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ABSTRACT. — In this Note we present new multiplicity results for the solutions of nonlinear elliptic
problems of the form —Au + a(x)u = |u|’'u in RY, u e H'(RY), where N > 2, p > 1, p < M2 if
N=>3,ae L}ZC/ Z(RN), infpy a > 0. In particular, we have infinitely many positive solutlons when
there exists @, > 0 such that limyy_.. a(x) = @, and limy_.,[a(x) — ao]e™ = 400 ¥y > 0.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this Note we are concerned with existence and multiplicity of nontrivial solu-
tions for nonlinear elliptic problems of the form

(1.1) —Au+a(X)u=u"'u nRY, ueH'(RY),

where N >2, p> 1, p < ¥2if N > 3, a e L)} (RY), infgv a > 0.

Because of the unboundedness of the domain, problem (1.1) lacks of compact-
ness, the corresponding energy functional does not satisfy the well known Palais-
Smale compactness condition and the classical variational methods cannot be
applied in the usual way. A nonexistence result is proved in [4]: problem (1.1)
has only the trivial solution # = 0 when the potential a(x) is increasing along a
direction (see Theorem 1.1 in [4]).

If a(x) has radial symmetry, the compactness is restored when we look for
solutions in the subspace consisting of the functions having radial symmetry (or
some other symmetric configuration). In particular, if a(x) is a constant function,
there exists a positive ground state solution, which is unique (up to translation)
and has radial symmetry (see [3]).

If limy ., a(x) = a,, > 0, the Palais-Smale sequences may be described using
the concentration-compactness principle (see [10]): if a Palais-Smale sequence
is not relatively compact, then it differs from its weak limit by sequences of
functions which, after translations, converge to a solution of the limit equation
—Au+au= |u|p u in RY. This description of the Palais-Smale sequences has
been used in several papers in order to avoid energy levels where the Palais-Smale
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condition fails and to obtain ground state solutions or solutions corresponding to
higher critical values, under suitable assumptions on the behaviour of the poten-
tial a(x) at infinity (see, for example, [1-3]).

More recently, the following result has been proved in [6]: if there exists
n < \/a» such that lim,_..[a(x) — a,]e”™ = +o0, then problem (1.1) has infi-
nitely many solutions provided sup, g~ |(la(x) — @x || v2(py 1)) 18 small enough;
more precisely, there exists a positive constant ¢ (depending only on a.,) such
that, if sup, g~lla(x) —as || veg 1)) < ¢ then Vk e N problem (1.1) has a k-
bumps positive solution u. In [7] it is proved that, as k — oo, u; converges to a
positive solution of the equation —Au + a(x)u = |u[” '« in R", having infinitely
many bumps.

Multibump solutions are obtained also in [8, 9] without any smallness assump-
tion on the oscillation a(x) — a.,: if a(x) has a suitable polinomial decay and sat-
isfies a suitable symmetry assumption, in [§] it is proved by variational methods
that there exist infinitely many multibump positive solutions (with a sufficiently
large number of bumps); in [9] a similar result is proved in the case N = 2 whitout
requiring any symmetry assumption on a(x).

Notice that the smallness condition on a(x) — a., used in [6, 7], the symmetry
condition on a(x) exploited in [8] and the assumption N =2 in [9] play all the
same role to localize the bumps in regions where a(x) — a, is small. In [5] we
obtain infinitely many positive and nodal multibump solutions using (in place
of these conditions) suitable arbitrarily small perturbations of the potential
a(x), which have the double role to localize all the bumps in far regions (where
a(x) — a4, 1s small) and to control the interactions between positive and negative
bumps (which would tend to collapse).

We refer to [5-9] for a more detailed description of these problems, of their
interest in Mathematical Physics and for more complete bibliographical refer-
ences, concerning also some singularly perturbed problems and other related
results obtained by different techniques (as Lyapunov-Schmidt reductions) under
more restrictive assumptions on the behaviour of a(x) as |x| — oo.

The main result presented in this Note allows us to remove the restriction on
the dimension N, the symmetry assumption on a(x) and the smallness condition
on a(x) — a, still obtaining infinitely many positive solutions. In fact, using a
variational method developed in [11-14] for the study of elliptic problems with
jumping nonlinearities (and already applied in [5-7]), we can prove the following
theorem.

THEOREM 1.1. Let N >2 and assume that there exists a, >0 such that
limyy o, a(x) = as and limpy_,[a(x) — ax)e"™ = +00 Vg > 0. Then problem
(1.1) has infinitely many positive solutions. More precisely, there exists k € N
such that for all k > k there exists a positive k-bumps solution uy, of (1.1); more-
over, for all k > k there exist k points Xk 1y oo Xi k0N RY such that

(1.2) /lim min{|x; ;| :i=1,...,k} = o0,

— o0
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(1.3) khnolo min{|xx,; — xx ;| i, j=1,...,k,i # j} = 0,
(1.4) klim sup{|ur(x + xx, ;) —w(x)| : x| < Rji=1,...,k} =0 VR >0,

— 00

where w is the positive radial solution of the equation —Au + a,u = |u|” “uin RV,
Furthermore, there exists R > 0 such that, for all R > R and k > k,

k
(1.5) sup{uk(x) (X € RN\U B(xk’l-,R)}
i=1
k
= sup{uk(x) = 0<UB(xk7,~,R))}
i=1

(so up — 0, as k — oo, uniformly on the compact subsets of RY).

In next session we describe the main steps of the proof of this theorem, which
will appear in a paper in preparation, presented and proved in a more complete
and detailed way.

2. SKETCH OF THE PROOF OF THEOREM 1.1 AND FINAL REMARKS

The solutions are obtained as critical points of the energy functional
& : H'(RY) — R defined by
1 1

(2.1) é’(u)zi/RN(|Du|2+a() s —— [ a

Let us consider a positive number d, choose Rs; > 0 (large enough) so that
w(x) < 6 ¥x e RM\B(0, Rs/2) and for all k > 2 consider the set

(2.2) Dp={(x1,...,x) e (RY)*: |x, — xj| = 3Rs fori # j,i,j=1,...,k}.

For all (x1,...,xx) € Dg, let us consider the set S(’ .x, consisting of all the func-

tions u € H'! ([R{N ) satistying the followmg conditions: # > 0 in RV ,U—UND =
Zlk:l v; where, foralli e {1,...,k},v; e HY(R"), v; # 0, v;(x) = 0 Vx ¢ B(x;, Rs),

&' (u)[v;] = 0 and </RN v? dx)]/R xv? (x) dx = x;.

In [6] it is proved that (since infpy @ > 0 and p > 1) there exists > 0, small
enough, such that S . #0V(x,.. ,Xk) € Dy, and Vk >2; moreover,
inf{&(u) : ue S } >0 and the infimum is achieved. If # is a minimizing
function, then « 0'in RN, i <& in RV\ UL, B(xi, Rs), —Ai(x) + a(x)a(x) =

#”(x) Vx € RN such that @(x) < ¢ and there exist Lagrange multipliers 2; € R,

for i €{l,...,k}, such that

(2.3) &'(@)y] =/B< (it =@ AO) (X)W (x)[2: - (x —xi)] dx Vb € Hy (B(xi, Rs)),
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namely, # is a weak solution of the equation

(2.4) —Au(x) + a(x)u(x) = Ju(x) [P u(x) + v (x)[A - (x — x;)]
Vx e B(x;, Rs), Vie{l,... k}.

Thus, we can fix § > 0, Rs > 0 and then define f : Dy — R™ by

(2.5) f(x1,...,x;) =min{&(u) :ue S’ boV(x1,...,xk) € Dy, Yk = 2.

X1 eees X

One can verify that f is a continuous function and that the maximum

(2.6) g(prs-- oy pe) =max{f(x,...,xx) : (x1,...,xx) € Dy,
|x;)| =p;fori=1,... k}

is achieved for all the k-tuples (p,, ..., p;) in R* such that the set {(xy,...,x;) €
Dy :|x;| =p;fori=1,...,k} (which is a bounded closed subset of (R™)) is
non empty. Thus, if we denote by Cj the set of all these k-tuples (py,...,pr),
we can consider the function g: Cy — R defined by the maximum (2.6)
Y(py,...,pr) € Cr (notice that Cy is a closed unbounded subset of RY, as one
can easily verify).

Now, for suitable o > 0 that we fix later, let us set

k
2.7) pl= inf{p >0: Zp? = kp? for some k-tuple (py,...,p;) € Ck
i1

and

p :
<p < =1,... .
20 <p,<(1+420)pfori=1, ,k}

Then, one can verify that p7 > 0, that for every p > p7 the set

k
(2.8) {(pl,...,pk)eCk:Zp?:kpz and —2 <p;<(l+20)p
i—1

1+ 20
forizl,...,k}

(which is a bounded closed subset of R") is non empty and that the minimum

k
(2.9) hi(p) = min{g(pp i) (P pr) € G Y pi = kp?,
i=1

P
1+ 20

<p < (1 +20’)p}
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is achieved Vp > p7. Thus, we can consider the function Af : [p7,+o0) — R
defined by the minimum (2.9) Vp > p7.

Taking into account the behaviour of a(x) as |x| — oo, it follows that
hi(r) > lim,_. ., hf(p) for r >0 large enough so hf achleves its maximum.

Thus, for all k > 2, there exists (xg1,...,Xk k) € Dr and uy € Sf“ ., Such
that %5 < py; < (1 +20)rx, where py ;= |x;;| for i=1,....k and Fe =

1
(EE0Pta)s €)= F (ks xk) = 9Py pes) = hE () and A7 (re)
is the maximum of A]. -

We say that there exists k € N such that —Au + a(x)ux = uf in RY Vk > k.
The proof is based on the following steps.

Step 1. Since the balls B(x ;, Rs), for i =1,...,k, are pairwise disjoint, we
have limy .o rp = +00 (Wh1ch obv10usly implies (1.2)). Moreover, (1.3), (1.4)
and (1.5) may be proved arguing as in [6] and [7].

Step 2. We have limsup, .. sup{ux(x): x e RV\ Ul  B(xk,i, R5/2)} < 0.
Therefore (as the condition u > 0) the unilateral constraint u(x ) <oVxe
R\ UL B(xx.1, Rs), we used to define the set S . does not give rise to
any variational inequality. A similar argument holds for the unilateral constraint
155 < |xi| < (1 +20)p, we used to define 27 (p). In fact, there exists ¢ > 0 (small
enough) such that

1
. < —
(2.10) o hlnlnclf o min{|x ;| :i=1,...,k}
(2.11) limsuplmax{|xk.,-|:izl,...,k}§1+a.
k— o0 k

The formulas (2.10) and (2.11) play a crucial role in the proof of Theorem 1.1.
Roughly speaking, they are true because the interaction between the bumps of
uy. is attractive and the function /47 is defined by the minimum (2.9) (so we have
a contradiction if we assume that (2.10) or (2.11) are not true for ¢ small).

Notice that, exploiting again the attractive interaction between the bumps
of uy, we obtain also 47 (p7) < max{h{(p): p > pZ}, for k large enough, which
implies i, > p7.

Step 3. Let us denote by /g 1,. .., A« the Lagrange multipliers corresponding
to the minimizing function u; in Sm ek It remains to show that, for k large
enough, A, =0Vie{l,... k}. Arguing as in (6], from f(xk1,..., Xk k)=
9(Pr.1»- - Pix) it follows that, for k large enough, Ar; — (Ak,i - Xk,i) |>::\2 =0
Vie{l,...,k}; since g(pgy,---»pkx) =hi(ri), we infer that there exists a
Lagrange multiplier g, € R such that Ay ; = wxi; Vi e {1,...,k}; finally, we
obtain y;, = 0 because i (rx) is the maximum of A7 and ry > p7. Thus, we get
&' (u) = 0 for k large enough and all the other assertions of Theorem 1.1 follow
now by standard arguments.

REMARK 2.1. Ifin Theorem 1.1 we assume in addition that a(x) has radial sym-
metry, it is natural to expect that the k-bumps of the solution u; are distributed
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near (N — 1)-dimensional spheres. However, our method can be adapted to
construct also infinitely many positive solutions with bumps distributed on
circles. In fact, for all k > 2 and for p > 0 large enough, consider the point
(x6,1(p), - Xk, k(p)) € Di such that xi;(p) = (pcos 2, psin 22,0,...,0) for
i=1,...,k and set y.(p) = f(xx1(p),.-. Xk k(p)). Then, as in the proof of
Theorem 1.1, there exists 7 > 0 such that y; () is the maximum of y, and, for
k large enough, every minimizing function for the energy functional & in
V1 (7)o 6 1 (F0) is a positive k-bumps solution of problem (1.1).

More in general, we can construct infinitely many solutions with bumps
distributed near d-dimensional spheres for every integer d such that 1 <d <

N — 1. In fact, consider the sphere S = {x = (x1,...,xy) e RY : |x| = 1,x, =0
Vi >d +2}. Then, arguing as in the proof of Theorem 1.1, we infer that
Vk >2 there exist 0Oy 1,...,0c; in S¢ and Prys 3P, 1N R* such that
limy o min{p;, :i=1,...,k} = +oo, limy_(max{p, :i=1,... ,k}/min{p, :
i=1,...,k})=1 and, for k large enough, every minimizing function for &
in §¢ - is a positive k-bumps solution of problem (1.1).

Piey Ok o1 Pi O,

REMARK 2.2. Notice that the method used to prove Theorem 1.1 may be also
applied to construct a sequence (i), of positive solutions of problem (1.1) which,
unlike the sequence (ux), i given by Theorem 1.1, converges in HL (RY) to a
positive solution i of the equation —Au + a(x)u = |u|’”'u in RV, having infinitely
many bumps (while the sequence (uy), . ; converges to the trivial solution u = 0).
The solution # obtained in this way presents k| bumps localized near a sphere
0B(0,r1), k, bumps near a sphere 0B(0,r,) and so on, where (k,), and (r,), are
suitable increasing sequences in N and R respectively, with lim,,_, . (k, — k,,_1)
= limy, 4 o (ry — rp_1) = +00.

In fact, arguing as in the proof of Theorem 1.1, one obtain a solution #; with
k1 bumps near a sphere dB(0, ;) then, using similar arguments, one can construct
a solution #, with k; bumps near dB(0,r) and k, bumps near ¢B(0, ), for suit-
able k» € N, r, > 0 large enough, and then one can iterate this procedure. Thus
we obtain a sequence (i,), with the desired properties.

Notice that, at every step, we can choose the positive numbers &, in a quite
arbitrary way (provided large enough). Therefore, we can say also that there exist
infinitely many positive solutions of the equation —Au + a(x)u = |u|”'u in RV
having infinitely many bumps (while the result obtained in [7] guarantees only
the existence of one solution with this property under the additional assumption
that the oscillation of a(x) — a., is small enough in RY).

REMARK 2.3. Unlike the results proved in [6, 7], Theorem 1.1 does not require
sup, g~ ||a(xX) = doo[[ vy, 1)) to be small and, indeed, it may be arbitrarily
large. For example, let Q be a bounded domain of RY and a,(x) = na(x) + a(x)
Vx € RY, with a(x) as in Theorem 1.1 and @(x) such that @(x) >0 Vx € Q,

a(x) =0VYx¢Q, / a(x)" /2 dx < +oo; then, there exists k, independent of n,
Q

such that Vk > k and Vn e N there exists a positive k-bumps solution u_, of the
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equation —Au + a,(x)u = u” in R"; moreover, as n — o, uy , — @ in H'(RY)
where #, =0 in Q while it is a positive k-bumps solution of the equation
—Au+a(x)u=u’ in the exterior domain Q:= RY\Q, with zero Dirichlet
boundary condition (on the other hand, the solutions #, in Q may be also
obtained directly since our method may be easily adapted to deal with Dirichlet
problems in exterior domains).

REMARK 2.4. Let us point out that the method we use to prove Theorem 1.1
may be adapted to deal also with the case of potentials a(x) non regular at
infinity: for example, when the limit a, (0) =lim,_. , a(pd) exists for all
0 e SV-!={xeR":|x| =1} but it depends on 0.

Notice that if a., () is allowed to be a nonconstant function of 6, the Palais-
Smale condition may even fail at every level where there exist Palais-Smale se-
quences; moreover, we may have (;—g >0 in R" for a suitable § € S¥~! and, in
this case, u = 0 is the unique solution of problem (1.1) because of Theorem 1.1
in [4]. But, if we assume that sup{a..(0) : 0 € S¥~'} < 40, and

(2.12) Jim {a(x) . am(g)} —0,
\)}|iinoo {a(x) —ay, (ﬁ)}e“ =40 V>0,

then our method still works and allows us to obtain infinitely many positive
solutions as in Theorem 1.1. More precisely, for every integer k large enough,
we obtain a k-bumps positive solution u, having the same properties as in Theo-
rem 1.1. In addition, our method gives more information about the asymptotic
behaviour, as k — +oo, of the centers xi 1, ..., X of the bumps. For example,
if a.,(0) depends continuously on 6, we obtain

(213)  lim min{aw(ﬂ) Hi= 1,...,k} — max{a,.(0) : 0 e S¥1};

k— o0 |xk,l~|

moreover if the set M., = {0 € SV~!:a, (0) = maxgy 1 a,,} has more than one
connected component, then for k large enough we can construct k-bumps solu-
tions uy, with %, . ,ﬁ localized near prescribed connected components of
M .. Finally, let us point out that, even if the potential a(x) is non regular at
infinity, arguing as in Remark 2.2 we can construct sequences (#,), of positive
solutions of problem (1.1) that converge in H,. .(R") to positive solutions of
the equation —Au + a(x)u = |u|” ~'4 in RY having infinitely many bumps. More-
over, we can say also that there exists infinitely many positive solutions having
infinitely many bumps.
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