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ABSTRACT. — We present some applications of the notion of numerosity to measure theory,
including the construction of a non-Archimedean model for the probability of infinite sequences of
coin tosses’.
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INTRODUCTION

The idea of numerosity as a notion of measure for the size of infinite sets was
introduced by the first named author in [1], and then given sound logical foun-
dations in [3]. A theory of numerosities have been then developed in a sequel of
papers (see, e.g., [5, 8]). The main feature of numerosities is that they satisfy the
same basic formal properties as finite cardinalities, including the fact that proper
subsets must have strictly smaller sizes. This has to be contrasted with Cantorian
cardinalities, where every infinite set have proper subsets of the same cardinality.

In this paper we will present three applications of numerosity in topics of mea-
sure theory. The first one is about the existence of “‘inner measures’ associated to
any given non-atomic pre-measure. The second application is focused on sets of
real numbers. We show that elementary numerosities provide a useful tool with
really strong compatibility properties with respect to the Lebesgue measure. For
instance, intervals of equal length can be given the same numerosity, and any in-
terval of rational length p/¢ has a numerosity which is exactly p/q. We derive
consequences about the existence of totally defined finitely additive measures
that extend the Lebesgue measure. Finally, the third application is about non-
Archimedean probability. Following ideas from [6], we consider a model for infi-
nite sequences of coin tosses which is coherent with the original view of Laplace.
Indeed, probability of an event is defined as the numerosity of positive outcomes

! This paper is related to a talk given by the first-named author at the Accademia dei Lincei on
November 26, 2013.
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divided by the numerosity of all possible outcomes; moreover, the probability of
cylindrical sets exactly coincides with the usual Kolmogorov probability.

1. TERMINOLOGY AND PRELIMINARY NOTIONS

We fix here our terminology, and recall a few basic facts from measure theory
and numerosity theory that will be used in the sequel.

Let us first agree on notation. We write 4 < B to mean that A4 is a subset of B,
and we write A < B to mean that A4 is a proper subset of B. The complement of
a set A4 is denoted by A¢, and its powerset is denoted by 2(A). We use the symbol
LI to denote disjoint unions. By N we denote the set of positive integers. For an
ordered field F, we denote by [0, o)y = {x € F|x > 0} the set of its non-negative
elements. We will write [0, 4+00] to denote the set of non-negative real numbers
plus the symbol +o0, where we agree that x + o0 = 400 + X = +00 + 00 = + @
for all x € R.

DEFINITION 1.1. A finitely additive measure is a triple (Q, 2, i) where:

e The space Q is a nonempty set;

e 9 is an algebra of sets over Q, i.e. a nonempty family of subsets of Q which is
closed under finite unions and intersections, and under relative complements,
ie. A,Be A= AU B, An B, A\B e . (Actually, the closure under intersec-
tions follow from the other two properties, since A N B = A\(A\B).)

® 11: W — [0,+00], is an additive function, i.e. (A B) = u(A) + u(B) when-
ever A, B € U are disjoint. (Such functions u are sometimes called contents in
the literature.) We also assume that u(0) = 0.

The measure (Q, 2, u) is called non-atomic when all finite sets in 21 have mea-
sure zero. We say that (Q,, ) is a probability measure when u: 0 — [0, 1],
takes values in the unit interval, and u(Q) = 1.

For simplicity, in the following we will often identify the triple (€, 2, x) with
the function u.
Remark that a finitely additive measure u is necessarily monotone, i.e.

® u(A) < u(B) forall 4, B € A with 4 < B.

DEFINITION 1.2. A finitely additive measure u defined on an algebra of sets U
is called a pre-measure if it is g-additive, i.e. if for every countable family
{A4n},en E U of pairwise disjoint sets whose union lies in 21, it holds:

ﬂ( |_’LAn) = iﬂ(“ln)'

A measure is a pre-measure which is defined on a g-algebra, i.e. on an algebra
of sets which is closed under countable unions and intersections.
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DEFINITION 1.3. An outer measure on a set Q is a function
AIZQKQ)_%[0f+qﬂR

defined on all subsets of © which is monotone and o-subadditive, i.e.

M) <Y M),

neN neN
It is also assumed that M (0) = 0.

DErFINITION 1.4. Given an outer measure M on Q. the following family is
called the Caratheodory o-algebra associated to M:

Cy={XcQIMY)=MXnY)+MX\Y)forall Y < Q}.

A well known theorem of Caratheodory states that the above family is actu-
ally a g-algebra, and that the restriction of M to €, is a complete measure, i.e. a
measure where M (X) = 0 implies Y € €, for all Y < X. This result is usually
combined with the property that every pre-measure u over a ring 2 of subsets
of Q is canonically extended to the outer measure i : 2(Q) — [0, o], defined
by putting:

A(X) = inf{iﬂmn) {4}, cu&xe | A,,}.
n=1

neN

Indeed, a fundamental result in measure theory is that the above function f is
actually an outer measure that extends x, and that the associated Caratheodory
g-algebra €; includes 2. Moreover, such an outer measure ji is regular, i.e. for
all X € 2(Q) there exists C € ¢; such that X = C and fi(X) = a(C). (See e.g.
[9] Prop. 20.9.)

Next, we will recall the notion of elementary numerosity, a variant of the
notion of numerosity that was introduced in [2]. The underlying idea is that of
refining the notion of finitely additive measure in such a way that also single
points count. To this end, one needs to consider ordered fields that extend the
real line.

Recall that every ordered field F that properly extend R is necessarily non-
Archimedean, in that it contains infinitesimal numbers ¢ # 0 such that —1/n <
e < 1/n for all n e N. Two elements &, { € F are called infinitely close if & —(
is infinitesimal; in this case, we write £ ~{. A number & € F is called finite if
—n<¢&<n for some neN, and it is called infinite otherwise. Clearly, a
number ¢ is infinite if and only if its reciprocal 1/¢ is infinitesimal. We remark
that every finite ¢ € [ is infinitely close to a unique real number r, namely
r=inf{x € R|x > ¢£}. Such a number r is called the standard part of &, and
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is denoted by r=st(&). Notice that st(&+ () =st(&) +st({) and st(&-() =
st(¢€) - st({) for all finite &, {. The notion of standard part can be extended to the
infinite elements & € F by setting st(¢) = +o0 when ¢ is positive, and st(¢) = —oo
when ¢ is negative.

DEFINITION 1.5. An elementary numerosity on the set Q is a function
n:2(Q) — [0,+00)¢

defined on all subsets of Q, taking values in an ordered field [ = R that extends
the real line, and that satisfies the following two properties:

1. Additivity: n(A v B) = n(A) + n(B) whenever A N B = {);
2. Unit size: n({x}) = 1 for every point x € Q.

Notice that if Q is a finite set, then the only elementary numerosity is the finite
cardinality. On the other hand, when Q is infinite, then the numerosity function
must also take “infinite” values, and so the field F must be non-Archimedean. It
is worth remarking that also Cantorian cardinality satisfies the above properties
(1), (2), but the sum operation between cardinals is really far from being a ring
operation. (Recall that for infinite cardinals «, v it holds x + v = max{r, v}.)

As straight consequences of the definition, we obtain that elementary numer-
osities can be seen as generalizations of finite cardinalities. Indeed, one can easily
show that

® 11(4) = 0 if and only if 4 = 0;
e If A — Bis a proper subset, then n(4) < n(B);
e If F is a finite set of cardinality n, then n(F) = n.

Given an elementary numerosity and a “measure unit” f € [, there is a canon-
ical way to construct a (real-valued) finitely additive measure.

DErFINITION 1.6. If n: 2(Q) — [0,400); is an elementary numerosity, and
f € [ is a positive number, the map ng : 2(Q) — [0, +00] is defined by setting

np(A4) = st(%).

PrOPOSITION 1.7. wy is a finitely additive measure. Moreover, v is non-atomic
if and only if B is an infinite number.

ProOF. For all disjoint 4, B < Q, one has:

ny(4 U B) = ﬂ@) _ St(%Jr%)
- St(%A)) + St(%) = np(A4) + ng(B).
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Notice that the measure g is non-atomic if and only if ng({x}) = st(1/6) =0,
and this holds if and only if £ is infinite. O

The relevant result about elementary numerosities that we will use in the
sequel, is the following representation theorem, that was proved in [2]:

THEOREM 1.8. Let (Q,, ) be a non-atomic finitely additive measure on the
infinite set Q, and let B < WA be a subalgebra that does not contain nonempty null
sets. Then there exist

® g non-Archimedean field F > R;
® an elementary numerosity n: 2(Q) — [0, +00);,

such that:

1. u(B) = u(B') < n(B) = n(B') for all B,B' € B of finite measure;
2. For every set Z € W of positive finite measure, if § =nW(Z)/w(Z) then u(A) =
ng(A) for all 4 € A.

2. NUMEROSITIES AND INNER MEASURES

In this section, we will use elementary numerosities to prove a general existence
result about “inner’’ measures.

THEOREM 2.1. Let N be an algebra of subsets of Q and let i : A — [0, 40|, be
a non-atomic pre-measure. Assume that u is non-trivial, in the sense that there are
sets Z € A with 0 < u(Z) < +o0o. Then, along with the associated outer measure fi,
there exists an “inner” finitely additive measure

/E P2(Q) — [0, 4+ 0]
such that:

1. u(C) = pu(C) for all C € §,, the Caratheodory o-algebra associated to p. In
particular, u(A) = u(A) = ji(A) for all A € A.
2. u(X) < p(X) forall X = Q.

ProOF. By Caratheodory extension theorem, the restriction of i to €, is a mea-
sure that agrees with 4 on 2. Now we apply Theorem 1.8 to the measure
(€,, A, 1), and obtain the existence of an elementary numerosity n: 2(Q) —
[0, +00);. By property (2) in the Theorem, if we pick any number f = ;(—Z) where
0 < u(Z) < 4o, then ng(C) = u(C) for all C € €,. We claim that u = ng : 2(Q)
— [0, 4+0]g is the desired “inner” finitely additive measure. B

Property (1) is trivially satisfied by our definition of g, so let us turn to (2).
For every X < Q, by definition of outer measure we have that for every ¢ > 0
there exists a countable union 4 = J,~, 4, of sets 4, € A such that 4 = X and

S m(Ay) < (X) + e Notice that 4 belongs to the o-algebra generated by
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2, and hence 4 € €. In consequence, u(A4) = nz(A4) = ji(A). Finally, by monot-
onicity of the finitely additive measure u, and by g-subadditivity of the outer
measure [, we obtain:

0 0
wX) < p(A) = @A) <> a(dy) = p(Ay) < a(X) +e.
n=1 n=1
As ¢ > 0 is arbitrary, the desired inequality u(X) < ii(X) follows. O

It seems of some interest to investigate the properties of the extension of the
Caratheodory algebra given by family of all sets for which the outer measure
coincides with the above “inner measure’:

Clnp) = {X = Qlu(X) = a(X)}-

Clearly, the properties of €(ng) may depend on the choice of the elementary
numerosity m.

Theorem 2.1 ensures that the inclusion €, = €(ng) always holds. Moreover,
this inclusion is an equality if and only if all X ¢ €, satisfy the inequality
w(X) < @(X). It turns out that, when u(Q) < +oo, this property is equivalent to
a number of other statements.

PROPOSITION 2.2, If n(Q) < +o0, then the following are equivalent:

1. 6, = €(ny).
2. X ¢6, = u(X) < @(X) and u(X°) < @(X°).
3. u(X) = A(X) & p(X) = @(X°).

4 p(X) =0 a(x) =0.

I w(Q) = + o0, then (1) & (2) = (3) = (4).

PrOOF. We have already seen that (1) and (2) are equivalent.

(2) = (3). Suppose towards a contradiction that (2) holds but (3) is false. The
latter hypothesis ensures the existence of a set X such that u(X) = g(X) and
u(X ) < @(X°). Thanks to Theorem 2.1, we deduce that X ¢ €,. By (2) we get
the contradiction u(X) < f(X).

(3) = (4). The implication a(X) = 0 = u(X) = 0 is always true. On the other
hand, if ©(X) = 0, then u(X°) = u(Q) = A(Q). By the inequality u(X¢) < a(X°),
we deduce a(X ) = g(Q) = u(X°) and, thanks to (3), also #(X) = 0 follows.

(4) = (2), under the hypothesis that u(Q) < +o0. Suppose towards a contra-
diction that (4) holds but (2) is false. The latter hypothesis ensures the existence of
aset X ¢ €, satistying u(X) = a(X) and u(X¢) < @(X°). Thanks to Propositions
20.9 and 20.11 of [9], we can find a set 4 € €, satistying 4 > X, fi(4) = a(X)
and 7i(4\X) > 0. From the hypothesis x(X) = fi(X) we obtain the following
equalities: B

#(X) = p(X) = p(4) = p(4).
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The above equalities and the hypothesis #(Q) < +o0 imply u(4\X) = 0. By (4),
we obtain the contradiction fi(4\X) = 0. O

3. NUMEROSITIES AND LEBESGUE MEASURE

In this section, we show that elementary numerosities exist which are consistent
with Lebesgue measure in a strong sense. Precisely, the following result holds:

THEOREM 3.1. Let (R, L, u;) be the Lebesgue measure over R. Then there exists
an elementary numerosity n: ?(R) — [0, +00); such that:

n([x,x+ a)) = ([y, y+a)) forall x, y € R and for all a > 0.
n([x,x +a)) = a-n([0,1)) for all rational numbers a > 0.
st(oy) = ( ) for all X € €.

st(n("[(X ) < i (X) forall X = R

ProOF. Notice that the family of half-open intervals

S

I={x,x+a)|xeR&a>0}

generates a subalgebra B — £ whose nonempty sets have all finite positive
measure. Then, by combining Theorems 1.8 and 2.1, we obtain the existence of
an elementary numerosity n: 2(R) — [0,4o0); such that, for f=n([0,1)) =

([0, 1))
(oD one has:

(i) n(x) =

(Y) forall X,Y e B with u; (X) = u; (Y);
w (X) forall X € &
L (X) for all X = R.

Since [x,x+a) e B for all xe R and for all a > 0, property (1) directly
follows from (i). In order to prove (2), it is enough to show that n([0,a)) =
a-n([0,1)) for all positive « € Q. Given p,q € N, by (1) and additivity we have
that

p—1

((02))=n( L [2-50)) = S [2-5)) = n([0))

i=0

In particular, for p = ¢ we get that n([0,1)) = ¢ - n(]0,1/g)), and hence property
(2) follows:

n([O,g)) zg-n([O,l)).

Finally, (ii) and (iii) directly correspond to properties (3) and (4), respectively.
O
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REMARK 3.2. Let {X,|n € N} be a countable family of isometric, pairwise dis-
joint, non-Lebesgue measurable sets such that the union 4 = J,_y X, is mea-
surable with positive finite measure. (E.g., one can consider a Vitali set on [0, 1)
and take the countable family of its rational translations modulo 1.) Let n be an
elementary numerosity as given by the above theorem, and consider the finitely
additive measure ng with f = n(A4)/u(A). Then, one and only one of the follow-
ing holds:

® 1g(X,) = 0 for all n € N. In this case, the measure 1y is not g-additive because
p(A) = iy (4) > 0. | o

® 1g(X,) =& >0 for some n € N. In this case, 1z is not invariant with respect
to isometries, as otherwise one would get the contradiction p; (4) = ng(A4) >

ZneN TI[;(X,,) = ZneN &= +00.

4. NUMEROSITIES AND PROBABILITY OF INFINITE COIN TOSSES

The last application of elementary numerosities that we present in this paper is
about the existence of a non-Archimedean probability for infinite sequences of
coin tosses, which we propose as a sound mathematical model for Laplace’s
original ideas.

Recall the Kolmogorovian framework:

® The sample space
Q={H,T}" ={o|w:N - {H,T}}

is the set of sequences which take either H (“head”) or T (“tail”) as values.
e A cylinder set of codimension 7 is a set of the following form, where we agree
that i1 < -+ < iy

Clir=i) — Loy e Q|wli) =t fors=1,...,n}

From the probabilistic point of view, the cylinder set C( i ;; represents the
event that for every s = 1,...,n, the i,-th coin toss gives 7, as outcome. Notice
that the family € of all ﬁmte dlS_]Olnt unions of cylinder sets is an algebra of sets

over Q.

e The function p. : € — [0, 1] is defined by setting:

for all cylindrical sets, and then it is extended to a generic element of € by finite
additivity:

IuC(C(( l"; (U C(/lyv-"‘lm)) ,uC(C(( “71;7)) _|_ e _|_ ﬂc(c(./lr--,lrﬂ)).

(U1 50eey Unn)

It is shown that u. is a probability pre-measure on the ring €.
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Let 2 be the og-algebra generated by the ring of cylinder sets €, and let
u: A —[0,1] be the unique probability measure that extends ., as guaranteed
by Caratheodory extension theorem. The triple (Q, 2, u) is named the Kolmo-
gorovian probability for infinite sequences of coin tosses.

In [6] it is proved the existence of an elementary numerosity n: 2(Q) —
[0,+00); which is coherent with the pre-measure u.. Namely, by considering
the ratio P(E) = n(E)/n(Q) between the numerosity of the given event E and
the numerosity of the whole space Q, then one obtains a non-Archimedean finitely
additive probability

P:2(©) — [0,1];
that satisfies the following properties:
1. If F < Q s finite, then for all E = Q, the conditional probability

EnF
P(E|F):| 7l |

2. P agrees with u. over all cylindrical sets:

P i) = (i) = 27,
We are now able to refine this result by showing that, up to infinitesimals, we
can take P to agree with x4 on the whole g-algebra 2.

THEOREM 4.1. Let (Q, U, u) be the Kolmogorovian probability for infinite coin
tosses. Then there exists an elementary numerosity n: 2(Q) — [0,400)p such
that the corresponding non-Archimedean probability P(E) = w(E)/n(Q) satisfies
the above properties (1) and (2), along with the additional condition:

(3) st(P(E)) = u(E) for all E € .

ProOF. Recall that the family € < 2 of finite disjoint unions of cylinder sets
is an algebra whose nonempty sets have all positive measure. So, by applying
Theorems 1.8 and 2.1, we obtain an elementary numerosity n : 2(Q) — [0, +0);
such that for every positive number of the form ff = /% (where 0 < u(Z) < +o0),
one has:

(i) n(C) =n(C’) whenever C, C’ € € are such that u(C) = u(C');
(if) ng(E) = u(E) for all E € A.

Property (1) trivially follows by recalling that elementary numerosities of finite
sets agree with cardinality:

n(EnF)
P(E|F)—P(EmF)— )  WENF) [EnF|
- P(F) By T w(F) |F|
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Let us now turn to condition (2). Notice that for any fixed n-tuple of indices

(ily"'aln):

e There are exactly 2"-many different n-tuples (,...,,) of heads and tails;
e The associated cylinder sets Cét'l‘t’; are pairwise disjoint and their union

equals the whole sample space Q.

By (i), all those cylinder sets of codimension n have the same numerosity
=n(C (”’_'_'."l’n’)) and so, by additivity, it must be n(Q) =2"-5. We conclude

(iein)y _ NS (ng)  hen
P(C(tl....,tk)) - n(Q) 21y =2
We are left to prove (3). By taking as ff = ;Eg; = n(Q), property (ii) ensures
that for every E € U:
n(E n(E
W(E) = ny(E) —st<%) —st<ﬁ) = st(P(E)). 0
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