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ABSTRACT. — For a general one-sided nonautonomous dynamics defined by a sequence of linear
operators, we consider the notion of an exponential dichotomy with respect to a sequence of norms
and we characterize it completely in terms of the admissibility of bounded solutions. As a nontrivial
application, we establish the robustness of the notion under sufficiently small parameterized pertur-
bations. Moreover, we show that if the perturbations are Lipschitz or of class C! on the parameter,
then the same happens to the projections onto the stable spaces of the perturbation.
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1. INTRODUCTION

We consider the notion of an exponential dichotomy with respect to a sequence
of norms for a one-sided nonautonomous dynamics defined by a sequence of lin-
ear operators. More precisely, given a sequence (A4,,),,. of linear operators act-
ing on a Banach space X, we consider the dynamics

Oom=Am_1... 40, form>n>1.

The notion of an exponential dichotomy, essentially introduced by Perron in [§],
plays a central role in the theory of dynamical systems. Essentially, it corresponds
to assume the existence of complementary spaces on which we have either uni-
form contraction or uniform expansion, with respect to a given norm or norms
on the Banach space.

The classical notion of a (uniform) exponential dichotomy essentially corre-
sponds to consider a single norm, but this need not always be the case. For exam-
ple, let f: M — M be a diffetomorphism of a smooth Riemannian manifold M.
Each tangent map

dxf: M — Tf(sc)M

is a linear operator between 7, M and T M. Now let || - ||, be the norm induced
by the Riemannian metric on 7, M. Writing X,, = Ty M for n € N, the map
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236 L. BARREIRA, D. DRAGICEVIC AND C. VALLS
dyn(x) f 1s a linear operator

Ay (X, || - ”:,) — (Xos1, || - H1/1+1)’

where ||| = |- || n(x)- 1dentifying all tangent spaces with the same Euclidean
space X = R”, where n is the dimension of M, we obtain a sequence of linear
operators

Ay (X ] - ||1/1) — (X, |- ”:H—l)
So the notion of a (uniform) exponential dichotomy for the nonautonomous dy-
namics defined by the maps A4, = d;u()f must use the sequence of norms || - I
instead of a single norm.

On the other hand, our work allows considering arbitrary sequences of norms.
For example, if we consider a sequence of Lyapunov norms, then we recover the
notion of a nonuniform exponential dichotomy (we refer the reader to [2] for the
definitions). A principal motivation for the last notion is that in the context of
ergodic theory almost all linear nonautonomous dynamics obtained from the de-
rivative cocycle of a smooth map preserving a finite measure admit a nonuniform
exponential dichotomy whenever all corresponding Lyapunov exponents are non-
zero. Thus, our work allows considering in a unified manner both uniform and
nonuniform exponential behaviors.

Our main aim is to characterize completely the notion of an exponential
dichotomy with respect to a sequence of norms in terms of the admissibility of
bounded solutions. The study of admissibility goes back to Perron in [8] and re-
ferred originally to the existence of bounded solutions of the equation

x'=A(t)x+ f(1)

in R” for any bounded continuous function f : Rj — R". It turns out that this
property can be used to deduce the stability or the conditional stability under
sufficiently small perturbations of a linear equation. There is an extensive litera-
ture concerning the relation between admissibility and stability, also in infinite-
dimensional spaces. For a detailed list of references, we refer the reader to the
book by Chicone and Latushkin [4] and for more recent work to Huy [5]. More-
over, we refer to [1] for related results on Z.

As a nontrivial application of its characterization, we establish the robustness
of the notion of an exponential dichotomy with respect to a sequence of norms
under sufficiently small parameterized perturbations

Umt1 = Amvm + Bm(/l)vm~

Moreover, we show that if the perturbations are Lipschitz or C' on the param-
eter, then the same happens to the projections onto the stable spaces of the per-
turbation. In the special case of C!' parameterized perturbations and uniform
exponential dichotomies, the robustness was first established in [3] although with
a much longer proof based on the use of fixed point problems.
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In the case of continuous time, Johnson and Sell [6] considered exponential
dichotomies on R (in a finite-dimensional space) and showed that for C* pertur-
bations (including for kK = oo and k = w), if the perturbation and its derivatives
in A are bounded and equicontinuous (in the parameter), then the projections are
of class C* in /. Palmer [7] considered the same problem for exponential dichot-
omies on R* and showed that by fixing the null space, for each k € N the projec-
tions are of class C* and have bounded Lipschitz derivatives in 1, provided that
the perturbation has the same property. See [9] for further developments.

2. PRELIMINARIES

Let X = (X,]| - ||) be a Banach space and let B(X) be the set of all bounded lin-
ear operators from X to X. Moreover, let | - ||, for m € N, be a sequence of
norms on X such that || - ||, is equivalent to | - || for each m. Given a sequence
(Am)pen < B(X), we define

Ap_1...4, if m>n,

,Q/(m,n):{ .
Id if m=n.

We say that (A4,,),,., admits an exponential dichotomy with respect to the
sequence of norms || - ||,, if:

1. there exist projections P, for m € N satisfying
(1) Aum = m+1Am7 me Na
such that each map 4,, | ker P, : ker P,, — ker P, is invertible;

2. there exist constants A, D > 0 such that for every x € X and m,n e N we
have

(2) ||.Z (m,n)Px]|,, < De """ | x|, form=>n
and
(3) |/ (m,n) Qux]|,, < De™""™|x|, form < n,

where Q,, = Id — P,, and
o (n,m) = (/ (m,n) | ker P,)"" : ker P,, — ker P,
for n < m.

Now let Y be the set of all sequences x = (x;,) with x,, € X for m e N,

such that

meN»>

1]l := sup [|xm]],, < +o0.
meN
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We note that (Y, || -||.,) is a Banach space. Moreover, let Y be the set of all
x € Y such that x; = 0 and given a closed subspace Z < X, let Y, be the set of
all x € Y such that x; € Z. Clearly, Y, and Y, are closed subspaces of Y.

We consider the linear operator T : 2(T,) — Y, defined by

(TZX)l =0 and (TZX),,H_] = Xyt — ApXyy  form e N,

on the domain 2(7T,) composed of those vectors x € Y such that T,x € Y. We
note that T is closed. Indeed, let (x¥), _ be a sequence in Z(T) converging to
x € Y7 such that 7,x* converges to y € Y;. Then

k k : k
X1 — AmXm = (xm+1 - Amxm) = khIR (TZX )m+1 = Vm+l1

lim
k—+o0 o0
for m € N. This shows that T,x =y and x € Z(T). Therefore, the operator 7
is closed.
For x € Z(T,) we consider the graph norm

IXll7, =[xl + [1Tzx]|..
Since 77 is closed, (Z(T7), || - ||z,) is a Banach space. Moreover, the operator
(4) Tz :(2(Tz), |- lIz,) = Yo

is bounded and, for simplicity, from now on we denote it simply by 7'z. In this
paper we study the relation between exponential dichotomies and the invertibility
of the operators T’.

3. CHARACTERIZATION OF EXPONENTIAL DICHOTOMIES

Our first result ensures that in the presence of an exponential dichotomy at least
one of the operators 7 is invertible.

THEOREM 1. If the sequence (A,),.n admits an exponential dichotomy with
respect to the sequence of norms || -||,,, then for the closed subspace Z =Im Q,
the operator Ty is invertible.

m?

PrROOF. We first establish the injectivity of 7z. Assume that 7,x = 0 for some
x € Y. Then x,, = .o/(m, 1)x for m € N. Hence, it follows from (3) that

1011l = [ (1,7) Quxally < De* V| x], < De™ " Vx|l
for n € N. Letting n — oo yields that x; = Q;x; = 0 and hence x = 0. Therefore,
T is injective.

Now we show that T, is onto. Take a sequence y = (y,)
m € N we define

n € Yo. For

me

m [e¢]

X =D A (m ) Pey— Y A (m, k) Oy
k=1 k=m+1
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It follows from (2) and (3) that

126 | —Dze 0 el + D Z e iy
k=m+1

1—|—e*i
<Di—= vl

for m e N (in particular, x,, is well defined). Therefore, x = (x,,),,., belongs
to Y. Moreover, it is straightforward to verify that 7,x = y. This completes the
proof of the theorem. O

Now we establish the converse of Theorem 1.

THEOREM 2. If for some closed subspace Z — X the operator Ty is invertible,
then the sequence (Ay,),,.n admits an exponential dichotomy with respect to the
sequence of norms || - || ,,-

PROOF. Let Z = X be a closed subspace such that the operator 7 is invertible.
For eachn e N, let

X(n) = {x € X : sup ||/ (m,n)x||,, < +oo} and Z(n) = n,1)Z

m=n
Clearly, X (n) and Z(n) are subspaces of X.

LEMMA 1. Forn e N, we have

(5) X =X(n)®Zn).

PROOF OF THE LEMMA. We first take n > 1. Given v € X, we define a sequence

Y= (Vm)pen bY ¥u» =v and y, =0 for m # n. Clearly, y € ¥;. Hence, there
exists x € Yz such that T,x =y. That is,

(6) Xp— Ap1Xn-1 =0
and
(7) Xmal = Amx,, form #n—1.

It follows from (7) that
Xm = (m,n)x, form=n, and A, 1x,.1=4(n1)x
Since x € Y, we conclude that

X, € X(n) and A, 1x,_1 € Z(n).
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Finally, by (6), we have v € X(n) + Z(n). Now let v e X(n) nZ(n) and take
ze Z such that v=./(n,1)z. Let z, =.o/(m,1)z for m e N. Clearly, z =
(Zm)en € Yz and Tzz = 0. Since the operator T is invertible, we conclude
that z = 0 and thus v = 0. This shows that (5) holds for n > 1.

Now we establish (5) for n = 1. Take v € X and consider the sequences

(8) x!' = (0,0,0,...) and y'=(0,—4,1,0,0,...).

We have

1

1 _ 1
il — AmX,, = V. forme N.

X
Moreover, since y! € Y, there exists x> € Y such that 7,x> =y' and

x = x2 =/ (m,1)(v— x7)

m m

for m € N. Therefore, v — x7 € X(1) and v € X(1) + Z. Now take ve X(1)nZ
and let v,, = o/(m, 1)v for m € N. Clearly, v = (v,),,.n € Yz and Tzv = 0. Since
T, is invertible, we have v = 0 and thus v = 0. O

Let P,: X — X(n) and Q,: X — Z(n) be the projections associated to the
decomposition in (5), with P, + @, = Id. It follows readily from the definitions
that (1) holds.

LEMMA 2. There exists M > 0 such that
9) IPioll, < Mloll, forve X.

PROOF OF THE LEMMA. Using the notation in the proof of the previous lemma,
we have

10wl = Il < Ix%M7, < 1T Wyl = 1211 Aol
for v € X. Since A, is bounded and the norms || - ||, and || - ||, are equivalent,
there exists a constant C > 0 such that ||4;v]|, < C|lv||, for v € X. Therefore,
(9) holds taking M = 1+ C||T,"|. O

LEmMMA 3. The linear operator A,|ker P, : ker P, — ker P, is invertible for
each n € N.

PROOF OF THE LEMMA. We first obtain the injectivity of the operator. Assume
that 4,0 = 0 for v € ker P, = Z(n) and take z € Z such that v = .&/(n, 1)z. More-
over, let x,, = .o/(m, 1)z for m € N. Then X = (x,),,. € Yz and Tzx = 0. Since
T is invertible, we conclude that x = 0 and thus v = 0.

In order to show that the operator is onto, take v € ker P, = Z(n+ 1) and
z € Z such that v = .&/(n+ 1,1)z. Clearly, w = <Z/(n, 1)z € ker P, and A,w = v.
This shows that 4, | ker P, is onto. O
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Now we obtain the bounds in (2) and (3). Take n > 1 and v € X. More-
over, let x and y be as in the proof of Lemma 1. We define a family of linear
operators

B(z) : (2(T2), || - I,,) — Yo
forz > 1 by

V1 — Ay if 1 <m < n,

(B(Z)v)l =0 and (B(Z)v)m-H = { %Vm-'rl — Amvm if m > n.

Clearly, B(1) = Tz and
1(B(z) = T2)vll,. < (z = Dvllz,

for ve 9(T;) and z>1. Hence, B(z) is invertible whenever 1 <:z<
1+ 1/|| T, in which case

1
17217 = (2= 1)

I1B(z)"'|l <
Now take ¢ € (0,1) such that 1/t <1+ 1/||T;!|| and let z € Y7 be the unique
element such that B(1/7)z = y. Writing

D' = !
[V VIR

we obtain
-1
Izll, < llzll, = 11B(1/O) " yllz, < D'llyll, = D'llvll,-

For each m e N, let x}, = " "71z,, and x* = (x},),,.n- Clearly, x* € Yz. It is
easy to verify that T,x* =y and hence x* = x. Thus,

|- D,
(10) Pl = 153y = 87 2l < 07,

for m € N. On the other hand, it was shown in the proof of Lemma 1 that
P,v = x, and Q,v = —A4,_1x,-1. Hence, it follows from (7) and (10) that

(11) ”‘Q/(m?n)PnUHm = ||,saf(m,n)xn||m
!

= [y < ="l

D/
g —e<

m—n) logt”
t

oll,
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form >n > 1. Now take n = 1. For each m > 1 and v € X, we have
DI
i/, 1)Proll, = [/, 2)Pa Ayl < =202 Ao,

Therefore,

/

cp'
(12) 17 (m, D) Pro]l,, < == jo]

for v e X and m > 1, with C > 0 as in the proof of Lemma 2. It follows from (9)
that (12) also holds when m = 1. Similarly, it follows from (7) and (10) that

!

D —n
(13) |- (m, n) Quol|,,, < 76(” D1E o],

for v e X and m < n with n > 1. By (11), (12) and (13), we conclude that there
exists D > 0 such that (2) and (3) hold taking /4 = logt. In other words, the se-
quence (A4,,),,. admits an exponential dichotomy with respect to the sequence
of norms || - |[,,,- O

4. PARAMETERIZED ROBUSTNESS [

As an application of the characterization of the notion of an exponential dichot-
omy given by Theorems 1 and 2, we establish the robustness of the notion under
sufficiently small parameterized perturbations. More precisely, we consider per-
turbations that are Lipschitz on the parameter.

Let I be a Banach space (the parameter space) and let B, : I — B(X), for
n € N, be continuous functions.

THEOREM 3. Assume that the sequence (A,,),, . admits an exponential dichot-

me

omy with respect to a sequence of norms || - ||,, and that there exist ¢,d > 0 such
that

(14) 1B (A)xl], 1 < cllx]],

and

(15) [(Bin(4) = B ) Xl|py1 < |2 = ] - [I¢]],,

formeN, xe X and 2,u e 1. If ¢ is sufficiently small, then for each 1 € I the
sequence (A + Bu(2)),,cn admits an exponential dichotomy with respect to the
sequence of norms || -||,,. In addition, one can choose the projections P, ; onto
the stable spaces so that the map /. — P, , is locally Lipschitz for each m € N.

ProOF. By Theorem 1, there exists a closed subspace Z — X such that the
operator T, in (4) is invertible. For each A€l we consider the sequence
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(Ap + By(A)),,cn and the associated operator Tz ;. It follows from (14) that

(16) (Tz.: = Tz)x|., = sup 1B ()Xl 1 < cllxll, < elix]lz,

meN

for x € Y, and 4 € I. Hence, the domain of the operator 7 , is Z(T,) for A € I.
Furthermore, the operator Tz ; : (Z(17),|| - Il,) — Yo is bounded. When c¢ is
sufficiently small, it follows from (16) that 7 ; is also invertible and thus, the
sequence (A, + By (4)),,cn admits an exponential dichotomy with respect to the
sequence of norms || - ||,,,. In addition, it follows from the proof of Lemma 1 that
the associated projections P, ; can be chosen so that

(17) Py ov=v— (TZ_yl/lyl)l and P, v = (TZ_,IJ.Y)m form > 1,

with the sequence y' as in (8).
Before proceeding we establish an auxiliary result.

LemMMA 4. The map /. — Ty ; is Lipschitz.

PROOF OF THE LEMMA. It follows from (15) that

I(Tz,;— TZ,#)X”oo = sup [|(Bn(4) — Bm(/‘))memH

meN

<d||2—ul sup [R |

me
<d|Z—ul- X,
for x € 9(T4) and 4, u € I. Hence,

1Tz, —

and the desired result follows. O
Now take m > 1 and A € I. It follows from Lemma 4 that
(18) 1(Tzu—Tz)T5) <1

whenever u is sufficiently close to 4. By (17), we have

1P, 30 = Pl = 10T = T2 3)¥)
< ||(TZI/L ZH)YH
< ||(TZI/L Zﬂ)ynn
<725~ Tzl
|

Tz =Tzl ||v||m
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for v € X. On the other hand, for any u satisfying (18) we have

2
Sl < T2 51Tz, = Tzull
T Tz = Tzl

172~

Hence, by (17),

—112
172511 Tz, = Tzull
T =T 1Tz = Tzl

||Pm.,2v_Pm/1 [l < [oll,,

for v € X. Since the norms || - ||,, and || - || are equivalent, we conclude that the
map A +— P, ; is locally Lipschitz.

Finally, we consider the case when m = 1. Take A € I. It follows from (17)
that

1P1 20 = Prolly = 1((TZ5 = T2,y il
< II(TzAE - Tz,,,)y [
< ||(TZ_.IZ - Tz_lﬂ)ylllrz

=T - z.ull : ||A1v||2
for v € X. Hence, for any x for which (18) holds we have

T 52Tz, = Tzl

[P0 = Pryoll; < 410l
” V=T Tz -
for v e X. Since the norms | -||, and | - ||, are equivalent to | -/, we con-
clude that the map 4+ Py ; is locally Lipschitz. This completes the proof of the
theorem. O

5. PARAMETERIZED ROBUSTNESS 11

In this section we establish a smooth version of the parameterized robustness
result in Theorem 3. In particular, we establish the smooth dependence of the
projections on the parameter.

Let 7 be a Banach space and let B, : I — B(X), for n € N, be differentiable
functions.

THEOREM 4. Assume that the sequence (A,),, .y admits an exponential dichot-
omy with respect to a sequence of norms || - ||,, and that:

1. there exist ¢,d > 0 such that

1B (A)x 1 < cllx]l,

m+
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and

(19) 1B (Dl < dllll - [1x1,,

formeN, L,uel andx e X,
2. given A el and ¢ > 0, there exists 6 > 0 such that for any A" € I satisfying
|4 —2"|| < we have

(20) 1185, (2) = By, ()]t X iy < el - NI,
formeN,uelandx e X.

If c is sufficiently small, then for each J. € I the sequence (A, + By(4)),, . admits
an exponential dichotomy with respect to the sequence of norms || -|,,. In addi-
tion, one can choose the projections P, ;, onto the stable spaces so that the map
A+ P, is of class C' for each m e N.

ProoF. By Theorem 3, if ¢ is sufficiently small, then for each A € I the sequence
(A + By(A)),,n admits an exponential dichotomy with respect to the sequence
of norms || - ||,,- Now we show that the projections can be chosen so that they de-
pend smoothly on the parameter. We shall use the same notation as in the proof
of Theorem 3. The key point in the argument is the following lemma.

LEMMA 5. The map J.— Tz, is of class C'.
PRrROOF OF THE LEMMA. We construct explicitly the derivative of A — T ;
and show that it is continuous. We define a map G: I — B(I,B(2(Ty), Yy))
by

(G, =0 and  (GAY),y = ~[By (v form e N,
where B(X, Y) denotes the set of all bounded linear operators from X to Y. We

claim that G(4) : I — B(2(Tz), Yo) is a well defined bounded linear operator.
The linearity is easy to check. On the other hand, by (19) we have

IGAm.. = sup 1By (A rdvmllmsr < dlladl - W] < dll] - [V,
me

for 4 e I and v € Y. Take ¢ > 0 and 6 > 0 as in inequality (20). A simple com-
putation shows that

[Ty, =Tz, — GA)(A = A)]v)y=0
and

[Tz = Tza = GA) A = D)y = [Bu(2) = Bu(2) + By, (A)(2 = A)vm
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for m € N. Since
Bu(2') = Bu(4) = By, (A) (2" = 2)
= ([ B0+ 1) - BRI )
it follows from (20) that

Tz, = Tz2 = G = AL,

|
= sup (| (BG4 12 = 1) = B () dr) 2 = 2y

<ella = AN 1Ivll,

m+1

for ve 2(Tz) and A" € I such that ||4

1Tz =Tz, = GG = A _
12 =2 -

whenever ||2— 4’| <J, which shows that G(4) is the derivative of the map
)\, — TZ,/l-

In order to show that A +— G(/) is continuous, take 4 € I and ¢ > 0. More-
over, take ¢ so that (20) holds. We have

I(1G(2) = GENwvll,, = sup 1((B,,(2) = By, (A1) Vil 1

meN

< ellul - Ivll7,

for we I and ve 2(Tz). Hence, ||G(1) — G(4')|| <& whenever ||1' — 4| <,
which establishes the desired property. O

It follows from the lemma that the map 4 — 7, L is smooth. Now we consider
prO]CCthIlS P, ; as in (17) For m > 1, one can write P, , in the form P,, ; =
CnT; "Dy, where D,, is a linear map taklng v toy and Cm is a projection. This
shows that A Py ; is of class C'. . One can argue in a similar manner for
m=1. m]
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