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ABSTRACT. — This note is devoted to the Calderon-Zygmund theory for linear differential opera-
tors with discontinuous coefficients. It is known that the theory holds if the datum f(x), in (1.1),
belongs to the Lebesgue space L™(Q), with 1 <m < A%—fz (see [6]). In this paper we prove that the
theory fails if m > &
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1. INTRODUCTION

In this note, we study the lack summability of the gradient of the solution of the

linear boundary value problem, with discontinuous coefficients,

(L) —div(M (x)Vu) = f(x), inQ;
' u=0, ondQ;

where Q is a bounded open subset of RV, N > 2, f(x) is a function belonging
to some Lebesgue space, and M is a bounded elliptic matrix; i.e., there exist
0 < a < f such that

(1.2) o> < M(x)EE,  [M(x)] < B,

for every & in RY, for almost every x in Q.
Since we assume that Q is bounded, note that the Lebesgue spaces are
ordered: that is L?(Q) < LY(Q), if p > q.

for his 70th-birthday.
Zsee [1].
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Under the above assumptions, this paper is concerned with the regularity
theorem

(1.3) fel™Q), 1<m<N, impliesVue (L™ (Q))",

where m* = 2.

In partlcularn we recall classical results and we prove a new theorem about the
statement (1.3). If the right hand side belongs to the Marcinkiewicz space the
following similar result is proved in [4]

2N .
(14)  feM"(Q), 1<m<g—s, impliesVue (M" Q)"

2. WEAK SOLUTIONS

PROPOSITION 2.1. The following results about the summability of the solutions of
Dirichlet problems for equations with discontinuous coefficients are nowadays clas-
sical, since the paper [18].

(1) If f e L™(Q), m > m, thanks to Lax- M11gram Theorem and Sobolev em-

bedding, there exist a weak solutions u € W 2(Q) of (1.1); that is
2.1) ue W, Q): / M (x)VuVv = / f(x)o(x), Yve W, Q).
Q

Q) If feL™Q), #5
L™ (Q), m™ = 4 if 25 < m < % and it has exponential summability if
m = %), was proved by Guido Stampacchia ([17], [18]).

(3) If f € L"™(Q), m >, the boundedness of u, was proved by Guido Stampac-
chia ([18]).

(4) About the gradients, Norman Meyers proved in [13] (see also [11]) that there
exists ¢ > 0, only depending on M (x), such that, for all m € (%,m +¢),

then u € W, (Q) with

> <m< 2, the summability of u (which belongs to

Jull 1 gy < ol
where C,, > 0 only depends on M (x) and m.

On the other hand, the situation is quite different if the coefficients of M (x) are
smooth enough.

Here we repeat the statement of Lemma 1 of the paper [1], by Haim Brezis,
about the standard L?-regularity theory for elliptic equations in divergence form
(see also [14], or [10]).

PROPOSITION 2.2. Assume that the coefficients of M(x) are continuous functions
onQand 1 <m < N. Thenue W2 (Q) and, for = Q,

[ll 1 (@) < Colllell 2y + 1 | mg))s
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where Cy depends on o, , m, w, Q and the modulus of continuity of the coefficients

of M(x).

REMARK 2.3. First of all, we note that the above result does not only concern

N
the case m > Via-

REMARK 2.4. Remark that the interval 325 < m < %% + ¢ is present in Propo-
sition 2.1 (4) and in Proposition 2.2.

3. INFINITE ENERGY SOLUTIONS

About the existence of solutions, the framework is completely different if

2N
N+2°

(3.1) fel™Q), l<m<

First of all, the above assumption on the summability of f(x) does not allow the
use of Lax-Milgram Theorem, in order to prove the existence of weak solutions.
Then in [6] is proved the following existence result, concerning infinite energy
solutions.

PROPOSITION 3.1. Assume (1.2), (3.1). Then there exists a distributional solution
ue Wol’m (Q) of (1.1); that is

(32) we Wm(Q): /Q M(x)VuVyp — /Q FX)e), Vpe W (@),

REMARK 3.2. If m =1, the previous statement is not true; in this case, it is
proved in [5] and [3] that the above Dirichlet problems has a dlstrlbutlonal solu—
tion u which belongs to the Marcinkiewicz space M72(Q) and Vu € (M72(Q))".

REMARK 3.3. Note that 1 <m < 25 implies 35 < m* <2 and that it is not
possible to take ¢ = u in the previous deﬁmtlon of distributional solution.

REMARK 3.4. We recall the duality method of Guido Stampacchia.

REMARK 3.5. The existence result stated in Proposition 3.1 is proved in [6] for
nonlinear differential operators; here we use it in the easier linear case.

Further developments for the existence theory of infinite energy solutions in
Dirichlet problems can be found in [5], [6], [7], [8]-

Now we recall a non-uniqueness result (fundamental in our discussion) by
James Serrin ([16], see also [15]).

PROPOSITION 3.6. Let Q be the unit ball of RY. There exist
® g discontinuous matrix Mg(x), which satisfies (1.2),
® ( function us € Wol’q(Q),for every q < %,

(3.3) us not identically zero,
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such that us is distributional solution of the boundary value problem

(3.4) {diV(MS(X)VuS) =0, inQ

us =0, on0Q;

in the sense of (3.2); that is

(3.5) use Wyi(Q): / Ms(x)VusVp =0, Ype W7 (Q), ¢ > N.
Q

4. A FAILING IN THE CALDERON-ZYGMUND THEORY OF DIRICHLET
PROBLEMS FOR EQUATIONS WITH DISCONTINUOUS COEFFICIENTS

In this section, we prove that the statement (1.3), can be false for m > % The
proof uses a duality method.

THEOREM 4.1. There exist a matrix M(x), which satzsﬁes (1.2), f € L™(Q), with
m>5 N and Q, such that the unique weak solution in W ( ) of the boundary value
problem (1.1) does not belong to W™ (Q).

PrOOF. First of all, note that if f € L™(Q), m > %, then the unique weak solu-
tion exists (by Lax-Milgram Theorem); moreover it is bounded (by the Stampac-
chia’s boundedness Theorem). Thus our result concerns the gradient of the solu-
tion: Vu does not belong to (L™ ()"

Step 1. In the first part of the proof, we make the more restrictive assumption
];7 <m<N.

By contradiction, we assume that, if /' € L™(Q), m > > > the unique weak so-
lution u of the Dmchlet problem (1.1) belongs to W ™' (Q) (note that here m* is

well defined, since § < m < N) and not only to W 2(Q) N L*(Q).
Let ¢ € WO1 ") (Q) and let {¢,(x)} be a sequence of functions belonging to

N

W, 2(Q) and converging to ¢ in W, ()" (Q2); we take ¢, (x) as test function in
(2.1) we to pass to the limit (as n — oo) and we deduce that

(4.1) /Q Mg(x)VuVe = /Q fé, Ve whm Q).

Let now ¢ <+ and take
)
f(x) = |us|* "us,

where ug (with M and Q) is the solution of (3.4) deﬁned in Proposmon 3.6.
Note that ug € L9 (Q), ¢* < 55, implies that [ug|? *us belongs to L7 71(Q) and
q* <5 impli qi’:l > Thus the function f(x) = |us|? “us belongs to
Lr(Q), p>14.
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Note that m >4 implies m* > N. Then, by (4.1), there exists u* solution
of

(4.2) u' e Wy (Q) : —div(ME(x)Vu*) = |us|? us.
In (4.1) we can take ¢ = ug and we have

(4.3) / M (x)Vu*Vus = / lus|? usus.
Q Q

On the other hand, it is possible to use u* as test function in (3.5), since
u* € Wy (Q) and m* > N. Thus we have

/ Mg (x)VusVu* = 0.
Q
This equality and (4.3) give

0:/ |uS|q*2usus=/ lus|?",
Q Q

which is in conflict with (3.3).
Step 2. Here we assume m > 4. Let now u* be the solution of

(4.4) e Wi(Q) : —div(M(x)Vu') = %
s
Working as in Step 1, we have that
0= / Ms(x)VusVu™ = / |us|,
Q Q
a contradiction as before. O

THEOREM 4.2, There exists a matrix M(x), which satisfies (1.2) and
F e (LP(Q)Y, p> N, such that the unique weak solution w in Wol"z(Q) of the
boundary value problem

(4.5) {—diV(M (x)Vw) = —div(F), inQ;

w=0, onoQ;
does not belong to Wy' (Q).

PrROOF. Let ® be the unique weak solution of the Dirichlet problem
® e W, (Q): —A(®) = f, where f is defined in Theorem 4.1. The Calderon-
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Zygmund theory says that F = V® belongs to (L”(Q))N, p=m*">N. But it
results that z = u, where u is the solution stated in Theorem 4.1 and we proved
that u does not belong to W, (Q).
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the conference “New trends in Calculus of Variations and Partial Differential Equations, in occasion
of the 65th birthday of Carlo Sbordone”) and now he hopes that Haim will help him to study the
case ;25 +e<m< 5.
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