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ABSTRACT. — We consider a class of quasilinear elliptic equations whose principal part includes
the p-area (for 1 < p < o) and the p-Laplace (for 1 < p < 2) operator. For the critical points of
the associated functional, we provide estimates of the corresponding critical polynomial.
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1. INTRODUCTION

In this note we outline some results that are discussed and proved in a more
complete form in [9].
Consider the quasilinear elliptic problem

(1.1) ~div[(k? + [Vu*) T Vi + g(x,u) =0 in ©,

u=~0 on 0Q),
where Q is a bounded open subset of RY, N > 1, with 0Q of class C"* for some
a €10, 1], while p > 1 and k > 0 are real numbers.

Under suitable assumptions on g, weak solutions u of (1.1) correspond to
critical points of the C'-functional f : Wol’p (Q) — R defined as

(1.2) Flu) = /Q W, (Vi) dx + /Q G, ) dx,
where

%A@zgwﬂwﬁﬂw% Gmwzlhmoﬁ

About the principal part of the equation, the reference cases are x = 1, which
yields the p-area operator, and x = 0, which yields the p-Laplace operator. In
the case p = 2 the value of « is irrelevant.
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In this work we aim to describe the behavior of the functional f near a critical
point u, checking the critical polynomial of f at ug (see [4, 6, 21]) via Hessian-
type notions.

For functionals defined on Banach spaces, serious difficulties arise in extend-
ing Morse theory (see [26, 25, 5, 6, 7]). More precisely, by standard deformation
results, which hold also in general Banach spaces, one can prove the so-called
Morse relations, which can be written as

S i) = S B+ (1 +000)
m=0

where (f3,,) is the sequence of the Betti numbers of a pair of sublevels ({f < b},
{f < a}) and i(f,u)(?) is the (generalized) critical polynomial of f at u (see e.g.
[6, Theorem 1.4.3]). The problem, in the extension from Hilbert to Banach spaces,
concerns the estimate of the critical polynomials, by the Hessian of f or some re-
lated concept. In a Hilbert setting, the classical Morse lemma and the generalized
Morse lemma [17] provide a satisfactory answer. For Banach spaces, a similar
general result is so far not known.

More recently, for p > 2 and x > 0, the first and the last author have proved
an extension of the Morse Lemma and established a connection between the crit-
ical polynomial and the Morse index (see [10, 11, 12]), taking advantage of the
fact that, under suitable assumptions on g, the functional f is actually of class
C2 on W, "(Q) and that

lP;;/h(V/)[dz = Vp,K|é‘2 with Vp,k > 0.

Moreover, an approximation result of Marino-Prodi type is proved in [13].

On the contrary, in the case 1 < p < 2 the functional f is not of class C? on
W, (Q). For x = 0, even the function ¥, , is not of class C> on R". This adds
new difficulties to the problem.

For any p > 1 estimates of the critical polynomial associated to p-Laplacian
equations on a ball are obtained by Aftalion and Pacella [2] at the positive radial
solutions u such that |Vu(x)| # 0 for x # 0. Moreover, estimates in the line of
the Morse lemma and of the generalized Morse lemma for quasilinear elliptic
equations with natural growth conditions have been proved in [14, 19].

Our purpose is to consider a class of functionals including (1.2) in the two
cases:

]l <p<ooandk >0
el <p<2andk=0.

Actually, we are mainly interested in the case 1 < p <2 also when x > 0, but
our results are new also for p > 2, as our assumptions are less restrictive than in
previous papers. On the contrary, our results do not cover the case p > 2 with
x=0.
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More precisely, define

(1.3) Fu) = / W(Viu) dx + / G, u) dx.
Q Q
We will assume that:

(V) the function ¥:RY — R is of class C! on R with ¥(0)=0 and
V¥(0) = 0; moreover, there exist p > 1, x >0 and 0 < v < C such that
the functions (¥ —v¥, ) and (C‘P - ‘P) are both convex;

(W2) if k =0and 1 < p <2, then ¥ is of class C? on RV\{0}; otherwise, ¥ is
of class C? on RY;

(91) the function g : Q x R — R is such that ¢g(-, s) is measurable for every s € R
and g(x, -) is of class C! for a.e. x € Q; if p < N, we also assume there exist
C,q > 0 such that

lg(x,s)| < C(1+s|7) fora.e. xeQandeverys e R,

where ¢ < p* — 1= N— — 1 if p < N, while no restriction on ¢ is required
ifp=N;
(g92) for every S > 0 there exists Cs > 0 such that

|Dsg(x,s)| < Cs fora.e. x € Qandevery s € R with |s| < S.

Under these assumptions, it is easily seen that f : W (Q) — R is of class C',
while it is of class C? if p > max{N, 2} Moreover, even in the case g = 0, f 1s
never of class C? for 1 < p < 2 and is of class C? in the case p=2if Yisa
quadratic form on RN (see [1, Proposition 3.2]).

Now, let uy € W0 ?(Q) be a critical point of the functional f, namely a weak
solution of

{ —div[V¥(Vu)] + g(x,u) =0 in Q,
u=20 on 0Q.

According to [18, 16, 20, 23, 24], uy € C"#(Q) for some f € ]0, 1].
Let us recall the first ingredient we need from [6, 15, 21].

DEFINITION 1.1, Let K be a field, ¢ = f(up) and /< ={u € Wy"(Q) : /(u) <c}.
The generalized critical polynomial of f at uy with coefficients in K is defined by

i 0 1) (1) = 3 ldimie PP £\ (o} 1))

m=0
where H* stands for Alexander-Spanier cohomology [22].

We will simply write i( f, uy)(¢), if no confusion can arise. In general, i(f', u)(?)
is a formal power series with coefficients in N U {co}. If however i is an isolated
critical point, under assumptions (¥;) and (g;) it follows from [8, Theorem 1.1]
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and [3, Theorem 3.4] that H*(f, f“\{uo}) is of finite type, so that i(f,uo)(z) is a
true polynomial with coefficients in N.

The other ingredient is a notion of Morse index, which is not standard, as the
functional f is not of class C2.

In the case k > 0 and 1 < p < o0, observe that

(p— (2 + ) TNEP < W/ < Co2 + ) TIE® for any 7, € RY,

as (¥ —v¥,,) and (C¥, , —¥) are both convex. Therefore, there exists v > 0
such that

BIE12 < W (Vup(x))[E])* < %\ﬂz for any x € Q and & € RV,

as Vuy is bounded. Moreover, Dg(x,up) € L*(Q), as up is bounded. Thus, we
can define a smooth quadratic form Q,,, : WO1 2(Q) — R by

O, (v) :/Q‘P”(Vuo)[Vv]zdx—F/QDSg(x,uo)vzdx

and define the Morse index of f at uy (denoted by m(f,up)) as the supremum of
the dimensions of the linear subspaces of W), 2(9) where Q,, is negative definite
and the large Morse index of f at u (denoted by m*(f,up)) as the supremum of
the dimensions of the linear subspaces of Wol’z(Q) where Q,, is negative semide-
finite. We clearly have m(f, ug) < m*(f,up) < +c0.

In the case k =0 and 1 < p < 2, observe that

=2 g <

> II_”

£]* for any #,& € RY with 5 # 0.

Set
Z,, = {x e Q: Vuy(x) =0},

2
Xy = {v e W, 3(Q) : Vu(x) = 0 ae. in Z,, and |V|VU||2P € LI(Q\ZMU)}.
Uo

Then

(vlw),, :/Q\Z W (Vuy)[Vv, Vw] dx

ugy

is a scalar product on X, which makes X,, a Hilbert space continuously
embedded in W 2(Q). Moreover, we can define a smooth quadratic form
Quu X, uy 7 R by

0y, (v) = /Q\ZM lI’”(Vuo)[VU}Za’er/QDSg(x, up)v? dx
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and denote again by m(f,uy) the supremum of the dimensions of the linear sub-
spaces of X, where Q,, is negative definite and by m*(f', u) the supremum of the
dimensions of the linear subspaces of X,,, where Q,,, is negative semidefinite. Since
the derivative of Q,, is a compact perturbation of the Riesz isomorphism, we still
have m(f,up) < m*(f,up) < +c0.

Now we can state our main results.

THEOREM 1.2. Let k>0 and 1 < p < oo. Let uy € Wol'p(Q) be a critical point
of the functional f defined in (1.3). Then we have

o)) = > ant”

with a,, € N U {o0}.

When the quadratic form Q,, has no kernel, we can provide a complete de-
scription of the critical polynomial.

THEOREM 1.3. Letk >0and1 < p < 0. Let up € Wol’p(Q) be a critical point of
the functional f defined in (1.3) with m(f,uy) = m*(f,up).
Then uy is an isolated critical point of [ and we have

i(f, o) (1) = 1),

If uy is an isolated critical point of f, then a sharper form of Theorem 1.2 can
be proved. Taking into account Theorem 1.3, only the case m(f,ug) < m*(f,up)
is interesting.

THEOREM 1.4. Letk >0and1 < p < co. Let up € Wol’p(Q) be an isolated criti-
cal point of the functional f defined in (1.3) with m(f,uy) < m*(f,up).
Then one and only one of the following facts hold:
(a) we have
i(f uo) (1) = 1"V,
(b) we have
i(f u0)(0) = 7
(c) we have

m*(f,up)
i(fu)(t) =" an"

m=m(f,up)

with ay, € N and ayf ) = pe(f,up) = 0.
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REMARK 1.5. Since the value of « is irrelevant in the case p = 2, Theorems 1.2,
1.3 and 1.4 cover also the case k = 0 with p = 2.

In the case kx =0 and 1 < p < 2, we can prove that the generalized critical
polynomial cannot contain #” with m large.

THEOREM 1.6. Letk =0and 1 < p <2. Let uy € Wol’”(Q) be a critical point of
the functional f defined in (1.3). Then we have

m*(f,up)
i(f,u)(t) = Z amt"™

m=0

with a,, € N U {0}

ACKNOWLEDGEMENTS. The research of the authors was partially supported by the MIUR pro-
ject “Variational and topological methods in the study of nonlinear phenomena” (PRIN 2009)
and by Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni
(INdAM).

REFERENCES

[1] A. ABBONDANDOLO - M. SCHWARZ, A smooth pseudo-gradient for the Lagrangian
action functional, Adv. Nonlinear Stud. 9 (2009), no. 4, 597-623.

[2] A. AFTALION - F. PACELLA, Morse index and uniqueness for positive solutions of radial
p-Laplace equations, Trans. Amer. Math. Soc. 356 (2004), no. 11, 4255-4272.

[3] S. ALMI - M. DEGIOVANNI, On degree theory for quasilinear elliptic equations with
natural growth conditions, in Recent Trends in Nonlinear Partial Differential Equations
II: Stationary Problems (Perugia, 2012), J. B. Serrin, E. L. Mitidieri and V. D. Radu-
lescu eds., 1-20, Contemporary Mathematics, 595, Amer. Math. Soc., Providence, R.I.,
2013.

[4] V. BENcI, 4 new approach to the Morse-Conley theory and some applications, Ann.
Mat. Pura Appl. (4) 158 (1991), 231-305.

[5] K. C. CHANG, Morse theory on Banach space and its applications to partial differential
equations, Chinese Ann. Math. Ser. B 4 (1983), no. 3, 381-399.

[6] K. C. CHANG, ““Infinite-dimensional Morse theory and multiple solution problems”,
Progress in Nonlinear Differential Equations and their Applications, 6, Birkhduser,
Boston, 1993.

[7] K. C. CHANG, Morse theory in nonlinear analysis, in Nonlinear Functional Analysis
and Applications to Differential Equations (Trieste, 1997), A. Ambrosetti, K. C. Chang,
1. Ekeland eds., 60—101, World Sci. Publishing, River Edge, NJ, 1998.

[8] S. CINGOLANI - M. DEGIOVANNI, On the Poincaré-Hopf Theorem for functionals
defined on Banach spaces, Advanced Nonlinear Stud. 9 (2009), no. 4, 679—-699.

[9] S. CINGOLANI - M. DEGIOVANNI - G. VANNELLA, Critical group estimates for
Sfunctionals related to p-area (1 < p < o0) and p-Laplace (1 < p < 2) type operators,
to appear.



CRITICAL POLYNOMIAL OF FUNCTIONALS RELATED TO p-AREA AND p-LAPLACE 55

[10] S. CINGOLANI - G. VANNELLA, Critical groups computations on a class of Sobolev
Banach spaces via Morse index, Ann. Inst. H. Poincaré Anal. Non Linéaire 20 (2003),
no. 2, 271-292.

[11] S. CINGOLANI - G. VANNELLA, Morse index computations for a class of functionals
defined in Banach spaces, in Nonlinear Equations: Methods, Models and Applications
(Bergamo, 2001), D. Lupo, C. Pagani and B. Ruf, eds., 107-116, Progr. Nonlinear Dif-
ferential Equations Appl., 54, Birkhéduser, Basel, 2003.

[12] S. CINGOLANI - G. VANNELLA, Morse index and critical groups for p-Laplace equa-
tions with critical exponents, Mediterr. J. Math. 3 (2006), no. 3—4, 495-512.

[13] S. CINGOLANI - G. VANNELLA, Marino-Prodi perturbation type results and Morse
indices of minimax critical points for a class of functionals in Banach spaces, Ann. Mat.
Pura Appl. (4) 186 (2007), no. 1, 157-185.

[14] J.-N. CoRVELLEC - M. DEGIOVANNI, Nontrivial solutions of quasilinear equations via
nonsmooth Morse theory, J. Differential Equations 136 (1997), no. 2, 268-293.

[15] M. DEGIOVANNI, On topological Morse theory, J. Fixed Point Theory Appl. 10 (2011),
no. 2, 197-218.

[16] E. DIBENEDETTO, C'** local regularity of weak solutions of degenerate elliptic equa-
tions, Nonlinear Anal. 7 (1983), no. 8, 827-850.

[17] D. GroMoLL - W. MEYER, On differentiable functions with isolated critical points,
Topology 8 (1969), 361-369.

[18] M. GUEDDA - L. VERON, Quasilinear elliptic equations involving critical Sobolev expo-
nents, Nonlinear Anal. 13 (1989), no. 8, 879-902.

[19] S. LANCELOTTI, Morse index estimates for continuous functionals associated with quasi-
linear elliptic equations, Adv. Differential Equations 7 (2002), no. 1, 99-128.

[20] G. M. LIEBERMAN, Boundary regularity for solutions of degenerate elliptic equations,
Nonlinear Anal. 12 (1988), no. 11, 1203-1219.

[21] J. MAWHIN - M. WILLEM, “Critical point theory and Hamiltonian systems”, Applied
Mathematical Sciences, 74, Springer-Verlag, New York, 1989.

[22] E. H. SPANIER, “Algebraic topology”, McGraw-Hill Book Co., New York, 1966.

[23] P. TOLKSDORF, On the Dirichlet problem for quasilinear equations in domains with con-
ical boundary points, Comm. Partial Differential Equations 8 (1983), no. 7, 773-817.

[24] P. TOLKSDORF, Regularity for a more general class of quasilinear elliptic equations,
J. Differential Equations 51 (1984), no. 1, 126-150.

[25] A. J. TROMBA, A general approach to Morse theory, J. Differential Geometry 12
(1977), no. 1, 47-85.

[26] K. UHLENBECK, Morse theory on Banach manifolds, J. Funct. Anal. 10 (1972),
430-445.

Received 13 June 2014,
and in revised form 22 July 2014.

Silvia Cingolani
Dipartimento di Meccanica
Matematica e Management

Politecnico di Bari

Via Orabona 4

70125 Bari, Italy
silvia.cingolani@poliba.it



56

S. CINGOLANI, M. DEGIOVANNI AND G. VANNELLA

Marco Degiovanni

Dipartimento di Matematica e Fisica
Universita Cattolica del Sacro Cuore
Via dei Musei 41

25121 Brescia, Italy
marco.degiovanni@unicatt.it

Giuseppina Vannella
Dipartimento di Meccanica
Matematica e Management

Politecnico di Bari

Via Orabona 4

70125 Bari, Italy
giuseppina.vannella@poliba.it



	mk1
	mk2
	mk3
	mk4
	mk5
	mk6
	mk7
	mk8
	mk9
	mk10
	mk11
	mk12
	mk13
	mk14
	mk15
	mk16
	mk17
	mk18
	mk19
	mk20
	mk21
	mk22
	mk23
	mk24
	mk25
	mk26
	mkEnd-page

