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Partial Differential Equations — Quasi-filling fractal layers, by RAFFAELA
CAPITANELLI and MARIA AGOSTINA VIVALDI, communicated on 11 June 2015.!

ABSTRACT. — We consider second order transmission problems across Koch-type curves formu-
lated as boundary value problems for elliptic operators in a quasi-filling geometry for the fibers.
We use a variational approach and the M-convergence methods. We prove that the solution of the
transmission problem across a Koch-type curve is the limit of the solutions of suitable second order
transmission problems across polygonal curves.
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1. INTRODUCTION

In this note, we investigate second order transmission problems across quasi-
filling dynamical layers, from the variational point of view of the homogenization
theory for elliptic operators in Euclidean domains.

More precisely, the fractal inclusion .#; divides the domain Q in two adjacent
subdomains Q/, j = 1,2, and the second order transmission problem across the
curve K, is formally stated as follows

—div(Vu) = f in Q\ %,

u' =u? on A,
(1.1) (] =Lgyu  on

u=20 on 0Q)

u(P)=0 on 0.4.

We denote by u/, j = 1,2, the restriction of the function u to the domains Q-o{ and
by [%] the jump of the normal derivative across ;. Here L, is the self-adjoint
operator defined by the intrinsic energy form on .#; in the space L(.4;, Hy)s
where u . is the dy-Hausdorff measure on %, (see (2.3)).

The interaction between the interior operator and the layer operator, both of
second order, captures the main global dynamical features of the problem at
hand. Moreover, the dimensional relationship between the domain and the layer
1s unusual when the layer’s geometry is fractal. We have an open two-dimensional
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Euclidean domain Q in R? with a layer, .#;, which has a Hausdorff dimension
dy that is any number (1 < dy < 2) close to 2, as we wish, and which fills a
two-dimensional open subset of Q up to an arbitrarily small set.

In this note, we state that the variational solution of problem (1.1) is the limit
of the solutions of suitable second order transmission problems across approxi-
mating polygonal curves. More precisely, we construct a sequence of energy
forms that are sums of bulk energies in a bounded open domain Q of the plane
and layer energies on polygonal curves K. The coefficient matrices a"Id of
the bulk energies are adjusted to the geometry of a system of open thin fibers
%) and Xj , which is moved in Q as n — +o0 by the iterated action of the
contractive self-similarities of the fractal inclusion %, in Q. The external fibers
have increasingly low conductivity. Under appropriate scaling assumptions, we
prove that energy forms (sums of bulk energies in Q and layer energies on the
polygonal curves K') converge to the energy form sum of the Dirichlet integral
in Q and layer energy on the Koch curve 7, as n — +c0.

The second order transmission problems across the equilateral Koch curve,
that is 7, for o = 3, has been studied in [7], [8] and [13]. More precisely in [§]
it is proved that the variational solution to problem (1.1) is the strong limit in
H{ (Q) of the solutions to the second order transmission problems across polygo-
nal curves with the same bulk energy as the limit problem. On the other hand,
in the framework of the singular homogenization, in [13], it is proved that the
variational solution to problem (1.1) is the strong limit in /() of the solutions
to minimum problems for functionals of bulk energy alone. An extension theo-
rem, which is rooted in the geometrical properties of the equilateral Koch curve
(see [3]), plays a crucial role in both these results. By contrast, in the present
paper the quasi-filling geometry of our dynamical layers only allows us to prove
the weak convergence in H} (Q\#;). For the proofs we refer to the forthcoming

paper [2].

2. THE GEOMETRY

By Q of R? we denote the open rectangle with vertices D = (0, —1), E = (1, 1),
F=(1,1) and G = (0,1). The domain Q contains the segment of end points
A =(0,0) and B = (1,0). The fractal inclusion %, is the invariant (self-similar)
compact set of R? associated with the family ¥ = {y,...,,} of 4 similarities
in R?, which are contraction maps in R> with a common contraction factor o',

o€ (2,4):

W (z) =
@ {w3<z>

9 lpZ(Z):ieig—i_iy
671.9 +%+ 1s1(;197 lp4(2) — zto—1 ,

o

R R u

where

. a? T
(2.2) & = arcsiny /o — ik (0,5)
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and z = x+ iy € C. The set of the essential fixed points of this family is I =
{4, B} and we set 0.7, = T.

The invariant (self-similar) regular Borel measure in R? supported on .%;,
associated with P, is given by

|
2.3 =y =
(2.3) U= iy, 71 1)
where
(2.4) d=dy =In4/lno

is the Hausdorff dimension of #, and #°“ is the Hausdorff measure of dimension
d in R?. In particular,

(2.5) #((A)) = %ﬂ(%) = 4%

where ;, = ¥ o, 0oy, if n > 0. For these properties, and for the related
theory of so-called nested fractals associated with similarity maps like the one
considered here, we refer to Hutchinson [5], and Lindstrem [9].

In the domain Q, we introduce a reference two-layer fiber. This fiber is made
of two co-axial thin hexagons

3} <3,

whose largest transversal size is ¢ > 0 and 2e¢, respectively. The common axis
of the fibers is the segment connecting points 4 = (0,0) and B = (1,0). We put
& = /’l()/2, hy = tan(&*)

(2.6) 3 =min{n/2 — 4, 3/2}

where & is the rotation angle of the similarities that generate the Koch curve .7,
(see (2.2)).

For every 0 < & < ¢, we define the thin fiber 238 to be the hexagon with
vertices, listed clockwise, 4, Qi(¢), O2(¢), B, Os(¢), Qa(e), where Q;(¢) =
(8///10,8), Q2(8) = (1 - 8/h078)7 Q3(8) = (1 - 8/h07 _8): Q4(8) = (8//10, _8)‘ The
perimeter of hexagon Egg gives the external profile of our two-layer fiber. Inside
hexagon X, we now insert a smaller hexagon X?. We define the thin fiber X’
to be the hexagon with vertices, listed clockwise 4, P;(¢), P2(¢e), B, P3(¢), P4(e),
where Pi(¢) = (e/ho,¢/2), P2(¢) = (1 —¢/ho,e/2), P3(e) = (1 —¢/hy, —¢/2), Pa(e)
= (¢/hy, —¢/2).

We now iteratively transform the arrays Eg into increasingly fine arrays, by
the action, for each integer n > 0 of the maps ¥, = ¥; o y;, o o f; associated
with arbitrary n-tuples of indices i|n = (i1, i, ...,i,) € {1,...,4}". If n =0, we
define v, to be the identity map in R2. For every set (0 < R?, we define
o = ¥i1,(0), and, occasionally, we call i|n the n-address of the set o, With
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this notation, for every ¢ and every n > 0, we then define the arrays of co-axial
fibers XJ, and X! by setting

(27) ZSIL = UZ;IS, l|" lpz|n(z"2L)
iln
(28) =T E =),

iln

Let K° be the line segment of unit length whose endpoints are 4 = (0,0) and
B =(1,0). We set, for each nin N,

(2.9) K, =Jwi(k"), K=K K=, (K
i=1 iln
K is the so-called n-th pre-fractal curve. We recall that the curves K]’ converge
to the curve 4, in the Hausdorff metric [5].
3. MAIN RESULT
Before stating our results, we recall some definitions and properties that refer to

the fractal .#;. The fractal #; is the closure in R? of the set V> = (J/%) V" where
for every n > 0

(3-1) v = Ulﬁqn(l")

The fractal energy &[u] = &y, [u] is the limit of the increasing sequence
(3.2) £l = tim 6"

with

(33) 6" u) = 4" (uly,(A4)) — u(¥y,(B))*,

on the domain

(3.4) D[&) = D[éy;] = {u e C(Ay) | sup 6"[ul,.] < +oo}.

n>0

D[&] = CP(A;) and the estimate

(3-3) u(P) — u(Q)| < Cur/E[u]|P - 0
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with f = 484 holds for every P, Q € #,. For these Holder estimates, we refer to
2Ina

Kozlov [6] (see also [12], where Kozlov’s result is interpreted as an intrinsic
Morrey’s imbedding).

The Dirichlet operator L, on %, is the self-adjoint operator Ly, defined by
the identity

(3.6) Ex,(u,v) :/ Lyuvdu Yue DLy, ve Dy[é]

where the domain Dy[&] = {u € D[&] : u(P) = 0 VP € I'} is dense in L?(A;, u).
We define the functional # : L*(Q) +— (—o0, +0], by

/ \Vu|* dxdy + & (ul . ul ;) if ue Do[F]
Q

+o0 if ue L*(Q)\Do[F]

3.7) Flu=

where Dy[7| = {u € Hj(Q),ul . € Dy[&]}. We note that the domain Dy[7] is a
Hilbert space with respect to the norm

(33) il ={ [ 1V ey + ]}%

For any given f € L*(Q), the function u that minimizes on Do[#] the energy
functional

—2/ fudxdy
Q

formally solves the following boundary value problem

—div(Vu) = f in Q\ A,

u' = u? on A,
(3.9) (%] = Ly, on Ay

u=>0 on 0Q

u(P)=20 onT.

The fractal inclusion %, divides the domain Q into two adjacent subdomains
Q/, j=1,2 (where Ql is the domain above the curve .%,), and we denote by
u! the testriction of # to the subdomain u_,, j=12. By [&] = ”’1 + 2 we

pvz J
denote the jump of the normal derivative (mward to Ql) across Ay, and Ly,
is the self-adjoint operator defined in (3.6). As this strong formulation of the
boundary value problem only serves an illustrative purpose in this paper, we
do not go into the regularity and geometrical details that would be needed to
rigorously formulate all the preceding equations and boundary conditions.

We prove that the variational solution to problem (3.9) is the limit of the
solutions to suitable second order transmission problems across approximating
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polygonal curves. Our approach to asymptotic convergence is of variational
nature and is based on the tools developed in [10] and [11]. More precisely, in Q
we now introduce a sequence of energy functionals.

For each given n, we introduce in Q the fibers X and X3, described in Section
2, by now choosing ¢ = ¢,. For every n, we define the functional #" : L?(Q)
(=00, +00] by

a’(x, Vul* dxd —i—an/ V,uzds if ue Dy|F"
510 [ e pival* asay [ v o]

+00 if ue L2(Q)\Dy[ 7"
where the coefficient matrix a”"Id is defined at every (x, y) € Q by
(311)  a"(x, p)Id =15 (x, )Id + y, sy 52 (x, y)Id + 152 (x, p)Id,

with g, > 0, V.u is the tangential derivative of u along the polygonal curve K.
The domain Do[F"| = {u e H}(Q) : u|x, € Hi(K")} is a Hilbert space with
respect to the norm

1

2

(3.12) [ull py e :{/a"|Vu|2dxdy+an/ |Vru|2ds}.
Q K

Here H}(Q) and H}(K?) denote the Sobolev spaces on the domain Q and on
the polygonal curve K, and we refer to [1] for definitions and properties. In this
description, the important parameters are the positive real numbers &, > 0 and
x> 0, which will be specified later on, both converging to zero as n — +o0.
The coeflicients a"(x, y) present discontinuities across the fibers X! and X, .
The external fiber Xy \X! is a region of increasingly low conductivity as
n— +oo.

For any given f € L*(Q), the function « that minimizes on Dy[.% "] the energy
functional

F"u] —Z/qudxdy

formally solves the following boundary value problem

—div(Vu) = f in Q\X7
=y, div(Vu) = f in Xy \X)
—div(Vu) = f in 2! \K
ul =u? on K,

(3.13) (%] =0, A on K”
u=0 on 0Q
u(P)=0 onI
natural transmission conditions on 9(Xj, \X}).
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The polygonal curve K divides the domain Q into two adjacent subdomains
Q7 j=1,2 (where Q"' is the domain above the curve K/). Here by u’/ we
denote the restriction of u to the subdomain Q}/, j =1,2. By [%] = %1 ‘mij
we denote the jump of the normal derivative across K/, by v/ the inward nor-
mal vector to the boundary of Q) and by A.u the tangential Laplacian of u
along the polygonal curve K. As this strong formulation of the boundary value
problem only serves an illustrative purpose in this paper, here we do not go into
the regularity and geometrical details that would be needed to rigorously formu-
late all the preceding equations and boundary conditions.

Assume
4\n
(3.14) a=(2).
(3.15) % ~0
and
(3.16) B E— e

(4’1811 . 0672’1) q

asn — +oo, with Cy > 0 and ¢ € (O,%). We note that the total area of the fibers
37, behaves like 4"¢, - o=>" as n tends to +o0.

REMARK 3.1. A possible choice of coefficients satisfying assumptions (3.15),
(3.16) is:

—sin 4
(317) 8:8,1:4 ! N anm,

where 0 < 51 < 2Ino/In4 — 1.
Our main result is the following

THEOREM 3.1. We assume conditions (3.14), (3.15) and (3.16). Let u be the varia-
tional solution of the fractal transmission problem (3.9). For every integer n > 1, let
uy, be the variational solution to the transmission problem (3.13). Then

(3.18) U, — u  weakly in H} (Q\.4;),

2
3.19 = kly in WhP(Q), p=—"—,
(3.19) u u weakly in (Q), p i1
(3.20) (Un)l 4, — uly, strongly in BX2(#), s<d/2—q

(3.21)  Lonlcttn, @1, 211 (kp), 11 (k2y) = <Lttt B (poie))' Doty VP € Do[F ],

asn — —+oo.



472 R. CAPITANELLI AND M. A. VIVALDI

By ¢, we denote the function continuous on K and affine on each side of K
obtained by interpolating the values of ¢ at the vertices of K. Here d = In4/In«
is the Hausdorff dimension of #;. For the definition of the Besov spaces B>2(4;)
we refer to [4].
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