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ABSTRACT. — Via a new approach, the dynamic of thermo-MHD flows in horizontal layers heated
from below, in the Boussinesq scheme, is investigated. Denoting by my, E, P,, P, and R¢ the
thermal conduction solution, the L’-energy of the nonlinear perturbations to m1, the Prandtl num-
ber, the magnetic Prandtl number and the steady convection onset critical value of the Rayleigh
number R?, first of all we obtain, for any initial data, the ultimately boundedness of E, via the exis-
tence of L2-absorbing sets. Successively we introduce a new approach for the E-longtime behaviour
associated to the R>-increasing. This new approach is based on an L’-energy linearization principle
and on a new way of analyzing and using the linear stability. As concerns the linearization principle,
denoting by & the L’-energy of the linear perturbations to my, it is shown that: “(%)([ 0 <0
for any initial data, implies dd—f <0,Vte R"”.

. rdé& . . .
In order to obtain (E)( 0 < 0 for any initial data, denoting by L,, the linear operator governing
1=l

the nth-Fourier component of perturbations, we introduce the characteristic values I, (j =1,2,3)
of L, via the L,-entries and obtain the equation R Il,,)v2 + Ioud — I3, =0, governing the Lj-
eigenvalues. To this equation we apply the Hurwitz’s Criterion guaranteeing that all the eigen-
values have negative real part. As matter of fact, the Hurwitz’s Criterion, applied for each n € N,

4

dt
Following this new approach, we show that the unconditional nonlinear asymptotic stability of my,
with respect to the L*-energy norm, is guaranteed by the linear stability and obtain — among other
things — two conditions, in a very simple closed forms, guaranteeing the onset of oscillatory convec-
tion (overstability laws).

All the results, first obtained for the free-free boundary case, are successively generalized to the
rigid-rigid, rigid-free and free-rigid boundary cases.

allows to obtain conditions necessary and sufficient for being ( )( 0 < 0 for any initial data.
1=
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1. INTRODUCTION

This paper is devoted to the dynamic of thermo-MHD flows in horizontal layers,
heated from below, filled by an electrically conducting fluid under the action of
a constant vertical magnetic field H. These flows — for their importance in
Geophysics, Astrophysics and industrial applications — have attracted in the
past as nowadays, the attention of many researchers (see [1]-[16] and the refer-
ences therein).

Denoting by mqg, E, P., P, and R¢ the thermal conduction solution, the
L’-energy of the nonlinear perturbations to n1y, the Prandtl number, the magnetic
Prandtl number and the critical value of the Rayleigh number for the onset of
steady convection, our aim is to show that, for any initial data, the following
properties hold.

PrROPOSITION 1.1. The thermo-MHD flows in horizontal layers heated from
below are ultimately bounded:

Im £E<E, < w.

t—o0

PROPOSITION 1.2. The conditions guaranteeing the linear stability of my guaran-
tee the unconditional nonlinear asymptotic stability with respect to the L*-energy
norm.

ProrosiTION 1.3 (First Overstability Law). Let P, < P,,. Then

(11) 1_€c>—n
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guarantees the onset of oscillatory convection for R* € [#c, Rc[ with

27 . 1\ P
(1.2) #e="n (1+P—m)+P—mRC.

PRrOPOSITION 1.4 (Second Overstability Law). Let P. < P,,. Then

(1.3) P, < {1—@]&1,

guarantees oscillatory convection.

Property 1.1 is expected and is obtained by looking for L’-absorbing sets
(Section 3). Properties 1.2—-1.4 — as far as we know — are new in the existing
literature.

As concerns property 1.2, we recall that the onset of convection in the case at
stake is named Magnetic Bénard Problem (MBP). The most important phenom-
enon in the MBP linear theory is the strong inhibiting effect of the magnetic field
on the onset of convection. This effect — obtained theoretically in [15], [1], [2]
and described extensively in [3], has been confirmed by the experiments [1], [9].
During the years, many efforts have been done in order to recover this effect
in the nonlinear MHD theory (see [5]-[8], [10]-[14], [16]). This goal has been
reached partially in 1988 in [13] and totally in 2003 in [16]. But it is to remark
that both the partial and the total coincidence require a very big price. As matter
of fact, both hold under very severe restrictions on the initial data (conditional
nonlinear asymptotic stability). In Table 1 the restrictions on the radius r, of the
basin of attraction found in [13], in the case of mercury, are recalled. The results
of [13] and [16] — although of notable theoretical interest — appear weak from the
applications point of view. In fact a stability condition holding only for initial
perturbations of the order 10~!3 appears of very small practical interest.

Table 1. Values of the radius r, of the basin of concentration given in [13] in the case
of mercury. Q7 is the Chandrasekhar number growing with H (see (2.2),)

R% Q2 Ty R% Q2 Te

625 | 0 1016 1000 | 102 | 4x 10712

625 | 50 | 9x 1072 | 1000 | 10° | 2.7 x 10~°
625 | 10> | 8x 107" | 1000 | 10* | 4 x 1077

625 | 103 | 2.1 x107% | 1000 | 10° | 2.9 x 1073
625 | 10* | 1.4 % 107° | 5000 | 10° | 1.2 x 1012
625 | 10° | 3x10~* | 5000 | 10* | 3.2 x 10710
1000 | 50 | 3.2x 1073 | 5000 | 10° | 5.6 x 108
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In this paper we reconsider the MBP in the more general context of the non-
linear longtime behaviour of thermo-MHD flows. Denoting by R¢ the R? critical
value for the onset of instability given by linear MHD stability of nz, our aim is
to show that (Property 1.2)

(1.4)  R*> < R¢ = nonlinear unconditional asymptotic stability of 1.

This property is obtained via a new version of an L’-Energy Linearization
Principle (Section 4) obtained by showing that I <0, Vte R" is implied
dé . .
by (E>( 0 <0, for any initial data, & being the L’-energy of the linear

1=
perturbations to my. Based on the linearization principle, a new approach to
the linear stability is introduced (Sections 5-6). Denoting by L, the linear
operator governing the n-th Fourier component of the linear perturbations to
my, to the spectral equation

2= 11,47 + Toph — 13, = 0,

of L, — I, (i=1,2,3), being the characteristic values of L, written via the L,
entries (Appendix 1.1) — the Hurwitz’s Criterion (Appendix 1.2), guaranteeing
that all the eigenvalues have negative real part, is hence applied in order to
guarantee the consistency of the linearization principle (Section 6) and hence the
consistency of property 1.2. The steady and oscillatory bifurcating critical values
of R? are obtained in Sections 7-8. The Oscillatory Bifurcation Law (Property
1.2), given in Section 9, appears to be new and is a remarkable consequence of
the introduced new approach to the linear stability. All the results are — in a first
step — obtained for the free-free boundary conditions. Successively, in Section 10,
rigid-rigid, free-rigid and rigid-free boundaries are considered. In the subsequent
Section 11, the obtained results are summarized and perspectives of new works
are considered. The paper ends with the Appendix (Section 12) where the L,
characteristic in terms of the L, entries are obtained (Subsection 12.1) while in
the subsection 12.2 the Hurwitz’s Criterion is recalled. Finally the subsection
12.3 is devoted to the properties 1.2—1.4 for the classical Bénard problem in
rotating layers.

2. PRELIMINARIES

Let L be an infinite horizontal layer of a homogeneous, viscous, electrically
conducting fluid, permeated by an imposed uniform magnetic field H normal
to the layer, under the action of a vertical gravity field g = —gk, and in which
a constant adverse temperature gradient f > 0 is maintained. Let d > 0, Q; =
R? x (0,d) and Oxyz be a Cartesian frame of reference with unit vectors
i,j,k respectively. We assume that the fluid is confined between the planes z = 0
and z = d, with assigned temperatures T(x, y,0) = Ty, T(x, y,d) = —fd + T.
Here we consider the rest state my = (3, H, T, p) = (0, Hk, —fz + Ty, p) (thermal
conduction), which is a solution of the Oberbeck-Boussinesq approximation
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of the stationary non-isothermal equations of hydromagnetics (with appropriate
boundary conditions, see [3] Chapter 4).
The (non-dimensional) equations for a perturbation (u,h, 6, p;) to my are:

w,+u-Vu—P,h-Vh=—-Vp; + ROk + Au+ Oh.,

V-u=0,
(21) })m(hz"’uVh—thl):QuZ—l—Ah7
V-h=0,

P(0; +u-VO) = Rw + AD.

in Q; x (0,0), Q; = R? x (0,1).

In (2.1) the symbols are standard: u = (u,v,w), h = (hy,ha, h3), 6 and p; are
the perturbations of the velocity, magnetic, temperature and pressure (incorpo-
rating the magnetic pressure) fields, respectively. The subscripts z and ¢ denote
partial derivatives, V is the “nabla” operator and A is the Laplacian. The non-
dimensional parameters R?, 0%, P, and P,, are the Rayleigh, Chandrasekhar,
Prandtl and magnetic Prandtl numbers. They are given by

(2.2) gty A
vk 4rpvu
where the constants g, o, p, u,n7,k and v are the gravitational acceleration, the
coefficient of volume expansion, the density, the magnetic permeability, the resis-
tivity, the thermal diffusivity and the kinematic viscosity coefficients.
To the system (2.1) we add the admissible initial conditions

(2.3) u(x,0) =up(x), h(x,0) =hy(x), 6(x,0)=6y(x),

where x = (x, y,z) € Qy, 0y, up, hy are assigned initial fields with uy, hy divergence-
free. As concerns the boundaries, we shall assume that they are stress-free and
electrically non-conducting, therefore, to the system (2.1)—(2.2), we add the fol-
lowing boundary conditions (see [3])

H(X’ y7Z7 [) = 07
(2'4) yv(x’ y7 Z’ Z) = uz(x7 y7 Z7 l) = vz(x7 y’ Z’ l) = 07
hl(x) Vs Z, Z) = /’lz(X, Vs Z, t) = /’IZ(X, Yz, t) = 0)

(x,y)eR* t>0andz=0,z=1.
We assume that:

1) the perturbations (Vz,u, v, w, 0, hy, hy, h) are periodic in the x and y directions
of periods 2n/ay, 2n/a,, respectively;
il) Q=10,2n/a,| x [0,2n/a,] x [0,1] is the periodicity cell;
i) u,v,w,0,h,hy, h are such that together with all their first derivatives and
second spatial derivatives are square integrable in Q, V/ € RT and can be
expanded in a Fourier series uniformly convergent in Q.
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Let us denote by .7 (Q) the set of functions ¥ such that:

1) ¥:(x,0) e Qx RT = W(x,7) e R, ¥ € W>%(Q), Vte RT, ¥ is periodic in
2n

L .2 .
the x and y directions of period —n, respectively;

a, a,
2) W, together with all the first derivatives and second spatial derivatives, can be

expanded in a Fourier series absolutely uniformly convergent in Q, V¢ € R™;
3) (W).op=(¥).., =0

z=

and by #(Q) the set of the functions ¢ verifying 1)-2) and

op p
/ JE— pr— —_— p—
1) |:62:| z=0 |:aZ:| z=1 0

Since the sequence {sinnnz},.y, is a complete orthogonal system for L%(0,1)
under the boundary conditions [W]._, = [¥]._; = 0, by virtue of periodicity, it
turns out that V¥ € o7 (Q), there exists a sequence {¥,(x, y,7)} such that

8

- N L0V,
‘I‘:E:‘P, i , —=Y 5 ,
- n SINNTTZ at - 6[ Sinnmwz

(2.5) .
MY =¥, AY =-> &W,sinnnz,
n=1

with A = 0%/0x2 + 0% /dy?* and

(2.6) & =a+n*n?, a? = ai + af,,
the series appearing in (2.5) being absolutely uniformly convergent in Q.
Analogously, since the sequence {cosnnz} is a complete orthogonal system

for L?(0,1) under the boundary conditions [8_(p] = F—(p} =0, by virtue
z=0 z=1

neN»

0z 0z
of periodicity, it turns out that Vo € %(Q), there exists a sequence {@,(x, y,1)}
such that

- 0 09
0= ;qﬁn cosnnz, a—f = ; g;” cosnnz,
(2.7) - L
Ap = —a’p, Ap=— Z &,0, cosnnz.

n=1

REMARK 2.1. We remark that uniqueness, existence and regularity theorems
for the solutions of (2.1), (2.3)—(2.4) in L?-subspaces can be found in [17], in the
absence of thermal field, and in the absence of magnetic field. Existence theorems
— in the presence of Hall and ion-slip effects — can be found in [20]. In [22] and
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references therein, uniqueness, existence and regularity properties of Boussinesq
systems can be found.

3. LZ-ABSORBING SETS

We denote by || - || and <-,-) respectively the norm and the scalar product in
L?*(Q) and introduce the L?-energy of the perturbation field

1
(3.1) E =3 (|[ul]* + Pu|Ib]]* + Pr[j0]?).
In view of (2.4) and V-u =V -h = 0, one easily obtains

1 1
Cw-Vu,u) = = 2<u,V-u)y =0, Cu- Vh,hy = —5<h%, Vu)y =0,

<h-Vhyu) + <¢h-Vu,h) = —(h-u)V-h =0,
<hz;u> + <uz,h> =0.

Therefore, setting

(3.3) 2.(u,h,0) = 2R{w, 0 + {u,Au) + <h,Ah) + <0, A0,

. . . . . .. dE
by virtue of (2.1) and (3.2) one easily obtains that the time derivative 0 of
E along the solution of (2.1), (2.3)—(2.4), is given by !

dE
4 T 7ha .
(34) = 2,(uh,0)
In view of

1
(3.5) { 24w, 0 < ¢lul)* + " 01>, &= positive constant,
Cu, Auy = —||Vul|?, <h, Ahy = —|[Vhi[%, <6,40) = —||V0)’
and the Poincar¢ inequality

(3.6) VAP > 22| £11%,
it follows that

dE R
(3.7) o< 1611* = =*[(1 + Re)lull* + [h]]* + [16]]°).

. 1 .
On choosing ¢ = >R °ne obtains

dE 1
(3:8) < 2RO = (5 lul + I]]* + 6)°) < 2R?|0])" — kn’E,
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with

1 1
(3.9) k<2min(P—m,Fr>.
Let
(3.10) 2R?||)|* < a = const > 0
and set
(3.11) b = kn’,

then (3.8) becomes

dE
(3.12) — <a—bE

and via a standard procedure it follows that the following theorem holds.

THEOREM 3.1. The ball of radius

b
(3.13) E<(1+'7)E’
centered at the origin of the L*>-phase space, for any n > 0 is an L*-absorbing set.

PROOF. Tt remains to show that there exist positive constants such that (3.10)
holds. As matter of fact, in [17] it is shown that

0=0+0
with
—1<0<1
and

180 < (10— 1), 11+ 10+ 1)_I} ge ™.

4. ENERGY LINEARIZATION PRINCIPLE

To (2.1), (2.3)—(2.4), we associate the linear system

V-u=0,
(41) melt = Qﬁz + Ahv
h=0,
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under the initial boundary conditions

(42) { a(x,0) = iy (x), h(x,0) = ho(x), 6(x,0) = 6,
Vg =0,V-hy=0
O(x,y,2.0) =0,

(43) W(x, y>Z>Z) :ﬁz(x,y,z,t) = (X, Y, 2, Z) =0,

ill(X,yaZJ) :iZZ(xayvzvt) :il2<x7yﬂzﬂ t) :09

(x,y)eR%* t>0andz=0,z=1.
Denoting by

(4.4) E =~ (|[a[|* + P[] + P.[|0]?),

N —

dE
the L?(Q)-energy of the solutions of (4.1)—(4.3) and by " the time derivative
of E along the solution of (4.1)—(4.3), it follows that !

>

d .
(4.5) —r = 2.(0h.0),

with

(4.6) 2.(,h, 0) = 2R, 0 + i, Ai) + <h, Ah).

The following theorem holds (linearization principle).

THEOREM 4.1. Let

(4.7) (dE

E)(z:m <0,

for arbitrary initial data (4.2). Then

dE
4. — > 0.
(4.8) 7 <0, Vi>0

PROOF. Let (u,h, 0) be a solution of (2.1), (2.3)—(2.4). Then, for any fixed 7 > 0
one has

(4.9) V-u(x,7) =V-h(x,7) =0, VxeQ
and for x € Q and z = 0, 1 it follows that

0(x,7) =0,
(4.10) w(x,7) = u.(x,7) = v.(x,7) =0,
hi(x,7) = ha(x,7) = h.(x,7) =0,

Z
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u(x, 1), RO(X, 1)k + Au(x, 7))
(4-1 1) ["@* (u7 h, 0)]([:1) = + <h(X, T)a Ah(X, T)>
+<0(x,7), Rw(x,7) + AO(x,7)).

But in view of (4.9)—(4.10), one can choose

(4.12) ia(x,0) = u(x,7), h(x,0) =h(x,7), 6(x,0)=0(x,1)
and hence via (4.6) one has

(4.13) [2.(8,h,0)] _g) = [2.(u,h,0)] ), V>0

Then (4.7) and (4.13) imply (4.8) Vz > 0. In other word, (4.7), for any initial data,
implies the negative definiteness of 2,. Then (4.8), in view of (4.13), immediately
follows.

5. NEW APPROACH TO ENERGY STABILITY

A new approach to the nonlinear asymptotic unconditional energy stability —
guaranteed by linear stability — is implied by Theorem 4.1. The consistency of
(4.7) — for any initial data — requires that all the eigenvalues of (4.1)—(4.3) have
negative real part. As matter of fact, let {¢;}, {@,} and {@,} be complex or-
thogonal sequences of functions verifying the boundary conditions of velocity,
magnetic and temperature fields respectively. Then any solution of (4.1)—(4.3) can
be written as Fourier series as follows

ﬁzzzjﬁn, 2; Zé,

(%)

(5.1) ~
u, =u, (ﬂn> hn = Bnﬁﬂm é = énén'

Let A, = a, +ib, be an eigenvalue associated to the nth-component (u,,h h s On)
of the solution (@, h, §) of (4.1)—(4.3). Then

ﬁn ﬁf,o) (X)
(52) 1},’ — plantiby)t ﬁ’iO) (x)
g 1 (x)

and, denoting by £(°) the complex conjugate of £, it follows that

(53) & (G4 + Py, B> 4 PO, 010))

N —

ant (|15 (0)]) 2 £(0))2 7(0))12
= @ ([0 + Pl |1* + Pl 67]%)
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o 9(0)) initial data. Therefore if and only if ¢, < 0, Vn € N one has

n ’-n

with (a\”, h

(5.4)

(dj;n )(r:()) <0,

along the solutions (i, h,, 0,) of (4.1)—(4.3) for any initial data, and hence (4.13),
for any initial data, implies the following theorem.

THEOREM 5.1. Conditions guaranteeing that all the eigenvalues of (4.1)—(4.2)
have negative real part, guarantee linear stability and nonlinear unconditional
asymptotic energy stability.

REMARK 5.1. We remark that

1) the application to (4.1)—(4.3) of the Hurwitz’s Criterion guaranteeing matrix
eigenvalues have all real negative part [18], [19], appears to be the right
way for getting the optimum unconditional nonlinear asymptotic stability
threshold;

2) the strategy based on Theorem 5.1 is completely different from the traditional
one [4]-[14], [16]. As matter of fact in the traditional nonlinear stability
approach, it is request that 2, is negative definite in the class .# of the
“kinematically admissible perturbations” which is nothing else that the class
of initial data. For instance, setting

(5.5) F=— 2R<w’f> -
[[Vul|” + [[Vh[|” + [[VO]|
one has
dE
(5.6) = (7 = D)(|Vu* + |Vh|* + | VO]*)

dr
and hence introducing the variational problem

(5.7) m = max 7,
7

one has that
(5.8) m<1

guarantees 2, < 0 in .# and hence 2, < 0. .

In the new strategy it is request that (4.7) and hence 2, < 0, is verified in a
subspace of .#. In fact to each initial data belonging to .7, it is requested that
(4.7) holds only on the solution of (4.1)—(4.3);

3) since

(5.9) <u%> + <h, g> =0,
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on the numerator of # does not appear any stabilizing contribution of
the magnetic field (contribution found via (4.1)—(4.3)). Therefore in order to
obtain — in the old approach of nonlinear stability — this effect, one has to
introduce Liapunov functions much more complicated than the natural one
given by E ([13], [16]);

4) we recall that the Energy Linearization Principle can be also obtained by the
auxiliary system method introduced in [21].

6. CONSISTENCY OF THE NEW STABILITY APPROACH
In view of (4.1) it follows that

Ol ohy

(6.1) a Gt
oh on
Pyt = Qa—:+Ah1

and hence (2.4) implies

1d, . - . 5

(6.2) 3 E(Hull2 + Pulli||*) = —(IVall* + IVAi[*) < 0
ld . - " -

(6.3) 3 EI(IIUH2 + Pullha|*) = =1V + V]| *) < 0

for any initial data. Therefore, setting

(6.4) & == (|W]* + P> + P.0]%),

NS

it follows that (4.7) is implied by

(6.5) (‘;—f)u <0

(6.6) ("‘f")([ <0

for any initial data, with

(6.7) G =5 (1l + Pualllal® + Py 116,11,

N —

dé,

o being the time derivative along the solutions of (4.1)—(4.3).
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The equations governing (W, hy, 9,1), disregarding the hats, are given by

EAW,, = RA 0, + AAw,, + QA O ,
ot 0z
o /oh *w oh
(6.8) R It n n
Pm@t(@z) Q(’?z2 +A( 62)7

P, gﬁn = Rw, + A0,
ot

with (6.8); third component of the double curl of (4.1); and (6.8), partial

.0 . .
derivative pe of the third component of (4.1);, under the boundary conditions
y4

ohy,
(69) Wn—Hn—E—O, OnZ—O,l.

Therefore, since /1, € #(Q) and wy, 0, € </(Q), setting

Wy = Wy(x, y, 1) sin(nnz),
(6.10) { 0, = é,,(x, v, t)sin(nnz),

hy = hy(x, y, 1) cos(nnz),
by virtue of (2.4)—(2.5), (6.8) can be written

a"T}n ~ g Ra2 ~
6} = _énwn - anhn +?ngn7
oh, nnQ _ En s
6.11 _ _ S
(6.11) P T D,
On _R . G
ot —P2Wn Pr ny
1.€.
s W,
(6.12) E(é”>_$’(é")’
h, h,
with
Ra?
—-¢, —Onn
b —Qm
6.13 P L
( ) P;n Pl’l’l 0
R 2
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The characteristic values (invariants) of (6.13) are

1 1 (P,Py+ P, + Py,
In=—(14—+—)¢& =— ,
! ( * P, + P, )é P.P,
(6.14) Iy = L ﬁé (&2 + O*n*n?) + (i+ 1)53 — R*?
’ " Prén P}ﬂ " " Pn'l " ’
1
Iy = 55 [R2a* = & (& + QPn'n)],

associated to the spectral equation

(6.15) 23— 11,2 4 T,k — T3, = 0.

Then — in view of I, < 0 — the Hurwitz’s Criterion guarantees that if and only if
(6.16) I3, <0, I3, >0, TI5,I5 <TI3, V(@ n)eR"xN,

the eigenvalues have negative real part (see Appendix 1.2). On setting

P, 1
SEGE + Ot + (54 16,
(6.17) Re,= min  —n m

(a%,n)e RN a’

; (@® + 1) [(a* + 7%)* + O*n%] + (PL + 1) (a® + 7%)

— min m m
a’eR™ a?
(6.18)  Rc, = _ min é"(é’z’ + Q)
’ (a?,n)eR* xN a?
2
— min (a* + n?)[(a*> + )" + Q*n?]
a’eR* a? ’

it follows that the request

(6.19) R? < min(Rc,, R¢;),

is necessary for inhibiting the onset of convection. Further
(6.20) R*<Re, & I3<0.
Then, setting I; = I, (i =1,2,3), convection occurs if
(6.21) I,<0, or I|I,>I;.

In view of (6.20) and I; < 0 it follows that

(622) I,<0 = I;I,>Is,
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1.e.
(6.23) R?> < Re,, R?>> Rg,,

imply onset of convection.

7. ONSET OF STEADY CONVECTION

The onset of convection is named steady only if the passage from the stability
to the instability happens through a steady solution and is characterized by the
existence of a zero eigenvalue. Since the existence of a zero eigenvalue is guar-
anteed if and only if I3, =0, it follows that the critical value R¢ of R? for the
onset of steady convection is given by R¢,. The inequalities appearing in (6.16)
have a special meaning. As concerns (6.16);, we remark that it is verified if and
only if

2 2,22
R’<Rc= min fn(f,,-i-an?T)’
(a?,n)e R xN a

i.e. if and only if

(7.1) R?> < R, = min (a2 + nz){(az + n2)2 + anz]
' ‘c a’eR* a? '

Taking into account that we have denoted by R?> and O the non-dimensional
numbers denoted by R and Q in [3], we remark that R, agrees with the critical
value of steady convection given in formula ((163), page 170) of [1] where — in
table XLV — critical Rayleigh numbers and wave numbers for the onset of steady
convection, for growing Q?, are provided.

8. ONSET OF OSCILLATORY BIFURCATION
Since the critical values R¢, and R, are obtained for n = 1, (6.15) reduces to
3 72
(8.1) A=A+ 1A —-1I3=0,
with I; = I, (j=1,2,3). As concerns the onset of convection via oscillatory
state (Hopf bifurcation), denoting by i the imaginary unit, an eigenvalue of type
/= iu, with y real constant, is a root of (8.1) iff

213

(8.2) (I —p?) =0, = I

i.e. i has to be solution of

(83) I,I, = I;.
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Therefore only if the lowest positive root R* = R¢ of (8.3) verifies
(8.4) Re < Re,

oscillatory convection occurs.
In view of (6.14), (8.3) becomes

1 1 P 1 &3 P, &
8.5 1 R VA I NS RS YA R R Y
(8.5) ( TP +Pm) (Pm+Pn,+ )a2+”Q P, a
_La+on e
P, a? ’

Since P, > P, implies (Va?)

(&+ _|_)§1+ QZP fl _R2

(8.6) (1+ ! +i) Pt

P, P,

1 + Q1% éf+Q2ﬂzél
(1 +P +Pm) a? a?

)

one immediately recovers that the condition necessary for the onset of overstabil-
ity (see [3] page 183, (233)): overstability can occur only if P, < P,,. Further the
following theorem holds.

THEOREM 8.1. Let P, < P,,. then overstable convection occurs if and only if

(n? + a®)[A(n* + a?) + Br*Q?]

(8.7) Rec = min < Re,
a’eR™ a?
with
(P +Pp+1)—u P, —u P,P.
88) A= B— — ,
(8.8) P, —u ’ P~ YT PP +P +P,

PROOF. As matter of fact, in view of (8.5), (8.8) one easily obtains

A& + Br’ Q¢
(8.9) R} ===
and (8.7) immediately follows.

REMARK 8.1. We remark that:

1) In view of

(8.10) o < min(l, P,, Py,)
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and P, < P, it follows that

(8.11) A>0, 0<B<I.
. . . P,
Therefore the consistency of (8.7) is guaranteed for 4 ~ 1., i.e. by — « I,
. Py,
since
(8.12) lim B=0, lim 4=1.
P,—0 P,—x0

2) On letting Q> — 0, one has

P.+1

53
(8.13) lim Rc = A mm —12, A:1+Pm—oc

02—0 a’leRt d

> 1,

as expected, since in the Hydrodynamic Bénard Problem the principle of
exchange of stability holds.

9. OSCILLATORY BIFURCATION LAWS

We remark that — in view of the analysis performed in Sections 7-8 — the new
approach introduced for the linear stability, based on the Huwitz’s Criterion
applied to (6.15) with the characteristic I, written via the L, entries, appears to
be less difficult than the traditional one, at least for the onset of oscillatory bifur-
cation (see [3], pp. 181-186). Further the conditions I, > 0, I < 0, necessary for
inhibiting the onset of instability, in view of

I, >0, Va’ e RT < R> < Re,,
(9.1) I;<0,Va’e Rt & R? < R,
Rc = Re,,

allow to obtain — in simple algebraic closed forms — conditions guaranteeing
oscillatory bifurcation (Properties 1.3—1.4 of Sect. 1).

THEOREM 9.1. Let P. < P,,. Then

= 27 4,1+ P
2 R 4 =
(9 ) C>4'7Z:Pm_Pr7

guarantees the onset of oscillatory convection for R* € |%R¢, Rc[ with

27 4/ 1
7] —_— i N
9.3) R PmR c+gm (1+Pm).

PROOF. On requiring

P, - 1 2 _
—Rc+(P—+ 1)—n4 < Re,
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(9.2) immediately follows. But for any R? such that:

j 1 27 ~
TR (— 1)— 4 < R < Re,
P, ¢ t\p, g =R s Re

since (6.19) is violated and m is unstable and — in view of R> < R¢ — the insta-
bility is of oscillatory type.

THEOREM 9.2. Let P, < P,,. Then

1
(9.4) P, < (1 —W>Pm,
guarantees oscillatory convection.
PROOF. In view of (6.17)—(6.18), it follows that
(9.5) Re, < Ry,

is implied by

P, 1
(9.6) P—él(éf + 0*n%) + (P— + 1)51 < & (E2 4+ 0*?), Va® e R*
i.e. by
(9.7) (1 —&)[(a2+n2)2+Q2nz] >L+1 Va’ e RT
Pm Pm ’

and (9.4) immediately follows.
REMARK 9.1. We remark that:

1) As far as we know, the laws (9.2), (9.3) and (9.4) appear to be new in the
existing literature. In view of similar difficulties and treatments, traditionally
the onset of Hopf bifurcation in MBP is associated to the onset of bifurcation
in the rotating classical Bénard Problem. In appendix we show that a law
analogous to (9.2)—(9.3) holds also for the rotating classical Bénard Problem;

2) (9.3) gives an upper estimate of Rc.

10. RIGID-RIGID, FREE-RIGID, RIGID-FREE BOUNDARY CASES

The results obtained in the previous section are concerned with the free-free cases.
But one easily realizes that the procedure used continues to hold also in the rigid-
rigid, rigid-free and free-rigid boundary cases. For the sake of simplicity we refer
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to the rigid-rigid case. As matter of fact, in the rigid-rigid case, at the place of
(2.4) one has to add to the boundary conditions (2.4) the following ones

(10.1) u=v=—=0, z=0,1,

)

where % =0 is implied by the request V-u=0 also on the boundaries. It
y4

follows that the basis {sinnzz} does not allow to satisfy (10.1); and one has
to choose the basis {f,} with f, solutions of the Sturm-Liouville type problem
([ ], pages 634-637)

d4f f, zeo,1],
(10.2) dzt
= l 0, onz=0,1.

Then, either Section 3 and Section 4 — in which the Fourier expansion is not used
— continue to hold since (2.4) continues to hold. As concerns sections 5-9, all
the procedures continue to hold but one has to put f, at the place of sinnnz and
hence f, at the place of cosnnz. In other words, (6.8) continues to hold and
its new conditions depending on the basis {f,} will continue to guarantee the
unconditional nonlinear asymptotic stability of my. In this way all the results of
linear stability of the rigid-rigid case found in [3] are recovered as results of
unconditional nonlinear asymptotic stability. This happens also for the other
boundary conditions (rigid-free and free-rigid).

11. DISCUSSION AND FUTURE WORK

1) The paper concerns the dynamic of thermal MHD flows in horizontal layers
heated from below and embedded in a constant transverse magnetic field;

2) the ultimately boundedness of the flows is guaranteed by the existence of
L’-absorbing sets;

3) an L%-Energy Linearization Principle is obtained;

4) as consequence of the Energy Linearization Principle, a new approach to lin-
ear stability of the thermal conduction solution iy — based on the application
to the spectral equation of the Routh—Hurwitz conditions guaranteeing that
all eigenvalues have negative real part — is performed;

5) the relevant role played by the characteristic value of the linear operator at
stake, is put in evidence;

6) the conditions of linear stability of my are recovered as results guaranteeing
the unconditional nonlinear asymptotic stability for any type of boundary
conditions (free-free, free-rigid, rigid-free, rigid-rigid);

7) the steady and oscillatory Rayleigh critical values — in simple closed forms —
are provided;
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8) the overstability laws (Properties 1.3-1.4 of Sect. 2) (9.2)—(9.3) guaranteeing
the onset of oscillatory convection (Hopf bifurcation) are obtained;

9) as concerns the future work, we confine ourselves to mentioning the case of
thermo-MHD flows in rotating layers. In that case, to the right-hand side of
(10.1), will appear a term of kind Zu x k, .7 being a constant (depending on
the rotation about z). Since {u,u x k) = 0, the Energy Linearization Principle
continues to hold and also the subsequent procedure for the linear stability.
But to (6.8) one has to add the equation governing the evolution of the third
component of the curl of (2.1), when (2.1) is written with the presence of
Ju x k. Taking into account also the results concerning the thermo flows
in rotating layers (see appendix), it appears that there exists the basis for
looking for the generalization of the results obtained in the present paper
to the thermo-MHD flows in rotating layers. In particular, to look for the
validity of overstability laws analogous to Properties 1.3-1.4.

12. APPENDIX

12.1. Characteristic values (invariants) of a quadratic matrix via
the matrix entries

For the sake of simplicity we confine ourselves to the quadratic matrix of order 3.
Let L = |jaa|| (i, j = 1,2,3) with real entries a; and let 4, B, C be given by add-

ing respectively the principal minor of order 1,2,3

A =ay + an + as,

ap  ap an  as ax  a
(12.1) B= )
@) axp as  as; azyp  ass
C = detL.

Then one easily verifies that the spectral equation of L is given by

ap — A  ap ap
(12.2) ar ay — A a3 = —(},3 —A)? + BA— C) =0.
as ayp  axz— A

On the other hand, denoting by 41, 1, 43 the roots of (12.2) — eigenvalues of L —
one obtains

(123)  (A=2)A—2)(A—23) = 23 = (A + Ao + A3) A2
+ (}vlﬂvz + A+ /12/13)/1 — WAz = 0.

Since the characteristic values of L are given by

(124) Li=Ah+A+4d In=4hh+hlz+ iy, Iz=7A144;,
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it follows that
(12.5) BT+ I —1I3=0

and (12.2) gives

air dp air  ap (K]
12.6 I :all+a22+a337 I, = + 3
(12.6) dz1 dx as;  asz dsy dsz
I3 =detL,.
Analogously the spectral equation of a matrix of order n is
(12.7) 1 A (=11, =0,
with I, (m=1,2,...,n) characteristic values of ||a;|| obtained by adding the

principal minors of order m of ||a;||.
12.2. Hurwitz’s Criterion [18]-[19]

To the algebraic equation of n-th degree

(12.8) a "+ a4 ay A+ a, =0,
with ay, ..., a, real numbers, one has to associate the matrix
3] as as s 0
[7N) as deg ce 0
(129) 0 ay az tet 0
0 0 0 0

and its diagonal mnors

(12.10) Al=a, A=Y DB

,...,An = anA,,,l.
ayp dy

Without loss of generality we assume ap > 0. Then the following properties hold:
1) a necessary condition for all roots of (12.8) have negative real part is that
(12.11) a; >0, Vie{l,2,...,n);

2) if one of the coefficient «y, . . ., @, is negative then some roots will have positive
real part;
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3) (Hurwitz’s Criterion) if and only if
(12.12) A, >0, Vn,

all the roots have negative real part.

In view of (12.2), it immediately follows that in the case n = 3 conditions
(12.13) I; <0, I,>0, I3<0,

are necessary for the roots have negative real part and

(12.14) I;<0, I35<0, I;I,—-1I3<0,

are necessary and sufficient.

12.3. Two laws guaranteeing onset of oscillatory instability in rotating
classical Bénard Problem

The equations governing the perturbations to the thermal conduction in a layer
rotating about the axis z with uniform velocity w, are (in the free-free case)

P 'u,+u-Vu=—Vr+ Au+ 7u x k + ROk,

(12.15) V.u=0, inQ
0, + Pu-VO=Rw+ Ab,

ou 0
(12.16) ai‘:ai’:w:ezo, onz=0,1,

zZ zZ
with

4w’d*

(12.17) T = T

One easily verifies that, in view of <u,u x k) = 0, the energy linearization prin-
ciple continues to hold and hence, linearizing (12.15) and taking the z compo-
nents of the curl and the double curl of (12.15), one obtains

¢ ow
Pl 2=
"ot 0z
(12.18) P _aaw— 7L rAve,
ot 0z
20
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with { = (rotu) - k. Setting Z = % the Fourier components of the perturbations
have to verify the system | | =
0Aw,
P! a;h — AAw, — T Z, + RA0,
2
(12.19) p- 0Z, Az o g W
r T At oA

00

— — A6, + Rw,

ot

i.e. —in view of f, = f,(x, y,t)sinnnz, f € {wy, Z,,0,}

P Wy Wy
(1220) E Zn =1L, Zn
9” Hn
with
_Prén Pij/én azer/fn
(12.21) L,=| —P.In’n> —Pg, 0

R O - fn

The invariants of (12.21) are

(2+P)§3+Pa‘222

Iln - _(2Pr + l)éna I2n - é (,12 - R2 5
(12.22) "
53 )
I3, =a’P?|R? - —21
a
and the spectral equation is
(12.23) 22— T1yA% + Toph — I3, = 0.

The critical value R¢ of R? for the onset of steady convection is then

= . (a* + n*n?)® + 7 2nn?

Rc = min 5 )
(a?,n)e Rt xN a
ie.
3
(12.24) Re = min @7 + 770
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while the critical value I:QC for the onset of oscillatory convection is the lowest
positive root of

(12.25) I1I, - I3=0,

less than Rc. In view of (12.22) for n = 1, (12.25) becomes

2P, +1)
P,

R QEPIE+PTR] L, G470
B a2 T2

1N o 2P+ 1 2+ P)E+ PTG+ 777
(1 +—)R - -
P, P. a? a?

2P+ 12+ P)E N QP+ 1)T 2> & + 727

P, a? a? a?
2P, +1
{ P+ (24 P)— 1} E+ QP4 1-1)T 2

a?

—

2
> 2P+ 1)+ 2P,} & 4+ 2P.T 272

a2

2
5 2P+ D& +2P(E + 770

a2
1.e.
2 _ 2P+ 1)E + PG + T
(12.26) (1+P)R" =2 e
and hence
= 2 (2P, + )& + P& + T RP)
(12.27) Re = TP Inin, e .

In [3] the request
(12.28) Re < R,
for the onset of overstability is deeply analyzed and in Table XI of page 120

values of Rc guaranteeing the onset of overstability for P, = 0.025 and for
various values of 7 2 are printout.

!'We remark that the Taylor number 7 2 is denoted by .7 in [ ].
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We now obtain two overstability laws analogous to (9.2), (9.4). Setting

(12.29) Rc, = min 2+ P& + P70

: aleRT a?

it follows that I, > 0 if and only if R < Rc,.
On the other hand

é /-2 2 53 B 27
(12.30) Re, < P min Lt +2 min = = P,R¢ +57t,
a?eR* a? a?eR* 2

therefore
_ 27 _
P.Rc + 77T4 < R,
gives the overstability law.

THEOREM 12.1. Let P, < 1. Then

2774

guarantees the onset of oscillatory convection for R*> € }Rc, Rc|, with

(12.32) Re _PRC+2777Z

THEOREM 12.2. Let P, < 1. Then

(14 P,)rc3 5
N
—p, ~7 "

(12.33)
guarantees oscillatory convection.

PROOF. Since R, is given by (12.24), R¢, < R¢, V(a?,n) e RT x N gives
(12.34) (24 P)E + P.T % < & + 777

and (12.33) immediately follows.

REMARK 12.1. We remark that, since R¢ is an increasing function of 72,
also P, given by (12.31) is an increasing function of .7 2. Therefore in view of
table VII of [3] where values of R¢ are printout for increasing values of the
Taylor number 7> (denoted by T in table VII of [3)) it easily follows that, since

_ 2774
Re(72=10) = 6771 x 102, 27 _ 0.4,
2Rc
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it follows that for any P, < 0.52 overstability occurs. If P, < 0.6 it follows that
since

_ 277
Re(72 =100) = 0396, 2 —0.61,
2R¢

overstability is guaranteed for 7> > 100.
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