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ABSTRACT. — A semiholomorphic foliations of type (n,d) is a differentiable real manifold X of
dimension 27 + d, foliated by complex leaves of complex dimension n. The aim of the present note
is to outline some results obtained in studying such spaces along the lines of the classical theory of
complex spaces. Complete proofs will appear elsewhere.
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1. INTRODUCTION

A semiholomorphic foliations of type (n,d) is a differentiable real manifold X of
dimension 2n + d, foliated by complex leaves of complex dimension n. If X is of
class C® we say that X is a a real analytic semiholomorphic foliation. In this case
X can be complexified i.e. can be embedded in holomorphic foliations of type
(n,d) by a closed real analytic CR embedding (cfr. [15, Theorem 5.1]).

Such spaces were already studied in [10], to some extent, but some of the con-
clusions reached there are spoiled by the lack of a necessary hypothesis in the
statements (the positivity of the transversal bundle mentioned below); in a similar
direction moved also the work of Forstneric and Laurent-Thi¢baut [7], where
the attention was focused on the existence of a basis of Stein neighborhoods for
the strongly pseudoconvex compacts of a Levi-flat hypersurface. We should
also mention that, more recently, El Kacimi and Sliméne studied the vanishing
of the CR cohomology for some particular kind of semiholomorphic foliations,
in [5, 6].

The aim of this note is to present some results obtained in studying such
spaces along the lines of the classical theory of complex spaces, by correcting
and further developing what was done in [10]. We are mainly concerned with
real analytic semiholomorphic foliations which satisfy some hypothesis of
pseudoconvexity. Pseudoconvexity we have in mind consists of two conditions:
1-pseudoconvexity (or 1-completeness) along the leaves of X, i.e. the existence of
a smooth exhaustion function ¢ : X — R which is strongly 1-plurisubharmonic
along the leaves, and positivity of the bundle N transversal to the leaves
of X (see 2.4). Under these conditions we say that X is l-complete. For
1-complete real analytic semiholomorphic foliation of type (n,d) we can prove
that
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1) every level set {¢ < ¢} has a basis of Stein neighborhoods;
2) an approximation theorem for CR functions on X.

(see Theorem 2.3).

Once these results are proved, the methods of complex analysis apply, in order
to study the cohomology of the sheaf CR of germs of CR functions. We show
that, for 1-complete real analytic semiholomorphic foliation of type (n,1), the
cohomology groups H?(X,CR) vanishes for ¢ > 1 (see Theorem 3.1). This im-
plies a vanishing theorem for the sheaf of sections of CR bundles, which we
use in Section 4 to get a tubular neighborhood theorem and an extension the-
orem for CR functions from Levi flat hypersurfaces (see Theorems 4.1, 4.2 and
Corollary 4.3). In Section 5 we sketch the proof that a 1-complete real analytic
semiholomorphic foliation of type (n,d) embeds in C*"*2¥*! as a closed sub-
manifold by a smooth CR map (see Theorem 5.1) and, as an application, that
the groups H;(X;Z) vanish for j>n+d+1 (see Theorem 5.2). In the last
section a notion of weakly positivity is given for the transversal bundle Ny, on a
compact real analytic semiholomorphic foliation X of type (n,1) (see (12)) and
we prove that, under this condition, X embeds in CP" by a real analytic CR
map (see Theorem 6.1).

ACKNOWLEDGEMENTS: The first author was supported by the ERC grant HEVO—Holomorphic
Evolution Equations n. 277691.

2. PRELIMINARIES

2.1. Tangentially q-complete semiholomorphic foliations. We recall that a semi-
holomorphic foliation of type (n,d) is a (connected) smooth foliation X whose
local models are subdomains U; = V; x B; of C" x R¢ and local change of coor-
dinates (zx, t) — (zj,t;) are of the form

{Zj = fix(z, 1)

tj = gjk(lk)v

()

where fi, gjx are smooth and fj is holomorphic with respect to z. If we replace
RY by C? and we suppose that f and / are holomorphic we get the notion of
holomorphic foliation of codimension d.

Local coordinates Zjl, ey 2] tjl, R t]d satisfying (1) are called distinguished
local coordinates.

A semiholomorphic foliation X is said to be tangentially g-complete if X
carries a smooth exhaustion function ¢ : X — R which is g-plurisubharmonic
along the leaves i.e. its Levi form has at least n — ¢ + 1 positive eigenvalues in
the tangent directions to the leaves.

2.2. CR-bundles. Let G, s be the group of matrices

(i 2)
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where 4 € GL(m;C), B e GL(m,s;C) and C € GL(s; R). We set G, 0 = GL(m; C),
Go,s = GL(s; R). To each matrix M € Gn s We associate the linear transformation
C" x R* — C™ x R* given by

(z,t) — (Az + Bt, Ct),

(z,1) € C" x R*.

Let X be a semiholomorphic foliation of type (n,d). A CR-bundle of type
(m,s) is a vector bundle n : E — X such that the cocycle of E determined by
a trivializing distinguished covering {U;}; is a smooth CR map y; : Ujn Uy —
Gm,k

_ (A Bk
@) w=(7 o)

where Cj. = Cj(t) is a matrix with smooth entries and A4y, Bj are matrices with
smooth CR entries. Thus E is foliated by complex leaves of dimension m + n and
real codimension d + s. The inverse E~' of E is the CR-bundle E of type (m, s)
whose cocycle is

A;' —A4;'B C
(3) Vkl = " ]k " :
J O qk

Let X be a semiholomorphic foliation of type (n,d). Then

e the tangent bundle 7X of X is a CR-bundle of type (n,d).

e the bundle 77 = TLOX of the holomorphic tangent vectors to the leaves of X
is a CR-bundle of type (n,0).

e the transverse bundle Ny, (to the leaves of X) is a CR-bundle of type (0, d).

REMARK 2.1. If X is embedded in a complex manifold Z, its transverse bundle
TZ/TX is not a Gy s-bundle in general.

2.3. Complexification. A real analytic foliation with complex leaves can be com-
plexified, essentially in a unique way: there exists a holomorphic foliation X of
type (n,d) with a closed real analytic CR embedding X — X (cfr. [15, Theorem
5.1]). In particular, X is a Levi flat submanifold of X.

In order to construct X we consider a covering by distinguished domains
{U = Vj x B;j} and we complexify each B; in such a way to obtain domains U
in C" x C‘ The domains U; are patched together by the local change of
coordinates

2 = Fu(zr, )
@ { o

obtained complexifying the (vector) variable # by 7x =t +i0; in fj and gy

(cfr. (1)).
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Let z;, 7; be distinguished holomorphic coordinates on U; and let 0; = Im1;.
The we have 9]‘7 =Imgy (), 1 <s<d, on U;n U and consequently, since
Imgy =0 on X,

d
0= vji0;
s=1

where ;= (n//]',ﬁ) is an invertible d x d matrix whose entries are real analytic
functions on Uj A Uy. Moreover, since gji 1s holomorphic and gy y = gjk 1s real,
we also have Yy = 0gjic/ Ot

{4} is a cocycle of a CR-bundle of type (0,d) which extends Ny, on a neigh-
borhood of X in X.

Let X be the complexification of X. Then the cocycle of the (holomorphic)
transverse bundle Ny, (to the leaves of X)) is

(5) W) _ oy _ (ai)
0ty 0ty ar,f

2.4. 1-complete foliations. Let X be a semiholomorphic foliation of type (n,d),

N the transverse bundle to the leaves of X. A metric on the fibres of Ny is an

assignement of a distinguished covering {U;} of X and for every j a smooth

map /1/0 from U; to the space of symmetric positive d x d matrices such that

tagjk }0 %

R :
k oty 7 0ty ’

Denoting ¢ and 0 the complex differentiation along the leaves of X, the local
tangential forms

0A3A~10 Aq0 0
4;000; =200 A 04,

A 20 A 0 0 _
(6) 200log4; — dlogl; Andlogl; = e
J
_ _ 279002 — 302 A 1Y
(7) d0log i) — dlog i} ndlogh) =—— 1
J

actually give global tangential forms w, Q.
The foliation X is said to be:

e tranversally q-complete (strongly tranversally g-complete) if a metric on the
fibres of Ny can be chosen in such a way that the hermitian form associated
to w (Q) has at least n — ¢ + 1 positive eigenvalues.

A semiholomorphic foliation X of type (n,d) is said to be 1-complete (strongly
1-complete) if it is tangentially and transversally 1-complete (tangentially and
strongly transversally 1-complete).
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REMARK 2.2. Assume d = 1 and that X is transversally 1-complete. Then, due
to the fact that the functions gz do not depend on z, wy = {00 log/lj(-)} and
n ={dlog )UQ} are global tangential forms on X; moreover, since @y is positive
and exact, wy = dp, it gives on each leaf a Kdhler metric whose Kihler form is
exact. In particular no positive dimension compact complex subspace can be
present in X.

ExaMPLE 2.1. Every domain D =« X = C. x R, which projects over a bounded
domain Dy < C. is strongly transversally 1-complete. Indeed, it sufficient to take
for 2 a function x~! o = where u is a positive superharmonic function on Dy and 7
is the natural projection C. x R, — C..

ExXAMPLE 2.2. A real hyperplane X in C", n > 2, is not transversally 1-complete.
Indeed, assume n =2 and let X = C? be defined by v =0, where z = x + iy,
w=u+iv are holomorphic coordinates. Transverse pseudoconvexity of X
amounts to the existence of a positive smooth function 1 = A(z,u), (z,u) € C2,
such that

Mz —2|2]* > 0.
Consider the function 2~'. Then

_ﬂ@ﬁ—mﬁ<

53 0

(A7),

31

so, for every fixed u, the function 4! is positive and superharmonic on C., hence
it is constant with respect to z: contradiction.
Clearly X is an increasing union of strongly transversally 1-complete domains.
We want to prove the following

THEOREM 2.1. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly transversally 1-complete. Then there exist an open
neighborhood U of X in the complexification X and a non negative smooth function
u: U — R with the following properties

i) X ={xeU:u(x)=0}
il) u is plurisubharmonic in U and strongly plurisubharmonic on U\X.

If X is tranversally 1-complete then property 11) is replaced by the following
iti) the Levi form of the smooth hypersurfaces {u = const} is positive definite.

ProoF. (Sketch) For the sake of simplicity we assume n = d = 1. Let {/1;)} be a
metric on the fibres of Ny,. With the notations of 2.3 let Ny, be the tranverse bun-
dle on X whose cocycle i = gy is defined by (5). Then there exists a metric {4;}
on the fibres of N, whose restriction to X is {4’}. Consider on X the smooth
function u locally defined by }vjﬁjz (where 7; = t; + i0;); u is non negative and
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positive outside of X. Drop the subscript and compute the Levi form L(u) of u.
We have

(8) L(u)(&,5) = AEE 4+ 2 Re(BER) + Crij
= )Lj,zfgzég +2 Re{()v,zfgz + ik -0)¢n}
o+ (A o207 + 1410 — i 0 + 2 /2)ni
and

9) AC — B = 0y = 2 ") + 00

where o is a smooth function. The coefficient of 0 is nothing but that of the form
72Q (here we denote w and Q, respectively, the forms (6), (7) where /1](.) is replaced
by 4;), so if X is strongly transversally 1-complete L(u) is positive definite near
each point of X and strictly positive away from X. It follows that there exists a
neighborhood U of X such that u is plurisubharmonic on U.

Assume now that X is transversally 1-complete. The Levi form L(u), ;s of a
smooth hypersurface S = {u = const} is essentially determined by the function

(10) O {0y 22125 0 + i2|* — 2Re(2 20 + idy 2) (D0 — i)y
(A, o074 10y 20 — 14 0 + 4;/2)] 4 2| P}
= 0 (4jdyzz — (3/2)|%.-*) + %0

where o is a bounded function. The coefficient of #* is nothing but that of the
form /lj?”  so, if X is transversally pseudoconvex, L(u)‘ HT(S) is not vanishing near
X. It follows that there exists an open neighborhood U of X such that the hyper-
surfaces S = {u = const} contained in U\ X are strongly Levi convex.

REMARK 2.3. In view of (8), the Levi form L(u) at a point of X is positive in the
transversal direction 7.

THEOREM 2.2. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly 1-complete. Then for every compact subset K = X
there exist an open neighborhood V of K in X, a smooth strongly plurisubharmonic
Sfunction v: V — R" and a constant ¢ such that K €{v<c¢}n X €V n X.

2.5. Stein bases and a density theorem.

THEOREM 2.3. Let X be a semiholomorphic foliation of type (n,d). Assume that
X is real analytic and strongly 1-complete and let ¢ : X — R™ be a smooth exhaus-
tion function ¢ : X — R which is 1-plurisubharmonic along the leaves. Then

i) X, is a Stein compact of X i.e. it has a Stein basis of neighborhoods in X.
ii) every smooth CR function on a neighborhood of X . can be approximated in the
C* topology by smooth CR functions on X.
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PrOOF. (Sketch) In view of Theorem 2.1 we may suppose that X = {u = 0}
where u: X — [0,400) is plurisubharmonic and strongly plurisubharmonic on
X\X.

Let U be an open neighborhood of X, in X. With K = X, we apply Theorem
2.2: there exists an open neighborhood V' € U of X, in X, a smooth strongly plu-
risubharmonic function v: ¥ — R* and a constant ¢ such that X, € {v < ¢} n
X €V nX. It follows that for ¢ > 0, sufficiently small, W = {v < ¢} n{u < &}
€ V € U is a Stein neighborhood of X...

In order to prove ii) consider a smooth CR function f on a neighborhood 7 of
X, in X, and take ¢’ > ¢, such that X = I. For every j € N define B, = X/ ;
and choose a Stein neighbourhod Uj; of B; such that B; has a fundamental system
of open neighborhoods W; € Ui n U; Wthh are Runge domains in Uj. Since
Uy is Stein, the O(U)- envelope of By comc1de with its the plurlsubharmomc en-
velope (cfr. [12, Theorem 4.3.4]) hence it is a compact contained in X n Uy, By
being the zero set of the plurisubharmonic function u. Thus we may assume that
By is O(Uy)-convex. We end the proof applying the approximation theorem of
Freeman (cfr. [8, Theorem 1.3]). O

COROLLARY 2.4. Let X be as in Theorem 2.3 and X ., ¢ > 0. Then X . is CR(X)-
convex i.e. X, coincides with its CR(X)-envelope.

PROOF. Set K = X.. In view of Theorem 2.1, X is the zero set of a plurisubhar-
monic function defined in an open neighborhood U of X in X. Let U, < U be a
Stein neighborhood of K and Psh(U,) the space of the plurisubharmonic in U,.

Then the envelopes K@ v, and Kpsh u,) of K coincide (cfr. [12, Theorem 4.3.4]);
in our situation we have

K < Kerix) < Koy = Kpsnvy) < Uy 0 X

We obtain the thesis letting U, = U run in a Stein basis of X . |

3. COHOMOLOGY

In this section we sketch the proof of the following

THEOREM 3.1. Let X be a semiholomorphic foliation of type (n,1). Assume that
X is real analytic and strongly 1-complete. Then

HY(X;CR)=0
for every g > 1.

REMARK 3.1. The same holds true if X is a closed, orientable, smooth Levi flat
hypersurface of a connected Stein manifold D.



30 S. MONGODI AND G. TOMASSINI

We need some preliminary facts. Let Q be a domain in C”" x R* and for
every t € R* set Q, = {z € C": (z,1) € Q}. Following [2] we say that {Q,},_p+
is a regular family of domains of holomorphy if the following conditions are
fulfilled:

a) Q, is a domain of holomorphy for all t € R;
b) for every ) € R there exist a neighborhood Iy = {| — 9| < ¢} and a domain
U < C" such that Q,, is Runge in U and | J,.;, Q, = Iy x U.

In this situation it can be proved that the sheaf CR of Q is cohomologically trivial
(cfr. [2, Corollaire pag. 213]).

Let X be a tangentially 1-complete semiholomorphic foliation of type
(n,d), ¢: X —[0,+00) a smooth exhaustion function ¢: X — R* which is
1-plurisubharmonic along the leaves and ¢ > 0 a regular value of ¢. Since ¢ is a
strongly plurisubharmonic along the leaves the “bumps lemma” method applies
and allows us to prove the following

LEMMA 3.2. There is ¢ > 0 such that the homomorphism
HY(X.;;CR) — HY(X;CR)

is onto for g > 1. In particular, the homorphism
HYX;CR) — HY(X;CR)

is onto for q > 1.

PrOOF oF THEOREM 3.1. (Sketch) We first prove that for every ¢ and ¢ > 1 the
cohomology groups HY(X.; CR) vanish and for this that H9(X.;CR) =0 for
every c and ¢ > 1 (see Lemma 3.2.)

Let X be the complexification of X. By Theorem 2.3 there exists a Stein neigh-
borhood U € X of X. divided by X into two connected components U,, U_
which are Stein domains. Let ¢ (¢_) be the sheaf of germs of holomorphic func-
tions in D (D_) smooth on U; U X (U- u X) and extend it on U by 0. Then we
have on U the exact sequence

(11) 0-0—-0, ®0_-5CR—0

where re is definined by re(f ® g) = fix — gx. Let £ be a g-cocycle with values
in CR defined in (a neighborhood of ) X.. We may suppose that ¢ is defined on
U n X. Since U is Stein we derive that

HI(U, 0X;0,)®HY(U_UX;0_)— HY(X;CR)

is an isomorphism for ¢ > 1. In particular, £ = &, — ¢ where £ and £_ are rep-
resented by two 0-closed (0, ¢)-forms w, and w_ respectively which are smooth
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up to X. Now arguing as in [9, Lemma 2.1] (replacing |Z|2 by a strictly plurisub-
harmonic exhaustive function ¢ : U — R) we obtain the following: there exist
two bounded pseudoconvex domains U, € U, U’ € U satistying:

1) U_:_ cU,.,U U

2) XCCbUiﬁX,ycchimX.

By Kohn’s theorem (cfr. [13]) W4y = oo, oy = do_ with o, o_ smoth up
to the boundary and this shows that & is a g-coboundary. Thus H%(X;CR) =0
for every ¢ and ¢ > 1.

The vanishing of the groups HY(X;CR) for ¢ > 2 now easily follows by a
standard procedure. The vanishing of H'(X;CR) is achieved using the approxi-
mation of CR functions. O

COROLLARY 3.3. Let X be a semiholomorphic foliation of type (n,1). Assume
that X is real analytic and strongly 1-complete. Let A = {x,} be a discrete set of
distinct points of X and {c¢,} a sequence of complex numbers. Then there exists a
smooth CR function f: X — C such that f(x,) =c,, v=1,2,.... In particular,
X is CR(X)-convex.

Theorem 3.1 and the Mayer-Vietoris construction of Lemma 3.2 allow us to
obtain the following result.

THEOREM 3.4. Let D be a connected Stein domain in C" and X = D a closed,
orientable, smooth Levi flat hypersurface. Let ¢ : D — R be exhaustive, strictly
plurisubharmonic and X, = {¢ < ¢} n X, ¢ € R. Then the image of the CR map
CR(X) — CR(X.) is everywhere dense.

A vanishing theorem for compact support cohomology H;(X;CR) can be
proved in a more general situation. Precisely

THEOREM 3.5. Let X be a 1-complete smooth mixed foliation of type (n,d) with
n>1. Then

H/(X;CR)=0
Jor j<n-—1
COROLLARY 3.6. Let X be a l-complete semiholomorphic foliation of type
(n,d) with n > 2 and K a compact subset such that X\K is connected. Then the
homorphism

CR(X) — CR(X\K)

Is surjective.
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4. APPLICATIONS

In this section we state some applications of Theorem 3.1

4.1. A vanishing theorem for CR-bundles. Let X be a real analytic semiholomor-
phic foliation of type (n,1), 7 : E — X a real analytic CR-bundle of type (n,0).
Then it is not difficult to show that

1) if X is 1-complete E is 1-complete;
ii) if X is transversally 1-complete (strongly transversally 1-complete) E is trans-
versally 1-complete (strongly transversally 1-complete).

THEOREM 4.1. Let X be a real analytic semiholomorphic foliation of type (n, 1),
n: E — X a real analytic CR bundle of type (m,0) and & cr the sheaf of germs of
smooth CR-sections of E. Assume that X is strongly 1-complete. Then

HYX,8cgr) =0
forg > 1.

The proof consists in connecting the mentioned cohomology with the coho-
mology of the sheaf of CR functions on the total space of the bundle, which
vanishes by Theorem 3.1.

4.2. CR tubular neighborhood theorem and extension of CR functions. Let M
be a real analytic, closed, Levi flat hypersurface in C"*!, n > 1. In view of [15,
Theorem 5.1, there exist a neighborhood U = C"*! of M and a unique holomor-
phic foliation & on U extending the foliation . A natural problem is the fol-
lowing: given a smooth CR function f : M — C extend it on a neighborhood
W < U by a smooth function f holomorphic along the leaves of % . In the sequel
we will answer this question.

The key point for the proof is the following “CR tubular neighborhood
theorem’:

THEOREM 4.2. Assume that M is strongly transversally 1-complete. Then there
exist an open neighborhood W < U of M and a smooth map q: W — M with
the properties:

1) q is a morphism 9}|W — F;
11) qm = idyy.

Along the lines of the corresponding result for complex submanifolds, the
main idea of the proof is to use Theorem 4.1 to deduce the exactness of the ap-
propriate short sequence of bundles (cfr. [3]).

COROLLARY 4.3. Let M be a real analytic Levi flat hypersurface in c"n>1,
F the Levi foliation on M, & the holomorphic foliation extending # on a
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neighborhood of M. Then every smooth CR function f : M — C extends to a
smooth function f on a neighborhood of M holomorphic along the leaves of F.

PrOOF. Take f = f ogq. |

5. AN EMBEDDING THEOREM

We have the following

THEOREM 5.1. Let X be a real analytic semiholomorphic foliation of type (n,d).
Assume that X is strongly 1-complete. Then X embeds in C* >+ as a closed
submanifold by a CR map.

For the proof we argue as in [12, Theorem 5.3.9] using in a crucial way
Theorem 2.3 and Corollary 2.4.

REMARK 5.1. The example 2.2 shows that the converse is not true, namely a
real analytic semiholomorphic foliation embedded in C” is not necessarily trans-
versally 1-complete.

As an application, we get the following

THEOREM 5.2. Let X be a real analytic semiholomorphic foliation of type (n,d).
Assume that X is strongly 1-complete. Then

Hi(X;7)=0
for j=n+d+ 1 and H, 4(X;Z) has no torsion.

Embed X in CV, N =21 +2d + 1 by a CR map f and choose « € CV\ X in
such a way that y = |f — a|2 is a Morse function [1]. Then, in order to get the
result, we apply Morse theorem proving that the Hessian form H(y)(p) of  at
a point p € X has at most n + d negative eigenvalues.

REMARK 5.2. In particular, the statement holds for smooth foliations of type
(n,d) embedded in some C".

COROLLARY 5.3. Let X = CPY be a closed, oriented, semiholomorphic foliation
of type (n,d), V' a nonsingular algebraic hypersurface which does not contain X.
Then the homomorphism

H](X\V;Z) — H/(X;Z)

induced by V nX — X is bijective for j<n—1 and injective for j=n— 1.
Moreover, the quotient group

H"'\(VaX;2)/H(X;27)

has no torsion.



34 S. MONGODI AND G. TOMASSINI

6. THE COMPACT CASE

Let X be a compact real analytic semiholomorphic foliation of type (n, 1). With
the notations of 2.3 let {y,,} be the cocycle of the CR-bundle of type (0, 1) on
the complex1ﬁcat10n X which extends Ni. The local smooth functions %, on
X satisfying hg =y ﬂh define a metric on the fibres of Ny. We say that Ny is
weakly positive if a smooth metric {A; } can be chosen in such a way that the
function ¢ on X locally defined by 7, %/; satisfies

(12) i03log ¢ = iaéloghﬁzi% >
Ty — Tg

near X, on the complement of X. Clearly, ¢ > 0 near X and ¢ > 0 away from X.
By hypothesis, iddlog¢ > 0 away from X and

opndp

00¢ = p00log ¢ + ’

moreover, locally on X
200¢ = hot A 07,

h = h,, © = 1,. Then, since & > 0 and idt A 07 is a positive (1, 1)-form, ¢ is pluri-
subharmonic on a neighborhood of X and its Levi form has one positive eigen-
value in the transversal direction 7. In particular, for ¢ > 0 small enough, the
sublevels X, = {¢ < ¢} are weakly complete manifolds and give a fundamental
system of neighborhoods of X.

REMARK 6.1. Observe that the form (12) is non negative near X in the comple-
ment of X, if X admits a space of parameters.

A CR-bundle L — X of type (1,0) is said to positive along the leaves if there is
a smooth metric {/,} (on the fibres of ) L such that

(13) Z o logh -0

I<a<n 62’8

where (z, ¢) are distinguished coordinates.
Under the condition (12) we have the following

THEOREM 6.1. Suppose that there exists on X an analytic CR-bundle L of type
(1,0) and positive along the leaves. Then X embeds in CPY, for some N, by a
real analytic CR map.

PrOOF. Extend L on a neighborhood of X to a holomorphic line bundle L and
the metric {4, } to a smooth metric {4, } preserving the condition (13) near X. For
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every positive C € R consider the new metric {iz%C = ¢“%h,} (where ¢ is locally
defined by hatpiﬁ) and set { ={y,...,{, =zy, {1 =7. At a point of X we
have

0? logiz%c

'’ = A + L.
1<r,s<n+l aCraCs

where %, is positive near X for |7, | small enough, say |7,,,| <& and ¥ is
nonegative and positive for |i,,,| > 0. It follows that for large enough C the
hermitian form % + % is positive on a neigbourhood of X say {¢ < ¢} for ¢
small enough. In this situation a theorem of Hironaka [14, Theorem 4] applies
to embed {¢ < c} in some CP" by a locally closed holomorphic embedding. In
particular, X itself embeds in CP" by a CR-embedding. O
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