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Partial Differential Equations — L7 theory for fractional gradient PDE with
VMO coefficients, by ARMIN SCHIKORRA®!, TIEN-TSAN SHIEH? and DANIEL
SPECTOR?®, communicated on 11 June 2015.#

ABSTRACT. — In this paper, we prove L” estimates for the fractional derivatives of solutions to
elliptic fractional partial differential equations whose coefficients are VMO. In particular, our work
extends the optimal regularity known in the second order elliptic setting to a spectrum of fractional
order elliptic equations.
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1. INTRODUCTION

In his 1959 paper on some composition formulas for vector-valued potentials,
J. Horvath introduced [9, p. 434] the differential object

(1.1) D*u := DI, _u.

Here, s € (0,1) and I, _; is the Riesz potential of order 1 — s.

This object was subsequently termed the Riesz fractional gradient by the sec-
ond and third author in [15], where it was utilized to generalize divergence form
elliptic partial differential equations from the second order setting to that of
differential order 2s € (0,2). In particular, assuming that 4 is uniformly elliptic,
ie.

(1.2) AEP < A(x)E- & < AJE,

for all x,¢ e RY and some 0 < 2 < A < 400, the authors showed that given
9 e H*(RY) and g € L*(Q) there exists u € H*(R") that satisfies

(1.3) /RNA(X)DSM(X) - D*v(x) dx:/ gv

RN
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for all v e C*(RY) and u = ¢ in RV\Q. Here, Q = R" is open and bounded,
N > 2, and

H(RY) :={ue L*(R") : D’u e L*(RY;RM)},

which coincides with any standard definition of the fractional Sobolev space (see,
for example, [7, p. 524, 532]).

One observes that when s = 1 and the boundary of Q is sufficiently nice, the
equation (1.3) agrees with the weak formulation of a divergence form elliptic
PDE, since prescribing u on the complement gives rise to a trace that would be
a more standard way to frame the existence. Meanwhile for s € (0, 1) one obtains
a family of fractional partial differential equations with analogous structure. The
interest in generalizing partial differential equations via (1.1) is two-fold. Firstly,
that one should be concerned with non-integer order differential objects can be
simply explained by quoting Sobolev and Nikol’skii’s 1963 paper (who even
implicitly consider (1.1), see [14, p. 148]) where they note that “an imbedding
theory containing only derivatives of integral order is incomplete and imperfect.”
Secondly, the structure of (1.1) closely resembles the gradient and therefore such
a generalization preserves the structural properties of the equation, a point which
we will return to later. This aspect has been important in the development of L'
fractional Sobolev inequalities in terms of (1.1) in [13], as such inequalities are
known to be false for the fractional Laplacian.

In this paper we continue to develop this perspective of classical equations as a
part of a continuous spectrum. In particular, we take the first step in addressing
for this class of equations a question of fundamental importance in the second
order case, that of regularity. As there are a number of possible assumptions
one can make to investigate the question of regularity of u that satisfies (1.3), let
us further describe the hypothesis of interest to us. In addition to the ellipticity
condition (1.2), we will assume A is of vanishing mean oscillation.

DEerINITION 1.1. We define the semi-norm (on the space of functions of
bounded mean oscillation)

[0 Bro = Slép/Q'co— ][Qco

where the supremum is taken over all cubes Q = RY. Then we define the space of
functions of vanishing mean oscillation by

VMO(RY) := {C(RN)}Tawo,

)

The main result of this paper is the following theorem on the regularity of
such equations with VMO coeflicients.

THEOREM 1.2. Suppose that A € VMO(RY; RY*N) satisfies (1.2), that G e
L?(RY; RY) for some 1 < p < +00 and u € H*(RY) satisfies

(1.4) /R A()Du(x) - Do) dx = /R G-D
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for all ve C*(Q). Then D*u e L} (Q) and for any K =< Q there exists a con-
stant C = C(K,Q, A,s, p) > 0 such that

ID*ull Lok mvy < CUGH Lowy.my) + 1(=A)ull 2 @x))-

Here, (—A)2u denotes the fractional Laplacian of u of order s, which can be
defined as a Fourier multiplier with symbol (27|&|)*, see [16, p. 117] or [7,
p- 528, 530]. The fractional Laplacian is related to the fractional gradient via
the identity

(1.5) Du = R(—A)u,

for s € (0,1) and u with sufficient smoothness and integrability, and where
R = DI, is the vector-valued Riesz transform. In what follows we take (1.5) as
our definition of D*u, which enables us to include the classical case s =1 (and
more generally s > 1 though one loses the interpretation of a fractional gradient
in this range).

Our proof is based on the beautiful technique of Iwaniec and Sbordone, intro-
duced in [10] for u satisfying (1.4) with v € C*(R") and s = 1. We recall that
in this setting they had shown [10, p. 186] that (1.4) has exactly one (up to a
constant) solution with the estimate

HDu”L/’(R"V;RN) < CHG”LP(RN;R‘V)'

Comparing this with our result, one sees that the preservation of structure in
the equation results in regularity that is completely analogous to the well-studied
elliptic theory.

As a consequence of this result we can return to the question of regularity of
solutions to (1.3). In particular, one can transform equation (1.3) into (1.4) by
defining G = I;Rg (where one extends g by zero outside ), since one has

/ gvdx:/ I,Rg - R(—A)™vdx
RN RN

= / G- Dvdx
RY

for v e C*(RY) and g € L*>(RY). The assumption g € L*(Q) then implies that
G e LN/ WN=2)(RN.RY), and so our result allows us to conclude that for the
solution to (1.3) we have for every K cc Q the estimate

1D°ull Laview20 k. m%) < Cll9ll 20 + 1 (=A)2ull 2ey)-

When s =1 this localizes the result of Iwaniec and Sbordone and can be com-
pared with a result of Di Fazio in [6] (who in fact obtains regularity up to the
boundary).
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2. ESTIMATES AND PROOF OF THE MAIN RESULT

The main tool we utilize is the following result of Iwaniec and Sbordone [10, see
p.- 187, 201-206].

THEOREM 2.1 (Iwaniec, Sbordone). Let A € VMO n L*(RY; RY*N) satisfy
(1.2). Then for all 1 < g < 400, the operator

T = RiAyR; : LY(RY) — LY(R")
is invertible, and moreover, there exists C = C(4,q) > 0 such that
(2.1) 1A zowyy < CNTS | Loy
for all f e L1(RY).
From this we obtain the localization:
PrOPOSITION 2.2. Let A, T as in Theorem 2.1. Then for any Q;, Q, open and

bounded with Q) c< Q,, 2 < g < 400, there exists C = C(A,q,Q1,Q) > 0 such
that

1/]

L) < CUTS N Lo + 1/ 2@y)
for all f e L>(RV).

One of the important ideas underlying Theorem 2.1 (see [10, p. 202]) is
Uchiyama’s compactness result for certain commutators involving Riesz trans-
forms and VMO functions [17]—itself an extension of the celebrated commutator
estimates by Coifman, Rochberg, and Weiss [2]. Here we additionally will make
use of the following more elementary commutator estimate, whose proof we
provide for the convenience of the reader.

PROPOSITION 2.3. Let b, f : RN — R and define the commutator (b, R;)[f] by
C(b, Ri)[f] = bRi[f] — Ri[bf],
where R; is the i-th Riesz transform. If b is Lipschitz, then
1€(0, R)[ S Loy < ClOlLipwm) 1N Lowm)-

Proor. Since

Rig(x) = CN/

RY |x — z|
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we have

(b, R)f)(x) = ex / NS (b(x) — () (2) ds,

RY |x — z|

and consequently,
€D, R)[/1(x)] < en[b]pip@n) /R =21 A1(2) dz = Cllupem il /1) O

PROOF OF PROPOSITION 2.2. Let n € C;°(£) be a usual cutoff function, i.e.
n =0 and 7 = 1 on a neighbourhood of Q;. From (2.1) we have

1/

Let us now recall the definition of the commutator of an operator 7" and two
functions b, f* (which can be thought of as the error term to a product rule).
We have

Loy < CIT(nf)

Loy < |/ Li(RY)

(b, T)[f]:=bT[f] = TIbf].

Then we continue the preceding estimate as follows. For suppyn cc Ky cc
Ly == Q, and denoting y; the characteristic function of L;, we estimate

1T Loy = 1T @2, oy
< TG, N zowyy + 1600 T) D, S o)
< NT G, N zogyy + 160 T, N oy
<N T zaeky) + 1T Cere/ M ipackyy + 160 T) ez, S Loy
= T oy + 1+ 11

Note that in the display above with our 7" we have
Con, T)xe, S = Ridy[€(n, R) [xr, /11 + €, Ri) [ Ry (xr, S)]-
As for I, since the supports of L{ and K are disjoint, we have the estimate

(2.2) 1T Cere ) nagiy) < 1Al Cro, il 22w

Indeed, let K be so that Ky c= K =< L,. Then by the boundedness of the Riesz
transform on L4(RY),

1T Qe poko) < IR G AyRi(Gere S D Laky) + 1R Gege AR Grre /S ) Loy
=< HAHL‘T«([R{N)HR]'(XL]"f)”Lq(IZ) + HRi(XIZf'Ainj((XL;‘f))||L4(K0)
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x
Li(R) = / / SO ——= N Ty
&) ( Ko| JRM\L, |x — +

q
< (L ([, )

o0 1 1
1/4 2
< C[Ko| /]||f||L2(RN)</ oy A ld’)

< Cko, 11,4l f 22w

||Rj(XL;'f>‘

q/2 )

where we have used the disjointness of Ky and L{ (in particular that dist(Ko, L{) =
¢ > 0). A similar argument shows that

”Ri(XIZ‘Ai/R./((XLI"f))||L61(K0) = CIZ,Ll,qHAinj((XLff))||L2(RN)>

and so using the boundedness of the Riesz transform on L?*(RY), we conclude
that

IR Gege AR (Gere/ M o) < Cr ko, gl Al L @) L 22
It thus remains to estimate /7. Let us begin by observing that the commu-

tator estimates with a Lipschitz continuous function (see Proposition 2.3) imply
that

1= €0, T) e, U Loy
< Gy ez, oy + M AR Gy S | oy
In particular, ¢ > 2 implies that Ng/(N +¢) > 1 and so I, : LN/WV+0)(RY) —
L4(R") is bounded. Moreover, R, : L"(R") — L"(R") is bounded for 1 < r <
400, which combined with the fact that 4 € L*(RY; R¥*V) (recall that N > 2)
implies that
11 < C|\ f | prvaovsaay)-

If we let Ly := Qy, then our estimates show that

1 Loy < CUT ooy + 1 2@y + 1 2o )

for ¢; := Nq/(N + iq). Now, if ¢; < 2 then an application of Holder’s inequality
implies the desired result. Otherwise we iterate the previous argument by finding

Kycc Licc Kjcclyco---K;cc L) cc Q)
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to obtain the estimate

1/ Loy < CUT)]

provided g;;1 > 1 (in order that 7; : L% (RY) — L% (R")). However, ¢; > 2 im-
plies ¢;+1 > 1, and so we continue the iteration a finite number of times until we
obtain that ¢; < 2 for some j € N. Then collecting the terms our estimate reads

Loy T 1 2wy + 11 Lo (2,0))

j—1
1 lzr@n < €D NTU gy + 1 oy + 1 sy )
i=0
from which the inequality (2.2) is a simple consequence of Holder’s inequality,
and thus the proposition is established. O
Finally, we require the following result.

PROPOSITION 2.4. Let Q = RY be open and bounded, s € [0,N), and 2 < p <
+00. Assume that for all p € C*(Q),

[r-80o= [ n-ayp.

Then for Q) == Q, there exists a constant C = C(Qy) such that

1/ ey < CUANL @y + 1L || L2y))-
PROOF. Let Q) cc Q) cc Q and ¢ € CF(€Q,) be such that

1 lnay <2 / fo

and ||o[| @y, < 1.

We argue by first reducing to the case where the support of ¢ is a ball. We can
accomplish this by covering Q, with finitely many balls B(x;,r;) of controlled
overlap such that B(x;,4r;) cc Q, where the number of balls can be taken to
depends only on the distance of Q; to Q¢. Then by subordinating a partition of
unity to balls B(x;,r;) we can write

/
= v
=

with supp ¢; = B(x;, r;) for each j and |g;| < [p|. Then for j fixed we have

[10,=2 [ -8y,

_2 / S0 (L) + 2 / F=AY (1 - ) Lo;)
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—2 / h(—AP(nLp,) + 2 / S=AH(1 = )Ly

< 20l o) | (A (L) o ey
+ 1N ) | (=831 = 1) 1s0) | 2y,

where 17, € C(Q) with 7 = 1 on B(x;, 4r;). Then if we can establish the estimates

(2.3) (=2 (3230 | o ey < Cllgll o vy

(24) ||(_A)%((1 - 77]')[&(:0)”L2(R"V) =< C”ﬁ”j‘ LY (RM))

the result will follow by summing in j and using the pointwise inequality
9] < lol.

Let us therefore first examine (2.3), and to save notation we drop the depen-
dence in j. If we take the three term commutator H, introduced by Da Lio
and Riviere [4]

H(n, Lp) == (=N (nLp) — (—A)nlp — ng,
WwWE can use

”HY(”/aIS(p)HLP/(RN) = CHW”LP'(R"V)'

This estimate follows via the Littlewood-Paley decomposition in [4] or using the
pointwise estimates in [12] (see [5, Theorem 1.2] for a precise version that can be
applied here and also [1, 3] for various extensions). Thus, it suffices to show that

||(_A)§’7[S¢||LI”(RN) + ||’W||Ln’(RN) < Cllol| L' (RY)

The second term can be estimated in terms of the right hand side trivially since
|7] < 1, while for the first term one applies Holder’s inequality with exponent
Np'/(N — sp’) and its Holder conjugate r when N —sp’ > 0 (Note that from
n e C*(R") we know that (=A)y e L'(R") for any r € (1, o), e.g. by interpo-
lation.), which yields

(=2 Lol Ly < [I(=A)n
< Cllg|

|L"(RN) ”ISw”LNI”/(N*W')(R"V)

LI’/(RN) .

If N —sp’ <0, then

(=AY Ll Lo vy < (=B Lor) | Ll o e
< Cllell L wy)

follows from the fact that ¢ has compact support. When N — sp’ = 0, we take

p' < p' and set%::%—%, then
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||(—A)%’71s¢”Lp'(RN) < [I(-A)?
< Clioll Ly g

(RY) ||IS€0HLNﬁ'/(Nfsp’)(RN)

The estimate follows again in this case by the fact that ¢ has compact support.
Finally, to establish (2.4) we write

(1 _77) = gAzkra
k=2

where each 0,4, is supported on an annulus of width 2Kr. Then disjoint support
arguments (see, for example, Lemma 3.7 in [11]) imply the estimate

1(=8)3 0,1, 10) | 2gyy < C25r) MNPl vy,

from which we obtain

8

I(=A)3 (1 =)L)l 2y Z A (O, I0) | 12

k=2

< (3N gl
k=2

As the series is summable we have established the desired inequality and therefore
the theorem is proved. O

We are now ready to prove the main result.

PrROOF OF THEOREM 1.2. Suppose G € L?(RY;RY) and u € H*(R") satisfies
the equation (1.4). The claim of this theorem is that for any K << Q, one has
the estimate

1D ull g, mvy < CUIG] powy,myy + 1(=A)2ul| 2wy)-
We will see that the result is a consequence of a combmatlon of Propositions

2.2 and 2.4, and we argue as follows. Define g := R*G = Zj | RiGj, so that
ge LP(RN) and u satisfies

/ T(~AYiu(~AYip = / g(—Ap Vpe CH(Q),
Q

where 7 is as in Theorem 2.1. Moreover, a cutoff argument similar to those
previously employed implies that if K c< Q;, then one has

1D*ull Lok, mvy = ||R(_A)§u||LP(K;RN)

< C(|(=A)*ul et ||(_A>%u||L2(RN))7
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and so this and boundedness of the Riesz transforms (to obtain bounds on g in
terms of G in L?) imply that it suffices to show the estimate

1(=A)2ull Loy < CUIGILo@n) + 1(=A)ull 2 mry)-

for Q; c= Q. )
We first apply Proposition 2.2 with /' = (—A)2u and for Q) cc Q; cc Q
yielding

||<_A)%u”Lﬁ(Ql) = C(HT(_A)%”HLP(Qz) + H(_A)%uHLZ([R{N))'

Now Proposition 2.4 and boundedness of 7 : L>(RY) — L*(R") gives

IT(—=A)2ull Loy < CUlgN Loy + 1 T(—A)ull 2@y
< Clllgllzrgyy + 1(=8)ull 2 -

Therefore, we find

(=8 ull o) < Cllgll Loy + 1(=8)ull v,

which is the thesis. O
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