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Calculus of Variations — Regularity results for non-autonomous variational inte-
grals with discontinuous coe‰cients, by Antonia Passarelli di Napoli, com-
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Abstract. — We investigate the regularity properties of local minimizers of non autonomous

convex integral functionals of the type

Fðu;WÞ :¼
Z
W

f ðx;DuÞ dx;

with p-growth into the gradient variable and discontinuous dependence on the x variable. We prove

a higher di¤erentiability result for local minimizers of the functional Fðu;WÞ assuming that the
function that measures the oscillation of the integrand with respect to the x variable belongs to a

suitable Sobolev space.
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1. Introduction

Classical multidimensional variational problems are related to the study of inte-
gral functionals of the type

Fðu;WÞ :¼
Z
W

f ðx;DuÞ dx;ð1:1Þ

where W is a bounded open set in Rn, u : W ! RN , the integrand f : W� Rn�N

! R is such that x ! f ð�; xÞ is a strictly convex function of class C1ðRn�NÞ for
almost every x a W and satisfies the so called standard growth conditions, i.e.

1

L
jxj p a f ðx; xÞaLð1þ jxj pÞ; p > 1:ðF1Þ
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It is well known thatFðu;WÞ is lower semicontinuous and coercive on the Sobolev
space W 1;pðW;Rn�NÞ and therefore admits a minimizer u a W 1;pðW;Rn�NÞ.

The regularity properties of minimizers of integral functionals of the type (1.1)
under standard growth conditions has been widely investigated in case the inte-
grand f ðx; xÞ depends on the x-variable through a Hölder continuous function.
Actually, the Hölder continuity of f ðx; xÞ with respect to x leads to the C1 partial
regularity of the minimizers with a quantitative modulus of continuity that can
be determined in dependence on the modulus on continuity of the coe‰cients
([1, 2, 10, 16, 20, 26]). For an exhaustive treatment, we refer the interested reader
to [19, 23] and the references therein.

It is worth pointing out that partial regularity results are a common feature
when treating vectorial minimizers. Actually, in the vectorial setting everywhere
regularity cannot be proven as it is shown by the counterexample due to De
Giorgi and those due to Sverak and Yan ([12, 33, 34]).

In the last few years, the study of the regularity has been successfully carried
out under weaker assumptions on the function that measures the continuity of
the integrand f ðx; xÞ with respect to the x-variable. In particular, in [15] (see
also [10, 14]), a C0;a partial regularity result has been established relaxing the
Hölder continuity with respect to x in a continuity assumption.

Further, the C0;a partial regularity result of [15] has been extended in [5]
and in [17] to operators that have discontinuous dependence on the x-variable,
through a VMO coe‰cient and a Sobolev coe‰cient respectively (we refer to
[25] for the regularity of the gradient of solutions of linear elliptic equations
with VMO coe‰cients).

Our aim here is to investigate the regularity properties of the minimizers of
integral functionals of the type (1.1), allowing a discontinuous dependence for
the integrand f ðx; xÞ with respect to x-variable through a suitable Sobolev
function.

More precisely, we shall assume that there exist constants l;L; n > 0 and an
exponent 2a pa n such that f ðx; xÞ satisfies the following assumptions:

1

L
jxj p a f ðx; xÞaLð1þ jxj pÞ;ðF1Þ

jDx f ðx; xÞ �Dx f ðx; hÞja ljx� hjð1þ jxj2 þ jhj2Þ
p�2

2 ;ðF2Þ

nð1þ jxj2 þ jhj2Þ
p�2
2 jx� hj2 a 3Dx f ðx; xÞ �Dx f ðx; hÞ; x� h4;ðF3Þ

for every x; h a Rn�N and for almost every x a W. Concerning the dependence
on the x-variable, we shall assume that there exists a function k a Ls

locðW;RNÞ,
1 < sa n, such that

jDx f ðx; xÞ �Dx f ðy; xÞja ðjkðxÞj þ jkðyÞjÞjx� yjð1þ jxj p�1Þ;ðF4Þ

for every x a Rn�N and for almost every x; y a W.
By virtue of a characterization of the Sobolev functions due to Hajlasz ([24]),

the function kðxÞ plays the role of the derivative of the function x ! Dx f ðx; xÞ.
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So the assumption (F4) describes the continuity of the operator Dx f ðx; xÞ with
respect to the x-variable. Obviously, this is a weak form of continuity since the
function k may blow up at some points.

The model case we have in mind is

Gðu;WÞ ¼
Z
W

aðxÞgðDuÞ dx;

where g : Rn�N ! R is a C1 function for which there exist constants L1;L2;L3;
~nn > 0 and an exponent 2a pa n such that

1

L1
jxj p a gðxÞaL1ð1þ jxj pÞ;ðG1Þ

jDxgðxÞ �DxgðhÞjaL2jx� hjð1þ jxj2 þ jhj2Þ
p�2
2 ;ðG2Þ

~nnð1þ jxj2 þ jhj2Þ
p�2
2 jx� hj2 a 3DxgðxÞ �DxgðhÞ; x� h4;ðG3Þ

for every x; h a Rn�N . The coe‰cient aðxÞ, appearing in the integrand of the
functional Gðu;WÞ, belongs to the space W

1;s
loc BLlðWÞ, 1 < sa n and is such

that

1

L3
a aðxÞaL3;ð1:2Þ

for a positive constant L3.
Actually, aðxÞ belongs to the Sobolev space W

1;s
loc ðWÞ, 1 < s < þl, if and

only if there exists a non negative function K a Ls
locðWÞ such that the following

inequality

jaðxÞ � aðyÞja cðnÞðKðxÞ þ KðyÞÞjx� yj:ð1:3Þ

holds a.e. (see Theorem 1 in [24]). Therefore, one can easily check that assump-
tions (G1)–(G3) together with (1.2) and (1.3) imply (F1)–(F4).

In our previous papers ([30], [31], [18]) we investigated the regularity proper-
ties of solutions of elliptic systems as well as of local minimizers of integral func-
tionals of the type (1.1) under the assumptions (F1)–(F4) in case k a Ln

locðWÞ.
Actually we have shown that the W 1;n assumption on the x-variable is su‰cient
to prove a higher di¤erentiability result for the gradient. Namely, we established
the following

Theorem 1.1 ([30]). Let f be an integrand such that x ! f ð�; xÞ is of class
C1ðRn�NÞ for almost every x a W, satisfying the assumptions (F1)–(F4), for an

exponent 2a p < n and for a function k a Ln
locðWÞ. If u a W

1;p
loc ðW;RNÞ is a local

minimizer of the functional F, then

ð1þ jDuj2Þ
p�2
4 Du a W

1;2
loc ðW;Rn�NÞ:
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Moreover there exists a radius R0 ¼ R0ðn;N; l; n;L; pÞ such that

Z
BR

jDðð1þ jDuj2Þ
p�2
4 DuÞj2 dxa C

R2

�Z
B2R

jkjn dx
�1

n

Z
B2R

jDuj p dx;

for every R such that B2R HBR0
.

The case p ¼ n > 2 has been faced in [21], in case of degenerate elliptic sys-
tems, while the critical growth p ¼ n ¼ 2 needs a di¤erent study. Indeed, in this
case (see Example 1 in [31]) we can not show that the second derivatives of u
belongs to L2 (which would be the analogous result of the case 2a p < n). How-
ever, we were able to prove that they belong to Lq, for every q < 2. In fact, we
have proven the following

Theorem 1.2 ([31]). Let f be an integrand such that x ! f ð�; xÞ is of class
C1ðR2�NÞ for almost every x a W, satisfying the assumptions (F1)–(F4), with
p ¼ n ¼ 2 and for a function k a L2

locðWÞ. If u a W
1;2
loc ðW;RNÞ is a local minimizer

of the functional F, then

Du a W
1;q
loc ðW;R2�NÞ; Eq < 2:

Moreover there exists a radius R0 ¼ R0ðN; l; n;L; pÞ such that

Z
BR

jD2ujq dxa C

R2

�Z
B2R

jkj2 dx
�1

2

Z
B2R

jDuj2 dx;

for every R such that B2R HBR0
.

In two forthcoming papers ([22], [9]), we will study the regularity properties of
the local minimizers of the functional Fðu;WÞ under weaker assumptions on the
summability of the function kðxÞ appearing in assumption (F4). More precisely in
[9], we prove a higher di¤erentiability result analogous to Theorem 1.1, assuming
that kðxÞ belongs to a fractional order Sobolev space of the type W y;n=y, with
0 < y < 1.

Here we report a particular case of a result that will appear in the forthcom-
ing paper ([22]) in which we are able to prove that the higher di¤erentiability of
Theorem 1.1 persists for locally bounded minimizers of the functional Fðu;WÞ,
under a weaker assumption on the summability of the function kðxÞ in the scale
of Lebesgue spaces.

More precisely, in this paper, we give the result only for scalar minimizers,
i.e. for N ¼ 1, assuming that k a Lpþ2, where p is the exponent appearing in the
assumptions (F1)–(F4). Obviously, this is a weaker assumption on k with respect
to the one in Theorem 1.1, only if 2a p < n� 2 that clearly excludes the critical
growth case p ¼ n ¼ 2. More precisely, we establish the following

Theorem 1.3. Let f be an integrand such that x ! f ð�; xÞ is of class C1ðRnÞ for
almost every x a W, satisfying the assumptions (F1)–(F4), for an exponent 2a p <
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n� 2 and for a function k a L
pþ2
loc ðWÞ. If u a W

1;p
loc ðWÞ is a local minimizer of the

functional F, then

ð1þ jDuj2Þ
p�2
4 Du a W

1;2
loc ðW;RnÞ:

Moreover

Z
BR=4

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxð1:4Þ

a
c

R p

Z
BR=2

ð1þ jDuj2Þ
p
2 dx

þ c

R p

�Z
BR

juj p dx
��Z

BR=2

ð1þ jkðxÞjÞ pþ2
dx

�
;

for every ball BR TW.

The proof of Theorem 1.3 is achieved combining a suitable a priori estimate
for the second derivative of the local minimizers, obtained by the use of the dif-
ference quotient method, with a suitable approximation argument.

Our main idea in order to establish the a priori estimate is to treat the
regularity of local solutions of systems with discontinuous coe‰cients with the
tools needed to deal with functionals satisfying ðp; qÞ growth conditions. Func-
tionals with ðp; qÞ growth conditions have been widely investigated both in the
scalar and in the vectorial setting (see for example [3, 4, 6, 7, 8, 13, 27, 28,
29, 32]).

We take advantage from the assumption N ¼ 1, since, by virtue of a well
known result due to De Giorgi, we have that the minimizers of the functionals
Fðu;WÞ are locally bounded in W. The local boundedness allows us to use an
interpolation inequality that gives Lpþ2 integrability of the gradient of the mini-
mizers. Such higher integrability for p < n� 2 is better than the one given by the
Sobolev imbedding Theorem and is the key tool in order to weaken the assump-
tion on k.

2. Preliminaries

We shall adopt the usual convention and denote by c a general constant that may
vary on di¤erent occasions, even within the same line of estimates. Relevant de-
pendencies on parameters and special constants will be suitably emphasized using
parentheses or subscripts. The norm we use on Rn will be the standard euclidean
one and denoted by j � j. In particular, for x, h a Rn we write 3x; h4 for the usual
inner product of x and h, and jxj :¼ 3x; x4

1
2 for the corresponding euclidean

norm. When a a Rn and b a Rn we write an b a Rn�n for the tensor product
defined as the matrix that has the element arbs in its r-th row and s-th column.
Observe that ðan bÞx ¼ ðb � xÞa for x a Rn, and jan bj ¼ jaj jbj.
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For a C1 function F : Rn ! R, we write

DxFðxÞ½h� :¼
d

dt

����
t¼0

F ðxþ thÞ

for x, h a RN�n.
We shall denote by Brðx0Þ the ball centered at x0 with radius r and by

ðuÞx0;r ¼
Z
Brðx0Þ

uðxÞ dx;

the integral mean of u over the ball Brðx0Þ. We shall omit the dependence on the
center when no confusion arises.

Let us recall the definition of local minimizer.

Definition 2.1. A function u a W
1;p
loc ðW;RNÞ is a local minimizer of F if

Z
supp j

f ðx;DuÞ dxa
Z
supp j

f ðx;DuþDjÞ dx;

for any j a W
1;p
loc ðW;RNÞ with supp jTW.

To shorten the notations, we shall use the following auxiliary function defined for
x a Rn

VðxÞ ¼ ð1þ jxj2Þ
p�2
4 x:

We recall some useful properties of the function V that can be easily checked.
More precisely, we shall use that

jVðxÞj is a non-decreasing function of jxj;ð2:1Þ
jVðxþ hÞja cðpÞðjVðxÞj þ jVðhÞjÞ;ð2:2Þ

cðpÞðjxj2 þ jxj pÞa jVðxÞj2 aCðpÞðjxj2 þ jxj pÞ if pb 2;ð2:3Þ

Next Lemma has been proven in [20].

Lemma 2.2. Let 2a p < l. There exists a constant c ¼ cðn; pÞ > 0 such that

c�1ð1þ jxj2 þ jhj2Þ
p�2
2 a

jVðxÞ � VðhÞj2

jx� hj2
a cð1þ jxj2 þ jhj2Þ

p�2
2

for every x, h a Rn.

For a C2 function g, it is a routine matter to check that there exists a positive
constant CðpÞ such that

C�1jD2gj2ð1þ jDgj2Þ
p�2
2 a jDðVðDgÞÞj2 aCjD2gj2ð1þ jDgj2Þ

p�2
2 :ð2:4Þ
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Next Lemma finds an important application in the so called hole-filling method.
Its proof can be found for example in [23, Lemma 6.1] .

Lemma 2.3. Let h : ½r;R0� ! R be a non-negative bounded function and 0 <
Q < 1, A;Bb 0 and b > 0. Assume that

hðrÞa QhðdÞ þ A

ðd � rÞb
þ B;

for all ra r < daR0. Then

hðrÞa cA

ðR0 � rÞb
þ B;

where c ¼ cðQ; bÞ > 0.

2.1. Di¤erence quotient

In order to get a suitable Caccioppoli type inequality for local minimizers of the
functional Fðu;WÞ, we shall use the di¤erence quotient method. To this aim, let
us briefly recall the definition and the basic properties of the finite di¤erence
operator.

Definition 2.4. For every vector valued function F : Rn ! RN the finite dif-
ference operator is defined by

ts;hF ðxÞ ¼ F ðxþ hesÞ � FðxÞ

where h a R, es is the unit vector in the xs direction and s a f1; . . . ; ng.

The following proposition describes some elementary properties of the finite dif-
ference operator and can be found, for example, in [23].

Proposition 2.5. Let F and G be two functions such that F ;G a W 1;pðW;RNÞ,
with pb 1, and let us consider the set

Wjhj :¼ fx a W : distðx; qWÞ > jhjg:

Then

ðd1Þ ts;hF a W 1;pðWÞ and

Diðts;hF Þ ¼ ts;hðDiFÞ:

ðd2Þ If at least one of the functions F or G has support contained in Wjhj then

Z
W

Fts;hG dx ¼ �
Z
W

Gts;�hF dx:
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ðd3Þ We have

ts;hðFGÞðxÞ ¼ F ðxþ hesÞts;hGðxÞ þ GðxÞts;hFðxÞ:

The next result about finite di¤erence operator is a kind of integral version of
Lagrange Theorem.

Lemma 2.6. If 0 < r < R, jhj < R�r
2 , 1 < p < þl, s a f1; . . . ; ng and F ;DsF a

LpðBRÞ then
Z
Br

jts;hF ðxÞj p dxa jhj p
Z
BR

jDsFðxÞj p dx:

Moreover

Z
Br

jF ðxþ hesÞj p dxa cðn; pÞ
Z
BR

jF ðxÞj p dx:

Now, we recall the fundamental Sobolev embedding property.

Lemma 2.7. Let F : Rn ! RN, F a LpðBRÞ with 1 < p < þl. Suppose that
there exist r a ð0;RÞ and M > 0 such that

Xn

s¼1

Z
Br

jts;hFðxÞj p dxaM pjhj p;

for every h with jhj < R�r
2 . Then F a W 1;pðBr;R

NÞBL
np
n�pðBr;R

NÞ. Moreover

kDFkL pðBrÞ aM

and

kFk
L

np
n�pðBrÞ

a cðM þ kFkL pðBRÞÞ;

with cC cðn;N; pÞ.

For the proof see, for example, [23, Lemma 8.2].

2.2. A higher integrability result

In this section, we combine a fundamental result of De Giorgi [11], that gives the
local boundedness of minimizers with the existence of the second derivatives to
deduce a higher integrability result for the gradient of the minimizers. More pre-
cisely, we recall the following

Theorem 2.8. Let u a W
1;p
loc ðWÞ be a local minimizer of the functional (1.1),

under the assumption (F1). Then u is locally bounded in W. Moreover the following
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estimate holds

sup
Br

juja cðpÞ
ðR� rÞ

n
p

�Z
BR

juj p
�1

p

;ð2:5Þ

for every Br HBR TW.

For the proof we refer to [23], Theorem 7.5.
The following interpolation type inequality has been proven in Lemma 10 in

[6], in a slightly di¤erent form (see also [18, 30]). We report it here for the sake of
completeness.

Lemma 2.9. Let h a C1
c ðWÞ be such that hb 0 and let u a C2ðWÞ. For every

pb 2 there exists a positive constant c ¼ cðpÞ such that

Z
W

h2ð1þ jDuj2Þ
p
2jDuj2 dxð2:6Þ

a cðpÞkuk2Llðsupp hÞ

Z
W

h2ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

þ ckuk2Llðsupp hÞ

Z
W

ðjhj2 þ j‘hj2Þð1þ jDuj2Þ
p

2 dx:

Proof. Integration by parts yields
Z
W

h2ð1þ jDuj2Þ
p
2jDuj2 dxð2:7Þ

¼
Z
W

3h2ð1þ jDuj2Þ
p

2Du;Du4 dx

¼ �
Z
W

D½h2Duð1þ jDuj2Þ
p
2� � u dx

a cðpÞ
Z
W

h2jujð1þ jDuj2Þ
p
2jD2uj dx

þ 2

Z
W

hjuj j‘hjð1þ jDuj2Þ
p

2jDuj dx

¼: I1 þ I2:

We estimate I1 by using the Young’s inequality as follows

I1 a
1

4

Z
W

h2ð1þ jDuj2Þ
p

2jDuj2 dxþ c

Z
W

h2ð1þ jDuj2Þ
p

2ð2:8Þ

þ cðpÞ
Z
W

h2juj2ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:
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Similarly, we have

I2 a
1

4

Z
W

h2ð1þ jDuj2Þ
p

2jDuj2 dxþ c

Z
W

juj2j‘hj2ð1þ jDuj2Þ
p

2 dx:ð2:9Þ

Hence, inserting (2.8) and (2.9) in (2.7), we get

Z
W

h2ð1þ jDuj2Þ
p
2jDuj2 dx

a
1

2

Z
W

h2ð1þ jDuj2Þ
p

2jDuj2 dxþ cðpÞ
Z
W

h2juj2ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

þ c

Z
W

juj2ðh2 þ j‘hj2Þð1þ jDuj2Þ
p
2 dx:

Reabsorbing the first integral in the right hand side by the left hand side in
previous estimate and using the local boundedness of the function u, we have
that

Z
W

h2ð1þ jDuj2Þ
p

2jDuj2 dxa cðpÞ
Z
W

h2juj2ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

þ c

Z
W

juj2ðh2 þ j‘hj2Þð1þ jDuj2Þ
p
2 dx

a cðpÞkuk2Llðsupp hÞ

Z
W

h2ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

þ ckuk2Llðsupp hÞ

Z
W

ðh2 þ j‘hj2Þð1þ jDuj2Þ
p

2 dx;

i.e. the conclusion. r

Combining Theorem 2.8 with Lemma 2.9 we have the following higher inte-
grability result.

Theorem 2.10. Let u a W
1;p
loc ðWÞ be a local minimizer of the functional FðuÞ

under the asumption (F1), such that ð1þ jDuj2Þ
p�2
4 D2u a L2

locðWÞ. Then Du a
L

pþ2
loc ðWÞ and the following estimate

Z
Br

ð1þ jDuj2Þ
p

2jDuj2 dxa c
�Z

B2R

juj p
�2

p

Z
BR

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

þ cðpÞ
ðR� rÞ2

�Z
B2R

juj p
�2

p

Z
BR

ð1þ jDuj2Þ
p

2 dx

holds for every balls Br HBR HB2R TW.
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Proof. Fix balls Br HBR TW and let h a Cl
0 ðBRÞ be a cut o¤ function be-

tween Br and BR, i.e. 0a ha 1, h ¼ 1 on Br and j‘hja c
R�r

. With such a choice
of h, the interpolation inequality at (2.6) becomes

Z
Br

ð1þ jDuj2Þ
p
2jDuj2 dxa ckuk2LlðBRÞ

Z
BR

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxð2:10Þ

þ c

ðR� rÞ2
kuk2LlðBRÞ

Z
BR

ð1þ jDuj2Þ
p
2 dx:

Theorem 2.8, applied for concentric balls BR HB2R, yields

sup
BR

juja c
�Z

B2R

juj p dx
�1

pð2:11Þ

Therefore, inserting (2.11) in (2.10), we get the conclusion. r

3. Proof of Theorem 1.3

This section is devoted to the proof of our main result. It will be divided in two
steps: in the first one, we will establish the a priori estimate, while in the second
one we will conclude through an approximation argument.

Proof. Step 1. The a priori estimate
Suppose that the local minimizer u is such that ð1þ jDuj2Þ

p�2
4 Du a W 1;2

loc ðW;RnÞ.
Recall that local minimizers of the functional (1.1) are solutions of the corre-
sponding Euler Lagrange equation

Z
W

3Dx f ðx;DuÞDj4 dx ¼ 0:ð3:1Þ

Let us fix a ball BR TW and arbitrary radii R
2 < r < s < t < lr < R, with

1 < l < 2 and consider a cut o¤ function r a Cl
0 ðBtÞ such that r ¼ 1 on Bs,

j‘rja c
t�s

. Using j ¼ ts;�hðr pts;huÞ as a test function in the equation (3.1), we
get

Z
Bt

3Dx f ðx;DuÞ;Dts;�hðr pts;huÞ4 dx ¼ 0;

which, by virtue of ðd2Þ of Proposition 2.5, is equivalent to the following

Z
Bt

3ts;hDx f ðx;DuÞ;Dðr pts;huÞ4 dx ¼ 0:ð3:2Þ

We write the left hand side of (3.2) as follows
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Z
Bt

3ts;hDx f ðx;DuÞ;Dðr pts;huÞ4 dxð3:3Þ

¼
Z
Bt

3Dx f ðxþ sh;Duðxþ shÞÞ �Dx f ðx;DuðxÞÞ;Dðr pts;huÞ4 dx

¼
Z
Bt

3Dx f ðxþ sh;Duðxþ shÞÞ �Dx f ðxþ sh;DuðxÞÞ;Dðr pts;huÞ4 dx

þ
Z
Bt

3Dx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞ;Dðr pts;huÞ4 dx

¼
Z
Bt

3Dx f ðxþ sh;Duðxþ shÞÞ �Dx f ðxþ sh;DuðxÞÞ; r pDðts;huÞ4 dx

þ p

Z
Bt

3Dx f ðxþ sh;Duðxþ shÞÞ

�Dx f ðxþ sh;DuðxÞÞ; r p�1‘rts;hu4 dx

þ
Z
Bt

3Dx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞ; r pDðts;huÞ4 dx

þ p

Z
Bt

3Dx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞ; r p�1‘rts;hu4 dx:

Combining (3.3) with (3.2), we have
Z
Bt

r p3Dx f ðxþ sh;Duðxþ shÞÞ �Dx f ðxþ sh;DuðxÞÞ;Dðts;huÞ4 dxð3:4Þ

¼ �p

Z
Bt

3Dx f ðxþ sh;Duðxþ shÞÞ

�Dx f ðxþ sh;DuðxÞÞ; r p�1‘rts;hu4 dx

�
Z
Bt

3Dx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞ; r pDðts;huÞ4 dx

� p

Z
Bt

3Dx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞ; r p�1‘rts;hu4 dx:

The left hand side of (3.4) can be estimated by the monotonicity assumption (F3)
as follows

Z
Bt

r p3Dx f ðxþ sh;Duðxþ shÞÞ �Dx f ðxþ sh;DuðxÞÞ;Dðts;huÞ4 dxð3:5Þ

b n

Z
Bt

r pð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx:
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Inserting (3.5) in (3.4) and using the properties of r, we get

n

Z
Bt

r pð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dxð3:6Þ

a
c

t� s

Z
BtnBs

jDx f ðxþ sh;Duðxþ shÞÞ

�Dx f ðxþ sh;DuðxÞÞj jts;huj dx

þ
Z
Bt

r pjDx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞj jDðts;huÞj dx

þ c

t� s

Z
BtnBs

r p�1jDx f ðxþ sh;DuðxÞÞ �Dx f ðx;DuðxÞÞj jts;huj dx

¼: I þ II þ III :

In order to estimate I , we use the assumption (F2), Young’s and Hölder’s in-
equalities as follows

I a
cðlÞ
t� s

Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj jts;huj dxð3:7Þ

a cðlÞ
Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cðlÞ
ðt� sÞ2

Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jts;huj2 dx

a cðlÞ
Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cðlÞ
ðt� sÞ2

�Z
Bt

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p
2 dx

�p�2
p
�Z

Bt

jts;huj p dx
�2

p

a cðlÞ
Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2

ðt� sÞ2
�Z

Blr

ð1þ jDuðxÞj2Þ
p

2 dx
�p�2

p
�Z

Bt

jDuj p dx
�2

p

a cðlÞ
Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2

ðt� sÞ2
�Z

Blr

ð1þ jDuðxÞj2Þ
p

2 dx
�
;
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where we also used Lemma 2.6. In order to estimate II , we use the assump-
tion (F4), the fact that kðxÞ a Lpþ2ðWÞ, Young’s and Hölder’s inequalities thus
obtaining

II a jhj
Z
Bt

r pðjkðxþ shÞj þ jkðxÞjÞð1þ jDuðxÞjÞ p�1jDðts;huÞj dx

a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2
Z
Bt

r pðjkðxþ shÞj þ jkðxÞjÞ2ð1þ jDuðxÞj2Þ
p
2 dx

a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2
�Z

BR

r pjkðxÞj pþ2
dx

� 2
pþ2
�Z

Bt

r pð1þ jDuðxÞj2Þ
pþ2
2 dx

� p
pþ2

:

The interpolation inequality of Lemma 2.9, used with r
p
2 in place of h, yields

that

II a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2
�Z

BR

jkðxÞj pþ2
dx

� 2
pþ2
�
kuk2LlðBtÞ

Z
Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

� p
pþ2

þ cjhj2
�Z

BR

jkðxÞj pþ2
dx

� 2
pþ2
�kuk2LlðBtÞ

ðt� sÞ2
Z
Bt

ð1þ jDuj2Þ
p
2 dx

� p
pþ2

a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ cjhj2kuk
2p
pþ2

LlðBtÞ

�Z
BR

jkðxÞj pþ2
dx

� 2
pþ2
�Z

Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

� p

pþ2

þ cjhj2
kuk

2p
pþ2

LlðBtÞ

ðt� sÞ
2p
pþ2

�Z
BR

jkðxÞj pþ2
dx

� 2
pþ2
�Z

Bt

ð1þ jDuj2Þ
p

2 dx
� p

pþ2

:

Therefore, by the use of Young’s inequality with exponents pþ2
p

and pþ2
2 in

the last two integrals of the right hand side of previous estimate, we conclude
that
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II a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dxð3:8Þ

þ cjhj2
kuk p

LlðBtÞ
ðt� sÞ p

Z
BR

jkðxÞj pþ2
dxþ cjhj2

Z
Bt

ð1þ jDuj2Þ
p

2 dx

þ Qjhj2
Z
Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx;

where Q a ð0; 1Þ is a constant that will be chosen later.
Using again assumption (F4) and Hölder’s inequality, we estimate III as

follows

III a
c

t� s
jhj

Z
Bt

r p�1ðjkðxþ shÞj þ jkðxÞjÞð1þ jDuðxÞjÞ p�1jts;huj dx

a
c

t� s
jhj

�Z
Bt

r pðjkðxþ shÞj þ jkðxÞjÞ
p

p�1ð1þ jDuðxÞjÞ p dx
�p�1

p

�
�Z

Bt

jts;huj p dx
�1

p

a
c

t� s
jhj2

�Z
Bt

r pðjkðxþ shÞj þ jkðxÞjÞ
p

p�1ð1þ jDuðxÞjÞ p dx
�p�1

p

�
�Z

Blr

jDuj p dx
�1

p

a
c

t� s
jhj2

�Z
BR

jkðxÞj
pð pþ2Þ
2ð p�1Þ

�2ð p�1Þ
pð pþ2Þ

�Z
Bt

r2ð1þ jDuðxÞjÞ pþ2
dx

�p�1
pþ2

�
�Z

Blr

jDuj p dx
�1

p

a cjhj2
�Z

BR

jkðxÞj
pð pþ2Þ
2ð p�1Þ

� 2
pþ2
�Z

Bt

r2ð1þ jDuðxÞjÞ pþ2
dx

� p
pþ2

þ c

ðt� sÞ p jhj
2

Z
Blr

jDuj p dx:

Similarly to the estimation of II , we use the interpolation inequality (2.6) and
Young’s inequality, thus getting

III a
c

ðt� sÞ p jhj
2

Z
Blr

ð1þ jDuj2Þ
p
2 dxð3:9Þ

þ cjhj2kuk
2p
pþ2

LlðBtÞ

�Z
BR

jkðxÞj
pð pþ2Þ
2ð p�1Þ

� 2
pþ2
�Z

Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

� p
pþ2
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þ cjhj2
ckuk

2p
pþ2

LlðBtÞ

ðt� sÞ
2p
pþ2

�Z
BR

jkðxÞj
pð pþ2Þ
2ð p�1Þ

� 2
pþ2
�Z

Bt

ð1þ jDuj2Þ
p
2 dx

� p
pþ2

a
c

ðt� sÞ p jhj
2

Z
Blr

ð1þ jDuj2Þ
p
2 dxþ cjhj2

kuk p

LlðBtÞ
ðt� sÞ p

Z
BR

jkðxÞj
pð pþ2Þ
2ð p�1Þ

þ Qjhj2
Z
Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:

Inserting (3.7), (3.8) and (3.9) in (3.6), we obtain

n

Z
Bt

r pð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

a
n

4

Z
Bt

r pð1þ jDuðxÞj2 þ jDuðxþ shÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ c

Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ c

ðt� sÞ p jhj
2

Z
Blr

ð1þ jDuj2Þ
p

2 dxþ cjhj2
kuk p

LlðBtÞ
ðt� sÞ p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx

þ 2Qjhj2
Z
Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:

Reabsorbing the first integral in the right hand side of the previous estimate by
the left hand side and using the properties of r we get

Z
Bs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

a cðn; lÞ
Z
BtnBs

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

þ c

ðt� sÞ2
jhj2

Z
Blr

ð1þ jDuj2Þ
p
2 dxþ cjhj2

kuk p

LlðBtÞ
ðt� sÞ p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx

þ 2Qjhj2
Z
Bt

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:

Since previous inequality is valid for all radii r < s < t < lr, filling the hole, by
the iteration Lemma 2.3, we deduce that
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Z
Br

ð1þ jDuðxþ shÞj2 þ jDuðxÞj2Þ
p�2
2 jDðts;huÞj2 dx

a
c

r pðl� 1Þ p jhj
2

Z
Blr

ð1þ jDuj2Þ
p
2 dxþ cjhj2

kuk p

LlðBlrÞ
r pðl� 1Þ p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx

þ 2Qjhj2
Z
Blr

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx

and so, by virtue of Lemma 2.2,

Z
Br

jts;hðVðDuÞj2 dxð3:10Þ

a
c

r pðl� 1Þ p jhj
2

Z
Blr

ð1þ jDuj2Þ
p
2 dx

þ cjhj2
kuk p

LlðBlrÞ
r pðl� 1Þ p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx

þ 2Qjhj2
Z
Blr

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:

By the use of Lemma 2.7, estimate (3.10) yields that

Z
Br

jDðVðDuÞj2 dxð3:11Þ

a
c

r pðl� 1Þ p
Z
Blr

ð1þ jDuj2Þ
p

2 dx

þ c
kuk p

LlðBlrÞ
ðl� 1Þ pr p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx

þ ~ccðp; n; n; lÞQ
Z
Blr

ð1þ jDuj2Þ
p�2
2 jD2uj2 dx:

The elementary inequality (2.4) yields that

Z
Br

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxa ~ccðp; n; n; lÞQ

Z
Blr

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxð3:12Þ

þ c

r pðl� 1Þ p
Z
Blr

ð1þ jDuj2Þ
p
2 dx

þ c
kuk p

LlðBlrÞ
ðl� 1Þ pr p

Z
BR

ð1þ jkðxÞjÞ pþ2 dx:
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Since previous estimate is valid for every l a ð1; 2Þ, choosing Q ¼ 1
2~cc , we can use

again the iteration Lemma 2.3 thus obtaining

Z
BR=2

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxð3:13Þ

a
c

R p

Z
BR

ð1þ jDuj2Þ
p

2 dxþ c

R p
kuk p

LlðBRÞ

Z
BR

ð1þ jkðxÞjÞ pþ2 dx:

By virtue of Theorem 2.8, we conclude with

Z
BR=2

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxð3:14Þ

a
c

R p

Z
BR

ð1þ jDuj2Þ
p
2 dx

þ c

R p

�Z
B2R

juj p dx
��Z

BR

ð1þ jkðxÞjÞ pþ2 dx
�
;

for a constant c ¼ cðn; p; n; l;LÞ.

Step 2. The approximation
Fix a compact set W 0

TW, and for a smooth kernel f a Cl
c ðB1ð0ÞÞ with fb 0

and

Z
B1ð0Þ

f ¼ 1, let us consider the corresponding family of mollifiers ðfeÞe>0 and

put

ke :¼ k � fe

and

feðx; xÞ :¼ f ðx; xÞ � fe ¼
Z
B1

fðoÞ f ðxþ eo; xÞ doð3:15Þ

on W 0 for each positive e < distðW 0;WÞ. Note that

Dx feðx; xÞ :¼ Dx f ðx; xÞ � fe ¼
Z
B1

fðoÞDx f ðxþ eo; xÞ do:

One can easily check that the assumptions (F1)–(F3) imply

1

L
jxj p a feðx; xÞaLð1þ jxj pÞðA1Þ

jDx feðx; xÞ �Dx feðx; hÞja ljx� hjð1þ jxj2 þ jhj2Þ
p�2
2ðA2Þ

3Dx feðx; xÞ �Dx feðx; hÞ; x� h4b nð1þ jxj2 þ jhj2Þ
p�2
2 jh� xj2:ðA3Þ
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Moreover, by virtue of assumption (F4), we have that

jDx feðx; xÞ �Dx feðy; xÞja ðjkeðxÞj þ jkeðyÞjÞjx� yjð1þ jxj p�1Þ :ðA4Þ

for almost every x; y a W and for all x; h a Rn. For further needs we record that,
since k a L

pþ2
loc ðWÞ,

ke ! k strongly in a L
pþ2
loc ðW 0Þð3:16Þ

and, since Dx feðx;DuÞ a L
p

p�1

loc ðW
0Þ, that

Dx feðx;DuÞ ! Dx f ðx;DuÞ strongly in a L
p

p�1

loc ðW
0Þ:ð3:17Þ

Let u be a local minimizer of the functional (1.1) and let fix a ball BR TW 0. Let us
denote by ue a W 1;pðBRÞ the unique minimizer of the functional

Feðv;BRÞ :¼
Z
BR

feðx;DvÞ dx

under the boundary condition

v ¼ u on qBR:

Using j ¼ ue � u as test function in the Euler Lagrange equation of the func-
tionals Feðv;BRÞ and Fðv;WÞ, we have

Z
BR

3Dx feðx;DueÞ;Du�Due4 dx ¼
Z
BR

3Dx f ðx;DuÞ;Du�Due4 dx ¼ 0:ð3:18Þ

Inequality (A3) yields

n

Z
BR

ð1þ jDuj2 þ jDuej2Þ
p�2
2 jDu�Duej2 dxð3:19Þ

a

Z
BR

3Dx feðx;DueÞ �Dx feðx;DuÞ;Du�Due4 dx

¼
Z
BR

3Dx f ðx;DuÞ �Dx feðx;DuÞ;Du�Due4 dx

a

�Z
BR

jDx f ðx;DuÞ �Dx feðx;DuÞj
p

p�1 dx
�p�1

p
�Z

BR

jDu�Duej p dx
�1

p

;

where we used the equality (3.18) and Hölder’s inequality. Since pb 2, by well
known means, from estimate (3.19) we deduce

Z
BR

jDu�Duej p dxa c

Z
BR

jDx f ðx;DuÞ �Dx feðx;DuÞj
p

p�1 dx:
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Taking the limit as e ! 0 in previous inequality and recalling (3.17), we deduce
that ue converges strongly to u in W 1;pðBRÞ and therefore a.e. in BR for a not
relabeled subsequence.

It is well known that ð1þ jDuej2Þ
p�2
4 D2ue a L2

locðBRÞ and, since fe satisfies con-
ditions (F1)–(F4), we are legitimate to apply estimate (3.14) to get

Z
Br=4

ð1þ jDuej2Þ
p�2
2 jD2uej2 dxð3:20Þ

a
c

r p

Z
Br=2

ð1þ jDuej2Þ
p

2 dx

þ c

r p

�Z
Br

juej p dx
��Z

Br=2

ð1þ jkeðxÞjÞ pþ2 dx
�
;

for every ball Br TBR. The strong convergence of ue to u in W 1;pðBRÞ allows us
to pass to the limit in (3.20) and by virtue of the Fatou’s Lemma and by (3.16),
we get

Z
Br=4

ð1þ jDuj2Þ
p�2
2 jD2uj2 dxa c

r p

Z
Br=2

ð1þ jDuj2Þ
p
2 dx

þ c

r p

�Z
Br

juj p dx
��Z

Br=2

ð1þ jkðxÞjÞ pþ2 dx
�
;

i.e. the conclusion. r
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