j-th projection of Xmþs is equal to the con-
stant map to a if j B I , and is equal to the l-th projection of Xm if j ¼ il . Then
Dmþs
I ðX ; aÞ ¼ i�D

qðXÞ and one gets (2.1.13) by invoking Proposition 2.1. r
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Corollary 2.3. Let X, Y be smooth projective varieties and a a X, b a Y.
Suppose that GmðX ; aÞC 0 and GnðY ; aÞC 0. Assume that ma n. Let I H
f1; . . . ; eg (recall that e ¼ mþ n� 1).

(1) If na jI j then

De; e
I ; I ðX ;Y ; a; bÞC

X
ðJAKÞHI

1ajJjaðm�1Þ
1ajKjaðn�1Þ

ð�1Þmþn�jJj�jK j jI j � jJj � 1

m� jJj � 1

� �
ð2:1:14Þ

� jI j � jK j � 1

n� jK j � 1

� �
De; e
J;KðX ;Y ; a; bÞ:

(2) If ma jI j < n then

De; e
I ; I ðX ;Y ; a; bÞð2:1:15Þ

C
X
JHI

1ajJjaðm�1Þ

ð�1Þm�1�jJj jI j � jJj � 1

m� jJj � 1

� �
De; e
J; I ðX ;Y ; a; bÞ:

Proof. By definition De; e
I ; I ðX ;Y ; a; bÞ ¼ De

I ðX ; aÞ � De
I ðY ; bÞ. Now suppose that

na jI j. By Corollary 2.2 the first factor is rationally equivalent to a linear com-
bination of De

JðX ; aÞ’s with JH I and 1a jJja ðm� 1Þ, the second factor is
rationally equivalent to a linear combination of De

KðY ; bÞ’s with K H I and
1a jK ja ðn� 1Þ: writing out the product one gets (2.1.14). The proof of (2.1.15)
is similar. r

2.2. Linear relations between binomial coe‰cients. The following fact will be
useful:

Xn

t¼0
ð�1Þ t pðtÞ n

t

� �
¼ 0 Ep a Q½x� such that deg p < n:ð2:2:1Þ

In order to prove (2.2.1) let d < n: then we have

Xn

t¼0
ð�1Þ t t

d

� �
n

t

� �
¼ n

d

� �Xn

t¼d
ð�1Þ t n� d

t� d

� �
¼ ð1� 1Þn�d ¼ 0:ð2:2:2Þ

Since
�

x
0

� �
; x

1

� �
; . . . ; x

n�1
� ��

is a basis of the vector space of polynomials of degree
at most ðn� 1Þ Equation (2.2.1) follows.

2.3. Proof of the main result. We will prove Proposition 0.2. As noticed above it
su‰ces to prove that (2.1.4) holds. Without loss of generality we may assume that
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ma n. Corollary 2.3 gives that for each 1a ta e and J;KH f1; . . . ; eg with
jJja ðm� 1Þ, jKja ðn� 1Þ there exists cJ;KðtÞ such thatX

jI j¼t
De; e
I ; I ðX ;Y ; a; bÞC

X
J;KHf1;...; eg
1ajJjaðm�1Þ
1ajKjaðn�1Þ

cJ;KðtÞDe; e
J;KðX ;Y ; a; bÞ:ð2:3:1Þ

It will su‰ce to prove that for each J, K as above we have

Xe

t¼1
ð�1Þ tcJ;KðtÞ ¼ 0:ð2:3:2Þ

Equations (2.1.14) and (2.1.15) give that cJ;KðtÞ ¼ 0 if t < jJAK j and that

cJ;KðtÞ ¼ ð�1Þmþn�jJj�jKj
t� jJj � 1

m� jJj � 1

� �
t� jK j � 1

n� jK j � 1

� �
e� jJAK j
t� jJAKj

� �
;ð2:3:3Þ

maxfjJAK j; nga ta e:

We distinguish between the four cases:

(1) JQK.
(2) JHK and ma jK j.
(3) JHK, JAK and jK j < m.
(4) J ¼ K and jKj < m.

Suppose that (1) holds. Then Corollary 2.3 gives that cJ;KðtÞ ¼ 0 if t < n. Let
p a Q½x� be given by

p :¼ ð�1Þmþn�jJj�jKj x� jJj � 1

m� jJj � 1

� �
x� jK j � 1

n� jK j � 1

� �
:ð2:3:4Þ

We must prove that

Xe

t¼maxfjJAKj;ng
ð�1Þ t pðtÞ e� jJAK j

t� jJAK j

� �
¼ 0:ð2:3:5Þ

If na jJAKj then (2.3.5) follows at once from (2.2.1) (notice that deg p <
ðe� jJAK jÞ), if n < jJAK j then (2.3.5) follows from (2.2.1) and the fact that
pðiÞ ¼ 0 for jJAK ja ia ðn� 1Þ. This proves (2.3.2) if Item (1) above holds.
Now let’s assume that Item (2) above holds. Then jJAK j ¼ jK j < n: it follows
that if na t then cJ;KðtÞ is given by (2.3.3). On the other hand Corollary 2.3 gives
that if t < n and tA jK j then cJ;KðtÞ ¼ 0, and

cJ;KðjK jÞ ¼ ð�1Þm�1�jJj
jK j � jJj � 1

m� jJj � 1

� �
:ð2:3:6Þ
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Thus we must prove that

ð�1ÞjKjð�1Þm�1�jJj jK j � jJj � 1

m� jJj � 1

� �
þ
Xe

t¼n
ð�1Þ t pðtÞ e� jJAK j

t� jJAKj

� �
¼ 0ð2:3:7Þ

where p is given by (2.3.4). Now notice that 0 ¼ pðjK j þ 1Þ ¼ � � � ¼ pðn� 1Þ:
thus (2.2.1) gives that

Xe

t¼n
ð�1Þ t pðtÞ e� jJAK j

t� jJAK j

� �
¼ �ð�1ÞjK jpðjK jÞ e� jK j

0

� �

¼ ð�1Þmþn�1�jJj jK j � jJj � 1

m� jJj � 1

� � �1
n� jK j � 1

� �

¼ ð�1Þm�jJj�jK j jKj � jJj � 1

m� jJj � 1

� �
:

This proves that (2.3.7) holds. If Item (3) above holds one proves (2.3.2) arguing
as in Item (1), if Item (4) holds the argument is similar to that given if Item (2)
holds. r

2.4. Stability. We will prove a result that will be useful later on.

Proposition 2.4. Let X be a smooth projective variety and a a X. Suppose that
GmðX ; aÞC0. If sb 0 then GmþsðX ; aÞC 0.

Proof. If dimX ¼ 0 the result is trivial. Assume that dimX > 0. By definition

GmþsðX ; aÞ :¼
X

jAIHf1;2;...;mþsg
ð�1Þmþs�jI jDmþs

I ðX ; aÞ:ð2:4:1Þ

Replacing Dmþs
I ðX ; aÞ for ma jI ja ðmþ sÞ by the right-hand side of (2.1.13) we

get that

GmþsðX ; aÞ :¼
X

1alaðm�1Þ
cl

�X
jI j¼l
ð�1ÞDmþs

I ðX ; aÞ
�

ð2:4:2Þ

where

cl ¼
Xs

r¼0
ð�1Þm�l�1þs�r m� l� 1þ r

m� l� 1

� �
mþ s� l

s� r

� �
þ ð�1Þmþs�l:ð2:4:3Þ

Thus it su‰ces to prove that cl ¼ 0 for 1a la ðm� 1Þ. Letting t ¼ s� r we get
that
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ð�1Þm�l�1cl ¼
Xs

t¼0
ð�1Þ t m� l� 1þ s� t

m� l� 1

� �
mþ s� l

t

� �
þ ð�1Þs�1ð2:4:4Þ

¼
Xmþs�l
t¼0
ð�1Þ t m� l� 1þ s� t

m� l� 1

� �
mþ s� l

t

� �
¼ 0

where the last equality follows from (2.2.1). r

2.5. Applications.

Proposition 2.5. Suppose that C is a smooth projective curve of genus g and
that there exists a degree-2 map f : C ! P1 ramified at p a C. Then

(1) G2gþ1ðCg; ðp; . . . ; pÞÞC 0,
(2) G2gþ1ðC ðgÞ; gpÞC 0, and
(3) G2gþ1ðPic0ðCÞ; aÞC 0 for any a a Pic0ðCÞ.

Proof. By Proposition 4.8 of [6] we have G3ðC; pÞC 0. Repeated application of
Proposition 0.2 gives the first item. The quotient map Cg ! C ðgÞ is finite and the
image of ðp; . . . ; pÞ is gp: thus Item (2) follows from Item (1) and Subsection 1.3.
Let ug : C

ðgÞ ! Pic0ðCÞ be the map D 7! ½D� gp�: since ug is birational Item (2)

and Subsection 1.3 give that G2gþ1ðPic0ðCÞ; 0ÞC 0 where 0 is the origin of
Pic0ðCÞ. Acting by translations we get that G2gþ1ðPic0ðCÞ; aÞC 0 for any
a a Pic0ðCÞ. r

Corollary 2.6. If T is a complex abelian surface then G5ðT ; aÞC 0 for any
a a T.

Proof. There exists a principally polarized abelian surface J and an isogeny
J ! T . By Subsection 1.3 it su‰ces to prove that G5ðJ; bÞC 0 for any b a J.
The surface J is either a product of two elliptic curves E1, E2 or the Jacobian
of a smooth genus-2 curve C. Suppose that the former holds. Let a ¼ ðp1; p2Þ
where pi a Ei for i ¼ 1; 2. Then G3ðEi; piÞC 0 by Proposition 4.8 of [6] and hence
Proposition 0.2 gives that G5ðE1 � E2; ðp1; p2ÞÞC 0. If J is the Jacobian of a
smooth genus-2 curve C the corollary follows at once from Proposition 2.5. r

3. Pr
-fibrations

Let Y be a smooth projective variety. Let F be a locally-free sheaf of rank
ðrþ 1Þ on Y and X :¼ PðFÞ. Thus the structure map r : X ! Y is a Pr-
fibration. Let Z :¼ c1ðOX ð1ÞÞ a CH1ðXÞ. Suppose that there exists b a Y such
that GmðY ; bÞC 0 and let a a r�1ðbÞ. If PðFÞ is trivial then

GmþrðX ; aÞC 0ð3:0:1Þ

by Example 1.2 and Proposition 0.2. In general (3.0.1) does not hold. In fact
suppose that Y is a K3 surface and hence G3ðY ; bÞC 0 where b is a point lying
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on a rational curve [3]. If G3þrðX ; aÞC 0 then the top self-intersection of any
divisor class on X is a multiple of ½a�, see Subsection 1.1: considering Zrþ2 we
get that c2ðFÞ is a multiple of ½b�. We will prove the following results.

Proposition 3.1. Keep notation as above and suppose that dimY ¼ 1. If
GmðY ; bÞC0 then GmþrðX ; aÞC 0.

Proposition 3.2. Keep notation as above and suppose that dimY ¼ 2. If
Gm�1ðY ; bÞC 0, or GmðY ; bÞC 0 and both c1ðFÞ2, c2ðFÞ are multiples of ½b�,
then GmþrðX ; aÞC 0.

As an appplication we will prove the following.

Proposition 3.3. Suppose that C is a smooth projective curve of genus ga 2
over an algebraically closed field K and that p a C is such that dimjOCð2pÞjb 1.
Then Gdþgþ1ðC ðdÞ; dpÞC 0 for any db 0.

3.1. Comparing diagonals. Let rn : X n ! Y n be the n-th cartesian product of
r. Let pi : X

n ! X be the i-th projection and Zi :¼ p�i Z. Given a multi-index
E ¼ ðe1; . . . ; enÞ with 0a ei for 1a ia n we let ZE :¼ Ze1

1 � . . . � Zen
n . We let

maxE :¼ maxfe1; . . . ; eng; jEj :¼ e1 þ � � � þ en:ð3:1:1Þ

Let d :¼ dimY and ½DnðX Þ� a CHdþrðX nÞ be the class of the (smallest) diagonal.
Since rn is a ðPrÞn-fibration we may write

½DnðX Þ� ¼
X

maxEar

ðrnÞ�ðwEðFÞÞ � ZE ; wEðFÞ a CHjEjþd�rðn�1ÞðY nÞ:ð3:1:2Þ

In order to describe the classes wE we let dnY : Y ,! Y n and dnX : X ,! X n be the
diagonal embeddings.

Proposition 3.4. Let rb 0 and E ¼ ðe1; . . . ; enÞ be a multi-index. There exists
a universal polynomial PE a Q½x1; . . . ; xq�, where q :¼ ðrðn� 1Þ � jEjÞ, such that
the following holds. Let F be a locally-free sheaf of rank ðrþ 1Þ on Y: then
(notation as above) wEðFÞ ¼ dnY ;�ðPEðc1ðFÞ; . . . ; cqðFÞÞ.

Proof. Let siðFÞ be the i-th Segre class of F and E4 :¼ ðr� e1; . . . ; r� enÞ.
Then

rn
� ð½DnðXÞ� � ZE4Þ ¼ dnY ;�ðsjE4j�rðFÞÞ:ð3:1:3Þ

(By convention siðFÞ ¼ 0 if i < 0.) On the other hand let J ¼ ð j1; . . . ; jnÞ be a
multi-index: then

rn
�

�� X
maxHar

ðrnÞ�ðwHðFÞÞ � ZH
�
� ZJ

�
ð3:1:4Þ

¼
X

maxHar

wHðFÞ � p�1 ðsh1þ j1�rÞ � . . . � p�n ðshnþ jn�rÞ:
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Equations (3.1.3) and (3.1.4) give that

dnY ;�ðsjE4j�rðFÞÞ ¼ rn
� ð½DnðX Þ� � ZE4Þð3:1:5Þ

¼
X

maxHar

wHðFÞ � p�1 ðsh1�e1Þ � . . . � p�n ðshn�enÞ

¼ wEðFÞ þ
X
jHj>jEj
rbmaxH

wHðFÞ � p�1 ðsh1�e1Þ � . . . � p�n ðshn�enÞ:

Starting from the highest possible value of jEj i.e. rn and going through descend-
ing values of jEj one gets the proposition. r

Remark 3.5. The proof of Proposition 3.4 gives an iterative algorithm for the
computation of wEðFÞ. A straightforward computation gives the formulae

wEðFÞ ¼

0 if jEj > rðn� 1Þ;
½DnðY Þ� if jEj ¼ rðn� 1Þ;
ðlEð1Þ � 1ÞdnY ;�ðc1ðFÞÞ if jEj ¼ rðn� 1Þ � 1;

1
2 ðlEð1Þ � 1ÞðlEð1Þ � 2ÞdnY ;�ðc1ðFÞ

2Þ
þ ðlEð2Þ � 1ÞdnY ;�ðc2ðFÞÞ if jEj ¼ rðn� 1Þ � 2;

8>>>>>><
>>>>>>:

where

lEðpÞ :¼ jf1a ia n j ei þ pa rgj:ð3:1:6Þ

3.2. Comparing modified diagonals. We will compare GmþrðX ; aÞ and
GmþrðY ; bÞ. In the present subsection jA I H f1; . . . ;mþ rg and I c :¼
ðf1; . . . ;mþ rgnIÞ; we let pI : X

mþr ! X jI j be the projection determined by I .
We also let H ¼ ðh1; . . . ; hmþrÞ be a multi-index. If maxHa r we let TopH :¼
f1a ia n j hi ¼ rg. Applying Proposition 3.4 and Remark 3.5 we get that

Dmþr
I ðX ; aÞ ¼ ðrmþrÞ�ðDmþr

I ðY ; bÞÞ �
X

maxHar
jHj¼rðmþr�1Þ
I cHTopH

ZHð3:2:1Þ

þ ðrmþrÞ� p�I d
jI j
Y ;�ðc1ðFÞÞ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

jI cj

Þ

0
@

1
A

�
X

maxHar
jHj¼rðmþr�1Þ�1

I cHTopH

ðlHð1Þ � 1ÞZH

þ ðrmþrÞ� p�I d
jI j
Y ;�ðc1ðFÞ

2Þ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
jI cj

Þ

0
@

1
A
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�
X

maxHar
jHj¼rðmþr�1Þ�2

I cHTopH

1

2
ðlHð1Þ � 1ÞðlHð1Þ � 2ÞZH

þ ðrmþrÞ� p�I d
jI j
Y ;�ðc2ðFÞÞ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

jI cj

Þ

0
@

1
A

�
X

maxHar
jHj¼rðn�1Þ�2
I cHTopH

ðlHð2Þ � 1ÞZH þR

where

R ¼
X

maxHar
jHj<rðn�1Þ�2

QHZ
Hð3:2:2Þ

and each QH appearing in (3.2.2) vanishes if the Chern classes of F of degree
higher than 2 are zero. It follows that

GmþrðX ; aÞ ¼
X

maxHar
jHj¼rðmþr�1Þ

ðrmþrÞ�
� X

I cHTopH

ð�1Þmþr�jI jDmþr
I ðY ; bÞ

�
� ZHð3:2:3Þ

þ
X

maxHar
jHj¼rðmþr�1Þ�1

ðrmþrÞ�
0
@ X

I cHTopH

ð�1Þmþr�jI j

� p�I d
jI j
Y ;�ðc1ðFÞÞ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

jI cj

Þ

0
@

1
A
1
A � eHZH

þ
X

maxHar
jHj¼rðmþr�1Þ�2

ðrmþrÞ�
0
@ X

I cHTopH

ð�1Þmþr�jI j

� p�I d
jI j
Y ;�ðc1ðFÞ

2Þ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
jI cj

Þ

0
@

1
A
1
A � mHZH

þ
X

maxHar
jHj¼rðmþr�1Þ�2

ðrmþrÞ�
0
@ X

I cHTopH

ð�1Þmþr�jI j

� p�I d
jI j
Y ;�ðc2ðFÞÞ � p�I cðb� � � � � b|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

jI cj

Þ

0
@

1
A
1
A � nHZH þT
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where eH :¼ ðlHð1Þ � 1Þ, mH :¼ ðlHð1Þ � 1ÞðlHð1Þ � 2Þ=2, nH :¼ ðlHð2Þ � 1Þ,
and T has an expansion similar to that of R, see (3.2.2) and the comment follow-
ing it.

Remark 3.6. Suppose that GmðY ; bÞ ¼ 0. Then the first addend on the right-
hand side of (3.2.3) vanishes. In fact it is clearly independent of the rank-r
locally-free sheaf F and it is 0 for trivial F by Proposition 0.2: it follows that
it vanishes.

3.3. Pr-bundles over curves. We will prove Proposition 3.1. We start with an
auxiliary result.

Claim 3.7. Let Y be a smooth projective variety and b a Y. Suppose that
GmðY ; bÞ ¼ 0. Let z a CHðY Þ: thenX

IHf1;...; ðm�1Þg
ð�1ÞjI jp�I d

jI j
Y ;�ðzÞ � p�I cðb; . . . ; b|fflfflfflffl{zfflfflfflffl}

jI cj

Þ ¼ 0:ð3:3:1Þ

Proof. Let pf1;...; ðm�1Þg : Y
m ! Ym�1 be the projection to the first ðm� 1Þ

coordinates. Then

pf1;...; ðm�1Þg;�ðGmðY ; bÞ � p�mzÞ ¼ 0:ð3:3:2Þ

The claim follows because the left-hand side of (3.3.2) equals the left-hand side
of (3.3.1) multiplied by ð�1Þm. r

By (3.2.3) and Remark 3.6 we must prove that if H ¼ ðh1; . . . ; hmþrÞ is a multi-
index such that maxHa r and jHj ¼ rðmþ r� 1Þ � 1 thenX

I cHTopH

ð�1Þmþr�jI jp�I d
jI j
Y ;�ðc1ðFÞÞ � p�I cðb; . . . ; b|fflfflfflffl{zfflfflfflffl}

jI cj

Þ ¼ 0:ð3:3:3Þ

A straightforward computation shows that jTopHjb ðm� 1Þ: thus (3.3.3) holds
by Claim 3.7. r

3.4. Pr-bundles over surfaces. We will prove Proposition 3.2. Notice that
GmðY ; bÞ ¼ 0: in fact it holds either by hypothesis or by Proposition 2.4 if
Gm�1ðY ; bÞ ¼ 0. Moreover (3.3.3) holds in this case as well, the argument is that
given in Subsection 3.3. Thus (3.2.3) and Remark 3.6 give that we must prove
the following: if H ¼ ðh1; . . . ; hmþrÞ is a multi-index such that maxHa r and
jHj ¼ rðmþ r� 1Þ � 2 then

X
I cHTopH

ð�1Þmþr�jI j p�I d
jI j
Y ;�ðmHc1ðFÞ

2þ nHc2ðFÞÞ�p�I cðb; . . . ; b|fflfflfflffl{zfflfflfflffl}
jI cj

Þ

0
B@

1
CA¼ 0:ð3:4:1Þ
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A straightforward computation shows that jTopHjb ðm� 2Þ and that equality
holds if and only if ðr� 1Þa hi a r for all 1a ia ðmþ rÞ (and thus the set of
indices i such that hi ¼ ðr� 1Þ has cardinality ðrþ 2Þ). If Gm�1ðY ; bÞ ¼ 0 then
(3.4.1) holds by Claim 3.7. If both c1ðFÞ2, c2ðFÞ are multiples of b then each
term in the summation in the left-hand side of (3.4.1) is a multiple of b and the
coe‰cients sum up to 0. r

3.5. Symmetric products of curves. If the genus of C is 0 then C ðdÞGPd and
hence the result holds trivially, see Example 1.2. Suppose that the genus of C
is 1. If d ¼ 1 then G3ðC; pÞC 0 by [6]. Let d > 1 and let ud : C ðdÞ ! Pic0ðCÞ
be the map sending D to ½D� dp�. Since ud is Pd�1-fibration we get that
Gdþ2ðC; dpÞC 0 by Proposition 3.3 and the equivalence G3ðC; pÞC 0. Lastly
suppose that the genus of C is 2. If d ¼ 1 then G3ðC; pÞC 0 by [6] and if
d ¼ 2 then G5ðC ð2Þ; 2pÞC 0 by Proposition 2.5. Now assume that d > 2 and let
ud : C ðdÞ ! Pic0ðCÞ be the map sending D to ½D� dp�. Then ud is Pd�2-fibration
and we may write C ðdÞGPðEdÞ where Ed is a locally-free sheaf on Pic0ðCÞ such
that

c1ðEdÞ ¼ �½f½x� p� j x a Cg�; c2ðEdÞ ¼ ½0�;ð3:5:1Þ

see Example 4.3.3 of [5]. By Proposition 2.5 we have G5ðJðCÞ; 0ÞC 0; since

c1ðEdÞ2 ¼ 2½0� we get that Gdþ2ðC ðdÞ; dpÞC 0 by Proposition 3.3.

4. Blow-ups

We will prove Proposition 0.3. A comment regarding the hypotheses of Proposi-
tion 0.3. Let Y be a complex K3 surface and X ! Y be the blow-up of y a Y .

We know (Beauville and Voisin) that there exists c a Y such that G3ðY ; cÞC 0,
but if y is not rationally equivalent to c then there exists no a a X such that
G3ðX ; aÞC 0, this follows from Remark 1.1. If e ¼ 0; 1 then Proposition 0.3 is
trivial, hence we will assume that eb 2. We let f : X ! Y be the blow-up of V
and EHX the exceptional divisor of f . Thus a a E. Let g : E ! V be defined by
the restriction of f to E, and ðE=VÞ t be the t-th fibered product of g : E ! V .
Let ðE=VÞ t be the t-th fibered product of g : E ! V . The following commutative
diagram will play a rôle in the proof of Proposition 0.3

ðE=VÞ t 

!
gt

E t 

!
bt

X t???y gt

???y f t

???y
D tðVÞ 

! V t 

! Y t

ð4:0:2Þ

at

(The maps which haven’t been defined are the natural ones.) Whenever there is
no danger of confusion we denote atððE=VÞ tÞ by ðE=VÞ t.
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4.1. Pull-back of the modified diagonal. On E we have an exact sequence of
locally-free sheaves:

0! OEð�1Þ ! g�NV=Y ! Q! 0:ð4:1:1Þ

For i ¼ 1; . . . ; t let QiðtÞ be the pull-back of Q to Et via the i-th projection
Et ! E: thus QiðtÞ is locally-free of rank ðe� 1Þ.

Proposition 4.1. Keep notation as above and let dðtÞ :¼ ðt� 1Þðe� 1Þ � 1. We
have the following equalities in CHdimX ðX tÞ:

ð f tÞ�D tðY Þ ¼
D tðX Þ if t¼ 1;

D tðX Þ þ bt;�ððgtÞ�ðD tðVÞÞ � cdðtÞð0
t

j¼1QjðtÞÞÞ if t> 1:

(
ð4:1:2Þ

Proof. The equality of schemes f �1D1ðY Þ ¼ D1ðXÞ gives (4.1.2) for t ¼ 1.
Now let’s assume that t > 1. The closed set ð f tÞ�1D tðY Þ has the following de-
composition into irreducible components:

ð f tÞ�1D tðY Þ ¼ D tðX ÞA ðE=VÞ t:ð4:1:3Þ

The dimension of ðE=VÞ t is equal to ðdimX þ ðt� 1Þðe� 1Þ � 1Þ and hence
is larger than the expected dimension unless unless 2 ¼ t ¼ e. It follows that
if t ¼ 2 and e ¼ 2 then ð f 2Þ�D2ðY Þ ¼ aD2ðXÞ þ bðE=VÞ2: one checks easily
that 1 ¼ a ¼ b and hence (4.1.2) holds if t ¼ 2 and e ¼ 2. Now suppose that
t > 1 and ðt; eÞA ð2; 2Þ. Let U :¼ ðX tnðD tðX ÞB ðE=VÞ tÞÞ and Z :¼ ðE=VÞ tB
U ¼ ðE=VÞ tnD tðX Þ. Notice that ðE=VÞ t is smooth and hence the open subset
Z is smooth as well. Let i : Z ,! U be the inclusion. The restriction of
ð f tÞ�D tðYÞ to U is equal to

½D tðX ÞBU � þ i�ðcdðtÞðNÞÞð4:1:4Þ

where N is the obstruction bundle (see [5], Cor. 8.1.2 and Prop. 6.1(a)). One
easily identifies N with the restriction of 0 t

j¼1 QjðtÞ to Z. It follows that the

restrictions to U of the left and right hand sides of (4.1.2) are equal. The prop-
osition follows because the dimension of ðX tnUÞ ¼ D tðXÞB ðE=VÞ t is equal to
ðdimX � 1Þ, which is strictly smaller than dimX . r

Corollary 4.2. Keep notation and assumptions as above. Let I H f1; . . . ;
ðnþ 1Þg be non-empty and I c :¼ ðf1; . . . ; ðnþ 1ÞgnIÞ. Let Qj denote Qjðnþ 1Þ
and let t :¼ jI j. Then

ð f nþ1Þ�DI ðY ; bÞ ¼

DI ðX ; aÞ if jI j ¼ 1;

DI ðX ; aÞ þ bnþ1;�

�
ðgnþ1Þ�DI ðV ; bÞ

� cdðtÞ
�
0
j A I

Qj

�
�
Q
j A I c

ce�1ðQjÞ
�

if jI j > 1:

8>>>><
>>>>:

ð4:1:5Þ
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Proof. For 1a ia ðnþ 1Þ let ri : X
nþ1 ! X be the i-th projection. Let

J ¼ f j1; . . . ; jmg where 1a j1 < � � � < jt a ðnþ 1Þ, in particular t ¼ jJj. We
let pJ : X nþ1 ! X t be the map such that the composition of the i-th projec-
tion X t ! X with pJ is equal to rji . The two maps pI : X

nþ1 ! X t and

pI c : X nþ1 ! X nþ1�t define an isomorphism LI : X
nþ1 !P X t � X nþ1�t. We

have

ð f nþ1Þ�DI ðY ; bÞ ¼ L�I ðð f tÞ�D tðY Þ � ð f nþ1�tÞ�ðfðb; . . . ; bÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
nþ1�t

gÞÞ:ð4:1:6Þ

(Here � denotes the exterior product of cycles, see 1.10 of [5].) An obstruction
bundle computation gives that

ð f nþ1�tÞ�ðfðb; . . . ; bÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
nþ1�t

gÞ ¼ bnþ1�t;�

� Y
1a jaðnþ1�tÞ

ce�1ðQjðnþ 1� tÞÞ
�

ð4:1:7Þ

The corollary follows from the above equations and Proposition 4.1. r

Let I H f1; . . . ; ðnþ 1Þg be non-empty and let t :¼ jI j. We let WI a
CHdimX ðEnþ1Þ be given by

WI :¼
0 if jI j ¼ 1;

ðgnþ1Þ�DI ðV ; bÞ � cdðtÞ
�
0
j A I

Qj

�
�
Q
j A I c

ce�1ðQjÞ if jI j > 1:

8<
:ð4:1:8Þ

By Corollary 4.2 we have ð f nþ1Þ�DI ðY ; bÞ ¼ DI ðX ; aÞ þ bnþ1;�ðWI Þ and hence

ð f nþ1Þ�ðGnþ1ðY ; bÞÞ ¼ Gnþ1ðX ; aÞ þ bnþ1;�

� X
1ajI jaðnþ1Þ

ð�1Þnþ1�jI jWI

�
:ð4:1:9Þ

4.2. The proof. By (4.1.9) it su‰ces to prove that the following equality holds in
CHdimX ðEnþ1ÞQ: X

1ajI jaðnþ1Þ
ð�1ÞjI jWI ¼ 0:ð4:2:1Þ

Let I H f1; . . . ; ðnþ 1Þg be of cardinality strictly greater than ðn� eÞ: Corollary
2.2 allows us to express the class of DI ðV ; bÞ as a linear combination of the
DJðV ; bÞ’s with JH I of cardinality at most ðn� eÞ. Moreover Whitney’s
formula allows us to write the Chern class appearing in the definition of WI

as a sum of products of Chern classes of the Qj’s. It follows that for each
I H f1; . . . ; ðnþ 1Þg we may express the class of WI as a linear combination of
the classes
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ðgnþ1Þ�DJðV ; bÞ �
Ynþ1
s¼1

cksðQsÞ; 1a jJja ðn� eÞ;ð4:2:2Þ

k1 þ � � � þ knþ1 ¼ dðnþ 1Þ ¼ nðe� 1Þ � 1:

Definition 4.3. PnðeÞ is the set of ðnþ 1Þ-tuples k1; . . . ; knþ1 of natural num-
bers 0a ks a ðe� 1Þ whose sum equals dðnþ 1Þ.

Summing over all I H f1; . . . ; ðnþ 1Þg of a given cardinality t we get the
following.

Claim 4.4. Let 1a ta ðnþ 1Þ. There exists an integer cJ;KðtÞ for each couple
ðJ;KÞ with jA JH f1; . . . ; ðnþ 1Þg of cardinality at most ðn� eÞ and K a PnðeÞ
such that

X
jI j¼t

WI ¼
X

1ajJjaðn�eÞ
K APnðeÞ

cJ;KðtÞðgnþ1Þ�DJðV ; bÞ �
Ynþ1
s¼1

cksðQsÞ:ð4:2:3Þ

It will be convenient to set cJ;Kð0Þ ¼ 0. We will prove that

Xnþ1
t¼0
ð�1Þ tcJ;KðtÞ ¼ 0:ð4:2:4Þ

That will prove Equation (4.2.1) and hence also Proposition 0.3. Applying Cor-
ollary 2.2 to ðV ; bÞ we get the following result.

Claim 4.5. Let I H f1; . . . ; nþ 1g be of cardinality tb ðnþ 1� eÞ. Then

Dnþ1
I ðV ; bÞC

X
JHI

1ajJjaðn�eÞ

ð�1Þn�e�jJj t� jJj � 1

t� n� 1þ e

� �
Dnþ1
J ðY ; bÞ:ð4:2:5Þ

Given K a PnðeÞ we let

TðKÞ :¼ f1a ia ðnþ 1Þ j ki ¼ ðe� 1Þg:ð4:2:6Þ

A simple computation gives that

ðnþ 1� eÞa jTðKÞj:ð4:2:7Þ

Proposition 4.6. Let jA JH f1; . . . ; ðnþ 1Þg be of cardinality at most
ðn� eÞ, let K a PnðeÞ and 0a ta ðnþ 1Þ. Then

cJ;KðtÞ ¼ ð�1Þn�jJj�e
t� jJj � 1

n� jJj � e

� � jTðKÞB J cj
nþ 1� t

� �
ð4:2:8Þ
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Proof. Suppose first that 0a ta ðn� eÞ. Then cJ;KðtÞ ¼ 0 unless jJj ¼ t and
J c HTðKÞ: if the latter holds then cJ;KðtÞ ¼ 1. Assume that the right-hand side
of (4.2.8) is non-zero: then the first binomal coe‰cient is non-zero and hence
ta jJj. Of course also the second binomal coe‰cient is non-zero: it follows that

ðnþ 1� tÞa jTðKÞB J cja jJ cj ¼ nþ 1� jJj:ð4:2:9Þ

Since ta jJj it follows that jJj ¼ t and hence jTðKÞB J cj ¼ jJ cj i.e. J c HTðKÞ:
a straightforward computation gives that under these assumptions the right-
hand side of (4.2.8) equals 1. It remains to prove that (4.2.8) holds for
ðnþ 1� eÞa ta ðnþ 1Þ. Looking at (4.1.8) and Claim 4.5 we get that

cJ;KðtÞ ¼ ð�1Þn�e�jJj
t� jJj � 1

t� n� 1þ e

� �
ð4:2:10Þ

� jfI H f1; . . . ; ðnþ 1Þg j I c H ðTðKÞB JÞ; jI j ¼ tgj:

Since the right-hand side of (4.2.10) is equal to the right-hand side of (4.2.8) this
finishes the proof. r

Let

pðxÞ :¼ n� jJj � x

n� jJj � e

� �
:ð4:2:11Þ

Then deg p < jTðKÞB J cj because deg p ¼ ðn� jJj � eÞ and because (4.2.7) gives
that

jTðKÞB J cjb ðnþ 1� eÞ þ ðnþ 1� jJjÞ � ðnþ 1Þ ¼ n� jJj � eþ 1:ð4:2:12Þ

Thus (2.2.1) and (4.2.8) give that

0 ¼
Xnþ1
s¼0
ð�1ÞspðsÞ jTðKÞB J cj

s

� �
ð4:2:13Þ

¼ ð�1Þnþ1
Xnþ1
t¼0
ð�1Þ t t� jJj � 1

n� jJj � e

� � jTðKÞB J cj
nþ 1� t

� �

¼ ð�1Þ1�e�jJj
Xnþ1
t¼0
ð�1Þ tcJ;KðtÞ:

This finishes the prooof of Proposition 0.3. r

4.3. Application to Hilbert schemes of K3’s. Let S be a complex K3 surface. By
Beauville and Voisin [3] there exists c a S such that G3ðS; cÞC 0. We let S ½n� be
the Hilbert scheme parametrizing length-n subschemes of S; Beauville [1] proved
that S ½n� is a hyperkähler variety.
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Proposition 4.7. Keep notation as above and assume that n ¼ 2; 3. Let
an a S ½n� represent a scheme supported at c. Then G2nþ1ðS ½n�; anÞC0.

Proof. First assume that n ¼ 2. Let p1 : X ! S � S be the blow-up of the
diagonal D and r2 : X ! S ð2Þ the composition of p1 and the quotient map
S � S ! S ð2Þ. There is a degree-2 map f2 : X ! S ½2� fitting into a commutative
diagram

X 


!f2 S ½2�???yg2

S ð2Þ

ð4:3:14Þ

 






 r2

where g2ð½Z�Þ ¼
P

p AS lðOZ; pÞ is the Hilbert-Chow morphism. Let x a X such
that f2ðxÞ ¼ a2; by Subsection 1.3 it su‰ces to prove that G5ðX ; xÞC 0. By
commutativity of (4.3.14) we have p1ðxÞ ¼ ðc; cÞ. Now G5ðS � S; ðc; cÞÞC 0 by
Proposition 0.2, and since codðD;S � SÞ ¼ 2 it follows from Proposition 0.3
that G5ðX ; xÞC 0. Next assume that n ¼ 3. Let p2 : Y ! S ½2� � S be the blow-
up with center the tautological subscheme Z2 HS ½2� � S and r3 : Y ! S ð3Þ the
composition of p2 and the natural map S ½2� � S ! S ð3Þ. There is a degree-3 map
f3 : Y ! S ½3� fitting into a commutative diagram

Y 


!f3 S ½3�???yg3

S ð3Þ

ð4:3:15Þ

 






 r3

where g3 is the Hilbert-Chow morphism. (See for example Proposition 2.2 of [4].)
On the other hand let p1 : S � S ! S be projection to the first factor; the map

ðf2; p1 � p1ÞÞ : X ! S ½2� � Sð4:3:16Þ

is an isomorphism onto Z2. Let y a Y be such that f3ðyÞ ¼ a3; by Subsection 1.3
it su‰ces to prove that G7ðY ; yÞC 0. Notice that p2ðyÞ ¼ ða2; cÞ where a2 a S ½2�

is supported at c. By the case n ¼ 2 (that we just proved) and Proposition 0.2 we
have G7ðS ½2� � S; ða2; cÞÞC 0. Let x a X such that f2ðxÞ ¼ a2. In the proof for
the case n ¼ 2 we showed that G5ðX ; xÞC 0; since (4.3.16) is an isomorphism it

follows that G5ðZ2; ða2; cÞÞC0. Since G7ðS ½2� � S; ða2; cÞÞC 0 and Z2 is smooth
of codimension 2, we get G7ðY ; yÞC 0 by Proposition 0.3. r

Let Zn HS ½n� � S be the tautological subscheme. The blow-up of S ½n� � S
with center Zn has a natural regular map of finite (non-zero) degree to S ½nþ1�

and in turn Zn may be described starting from the tautological subscheme
Zn�1 HS ½n�1� � S. Thus one may hope to prove by induction on n that
G2nþ1ðS ½n�; aÞC 0 for any n: the problem is that starting with Z3 the tautological
subscheme is singular.
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5. Double covers

In the present section we will assume that X is a projective variety over a field
K and that i a AutðX Þ is a (non-trivial) involution. We let Y :¼ X=3i4 and
f : X ! Y be the quotient map. We assume that there exists a a X ðKÞ which is
fixed by i and we let b :¼ f ðaÞ.

Conjecture 5.1. Keep hypotheses and notation as above and suppose that
GmðY ; bÞC0. Then G2m�1ðX ; aÞC 0.

The above conjecture was proved for m ¼ 2 by Gross and Schoen, see Prop.
4.8 of [6]. We will propose a proof of Conjecture 5.1 and we will show that the
proof works for m ¼ 2; 3. Of course the proof for m ¼ 2 is that of Gross and
Schoen (with the symmetric cube of the curve replaced by the cartesian cube).

5.1. A modest proposal. There is a well-defined pull-back homomorphisms

ð f qÞ� : Z�ðY qÞQ ! Z�ðX qÞQð5:1:1Þ

compatible with rational equivalence (see Ex. 1.7.6 of [5]): thus we have an
induced homomorphism ð f qÞ� : CH�ðY qÞQ ! CH�ðX qÞQ. Let n :¼ dimX and
Xm a ZnðXmÞQ the cycle defined by

Xm :¼ ð f mÞ�GmðY ; bÞ:ð5:1:2Þ

We will show that Xm is a linear combination of cycles of the type

fðx; . . . ; iðxÞ; . . . x; . . . ; x; a; . . . iðxÞ; . . . ; a; . . .Þ j x a Xg:ð5:1:3Þ

Notice that the DI ðX ; aÞ’s are of this type. Consider the inclusions of Xm

in X 2m�1 which map ðx1; . . . ; xmÞ to ðx1; . . . ; xm; nð1Þ; . . . ; nðm� 1ÞÞ where
n : f1; . . . ; ðm� 1Þg ! fa; x1; . . . ; xm; iðx1Þ; . . . ; iðxmÞg is an arbitrary list. Let

FnðXmÞ be the symmetrized image of Xm in ZnðX 2m�1Þ for the inclusion deter-
mined by n: it is a linear combination of cycles (5.1.3). By hypothesis XmC 0
and hence any linear combination of the cycles FnðXmÞ is rationally equivalent
to 0. One gets the proof if a suitable linear combination of the FnðXmÞ’s is a linear
combination of the DI ðX ; aÞ’s with the appropriate coe‰cients (so that it is
equal to a non-zero multiple of G2m�1ðX ; aÞ). We will carry out the proof for
m ¼ 2; 3.

5.2. Preliminaries. Since the involution of X is non-trivial the dimension of X is
strictly positive i.e. n > 0. Let m : f1; . . . ; qg ! fa; x; iðxÞg. If m is not the sequence
mð1Þ ¼ � � � ¼ mðqÞ ¼ a we let

Wðmð1Þ; . . . ; mðqÞÞ :¼ fðx1; . . . ; xqÞ a X q j xi ¼ mðiÞ; x a Xg;ð5:2:1Þ
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and we let Wða; . . . ; aÞ :¼ 0. Thus Wðmð1Þ; . . . ; mðdÞÞ is an n-cycle on X d . For
example Wðx; . . . ; xÞ a X q is the small diagonal. Let Sq be the symmetric group
on f1; . . . ; qg: of course it acts on X q. For rþ sþ t ¼ q let

Wðr; s; tÞ :¼
X
s ASq

sðWða; . . . ; a|fflfflfflffl{zfflfflfflffl}
r

; x; . . . ; x|fflfflfflffl{zfflfflfflffl}
s

; iðxÞ; . . . ; iðxÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
t

ÞÞ:ð5:2:2Þ

Thus Wðr; s; tÞ is an n-cycle on X q invariant under the action of Sq. Notice that

Wðr; s; tÞ ¼ Wðr; t; sÞ:ð5:2:3Þ

With this notation

GqðX ; aÞ ¼
X
0ar; s
rþs¼q

ð�1Þr

r!s!
Wðr; s; 0Þ:ð5:2:4Þ

Let Xm be the cycle on Xm given by (5.1.2). A straightforward computation gives
that

2Xm ¼
X

0ar; s; t
rþsþt¼m

ð�2Þr

r!s!t!
Wðr; s; tÞ:ð5:2:5Þ

(Equality (5.2.3) is the reason for the factor of 2 in front of Xm.) For

n : f1; . . . ; ðm� 1Þg ! fa; x1; . . . ; xm; iðx1Þ; . . . ; iðxmÞg

we let

Xm !jn X 2m�1

ðx1; . . . ; xmÞ 7! ðx1; . . . ; xm; nð1Þ; . . . ; nðm� 1ÞÞ
ð5:2:6Þ

and Fn : ZnðXmÞ ! ZnðX 2m�1Þ be the homomorphism

FnðgÞ :¼
X

s AS2m�1

s�ð jn;�ðgÞÞ:ð5:2:7Þ

Notice that Fn does not change if we reorder the sequence n.

5.3. The case m ¼ 2. A straightforward computation (recall (5.2.3)) gives that

FaðX2Þ ¼ Wð1; 2; 0Þ � 4Wð2; 1; 0Þ þWð1; 1; 1Þ;ð5:3:1Þ

Fx1ðX2Þ ¼ Wð0; 3; 0Þ � 2Wð1; 2; 0Þ � 2Wð2; 1; 0Þ þWð0; 2; 1Þ;ð5:3:2Þ

Fiðx1ÞðX2Þ ¼ �2Wð2; 1; 0Þ � 2Wð1; 1; 1Þ þ 2Wð0; 2; 1Þ:ð5:3:3Þ
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Thus

0C�2FaðX2Þ þ 2Fx1ðX2Þ �Fiðx1ÞðX2Þð5:3:4Þ
¼ 2Wð0; 3; 0Þ � 6Wð1; 2; 0Þ þ 6Wð2; 1; 0Þ ¼ 12G3ðX ; aÞ:

5.4. The case m ¼ 3. For every n : f1; 2g ! fa; x1; x2; x3; iðx1Þ; iðx2Þ; iðx3Þg the
cycle FnðX3Þ is equal to the linear combination of the classes listed in the first
column of Table (1) with coe‰cients the numbers in the corresponding column
of Table (1). For such a n let iðnÞ be its position in the first row of Table (1):
thus iðða; aÞÞ ¼ 1; . . . ; iððiðx1Þ; iðx2ÞÞ ¼ 9. Table (1) allows us to rewriteX

n

liðnÞFnðX3Þð5:4:1Þ

as an integral linear combination of the classes listed in the first column of Table
(1), with coe‰cients F1; . . . ;F9 which are linear functions of l1; . . . ; l9. Let’s
impose that 0 ¼ F1 ¼ � � � ¼ F6: solving the corresponding linear system we get
that

l1 ¼
1

3
ð�8l6 � 2l7 � 8l8 � 8l9Þ;ð5:4:2Þ

l2 ¼
1

3
ð14l6 þ 8l7 þ 14l8 þ 20l9Þ;ð5:4:3Þ

l3 ¼
1

3
ð�6l6 � 6l7 � 6l8 � 12l9Þ;ð5:4:4Þ

l4 ¼
1

3
ðl6 � 2l7 þ l8 þ 4l9Þ;ð5:4:5Þ

l5 ¼
1

3
ð�5l6 � 2l7 � 5l8 � 8l9Þ:ð5:4:6Þ

For such a choice of coe‰cients l1; . . . ; l9 we have that

0C
X
n

liðnÞFnðXÞ ¼ �
4

3
ðl6 þ l7 þ l8 þ l9ÞðWð0; 5; 0Þ � 5Wð1; 4; 0Þð5:4:7Þ

þ 10Wð2; 3; 0Þ � 10Wð3; 2; 0Þ þ 5Wð4; 1; 0ÞÞ:

Choosing integers l6; . . . ; l9 such that ðl6 þ l7 þ l8 þ l9Þ ¼ �3 we get that

0C
X
n

liðnÞFnðXÞ ¼ 4 � 5!G5ðX ; aÞ:ð5:4:8Þ

This concludes the proof of Conjecture 5.1 for m ¼ 3.
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