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Abstract. — For a general one-sided nonautonomous dynamics defined by a sequence of linear

operators, we consider the notion of an exponential dichotomy with respect to a sequence of norms
and we characterize it completely in terms of the admissibility of bounded solutions. As a nontrivial

application, we establish the robustness of the notion under su‰ciently small parameterized pertur-
bations. Moreover, we show that if the perturbations are Lipschitz or of class C 1 on the parameter,

then the same happens to the projections onto the stable spaces of the perturbation.
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1. Introduction

We consider the notion of an exponential dichotomy with respect to a sequence
of norms for a one-sided nonautonomous dynamics defined by a sequence of lin-
ear operators. More precisely, given a sequence ðAmÞm AN of linear operators act-
ing on a Banach space X , we consider the dynamics

vm ¼ Am�1 . . .Anvn for mb nb 1:

The notion of an exponential dichotomy, essentially introduced by Perron in [8],
plays a central role in the theory of dynamical systems. Essentially, it corresponds
to assume the existence of complementary spaces on which we have either uni-
form contraction or uniform expansion, with respect to a given norm or norms
on the Banach space.

The classical notion of a (uniform) exponential dichotomy essentially corre-
sponds to consider a single norm, but this need not always be the case. For exam-
ple, let f : M ! M be a di¤eomorphism of a smooth Riemannian manifold M.
Each tangent map

dx f : TxM ! Tf ðxÞM

is a linear operator between TxM and Tf ðxÞM. Now let k � kx be the norm induced
by the Riemannian metric on TxM. Writing Xn ¼ Tf nðxÞM for n a N, the map
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df nðxÞ f is a linear operator

An : ðXn; k � k0
nÞ ! ðXnþ1; k � k0

nþ1Þ;

where k � k0
n ¼ k � kf nðxÞ. Identifying all tangent spaces with the same Euclidean

space X ¼ Rn, where n is the dimension of M, we obtain a sequence of linear
operators

An : ðX ; k � k0
nÞ ! ðX ; k � k0

nþ1Þ:

So the notion of a (uniform) exponential dichotomy for the nonautonomous dy-
namics defined by the maps An ¼ df nðxÞ f must use the sequence of norms k � k0

n

instead of a single norm.
On the other hand, our work allows considering arbitrary sequences of norms.

For example, if we consider a sequence of Lyapunov norms, then we recover the
notion of a nonuniform exponential dichotomy (we refer the reader to [2] for the
definitions). A principal motivation for the last notion is that in the context of
ergodic theory almost all linear nonautonomous dynamics obtained from the de-
rivative cocycle of a smooth map preserving a finite measure admit a nonuniform
exponential dichotomy whenever all corresponding Lyapunov exponents are non-
zero. Thus, our work allows considering in a unified manner both uniform and
nonuniform exponential behaviors.

Our main aim is to characterize completely the notion of an exponential
dichotomy with respect to a sequence of norms in terms of the admissibility of
bounded solutions. The study of admissibility goes back to Perron in [8] and re-
ferred originally to the existence of bounded solutions of the equation

x 0 ¼ AðtÞxþ f ðtÞ

in Rn for any bounded continuous function f : Rþ
0 ! Rn. It turns out that this

property can be used to deduce the stability or the conditional stability under
su‰ciently small perturbations of a linear equation. There is an extensive litera-
ture concerning the relation between admissibility and stability, also in infinite-
dimensional spaces. For a detailed list of references, we refer the reader to the
book by Chicone and Latushkin [4] and for more recent work to Huy [5]. More-
over, we refer to [1] for related results on Z.

As a nontrivial application of its characterization, we establish the robustness
of the notion of an exponential dichotomy with respect to a sequence of norms
under su‰ciently small parameterized perturbations

vmþ1 ¼ Amvm þ BmðlÞvm:

Moreover, we show that if the perturbations are Lipschitz or C1 on the param-
eter, then the same happens to the projections onto the stable spaces of the per-
turbation. In the special case of C1 parameterized perturbations and uniform
exponential dichotomies, the robustness was first established in [3] although with
a much longer proof based on the use of fixed point problems.
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In the case of continuous time, Johnson and Sell [6] considered exponential
dichotomies on R (in a finite-dimensional space) and showed that for Ck pertur-
bations (including for k ¼ l and k ¼ o), if the perturbation and its derivatives
in l are bounded and equicontinuous (in the parameter), then the projections are
of class Ck in l. Palmer [7] considered the same problem for exponential dichot-
omies on Rþ and showed that by fixing the null space, for each k a N the projec-
tions are of class Ck and have bounded Lipschitz derivatives in l, provided that
the perturbation has the same property. See [9] for further developments.

2. Preliminaries

Let X ¼ ðX ; k � kÞ be a Banach space and let BðXÞ be the set of all bounded lin-
ear operators from X to X . Moreover, let k � km, for m a N, be a sequence of
norms on X such that k � km is equivalent to k � k for each m. Given a sequence
ðAmÞm ANHBðX Þ, we define

Aðm; nÞ ¼ Am�1 . . .An if m > n;

Id if m ¼ n:

�

We say that ðAmÞm AN admits an exponential dichotomy with respect to the
sequence of norms k � km if:

1. there exist projections Pm for m a N satisfying

AmPm ¼ Pmþ1Am; m a N;ð1Þ

such that each map Am j kerPm : kerPm ! kerPmþ1 is invertible;
2. there exist constants l;D > 0 such that for every x a X and m; n a N we

have

kAðm; nÞPnxkm aDe�lðm�nÞkxkn for mb nð2Þ

and

kAðm; nÞQnxkm aDe�lðn�mÞkxkn for ma n;ð3Þ

where Qm ¼ Id� Pm and

Aðn;mÞ ¼ ðAðm; nÞ j kerPnÞ�1 : kerPm ! kerPn

for n < m.

Now let Y be the set of all sequences x ¼ ðxmÞm AN, with xm a X for m a N,
such that

kxkl :¼ sup
m AN

kxmkm < þl:
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We note that ðY ; k � klÞ is a Banach space. Moreover, let Y0 be the set of all
x a Y such that x1 ¼ 0 and given a closed subspace ZHX , let YZ be the set of
all x a Y such that x1 a Z. Clearly, Y0 and YZ are closed subspaces of Y .

We consider the linear operator TZ : DðTZÞ ! Y0 defined by

ðTZxÞ1 ¼ 0 and ðTZxÞmþ1 ¼ xmþ1 � Amxm for m a N;

on the domain DðTZÞ composed of those vectors x a YZ such that TZx a Y0. We
note that TZ is closed. Indeed, let ðxkÞk AN be a sequence in DðTZÞ converging to
x a YZ such that TZx

k converges to y a Y0. Then

xmþ1 � Amxm ¼ lim
k!þl

ðxk
mþ1 � Amx

k
mÞ ¼ lim

k!þl
ðTZx

kÞmþ1 ¼ ymþ1

for m a N. This shows that TZx ¼ y and x a DðTZÞ. Therefore, the operator TZ

is closed.
For x a DðTZÞ we consider the graph norm

kxkTZ
¼ kxkl þ kTZxkl:

Since TZ is closed, ðDðTZÞ; k � kTZ
Þ is a Banach space. Moreover, the operator

TZ : ðDðTZÞ; k � kTZ
Þ ! Y0ð4Þ

is bounded and, for simplicity, from now on we denote it simply by TZ. In this
paper we study the relation between exponential dichotomies and the invertibility
of the operators TZ.

3. Characterization of exponential dichotomies

Our first result ensures that in the presence of an exponential dichotomy at least
one of the operators TZ is invertible.

Theorem 1. If the sequence ðAnÞn AN admits an exponential dichotomy with
respect to the sequence of norms k � km, then for the closed subspace Z ¼ ImQ1

the operator TZ is invertible.

Proof. We first establish the injectivity of TZ. Assume that TZx ¼ 0 for some
x a YZ. Then xm ¼ Aðm; 1Þx1 for m a N. Hence, it follows from (3) that

kQ1x1k1 ¼ kAð1; nÞQnxnk1 aDe�lðn�1Þkxnkn aDe�lðn�1Þkxkl
for n a N. Letting n ! l yields that x1 ¼ Q1x1 ¼ 0 and hence x ¼ 0. Therefore,
TZ is injective.

Now we show that TZ is onto. Take a sequence y ¼ ðymÞm AN a Y0. For
m a N we define

xm ¼
Xm
k¼1

Aðm; kÞPk yk �
Xl

k¼mþ1

Aðm; kÞQk yk:
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It follows from (2) and (3) that

kxmkm aD
Xm
k¼1

e�lðm�kÞkykkk þD
Xl

k¼mþ1

e�lðk�mÞkykkk

aD
1þ e�l

1� e�l
kykl

for m a N (in particular, xm is well defined). Therefore, x ¼ ðxmÞm AN belongs
to Y . Moreover, it is straightforward to verify that TZx ¼ y. This completes the
proof of the theorem. r

Now we establish the converse of Theorem 1.

Theorem 2. If for some closed subspace ZHX the operator TZ is invertible,
then the sequence ðAmÞm AN admits an exponential dichotomy with respect to the
sequence of norms k � km.

Proof. Let ZHX be a closed subspace such that the operator TZ is invertible.
For each n a N, let

XðnÞ ¼ x a X : sup
mbn

kAðm; nÞxkm < þl

� �
and ZðnÞ ¼ Aðn; 1ÞZ:

Clearly, X ðnÞ and ZðnÞ are subspaces of X .

Lemma 1. For n a N, we have

X ¼ X ðnÞaZðnÞ:ð5Þ

Proof of the lemma. We first take n > 1. Given v a X , we define a sequence
y ¼ ðymÞm AN by yn ¼ v and ym ¼ 0 for mA n. Clearly, y a Y0. Hence, there
exists x a YZ such that TZx ¼ y. That is,

xn � An�1xn�1 ¼ vð6Þ

and

xmþ1 ¼ Amxm for mA n� 1:ð7Þ

It follows from (7) that

xm ¼ Aðm; nÞxn for mb n; and An�1xn�1 ¼ Aðn; 1Þx1:

Since x a YZ, we conclude that

xn a X ðnÞ and An�1xn�1 a ZðnÞ:
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Finally, by (6), we have v a X ðnÞ þ ZðnÞ. Now let v a X ðnÞBZðnÞ and take
z a Z such that v ¼ Aðn; 1Þz. Let zm ¼ Aðm; 1Þz for m a N. Clearly, z ¼
ðzmÞm AN a YZ and TZz ¼ 0. Since the operator TZ is invertible, we conclude
that z ¼ 0 and thus v ¼ 0. This shows that (5) holds for n > 1.

Now we establish (5) for n ¼ 1. Take v a X and consider the sequences

x1 ¼ ðv; 0; 0; . . .Þ and y1 ¼ ð0;�A1v; 0; 0; . . .Þ:ð8Þ

We have

x1
mþ1 � Amx

1
m ¼ y1mþ1 for m a N:

Moreover, since y1 a Y0, there exists x
2 a YZ such that TZx

2 ¼ y1 and

x1
m � x2

m ¼ Aðm; 1Þðv� x2
1Þ

for m a N. Therefore, v� x2
1 a Xð1Þ and v a Xð1Þ þ Z. Now take v a X ð1ÞBZ

and let vm ¼ Aðm; 1Þv for m a N. Clearly, v ¼ ðvmÞm AN a YZ and TZv ¼ 0. Since
TZ is invertible, we have v ¼ 0 and thus v ¼ 0. r

Let Pn : X ! XðnÞ and Qn : X ! ZðnÞ be the projections associated to the
decomposition in (5), with Pn þQn ¼ Id. It follows readily from the definitions
that (1) holds.

Lemma 2. There exists M > 0 such that

kP1vk1 aMkvk1 for v a X :ð9Þ

Proof of the lemma. Using the notation in the proof of the previous lemma,
we have

kQ1vk1 ¼ kx2
1k1 a kx2kTZ

a kT�1
Z k � ky1kl ¼ kT�1

Z k � kA1vk2

for v a X . Since A1 is bounded and the norms k � k1 and k � k2 are equivalent,
there exists a constant C > 0 such that kA1vk2 aCkvk1 for v a X . Therefore,
(9) holds taking M ¼ 1þ CkT�1

Z k. r

Lemma 3. The linear operator An j kerPn : kerPn ! kerPnþ1 is invertible for
each n a N.

Proof of the lemma. We first obtain the injectivity of the operator. Assume
that Anv ¼ 0 for v a kerPn ¼ ZðnÞ and take z a Z such that v ¼ Aðn; 1Þz. More-
over, let xm ¼ Aðm; 1Þz for m a N. Then x ¼ ðxmÞm AN a YZ and TZx ¼ 0. Since
TZ is invertible, we conclude that x ¼ 0 and thus v ¼ 0.

In order to show that the operator is onto, take v a kerPnþ1 ¼ Zðnþ 1Þ and
z a Z such that v ¼ Aðnþ 1; 1Þz. Clearly, w ¼ Aðn; 1Þz a kerPn and Anw ¼ v.
This shows that An j kerPn is onto. r
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Now we obtain the bounds in (2) and (3). Take n > 1 and v a X . More-
over, let x and y be as in the proof of Lemma 1. We define a family of linear
operators

BðzÞ : ðDðTZÞ; k � kTZ
Þ ! Y0

for zb 1 by

ðBðzÞnÞ1 ¼ 0 and ðBðzÞnÞmþ1 ¼
znmþ1 � Amnm if 1am < n;
1
z
nmþ1 � Amnm if mb n:

�

Clearly, Bð1Þ ¼ TZ and

kðBðzÞ � TZÞnkl a ðz� 1ÞknkTZ

for n a DðTZÞ and zb 1. Hence, BðzÞ is invertible whenever 1a z <
1þ 1=kT�1

Z k, in which case

kBðzÞ�1ka 1

kT�1
Z k�1 � ðz� 1Þ

:

Now take t a ð0; 1Þ such that 1=t < 1þ 1=kT�1
Z k and let z a YZ be the unique

element such that Bð1=tÞz ¼ y. Writing

D 0 ¼ 1

kT�1
Z k�1 � ð1=t� 1Þ

;

we obtain

kzkl a kzkTZ
¼ kBð1=tÞ�1ykTZ

aD 0kykl ¼ D 0kvkn:

For each m a N, let x�
m ¼ tjm�nj�1zm and x� ¼ ðx�

mÞm AN. Clearly, x
� a YZ. It is

easy to verify that TZx
� ¼ y and hence x� ¼ x. Thus,

kxmkm ¼ kx�
mkm ¼ tjm�nj�1kzmkm a

D 0

t
tjm�njkvknð10Þ

for m a N. On the other hand, it was shown in the proof of Lemma 1 that
Pnv ¼ xn and Qnv ¼ �An�1xn�1. Hence, it follows from (7) and (10) that

kAðm; nÞPnvkm ¼ kAðm; nÞxnkmð11Þ

¼ kxmkm a
D 0

t
tm�nkvkn

¼ D 0

t
eðm�nÞ log tkvkn

241nonuniform hyperbolicity and one-sided admissibility



for mb n > 1. Now take n ¼ 1. For each m > 1 and v a X , we have

kAðm; 1ÞP1vkm ¼ kAðm; 2ÞP2A1vkm a
D 0

t
eðm�2Þ log tkA1vk2:

Therefore,

kAðm; 1ÞP1vkm a
CD 0

t2
eðm�1Þ log tkvk1ð12Þ

for v a X and m > 1, with C > 0 as in the proof of Lemma 2. It follows from (9)
that (12) also holds when m ¼ 1. Similarly, it follows from (7) and (10) that

kAðm; nÞQnvkm a
D 0

t
eðn�mÞ log tkvknð13Þ

for v a X and m < n with n > 1. By (11), (12) and (13), we conclude that there
exists D > 0 such that (2) and (3) hold taking l ¼ log t. In other words, the se-
quence ðAmÞm AN admits an exponential dichotomy with respect to the sequence
of norms k � km. r

4. Parameterized robustness I

As an application of the characterization of the notion of an exponential dichot-
omy given by Theorems 1 and 2, we establish the robustness of the notion under
su‰ciently small parameterized perturbations. More precisely, we consider per-
turbations that are Lipschitz on the parameter.

Let I be a Banach space (the parameter space) and let Bn : I ! BðXÞ, for
n a N, be continuous functions.

Theorem 3. Assume that the sequence ðAmÞm AN admits an exponential dichot-
omy with respect to a sequence of norms k � km and that there exist c; d > 0 such
that

kBmðlÞxkmþ1 a ckxkmð14Þ

and

kðBmðlÞ � BmðmÞÞxkmþ1 a dkl� mk � kxkmð15Þ

for m a N, x a X and l; m a I . If c is su‰ciently small, then for each l a I the
sequence ðAm þ BmðlÞÞm AN admits an exponential dichotomy with respect to the
sequence of norms k � km. In addition, one can choose the projections Pm;l onto
the stable spaces so that the map l 7! Pm;l is locally Lipschitz for each m a N.

Proof. By Theorem 1, there exists a closed subspace ZHX such that the
operator TZ in (4) is invertible. For each l a I we consider the sequence
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ðAm þ BmðlÞÞm AN and the associated operator TZ;l. It follows from (14) that

kðTZ;l � TZÞxkl ¼ sup
m AN

kBmðlÞxmkmþ1 a ckxkla ckxkTZ
ð16Þ

for x a YZ and l a I . Hence, the domain of the operator TZ;l is DðTZÞ for l a I .
Furthermore, the operator TZ;l : ðDðTZÞ; k � kTZ

Þ ! Y0 is bounded. When c is
su‰ciently small, it follows from (16) that TZ;l is also invertible and thus, the
sequence ðAm þ BmðlÞÞm AN admits an exponential dichotomy with respect to the
sequence of norms k � km. In addition, it follows from the proof of Lemma 1 that
the associated projections Pm;l can be chosen so that

P1;lv ¼ v� ðT�1
Z;ly

1Þ1 and Pm;lv ¼ ðT�1
Z;lyÞm for m > 1;ð17Þ

with the sequence y1 as in (8).
Before proceeding we establish an auxiliary result.

Lemma 4. The map l 7! TZ;l is Lipschitz.

Proof of the lemma. It follows from (15) that

kðTZ;l � TZ;mÞxkl ¼ sup
m AN

kðBmðlÞ � BmðmÞÞxmkmþ1

a dkl� mk sup
m AN

kxmkm

a dkl� mk � kxkTZ

for x a DðTZÞ and l; m a I . Hence,

kTZ;l � TZ;mka dkl� mk;

and the desired result follows. r

Now take m > 1 and l a I . It follows from Lemma 4 that

kðTZ;m � TZ;lÞT�1
Z;lk < 1ð18Þ

whenever m is su‰ciently close to l. By (17), we have

kPm;lv� Pm;mvkm ¼ kððT�1
Z;l � T�1

Z;mÞyÞmkm
a kðT�1

Z;l � T�1
Z;mÞykl

a kðT�1
Z;l � T�1

Z;mÞykTZ

a kT�1
Z;l � T�1

Z;mk � kykl
¼ kT�1

Z;l � T�1
Z;mk � kvkm
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for v a X . On the other hand, for any m satisfying (18) we have

kT�1
Z;l � T�1

Z;mka
kT�1

Z;lk
2kTZ;l � TZ;mk

1� kT�1
Z;lk � kTZ;l � TZ;mk

:

Hence, by (17),

kPm;lv� Pm;mvkm a
kT�1

Z;lk
2kTZ;l � TZ;mk

1� kT�1
Z;lk � kTZ;l � TZ;mk

� kvkm

for v a X . Since the norms k � km and k � k are equivalent, we conclude that the
map l 7! Pm;l is locally Lipschitz.

Finally, we consider the case when m ¼ 1. Take l a I . It follows from (17)
that

kP1;lv� P1;mvk1 ¼ kððT�1
Z;l � T�1

Z;mÞy1Þ1k1
a kðT�1

Z;l � T�1
Z;mÞy1kl

a kðT�1
Z;l � T�1

Z;mÞy1kTZ

a kT�1
Z;l � T�1

Z;mk � ky1kl
¼ kT�1

Z;l � T�1
Z;mk � kA1vk2

for v a X . Hence, for any m for which (18) holds we have

kP1;lv� P1;mvk1 a
kT�1

Z;lk
2kTZ;l � TZ;mk

1� kT�1
Z;lk � kTZ;l � TZ;mk

kA1vk2

for v a X . Since the norms k � k1 and k � k2 are equivalent to k � k, we con-
clude that the map l 7! P1;l is locally Lipschitz. This completes the proof of the
theorem. r

5. Parameterized robustness II

In this section we establish a smooth version of the parameterized robustness
result in Theorem 3. In particular, we establish the smooth dependence of the
projections on the parameter.

Let I be a Banach space and let Bn : I ! BðXÞ, for n a N, be di¤erentiable
functions.

Theorem 4. Assume that the sequence ðAmÞm AN admits an exponential dichot-
omy with respect to a sequence of norms k � km and that:

1. there exist c; d > 0 such that

kBmðlÞxkmþ1 a ckxkm
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and

k½B 0
mðlÞm�xkmþ1 a dkmk � kxkmð19Þ

for m a N, l; m a I and x a X;
2. given l a I and e > 0, there exists d > 0 such that for any l 0 a I satisfying

kl� l 0ka d we have

kð½B 0
mðlÞ � B 0

mðl
0Þ�mÞxkmþ1 a ekmk � kxkmð20Þ

for m a N, m a I and x a X.

If c is su‰ciently small, then for each l a I the sequence ðAm þ BmðlÞÞm AN admits
an exponential dichotomy with respect to the sequence of norms k � km. In addi-
tion, one can choose the projections Pm;l onto the stable spaces so that the map
l 7! Pm;l is of class C

1 for each m a N.

Proof. By Theorem 3, if c is su‰ciently small, then for each l a I the sequence
ðAm þ BmðlÞÞm AN admits an exponential dichotomy with respect to the sequence
of norms k � km. Now we show that the projections can be chosen so that they de-
pend smoothly on the parameter. We shall use the same notation as in the proof
of Theorem 3. The key point in the argument is the following lemma.

Lemma 5. The map l 7! TZ;l is of class C
1.

Proof of the lemma. We construct explicitly the derivative of l 7! TZ;l

and show that it is continuous. We define a map G : I ! BðI ;BðDðTZÞ;Y0ÞÞ
by

ð½GðlÞm�nÞ1 ¼ 0 and ð½GðlÞm�nÞmþ1 ¼ �½B 0
mðlÞm�nm for m a N;

where BðX ;YÞ denotes the set of all bounded linear operators from X to Y . We
claim that GðlÞ : I ! BðDðTZÞ;Y0Þ is a well defined bounded linear operator.
The linearity is easy to check. On the other hand, by (19) we have

k½GðlÞm�nkl ¼ sup
m AN

k½B 0
mðlÞm�nmkmþ1 a dkmk � knkla dkmk � knkTZ

for m a I and n a YZ. Take e > 0 and d > 0 as in inequality (20). A simple com-
putation shows that

ð½TZ;l 0 � TZ;l � GðlÞðl 0 � lÞ�nÞ0 ¼ 0

and

ð½TZ;l 0 � TZ;l � GðlÞðl 0 � lÞ�nÞmþ1 ¼ ½BmðlÞ � Bmðl 0Þ þ B 0
mðlÞðl

0 � lÞ�nm
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for m a N. Since

Bmðl 0Þ � BmðlÞ � B 0
mðlÞðl

0 � lÞ

¼
�Z 1

0

½B 0
mðlþ tðl 0 � lÞÞ � B 0

mðlÞ� dt
�
ðl 0 � lÞ;

it follows from (20) that

k½TZ;l 0 � TZ;l � GðlÞðl 0 � lÞ�nkl

¼ sup
m AN

�Z 1

0

½B 0
mðlþ tðl 0 � lÞÞ � B 0

mðlÞ� dt
�
ðl 0 � lÞnm

����
����
mþ1

a ekl� l 0k � knkTZ

for n a DðTZÞ and l 0 a I such that kl� l 0ka d. Therefore,

kTZ;l 0 � TZ;l � GðlÞðl 0 � lÞk
kl� l 0k

a e

whenever kl� l 0ka d, which shows that GðlÞ is the derivative of the map
l 7! TZ;l.

In order to show that l 7! GðlÞ is continuous, take l a I and e > 0. More-
over, take d so that (20) holds. We have

kð½GðlÞ � Gðl 0Þ�mÞnkl ¼ sup
m AN

kð½B 0
mðlÞ � B 0

mðl
0Þ�mÞnmkmþ1

a ekmk � knkTZ

for m a I and n a DðTZÞ. Hence, kGðlÞ � Gðl 0Þka e whenever kl 0 � lka d,
which establishes the desired property. r

It follows from the lemma that the map l 7! T�1
Z;l is smooth. Now we consider

projections Pm;l as in (17). For m > 1, one can write Pm;l in the form Pm;l ¼
CmT

�1
Z;lDm, where Dm is a linear map taking v to y and Cm is a projection. This

shows that l 7! Pm;l is of class C1. One can argue in a similar manner for
m ¼ 1. r
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