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ABSTRACT. — Under the same bounds on G,-constants and A4,-constants, the optimal exponents
for sharp inclusions between Gehring G,-class of weights and Muckenhoupt A,-class (1 < p,q < o)
are Holder conjugate, if p and ¢ are conjugate. This is a consequence of a representation theorem
of A, weights in terms of W "-biSobolev maps and a duality result between G, and A, classes in
dimension one. We prove also that sharp a priori bounds on constants correspond under the Holder
conjugate mapping ¢(1) = 5.
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1. INTRODUCTION

For a weight w on R”, i.e. for a locally integrable function w: R" — [0, +o0]
positive on a set of positive measure, we define the A,-constant of w, p > 1, as

(L.1) A,(w) = szpfgw(fgw_ﬁ)pl

where the supremum is taken over all cubes Q = R” with sides parallel to the
axes. Similarly, for a weight v on R" we define the G,-constant of v,q > 1, as

(1.2) Gy(v) = sup | ———

The class A, of weights w such that 4,(w) < co was introduced in 1972 by
B. Muckenhoupt [30] for a characterization of weighted L”-maximal inequalities
(see also [9]). He proved that, for w € 4, such that 4,(w) < A4, there exists p < p
such that w € 4, with p = p(n, p, A) and 4,(w) < C(n,p, p, A).

The class G, of weights v such that G,(v) < oo was introduced in 1973 by
F. W. Gehring in the study of L%-integrability of gradient of quasiconformal
mappings. He proved that, for v € G, with G,(v) < G, there exists r > ¢ such
that v € G, with r = r(n, ¢, G) and G,(v) < C(n,q,r, G).



288 L. D’ONOFRIO, A. POPOLI AND R. SCHIATTARELLA

We call p and r self-improvement exponents. In [37], [8], [22], [34] sharp self
improvement exponents where precisely determined for n = 1.
Notice that the condition G,(v) < o corresponds to a reverse Holder

inequality
1
( ][ vq)q <H ][ v
0 0

with the same support Q, for any cube Q < R”" and for a certain H > 1. Interest-
ing applications of such inequality to the solvability of the L”-Dirichlet problem
in the plane, in the sense of nontangential convergence and a priori L? estimates,
are obtained in [11], [12], [21] (see [40] for sharp results). Applications to reg-
ularity of quasiminima of the g-Dirichlet integral in one-dimension are described
in [15] (see [1], [28] for sharp results).

Note that, by Holder inequality

(1.3) if l <p<p<oo,thend,cAd,and 1< A4,(w) < A4,(w)
and
(1.4) if 1 <g<r<oo,then G, c G;and 1 < G,(v) < G,(v).

We are interested in the 4 ,-class of weights given by

(1.5) Ay =] 4,

p>1

and in the Gj-class of weights given by

(1.6) G =Ja,

q>1

A relation between Muckenhoupt and Gehring classes was established by
R. Coifman and C. Fefferman in 1974 (see [5]). Namely, they proved that

(1.7) A, = Gy.

In [19] the 4., -constant of weights was introduced

(1.8) Ay (w) = sgp][gwexp(][g log‘lv).

and the following result
weAd, iff A,(w)< oo

was proved.
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In [11], [12] R. Fefferman proved that a weight v belongs to G| = A, iff there
exists C > 1 such that, for any cube Q < R”

][vlogi SC][U
0 Yo 0

where vg = ][ v. This result suggested the introduction in [29] of the G|-constant
of v Q

v v
(1.9) Gi(v) =sup exp( + — log— ).
0 ( olo UQ>

As a consequence, we have
ve Gy iff Gi(v) < .

An important issue is to establish limit relations for 4,-constants as p — oo and
for G,-constants as ¢ — 1.

In [39] the formula
(1.10) Ay (w) = lim A,(w)

p—©
was established, while in [29] the formula

(1.11) G (v) = lin} G,(v)

P
was proved. We will give a simple proof of (1.11) relative to one dimensional case
(Section 2). The facts that G (v) is well related to G,-constants of v and A, (w) is
well related to 4,-constants of w, will be further analyzed also in connection with
recent work of [3], [24].

There are natural questions to find the sharp 4,-class for a weight w e 4,
and the sharp G,-class for a weight v € Gy, under suitable constraints. Let us
quote [10], [26], [27], [41] for recent works on sharp exponents and constants
in case n = 1. The question is: is anything missing in the exact relationships
obtained in the literature?

One of our results is that:

Forn =1, given G > 1, one can find the sharp exponent g; = o1(G) such that for
all v € G satisfying Gi(v) < G we have

ve A, Vo < ay.

This was a missing result from literature [3], [24].
Before stating Theorem 1.1, we give some definitions.
For ¢ > 1, G > 1, let us introduce the sharp transition exponents

(1.12) g, = 0,(G)
=inf{o € |1, 0] : 4,(v) < o, for v € G, such that G,(v) < G}
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and for p > 1, 4 > 1, set
(1.13) s, =s5,(4)
=sup{s € ]1, o[ : Gy(w) < oo, for w € 4, such that 4,(w) < A4}

THEOREM 1.1. For G > 1, the sharp exponent a1 = a1(G) such that for all v € G|
with G1(v) < G we have v € A,, Vo < ay, is given by

a1(G) = Ll[im a,(G)

—1

and coincides with the positive solution x = a1(G) to the equation
(1.14) xev ! =G.

Moreover, if we set s, = inf 1 5,(G), then

11
(1.15) —+—=1.

Soo gl
Let us now define the sharp improvement exponents

(1.16) ry =14(G)
=sup{r e ]l,0[: G,(v) < o0, for v € G, such that G,(v) < G}

and

(1L17)  p, = py(A)
=inf{p e |l,0[: 4,(w) < o, for w € 4, such that 4,(w) < A}

where 4 > 1 and G > 1 are fixed.

In the general case p # 2, ¢ # 2 no explicit formula is available for the ex-
ponents in (1.12), (1.13), (1.16), (1.17) which are only characterized as positive
solutions of certain algebraic equations.

We have the following result which states that the exponents correspond under
the Holder conjugate mapping ¢(x) = 5.

THEOREM 1.2. Let p,q > 1 such that L +1 =1 and G = 4. Let Gy, Sp, g and Py
be defined as in (1.12), (1.13), (1.16), (1.17). Then

(1.18) l—i—izl
e Py

and

(1.19) i+l:1.
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REMARK 1.3. By Theorem 1.2 it follows that it is enough to know two of four
exponents r,, S, p,, 04 to obtain all the others.

Let us now consider the following borderline sharp improvement exponents
(A4>1,G>1)

(120) ry = V1(G>

=sup{r € |1, o[ : G,(v) < oo, for v € Gy, such that G, (v) < G}
and
(1.21) Po = Poo(A)

=inf{p e |l,0[: 4,(w) < 0, for w € A, such that A4, (w) < A}.
and the borderline sharp transition exponents (A > 1,G > 1)
(1.22) o1 =01(G6)

=inf{o €]1,00[: 4,(v) < o0, for v € Gy, such that G;(v) < G}
and

(123) 550 = 550(A)
=sup{s € |1, 00 : Gy(w) < o0, for w € A, such that 4., (w) < 4}.

We have the following extension of Theorem 1.1 (see Section 2 for comple-
ments about equations satisfied by the exponents, described in [25], [24], [3]).

THEOREM 1.4. For G=A > 1, let r|, oy and p,, s, be defined by (1.20)—(1.23).
Then we have

(124) }’1:[1]15[?1[ rlb pw:ph_p;: p[h
(1.25) g = [11111} O4s  Seo :pan; Sp.
Whence

1 1
(1.26) —4+—=1,

. Py

1 1
(1.27) —+—=1

g1 S

Let us emphasize the new conjugate relations (1.18), (1.19), (1.26), (1.27)
which were missing in the quoted papers.

An important case, for which the assumptions of Theorem 1.2 are fulfilled,
arises in connection with increasing homeomorphisms 7 : R % R which belongs
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to Sobolev class WI’I(IR) together with their inverse #~!. We say that /4 is a

loc

bi-Sobolev map. For r > 1, we say that i is a W!’-biSobolev map if 4’ and
—1y/ r

(h 1) € LIQC(R)' . .
For a bi-Sobolev map /4 a duality formula holds for the weights

(1.28) v="h', w= "

which guarantees that the regularity of one of the two relies on the other one’s,
namely

(1.29) Ap(w) = Gy(v)

if % +é =1 (see [20] and Section 3 for a simple proof).

In [35] it is proved that actually the representation of weights in terms of
bi-Sobolev maps / : R — R expressed by (1.28) is a general fact for A, weights.
In this paper (Section 4) we prove the following

THEOREM 1.5. For any weight w € A (R) there exist a weight v € A, (R) and

a bi-Sobolev map h: R — R such that (1.28) holds true. Moreover, h is Wl(l)’ct—
biSobolev for a t > 1. Namely,

v=neG w=h"YeG Vr<r, Vs<s,

where 11 =r1(A), So = S0 (A) are defined as in (1.20), (1.23) with A =G =
Ay (w).

Finally, in Section 5 we will present the sharp improvement and transition
constants appearing in the previous Theorems.

2. NOTATIONS AND PRELIMINARIES

A weight w, i.e. a nonnegative measurable function on R" belongs to the A4,-class
of Muckenhoupt with p > 1, if the 4,(w)-constant of w, satisfies the condition

1\ p—1
A,(w) = supf w(f szll> <
o Jo 0

where the supremum is taken over all cubes QO = R”, with sides parallel to the
axes.
The classes A4, are decreasing as p increases; actually

(2.1) p<p = A,(w)<A4,(w)

hence 4, = 4,,.
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A weight v belongs to the G,-class of Gehring with ¢ > 1, if the G, (v)-constant
of v satisfies the condition

G,(v) = sup [(vaq):{} 7 < o0
0

1 oV
The class G, are increasing as ¢ increases; actually
(2.2) r<q = G(v) <Gyb)

hence G, = G,.
The A, class is defined as

and the Gy class as

G =G,

q>1

It is well known (see [5], [16], [7]) that
(2.3) A, = G

and that a weight w € A, if and only if

1
sup][ wexpf log—= A4, (w) < .
0 Jo o W

Moreover,
(2.4) Ay (w) = plgg) Ap(w)
(see [39]).
It is also well known that for v € Gy
(2.5) sup exp(][ L logidx) =G (v) < 0.
0 olo Uo

Moreover in [29], it was proved that

(2.6) Gi(v) = lim G,(v)

g—1*

Let us now give a simple one-dimensional proof of (2.6).
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PRrROOF OF (2.6). For any weight w € 4., we knovtv by Theorem 1.5 that there
exist a weight v € 4., and a bi-Sobolev map / : R 2= R, such that

By (2.4) it follows

Moreover (1.29) implies

Ay (w) = lin} G,(v)
q%
with -+ 7= 1.
The equality (2.6) follows using the other duality identity (see [6], [20])

Gi(v) = A, (w). 0

A useful characterization of A4 -condition, which represents a scale invariant
version of mutual absolute continuity, is the following ([5], [36]).

PrROPOSITION 2.1. The weight w: R — [0,400[ belongs to A, if and only if
there exist constants 0 < o < 1 < K so that

|E| Sz w(x) dx
1] SK(flw(x)dx)

for each interval I and for each measurable set E — I.
Let us now give the following.

DEFINITION 2.2. We say that a homeomorphism /#: R — R is a bi-Sobolev
map if 4 and /' belong to W,!(R). More specifically, if # e W,./(R) and

h='e W (R), 1 < r < oo then we say that & is W '-"-biSobolev.

loc

REMARK 2.3. It is well known ([17]) that % is bi-Sobolev iff 4’ >0 and
(™)' >0 ae.

In the papers [30] and [14] the following self~improving property of a weight
w € A, and of a weight v € G, were indipendently discovered:

(2.7) For A > 1 there exists p, = p,(4) < p such that
Ap(w) < A= Ay(w) < 0, Vp=p,
(2.8) For G > 1 there exists r, = r,(G) > r such that

G,(v) < G= Gi(v) < o0, Vr <.
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In the paper [5] the following transition properties of A,-weights into G, and
of G,-weights into 4, were discovered:

(2.9) for A4 > 1 there exists s, = s5,(A4) > s such that
A,(w) <A = Gi(w) < o0, Vs <,

(2.10) for G > 1 there exists 6, = 0,(G) < o such that
G,(v) < G= A4,(v) < 0, Vo = g,

(see (1.16), (1.17), (1.12), (1.13)).

In the case n = 1, [37] and [8] in the particular case that v is a non-increasing
weight, obtained exact value of self-improving exponent r, > ¢ in (2.8) as a solu-
tion to the equation

(2.11) (rqrjq>ﬁ<rq—l)%:(;

Tq

(see [22] for the case of an arbitrary weight v: R — [0, co[.) In [22] also exact
value for self-improving exponent p, < p in (2.7) was found as a solution to the
equation

(2.12) plp(;__plp)pl — 4

Later [26], [27] found exact values for transition exponent g, in (2.10) as a solu-
tion to
=
(2.13) % _—G
[1+q(ay = D]

and for the transition exponent s, in (2.9) as a solution to

5 wp-1) yr_
(2.14) sp—l(l—i—sp(p—l)) =4

As a matter of calculations one can verify that if %4—%{ =1 and 4 = G, the
following couples of exponents correspond under the Holder conjugate mapping

Plx) = 5+

(2.15) l—Fi:l
e Py

and

(2.16) NI

Gq Sp
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Recently exact A4,-exponents of weights from 4. -condition (1.8) ([25], [24])
and exact G, exponents of weights from Gj-condition (1.9) ([3]) were found
(see (1.20), (1.21)).

Namely if 4., (w) = A then

(2.17) A,(w) < oo forp>p,
where p_, > 1 solves the equation

e/)m_l

Pos

=A

(2.18)

(see Theorem 3 in [24] proved by rearrangements techniques).
If G| (v) = G then

(2.19) G(v) <o forl<r<rn

where r; > 1 solves the equation
1
(7'1 — 1)6’1’1
r

(2.20) -G

(see Theorem 1.5 in [3] proved with the Bellman function tecnique).

Both previous results are sharp in the sense that for any constant C > 1, there
exists a weight w e 4., with 4, (w) = C such that w does not belong to 4,
where (2.18) holds for 4 = C and there exists a weight v € G| with G|(v) = C
such that v does not belong to G, when (2.20) holds for G = C.

In this paper we justify the fact that the exponents correspond under the

Holder conjugate mapping ¢(x) = =

x—1

(2.21) l—l-iz 1
' Pe

and

(2.22) iJrl: 1.
a1 Soo

where o) and s., are defined by (1.22) and (1.23). To this aim, first of all, we
invoke the duality relation

(2.23) Ax((h71)) = Gi(I)

which holds true whenever /2 : R — R is an increasing homeomorphism such that
he Wl(l)’cl([RE) and ! e Wlé’cl (R) (i.e. 1 is a bi-Sobolev map (see [18] and the book

[17]).
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Further, we notice that any weight, w € 4, is of the form w = (h~")’ for a
bi-Sobolev map / which moreover is a W!"-biSobolev map for a r > 1.

This result was suggested to us by paper [28] on quasiminima and their in-
verses in dimension one.

The topic of reverse Holder inequalities plays a central role for the solvability
of the Dirichlet problem for planar elliptic equations Lu = 0 with non-smooth
coefficients, when the boundary data f belongs to some L”-class or to BMO
([12], [40], [22], [42]). It turns out that the L? a priori estimate on the nontangen-
tial maximal function Nu of the solution u € W]\

[ Vul

rreq) < SNl Lran)

is equivalent to the G,-condition of Gehring on the harmonic measure w;
11
(L14+1=1).

P a

3. WEIGHTED A4, AND G, CLASSES

In this Section we present a new proof of a useful theorem due to Johnson and
Neugebauer [20].

For 1 < g < oo we define G, 4, the weighted Gehring class respect to the
measure du, i.e.

a

where the supremum is taken over all intervals J < R.
Our proof is based on the following Lemma (see [37], [16], [33], [23]).

Gq.du(v) = sup
J<=R

LeMMA 3.1. Let 1 < p,q < oo with % —i-%] = 1 and h be a bi-Sobolev map. Then

G1) Woedy e () € Gua
and
(32) Ap(h/) = Gq,h’dx((hil)/)'

THEOREM 3.2. Let h be a bi-Sobolev map, then
(3.3) A1) = Gy((h™")')
el 1

if5+,=1

ProoOF. By Lemma 3.1, if 2" € 4, then

(3:4) Ap(l) = Gyrax((h7")').
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Now it remains to prove that
(35) Gewar((h71)) = Gy((h™1)").
Using the change of variable y = A(x) we have:
o (£, )y dy) (oG (h))) ' () d)
(TN )T (b (G () () dx)

2
q

)4

( f /1’;x)dx S (R (h(x))") R (x) dx)a
(b ) ) )

X

where h(I) = J.
Considering the supremum of all intervals J = R we obtain (3.5) and this
completes the proof. O

4. PROOF OF THEOREMS

PROOF OF THEOREM 1.2. Let us prove (1.18).
For p,q > 1 conjugate exponents, i.e. %—l—é =1 and C > 1 let us define

(4.1) X,(C)={relg,o[: G)v) < C= Gi(v) < 0}
and
(4.2) Y,(C)={pell,p]: A,(w) < C= A,(w) < w0}

Let us show that

(4.3) reX,(C) e p= ri - e Y,(C)

Let us first prove that implications = holds true.
Let r € X,(C), then we know that for any weight v

(4.4) G,(v) < C= G:(v) < .
Define p = -+ and let us show that

(4.5) Ap(w) < C = A4,(w) < .
Fix a weight w such that

(4.6) A,(w) < C

then by Theorem 1.5 there exists a biSobolev map / : R — R such that w = (h~1)".
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Define v = i’ so we have by Theorem 3.2 and (4.6)
G,(v) = 4,(w) < C.
Hence, by (4.4), G,(v) < o0. Using again Theorem 3.2 we have
Ar(w) = A4,(w) = G(v) < 0

and (4.5) is proved. This implies that p € Y, (C).
To prove the other implication in (4.3) we follow similar steps.

Since p € ]1, p] iffr:/% € [¢, o[ we deduce by (4.3) that for C =4 =G

pp(4)
ro(G) = sup X, (C) = 27
‘1( ) 1( ) pp(A) -1
where p,(4) = inf Y,(A4) that is (1.18) holds true.

Let us prove (1.19).
Define for C > 1

(4.7) Z,(C)={o€e]l,o[: G,(v) < C= A4,(v) < w0}
and
(4.8) T,(C)={se]l,0[: 4y(w) < C= Gs(w) < 0}

We prove that:

(4.9) o€ Z,(C) ‘i”:a: e T,(C).

Let us first prove that left hand side implies right hand side of (4.9).
Let o € Z,(c), then we know that for any weight v

(4.10) G,(v) < C= A,(v) < ©
Define s = -%; and let us show that

(4.11) Ap(w) < C = Gy(w) < 0.
Fix a weight w such that

(4.12) A,(w) < C.

299

By Theorem 1.5 we know that w= (A=)’ for a bi-Sobolev map /: R — R.

Define v = //, so, by [20] and (4.12)
G,(v) = A4,(w) < C.

Hence, by (4.10), 4,(v) < oo and also s € T,,(C).
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The inverse implication is proved similarly.
By 49),withC=4=G

- _04(4)
SP<G) = sup TP(C) - O'q(A) -1
where g,(A4) = inf Z,(A4) and this completes the proof. O

We have the following

LemMmA 4.1. Let 1y, p,, s, and o4 be as in (1.16), (1.17), (1.12), (1.13) with
A=G=C>1. Then

(4.13) 91 < g2 = Tq <Tg,
(4.14) Pr < p2= py <Py,
(4.15) D1 < P2 = Spy > Sp,
(4.16) q1 < qp = a4, > g,
PRrROOF. Set

X,(C)={re]l,w][: G,(v) < C= G,(v) < 0}
and assume ¢; < ¢». We fix r € X, and show that r € X,. So, assume
(4.17) G, (v) < C= G(v) < ©

and suppose G, (v) < C. Since G, (v) < G,,(v) we have also G, (v) < C.
Hence, by (4.17) G.(v) < 0.
The others following in the same way. O

PrROOF OF THEOREM 1.4. More generally, let us notice that, according to
[26], the exponent s, defined by (1.13), is the unique solution to the algebraic
equation

(4.18) s,,si 1 (1 +s,,(p1— 1))” = A,(w)

and s, is , according to [24], the unique solution to the algebraic equation

(4.19) YL e = A (w).

We will use that 4,(w) — A, (w) to prove

(4.20) lim s, = s5,,.

p— 0
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To this aim, let p; > 1 be a sequence such that p; — oo and show that s, — s...
We may assume s,, — so > 1. Define for x > 1 the sequence of functions

gr(x) = {1 + x(nkl_ 1)]1nkx f ]

which of course satisfies for every x > 1

: L _
Jim gie(x) = e —— = g(x).

Then, in every compact interval [a,b] < |1, o0[, gr converges uniformly to the
continuous function g, since gx(x) < gr+1(x). Hence

gi(sp,) — g(s0) ask — oo

and so
Ay, — L A (w)
S0 —
by
(4.21) A,(w) — A (w) as p — .

By (4.19) we have sy = s, and this completes the proof.
Similarly one proves the other limit relations in (1.24), (1.25). O

PrOOF OF THEOREM 1.1. The proof of Theorem 1.1 relies on the statement
of Theorem 1.2 and Theorem 1.4, except for (1.14) which derives from the ex-
pression of g, given by (1.12), passing to the limit as ¢ — 1 which gives the
equation

1

(4.22) slen ' =G.

Notice that (1.15) is equivalent to

(4.23) r =G 0

PrROOF OF THEOREM 1.5. Let w: R — [0,00[ be a weight in 4., and let us
define

(4.24) h(x) = /O " (e) de.
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Then / is a continuous non constant increasing function which is one-to-one.
In fact, since 4, = J,; Gy, there exists ¢ > 1 such that /' = w € G, hence / is
strictly increasing (see [15]). Actually, we have the inequality (see [15])

(4.25) ]{b(h’)‘fdx < Gy(w)""! (]{bh/)q

for every interval [a, b].
Let us suppose by contradiction that 47 =0 for t <0 and /2 > 0 for t > 0 and
let a < 0 < b. By (4.25) we have

(4.26) fab(h/)qu < Gy(w)"”! (b f a fabh,>q

and then a contradiction, letting b — 0.
Let us show now that / is onto R, i.e.

RY

(4.27) lim w(t) dt = +o0.

Xx—+owo 0

Since w € A, the inequality

(4.28) %l < K(ff’j—::>

holds true for any measurable set £ = [ and suitable 0 < o <1 < K < c0.
Applying this to (see [20])

I,=100,2"] and E =[2""12"]
we have

w(l,_1) < w(l,) < Ki(%)“w(m = (2K)'w(E).

Hence,

for any n.
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Iterating we finally arrive at

w(l,) >

with Iy = [0, 1]. This implies (4.27).
Let us now prove that

>0 and (A7) >0ae.

Notice that

withv e 4,.
By (2.3) we know that

Ay(w) = Gi(v) =4 =0G.

Hence, by (1.20) v € G, Vr < r; and by (1.23) w € G, Vs < 5. O

5. SHARP CONSTANTS

In this Section we present another application of duality formula 4,((h~!)") =
G,(h'), where %—l—é =1, in the comparison of constants which appear in the
sharp inequalities. From our results it follows that for improvement and transi-
tion inequalities it is sufficient to know two of the sharp constants to obtain the
others.

We are especially interested in a-priori bounds for sets of weights of the form
{wed,:A,(w) <A} and {ve G, : Gy(v) < G} forgiven 4 > 1, G > 1.

Given 4 > 1, G > 1, let us now define the sharp improvement constants for
pP>p,

(5.1) oy, p(A) = sup{A4,(w) : we A, and 4,(w) < A}
and forr <r,
(5.2) 74.-(G) = sup{G;(v) : v € G, and G,(v) < G}

where p, and r, are as in (1.17) and (1.16).
In case p = g = 2 the exact values of « ,(4) and y, ,(G) were found (see [41],
[10], [38]):

(5:3) m.p(4) = (VA)
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forp2:1+\/%<ps2;and

i VG —-—VG -1
,4 g r—1 ;
(54) 12A6) = (VO 1o s

forl<r<rm=1+ %
We have the following

ProrosiTION 5.1. If +3 L=1 and A= G then for any r <r, and p > py we
have

(5.5) Vq,r(G) =0 ,(4)
provided % + } =1

ProOF. We know that y, ,(G) > G,(v) Vr < r, and Vv such that G,(v) < G
Now consider the constant 4,(w) with p > p, and w such that 4,(w) < C. Set
v

= h' where h is given by h7!(y) = / w so that, by [20], we have
0
G,(vo) = A4,(w) < C.
Since, p > p,, by (1.29) and (1.18), we get

Ay(w) = G%(vo) € {Gy(v) : r <1y, Gy(v) < C}

and so
(5.6) 74, (G) = % p(A).
Similarly, we can prove the reverse inequality to (5.6). O

Let us define the sharp transition constants for o > o,
(5.7) by.0(G) = sup{A4,(v) : v € G, and G,(v) < G}
and for s < s,
(5.8) 7p.s(A) = sup{Gs(w) : w € 4, and 4,(w) < 4}

where g, and s, are as in (1.12) and (1.13).
In case p = g = 2 the exact values of & ,(G) and 7, (A4) were found (see [41],
[10]):

a—1

M«) :

(59) @.(G) = T oG (/G4 VG—1T
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foroc >0y = \/5[\/64— VG —1]; and

L
s—1

N 1 |(VA-VA4-1)
(510) yZ,S(A) 7\/72 \/Z-S\/ﬁ
fors < s, = ﬁ.

We have the following result whose proof is similar to the proof of Proposi-
tion 5.1.

PROPOSITION 5.2. If% + é =1l and A = G then for 1 < s, and ¢ > g, we have
(5.11) %g,(G) =7, 5(4)
provided % + % =1

In [41] the following Theorem was proved. Here the exponents s, p, are
defined as in (1.13), (1.17).

THEOREM 5.3. Let we A, (p > 1). Then

i) for p = p > p, we have the sharp inequality

(5.12) A,0m) < - (2= ! )’H

N pp p_pp

ii) for s < s, we have the sharp inequality

(5.13) Gy < =1 (Sf’ - l)ﬁ.

Sp Sp— S8

Notice that for p = p the left hand side in (5.12) equals A,(w) (see (2.12)).
In [10] the following Theorem was proved in which the exponents r,, o, are
defined as in (1.16), (1.12).

THEOREM 5.4. Letve G, (¢ > 1). Then

j) for q <r < r, we have the sharp inequality

(5.14) Gl < 11 = 1)%

rq Fg—T

1j) for @ > o, we have the sharp inequality

1 /o101
(5.15) A,(v) < J—q(a_aq)

Notice that for r = ¢ the left hand side in (5.14) equals G,(v) (see (2.11)).
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REMARK 5.5. We notice that, provided 4 = G, %4—5 =1, using (2.15) the
bound (5.12) for w = (h~")’ reduces to the bound (5.14) for v = A’ and con-
versely. Moreover, using (2.16), the bound (5.13) for w = k' reduces to the bound
(5.15) for v = (k1)

In conclusion, Theorem 5.3 can be easily deduced by Theorem 5.4 and con-
versely.
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