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ABSTRACT. — Given a N-function 4 and a continuous function / satisfying certain assumptions,
we derive the inequality

/ (7 (lA(S (x )))dXSCI/RA(CZ V") Tnp (2 0)] - h(f (x))) dx,

with constants Cy, C, independent of f, where f > 0 belongs locally to the Sobolev space W2 !(R),
f' has compact support, p > 1 is smaller than the lower Boyd index of 4, 7}, ,(-) is certain nonlinear
transform depending of 4 but not of 4 and .# denotes the Hardy-Littlewood maximal function.
Moreover, we show that when & = 1, then .#f" can be improved by f”. This inequality generalizes
a previous result by the third author and Peszek, which was dealing with p = 2.

KEey worDs: Gagliardo—Nirenberg inequalities, interpolation inequalities, capacities, isoperi-
metric inequalities

MATHEMATICS SUBJECT CLASSIFICATION (primary; secondary): 46E35; 26D10

1. INTRODUCTION

In [21] the third author, together with Peszek, obtained the inequality

(L.1) / PR () dx < (Vp = T)” / VT Z (O A(f () dx

where p > 2, f > 0 belongs to the Sobolev space Wli’cl([R{) and /' has bounded
support. The function % is given and 7}, is a transform depending of /4, but
not of p. Such inequality generalizes the following variant of the classical
Gagliardo—Niremberg inequality

/R|f'<x>|"dxs<\/p—1>"/R|ﬁ"|"/2dx, feCER), p=2

(see [21, Lemma 1.1]), and, in view of the applications described therein, (1.1) has
been proved in the rather general form. Another extension, dealing with the case
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h(x) = x* under the slightly less general assumptions, has been obtained in [17].
In both mentioned papers such inequalities were applied as a main tool to the
asymptotic behavior and regularity of solutions of singular ODEs like, for exam-
ple, to Emden—Fowler equations having the form u”(x) = g(x)(u(x))” in (a,b),
g € L?(a,b). Another application is also in the study of the regularity of solutions
to Cucker—Smale flocking model, see Peszek [28].

In [22] the Orlicz version of (1.1)

(1) [ A7) s < Can [ 4G/ I 0Tia(Fo0] - H )

has been obtained, where A stands for a general N-function which replaces the
original power p. Here A has to satisfy the assumptions

(1.3) di—= <A'(1) <D,—=, t>0,

where Dy > d4 > 2 and

A(?)

L= max{hmsuplDA [TA

,limsupA(t)} < 0.

A—0 A—00

Such inequality was applied in [22] to derive certain second order isoperimetric
inequalities and capacitary estimates.

In this paper we improve the condition D4 > d4 > 2, this way weakening the
assumption on A. In order to do this, we note that inequality (1.2) is invariant
under certain equivalence classes of N-functions 4. Taking this into account,
as a key tool, we applied an idea by the second author and Krbec [8]. Here a
characterization of Boyd indices, based again on the same invariance, has been
obtained and revealed useful for questions related to variational integrals and
extrapolation of integral operators.

As an example, let us consider the function

13 ifo<tr<l1
A== 2t—=1)'B ifl<t<?2
B2 483 if > 2.

It does not satisfy (1.3) with any d4 > 2, because its lower Simonenko index,
which intuitively is the highest possible d4 satistying (1.3) (see (2.5) for the defini-
tion), is 5/3. As it is smaller than 2, it cannot be considered in the previous state-
ment (1.2), but it can be considered in the statement of our Theorem 3.1, because
its lower Boyd index is 7/3, greater than 2. Let us mention that the computation
of the lower Boyd index can be done without using the artificial definition, but
using the simple formula found in [9]. The heart of the matter is the following:
the growth of A(z) must be, in fact, according to the arguments in [22], at least
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like the power #2, but the way (1.3) to “measure” the growth of 4 is not optimal
and it can be refined, by means of the Boyd indices. In the case of the example
above, the smaller growth of A in the interval [I,2] influences the Simonenko
index but not the Boyd index. Indeed, according to [9], only the values in the
neighborhoods of 0 and oo are relevant for the computation of the Boyd
indices. The idea in [8], in this case, is that there exists another function A
which is equivalent to A (in the sense that A4,/A4 is bounded away from 0
and o) and satisfies (1.3) with d4, > 2. Therefore 4; can replace 4 in (1.1)
with a worst constant.

We stress that our generalization will lead to inequalities true not only for
N-functions A4(f) essentially growing faster than #>, but also for N-functions A(7)
essentially growing faster than ¢7, with any fixed p > 1. As it is natural to expect,
in this case the square root on the right hand side of (1.2) must be replaced by
the p-root (see (3.1)). Moreover, ), ,(-) is then replaced by a more general
transform .7, ,(-) which is local when p =2 and nonlocal in the other cases.
This means that its value at the given point x, when p # 2, depends not only
on the value of the involved function f at x, but it depends of the distribution
of the values of f over all interval (—oo,x). It is described by a certain inte-
gration formula (see (2.1) and Remark 2.1) and, contrary to the case p =2, it
depends also on f”.

As an effect of this investigation, we obtain the inequality

(14) / A(F ()R(f () dx < T, / AR AF ") Ty (f )] - W () d,

with constant C , independent of f, where f is nonnegative and belongs locally
to the Sobolev space W2 !(R), 1’ has compact support, p > 1 is smaller than the
lower Boyd index of A4, and .#g denotes the Hardy-Littlewood maximal func-
tion of g.

In the case 4 = 1 the above inequality reduces to

(1.5) / A(f'(x)]) dx < Ca,p / AQ ") Tnmr (o)) i,

where 751 ,(f) —/V P2 (v)dy = AV (A,f), A" s the inverse of

the classical Laplacian operator and A, f = (|f'|” —2p )" is the p-Laplacian, both
acting in 1-d (see (2.1)). We remark that when p # 2 the nonlocality of such
transform is clearly visible and that it depends only on f”.

For example, the choice of A(f) =t* where o« >0 and A(f) =t? where
1 < p < ¢ < oo implies the inequality

/R SO dy

1

= C(/R(V/(y)'(f(y))a)p_ldy)z/(*/%f"(y)(f(y))“)?dy,

R
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X
see Theorem 4.2, while the choice of h=1, f ::/ lg(»)| dy, where

g e WUHI(R) is compactly supported, implies the followgn:g variant of the
Gagliardo—Nirenberg inequality

[ Aty < Cay [ \/|g o [l av)

which seems to be unknown also for 4 being of power type, see Theorem 4.3.
Let us mention that contrary to (1.5) and (1.2), in the generalization (1.4),
we had to substitute f” by its maximal function .Zf”. This is not a surprise,
because several other interpolation inequalities, having the pointwise character,
were already known with the maximal function involved. We refer for instance
to the following pioneering inequality due to Maz’ja and Kufner (see [27, formula

(1.9))

(f'(x))* < 2f (x)Af"(x), f e WE(R), f =0,

which will be applied in the proof of our main result. For further generalizations
of pointwise inequalities see also [15, 16, 25, 30, 31].

Inequality (1.1) has been already applied to mathematical models related to
singular elliptic PDEs [17, 21, 28], while inequality (1.2) was considered to derive
isoperimetric inequalities and capacitary estimates [22]. Therefore we believe that
our new inequality is not only of purely theoretical interest but that it can con-
tribute in the future to the isoperimetric inequalities and models in the similar
way. For other Gagliardo—Nirenberg inequalities and their applications, see e.g.
[5, 11, 20, 29].

2. NOTATION AND PRELIMINARIES

2.1. Preliminaries

Compositions with Lipschitz functions. The following simple observation is a
classical fact (see e.g. [26], [1, Appendix A]):

LemMma 2.1. If 0 < R<+4o0, f:[—R,R| — [o,f] is absolutely continuous and
L:[o,ff] — R is a Lipschitz function, then (Lo f)(x):= L(f(x)) is absolutely
continuous on [—R, R].

Some special transforms. Let p > 1 and set
@, (1) = { (72 i 1 #0
! 0 if 1=0

Observe that @,(f) = ¢ and for general p > 1 the function ®, is odd, and on
(0,0) is continuous and locally Lipschitz. Moreover, ®,(f) =t"~! when
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(>0, By(ab) = B,(a),(b), and D)(1) = (p— 1)[1]"%, (|d”) = p®,(r), when
t#0.
The following definition will be crucial for our considerations.

DEeFINITION 2.1. Let p > 1, let &: (0,00) — (0, 0) be 2 continuous function
such that 4 e L'((0,r)) for any finite r, and let f € W1 ( ), be nonnegative

and such that f’ is compactly supported and h(f(- ))p 11 7()>0) € Lige(R).
We define the following transforms of / and f: ‘

2y G- [ OB ONI S@n Dz w0y b

-/ )0, D000y

2 - /_ O, (h(S NS D253 20 D5
Gnp(f,X)
Tnp(f,x) = { Wi hen f(x)#0
0 when f(x) =

where we use the convention that if ¥ C R and function ¢ is defined on F, by
gxr we denote the extension of g by zero outside set F.

REMARK 2.1. Let p>1 and let H:[0,00) — R be the locally absolutely

continuous primitive of & such that H(0) =0, ie. H(t / h(s)ds. The
mapping x — % ,(f, x) is locally absolutely contlnuous and

gh,Z(fa .X) = H(f(x)>a
Tna2(fx) = (H/h)(f (X)) 21 ) 203 (%)

Th=1, p(f? ) ghzl,p(fyx) X{f(v);éO}(x) = / q)p(f/(y))dy 'X{f(x)#o}(x)7

o0

& Gnp,3)) = B (/') when p > 1.

Indeed, only the first statement requires some explanation. This follows because
(h(f(x))"! @, (" (X)) r) 201 18 1ntegrable (f" is continuous and compactly
supported, so bounded, while (A(f(x))”" )x{ /(x) -0 1s integrable) and so its inte-
gral 9, ,(f,x) is locally absolutely continuous function. Let us also note that
f'(x) = 0 whenever f(x) = 0 because f is nonnegative.

The assumptions on / in Definition 2.1 and in Remark 2.1 will be used in the
statement of our main result. We introduce the following condition:
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(h) h:(0,00) — (0,00) is of class C'(0, c0), and there exists a constant Cj, > 0
such that

(2.3) |h'(t)|t < Cph(r), > 0.

Moreover, when /A is unbounded nearby zero, we assume that it is strictly
decreasing in some neighborhood of zero.

Easy verification shows that the above condition is satisfied for example by
h(t) = t*, o € R or by h(r) = t*(In(1 + 1))” where x € R, > 0.

2.2. N-functions

By N-function we mean any function 4 : [0, 00) — [0, c0) which is continuous,
strictly increasing, convex, such that 4(0) = 0, lin(} A(t)/t = tlim t/A(t) = 0. For
[— — 0

A, A given N-functions, we will say that 4; is equivalent to A (4, ~ A) if there
exist constants ¢y, ¢, > 0 such that

c1A(t) < Ai(t) < 2 A(1), t=>0.
The symbol 4* will denote the Legendre transform of 4:
A*(s) =sup{st — A(t) : t >0}, s>0.

It is known that 4* is also a N-function and the mapping 4 — A4* defined in the
class of N-functions is an involution (see e.g. [24, Theorem 4.3]).

In the sequel we will assume that A is a differentiable N-function satisfying
the condition:

(24) d,——= < A/(Z) <D,—=, t>0,

where D,y > d,y > 1. Without loss of generality we may assume that d, is the
largest possible value and D, is the smallest possible value such that (2.4) holds
for A, by defining:

tA'(1)
su .
0 A1)
These numbers are called Simonenko lower and upper index of A, respectively
[33].

L A1)
(2.5) dq = inf FIOR

DA =

REMARK 2 2 We recall that the condition d, 2 t <A'(1) is equlvalent to the
fact that 2 and, analogously, the condition D4 —— (> > A'(1) is

equlvalent to the fact that 2 I—A is nonincreasing. This latter 1nequal1ty implies that
A satisfies the so called A,-condition:

A(2t) < CA(t), t=0,
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with some constant C > 1 independent of 7. The condition d4 > 1 in (2.4) is
equivalent to the A,-condition for A* (see e.g. [24, Theorems 4.1 and 4.3]).

We conclude this section recalling the notion of lower and upper Boyd index
of A4, denoted by i, and I respectively (see Boyd [3], Gustavsson and Peetre [12]
and [35]). Such indices can be defined by the following formulae ([8, Theorem
1.1]), based on the fact that lower and upper Simonenko index are not invariant
under equivalence relation ~, i.e. the condition 4; ~ 4 does not imply d4, = dy4
(see [8, Remark 3.5]):

iy = sup dA[ 1, := inf DA].
Aj~A A ~A

From these expressions it is clear that Boyd indices are invariants of relation ~.

3. THE MAIN RESULT

By .Zh we denote the Hardy-Littlewood maximal function of the locally inte-
grable function /1 : R — R, defined by

A h( sup|1|/|h ) dy, xeR,

xel

where [ varies among all intervals containing x. Its most known and important
property is the boundedness as operator from L,(R) to L,(R), 1 < p < oo.
Due to the several applications, e.g. in Harmonic Analysis and PDEs, this prop-
erty has been intensively studied and extended in a variety of unweighted and
weighted function spaces. For a quite recent picture, which starts from the first
remarks on .# as operator, see e.g. [6] and several references therein. For our
purposes we need to recall that by the classical Lorentz—Shimogaki theorem, see
e.g. [2, Theorem 5.17 p. 154], .# is bounded on an Orlicz space Lo (R) if and only
if ip > 1. If A is a N-function satisfying (2.4), and if we set ®(¢) = A4(¢'/?) where
1 < p<iy,thenitisip =1i4/p > 1 (see e.g. [8, Proposition 2.1]) and therefore,
taking into account that A satisfies the A, condition, for any g locally integrable
in Ritis ®(g) € Li(R) if and only if ®(.#g) € L(R). These considerations will
be of help in the discussion about the finiteness of the right hand side of next
(3.2), which are part of the following result.

THEOREM 3.1. Suppose that A satisfies (2.4) with dyq > 1 and let 1 < p < iy.
Then we have

1) For every nonnegative f € Wli’cl (R) such that f' is compactly supported

B [ AW @D ds s Cay [ AT 0D d
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il) Assume that the function h : (0, c0) — (0, c0) is as in Definition 2.1 and satisfies
(h). Moreover, let f € Wli’cl([R{) be nonnegative and such that f' is compactly

supported, h(f(-))p_1 e L} .(R), and additionally that / AR/f"(x)])) dx < oo
R

when h(-) is bounded in some neighborhood of zero and that

| A/ AR d < oo
R
when h(-) is unbounded and strictly decreasing near zero. Then we have

(3.2) / AL WA ())) dx
R{x:f(x)>0}

<Cup [ sy AG AL T (0] 1)

where Mf" is Hardy—Littlewood maximal function of f".
Constants C4 ,, C 4. > 0 are independent on f and Ty, , is as in Definition 2.1.

REMARK 3.1. Inequality (3.1) dealing with p = 2 was obtained earlier in [18] in
general dimension. Inequality (3.2) can be interpreted as certain extension of the
pointwise inequality which will appear in (4.10).

REMARK 3.2. Inequalities (3.1) and (3.2) may become trivial when, of course,
their right hand sides are +oo0. In the notation fixed at the beginning of this
Section, we remark that in the case when /4 is bounded near zero, right hand
side in (3.2) is finite provided that ®(f") € L;(R). Indeed, under the assumptions
of the theorem, there exists a bounded closed interval where f” is absolutely con-
tinuous, while f’ is zero outside. Therefore f’ is bounded, and so is f, A(f) and
G.»(f,-), because we assume that / is bounded near zero. In that case we have

7 X :M
|r/h.P<f7 )l h(f(x))p—l
1 X
Y PTARY h p=ly ¢ r=1y ’
< i [ auen o a

(3) 1700 ) = @D [ B o a)

0

< sup{i(n): ¢ O, I7LIH [ 1r01 ) < o0

and the conclusion is the same as before. Hence, right hand side in (3.2) is finite,
provided that ®(.Zf") € L;(R), i.e. when ®(f") € L;(R).
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REMARK 3.3. The considerations at the beginning of this Section could be
obtained equivalently applying the main result of [4] in the case w = 1 or, alter-
natively, the main result of [10], recently generalized in [14].

4. PROOF OF THE MAIN RESULT

We begin with few preliminary results.

LeEMMA 4.1. Suppose that A is an N-function satisfying (2.4) and 1 < p < dy.
Then we have

1) The function

(1)
(4.1) Ay (1) = { o, When!#0
0 when 1 =0

defined on R, is nondecreasing, locally Lipschitz and

A(lt
(4.2) (@1ﬂﬂsuu—p+méuu#m when ¢ € R;
il) For all a,b > 0 we have
A(a) , , p P
(4.3) b < (1 DA)A(a)+dAA(b).

PrOOF.

i) We observe that A4, i(-) is odd and zero at 0. To show that it is locally
Lipshitz, we first verify that the derivative of A,_; is bounded when ¢ € (0, #9)
A() fda=p+1

for any 7, > 0. We note that when ¢ > 0 we have 4,_(¢) = v

SO

that A,_(7) is increasing by Remark 2.2. Therefore when ¢ > 0

p—1 4/ _ o p-2 p—1
0< Allbl 1) = ey Z(2£72 D A = tlzpfz (DAAY) - (- 1)@)
= s p ), pr I e,

A1)
tz/A

Since the latter function is nondecreasing, it is bounded by (D4 — p + 1)
(¢7? and so (4.2) follows when ¢ # 0. The estimate for = 0 holds as woell,
because

Ap 1) = Ap1(0) _ Apa(0) _ AQH) _ A aip

t T
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ii) We apply the Oppenheim inequality known since 1927 (see Theorem 158 in
[13] or [32]):

(4.4 [T <> [ T A,

HFV

whenever v=1,2...,n, a, > 0, f, are nonnegative, continuous and strictly
increasing functions and one of f,(0) equals 0. For this we consider at first
p < dy, so that the map A(¢)/t? is strictly increasing and it can be naturally

extended continuously to 0 at 0. Therefore we can apply (4.4) with f(a) = %
and f>(b) = b?, to get
A “« A b4 @ A(x)xP =2 pyr
Al@),, / xrd( (x)) +/ AC ey :/ o L = 2Pt
a’ 0 xP o xP 0 x2p
b a b
Alx) / A(x) / A(x)
a2 — A (x) - 2\ 2
+/0 o X dx /0 ( (x) . p)dx+ .y pdx
(24) fa » b
< Al(x) —=—4' d —A'(x)d
< /0 ( (x) D, (x)) x—i—/o a4 (x)dx
P P
=(l——=— )4 — A(b).
(1= )A@ + 7 A)
Inequality for p = d4 follows after letting p — d. |

REMARK 4.1. In the case A(¢) = ¢t we could not apply Oppenheim inequality
directly as then D4 = d4 = p and A(¢)/t? is not strictly increasing, but, on the
other hand, the inequality is obvious because it reads
@Al
a? a’

b? < (1 - %)A(a) +£A(b) — A(b).

REMARK 4.2. For p =1 inequality (4.3) was known and applied earlier to
obtain Hardy inequalities, some of them with best constants, see e.g. Lemma 4.2
in [19] or proof of Lemma 3.1 in [34].

ProrosiTION 4.1 ([23]). If A is a N-function satisfying (2.4), then
min(t, 1P A(r) < A(tr) < max(t™, P A(r), r,t>0.

ProOOF OF THEOREM 3.1. It suffices to show the proof under the assumption
1 < p <dy as inequalities (3.1) and (3.2) stay invariant up to the constants if
we substitute there 4; ~ A instead of A. Clearly, we can assume that right hand
sides in the inequalities (3.1) and (3.2) are finite and that their left hand sides are
strictly positive.
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i) Set

1= [ ar@hds 7i= [ 4GNS 09 7im 7 0] d

Note that 7 < co. According to the formulae (4.1) and Remark 2.1, we have

I= [ Apa (' () - e o0 .

By Lemma 4.1 the function 4,_;(#) is locally Lipschitz. Moreover, /' belongs
to WI(R) and is compactly supported and bounded. Therefore by Lemma
2.1 the function A4, (|f’|) is absolutely continuous on R and compactly
supported. This and the fact that 4,—; ,(f,x) belongs to W' (R) allows us
to integrate by parts in the expression above, to get:

(4.5) I=- / (Aps (') - Gt f ) .

Therefore, as (A4,-1(f'(x)))" = 0 a.e. on level set of f” and {x: f'(x) # 0} C
{x: f(x) # 0} for the nonnegative f, we obtain

- (Ap ) et ) d
RA{x:f'(x) #0}

= —/ (Ap-1
RA{x:f(x)#0}

- /R(Apl(f’(X))Y “Th=1,p(f, x) dx.

—~

TN Gn=1,p(f ) dx

Note that 4, ,(-) is even and

(4.2) A(|t
0<A4, (t) < (Da—p+ 1)%%#(»

(Ap-1(f'(x)))" = A, (' ()" (%)
Consequently
46 1| [ A7) Thc )

A" D | ey
< (DA —p+ 1) /Rm{x;f/(x)¢0}W|f (X)thl,p(fax)| dx.

Leta= (D4 — p+1). We apply (4.3) to estimate
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/ " " x 1/p\?
47) Igaé/uwxf 7&0}( |5’|f|p|)) ' ({U Jh:(;p(f >|} ) o
<a(1=£-)0 [ At as

a7,
vals \/|f Th= 1pf x)|>
da Jrafxsix ¢0}

where ¢ > 0 will be chosen later. The first integral equals a(1 — 5-)dl. To
estimate the second one we note that according to Lemma 4.1: A( ﬁ) <

max{ (1 ) NE ) }A ). This implies:

I< (DA—p+1)(1—D—A)51

Dy

+ (D4 —P-l-l)d—p/{é-max{(%) ’

,(gﬁ}/Rwu T 0)) d

= (04— p+ 11 —D%)al

+Da—p+ l)d%é-max{(%)% (%)CJTA}J

We choose d=7J; such that (Ds—p+1)(1—2)d =14, ie o=

— 1 Therefore setting
2Dy pt1) (1—%)

IN2 1N\%
Ci(00) = (D~ p+1) 00 max{(éo) () ¢
we arrive at the inequality
1 <2C (50)],

which is What we wanted to prove.
ii) Let f € W1 '"(R), and denote f; = f + ¢

I(e) = / A h((x))) dx

56 i= [ AGSLf ()T o HA)) d

Then as before we have I(¢) < co and

I(e) = /R (Ap-1 (1 (1)) - ©p(fh(f2)) dx
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By Lemma 4.1 the function 4,_(¢) is locally Lipschitz. Moreover, the function
Sh(f) belongs to W 1(R) and is compactly supported and bounded. Indeed, the
function /4(-) is Lipschitz on every interval of the form [e,r) and f; is bounded
therefore by Lemma 2.1 we have A(f;) € W,h!(R). As f/ belongs to W'!(R),
by the multiplicative properties of Wbl we have f/h(f.) belongs to WI(R)
and it is compactly supported. We note that ¥, p( f:,x) is also locally abso-
lutely continuous and by Remark 2.1 (% ,(f;, x))" = ®,(f/h(f;)) in sense of
distributions and almost everywhere. We integrate by parts in the expression
above, and we get:

(4.8) I(e) = /R(Ap—l(/ﬂ'h(fe))) (Gn ([, X)) dx

== [ A s LD - g i)
Setting A (x) = f'(x)h(f:)(x), we have

(Ap-1(Ag)) = Ay G S h(S) + (f) R (1)}
Therefore, by (4.2)

@9) 1@< ([ A (A o) d
R(‘\{/l/‘#o}
A
< (D= p+ 1) [ ML o8t 10

"y —p+1>/RA|“|p)< )Gy o ity 0 i

=1 + 1.

We put a = (D4 — p+ 1) and apply (4.3) to get

— (|f |h(fs)) R % (fon )P
e ) ()

AN [ S B Tap (e 07
R/ ¢O}< PR ) <{ 5 } ) o

P /
<a(t=g o [ ARG

" o,
e Ao
da Jra{si(x) 20} g

= aod

h(f)) dx,
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and as .#h(x) > |h(x)| a.e., we obtain inequality

L < (D4 = p+ D)1= 5 )ol)

rwa- v fomad (57 (5) o

We are left with the estimates for expression I,. Using the assumption (2.3), then
the following pointwise inequality due to Maz ya and Kufner ([27], Remark 1.7),
valid for every nonnegative function f € W1 (R)

(4.10) (') <2 (x)Mf"(x), xeR,

we compute that

_ A(l45]) , oy2
Iz_a/[rem{/ )#0} |)f| (f)

. 72
<acy [ o é'j(;'”“}j {1 Tip o )} (R())” dx
A(|4y,

) A" ) A Tnp (Lo ) HA)”
RA{f7(x)#0} |/%| Y

h'(fe) Gnp(fe, X)

) i fo) | (A(fe))" dx

< 2aCpo

where 0 > 0 will be chosen later, and again by (4.3), we get

P
L <2aCy(1 —— A
2 < 20, ( Dy )5/u%<m{f’(x)¢o} (4.

)4 % " 9'
+2aC, L5 (\/ 1)
4 Jrngs)20)

< 2aCh<l —DL;)&I( )+2aChd 0- max{(é)p, (é)lf}J(e)

In the end we get

) dx

1(g) < a(0)ol(e) + a(0)J (¢),
where

a(®) = (Dy— p+ 1)(1 —D%I)(l +2C,)0,

Dy

b(©d) = (Ds—p+ 1)d—(1 +2C3)0 - max{ (;)7, (%Y}
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Now it suffices to choose the sufficiently small J, for example to have a(d) = 1/2,
and rearrange to get (3.2) with f; instead of f.

We complete the arguments by letting ¢ — 0. For this we have to explain the
convergence

e—0 e—0

(4.11) 1(e) =2 1(0), and J(e) =3 J(0),

where we set fo = f. We consider two cases: a) when / is bounded near zero and
b) when /4 is decreasing in some neighborhood of zero.

In case a) convergence follows from Lebesgue’s Dominated Convergence
Theorem. Indeed, in that case | f ' h( f.)] is bounded uniformly in ¢ and compactly
supported and so is |7, ,(f:, x)|! /p h(f:(x)) by similar considerations as in (3.3).
Therefore

AQ 1" (5) Ty Fe ) BU(x)) < ACYTATT) 'S CARTATT)
-G <|/%f"<x>|>,

where constants Cy, C do not depend on ¢ and we recall that property of
D()=Ao]|- ] /P were discussed at the beginning of this section. Last term above
is integrable because by our assumption ®(|f”(x)|) belongs to L'(R), which
is equivalent to the fact that ®(|.#f"(x)|) belongs to L'(R). In case b) we will
find constant D > 0 such that

h(fe(x)) < Dh(f (x)).

Indeed, let us fix x > 0 such that / is decreasing on (0, x| and let ¢ < x/2. Then
we have for every x such that f(x) >0

h(fe(x)) = h(f(X) + &)x10< 100y <r/2y T HU(X) + ) r05002)

IA

h(f (X)X o< f(x)<xe2y + ROF(x)) %XU( )>x/2}

< h(f (X0« () <x/2y T DR (X)) X1 p)500/2)
< Dh(f(x)),

where

_sup(h(0): 1< /2,11, ++/2])
inf{h(r) : t € [x/2,||f]l..]}

We will verify that for every x

VI (Jes ) |A(fe(x)) < K/
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with constant K independent on &. Indeed, this follows from sequence of
estimations

('/, D, (h(fe(2)S" () dy' : h(ﬁ(x)))%

(et [ o ey

1

SIS ( [, D o) DR )

IA

o ([ mvona) - woen
— K/,

Using this estimation and the A, condition for 4 we get
AR Lt () T3 (o ) WFo(x))) < EAR/TATOMT () € L' (R)

Therefore we can use Lebesgue’s Dominated Convergence Theorem to justify
properties from (4.11). O

The following statements follow from careful analysis of the proof of Theorem
3.1 and its modifications. Our first statement contributes to the analysis to the
case p = d4, which was not covered by Theorem 3.1.

THEOREM 4.1. Let 1 < p < oo. Then

1) For every nonnegative f € Wli;zl([R{) such that [’ is compactly supported, we
have

[r@rars [0 [ 1o ads

< / ()17 dx / ()]

i) Assume that the function h : (0, 0) — (0, 00) is as in Definition 2.1 and satisfies
(h). Moreover, let f € Wli’cl([RE) be nonnegative and such that [’ is compactly
supported, (h(f(-)))"" € LL (R), and additionally that /R,/%f”(x) dx < o,

when h(-) is bounded in some neighborhood of zero and that

/R M ()R(f(x)) dx < o0
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when h(-) is unbounded and strictly increasing near zero. Then we have

/ PR () dx
RA{f(x)>0}

= C/ M) N T p(f 2)|h(f (x)) " dx,
Rn{/f(x)>0}

where C =1+ 2C,

REMARK 4.3. Since from the assumptions of the theorem it follows that f” is
compactly supported, the condition / AMf"(x)dx < oo is equivalent to the fact
R
that / LF”(x)|(In] f"(x)]) " dx < o0, by celebrated Stein inequality.
R

PROOF.
i) This follows immediately from (4.5) after we note that for A(¢) = ¢” we have

A, 1(t) = t, so that (4, ((f")) = f".
ii) We note that (4.8) reads as

10 = [ U -y o) and
(SIh() = f"h(f) + (f)0(f,).

This, the condition (h), the fact that for almost every x in {x : f/(x) = 0} we have
S"(x) =0and that {x: f'(x) #0} C {x: f(x) > 0} give

" (ﬂ/)z
I(e) < /le h(fs)||gh~,p(f8’x)|dx+Ch/u%m{f’(x)#O} Je

h()|Gnp(fer )] dx

(4.10)
< / R |G p (fon ) i + 2 / MF" W) o)) dx
R RA{/"(x)£0}

= C/ MI" T p(fos ) A(f2)" dx,
RA{f(x)>0}

where C = 1 4+ 2Cj,. When letting ¢ — 0 and applying the same arguments as at
the end of the proof of Theorem 3.1, we get

/ () Ph(f ()7 dx
RA{f(x)>0}

<c / AP (X) | Tnp () () dx,
Rn{ f(x)>0}

where C = 1 + 2C},, under the suitable assumptions on f. O
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Precise analysis of the case A(7) = #7 in Theorem 3.1, together with the more
precise estimates give the following result.

THEOREM 4.2. For any p,q € R where 1 < p < g < o0, we have

1) For every nonnegative f € Wli"cl([R) such that [’ is compactly supported, we
have

(4.12) /R|f/()€)|quSD(p,q)/R|f”(x)|%</;|f/(y)|p1 dy)%dx

SD(P7Q)(/R|f'/(x)|%dx)(A|f’(x)|p1 dx)%,

where D(p,q) = (g — p + 1)7;
i) Let o € R\{0}, f € Wli’Cl(R) be nonnegative and such that f' is compactly
supported, (f(-))*?"V e Ll (R), and additionally that /|f”(x)|%dx< o0
R

loc

when o > 0 and that /(/%f”(x)(f(x))“)% dx < oo when o < 0. Then
R

(4.13) / ()90 () dix

X

=Dp.q.2) / Car@y( [ 7N ) ) (o

—o0

< D(p,4,%)( / (U ON" " dv)’ / (" (9)(f(9)))" by,

L
q.

where D(p, q,2) = [(¢ = p + 1)(1 + 2|«|)]

PRrROOF.

i) We apply the identity (4.6) and we note that in our case D4 = d4 = ¢. This
together with Holder inequality gives

/ ()| dx
R

< (q—p+l)/Rf’(x)l‘f‘p-(|f”(x)|%=1.,p(f,x))dx

P

<ta—r+0( [1r@ra) ([ Q@i ).

which implies (4.12).
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i) We consider A(z) = ¢*, where « € R\{0} in part ii) of Theorem 3.1. Then

Ty plfi0) = | NV, (1)) dy,

o]

G p(f5x) = W / i(f(y))“(”_”@p(f’(y)) dy for f(x) > 0.

To obtain (4.13), we apply (4.9) and note that in our case |h'(¢)| = |oc|&f).
According to the notation in (4.9) this gives

I(e) = / ()9 a(x))™ dx
S(q—p+1){/R|f’(fe)“Iq”If”(ﬁ)“'g-v,p(ﬂ,X)dx

N2
s [ If’(fa)“lq"’l%(fe)“gﬂ,p(fs,x) dx}.

Applying inequality |f”| < .Zf" and (4.10), we get

I(e) < (q—p+1)(1+2|0<|)/R(|f’(fs)“|)q_”~(I«/%f”(fs)“'g|r|’.,p(f»s,X))dx,

which together with Holder inequality, and (4.11), implies (4.13). O

REMARK 4.4. First inequality in (4.12) is the variant of mixed norm Gagliardo—
Nirenberg type inequality and seems to us new.

REMARK 4.5. It would be interesting to know whether constants in the in-
equalities (4.12) and (4.13) are optimal.

Our next statement does not involve second derivatives and is the strong
variant of the Gagliardo—Nirenberg inequality.

THEOREM 4.3. Let us consider an arbitrary compactly supported function
g € WHY(R). Then

1) Forany 1 < p < q < oo we have
q

@) [loltav< - p+ 0 [ 1g0@FH( [ o0 @)’

X
-0
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i) When A satisfy (2.4) and dq > 1,1 < p < iy, then

/ (lg(y >|>dy<cAp \/|g x>|/ DI dy) d

where the constant Cy , does not depend on g.

PROOF.

X
i) The function f(x):= / lg(v)| dy is nonnegative and belongs to Wli’cl(lR),

—0
f'(x) = |g(x)| has bounded support and |f”(x)| = |¢'(x)| a.e.. Inequality
(4.12) leads to (4.14).
ii) We use the same substitution as before to the statement i) in Theorem 3.1.
O

REMARK 4.6. Note that (4.14) involves the (nonlinear) nonlocal operator

/ J lg(»)|” ~! dy and that it implies the following inequality:
— 00

(/ng(JC)\qu (q—p+1 /|g x)|? dx /|g Nl 1dx

The substitution of r:=%2>1 and s:=p—1>1 implies the Gagliardo—
Nirenberg type inequality:

(4.15) g1l

o) < D(r,9)lg’

o 1—o
L"(R)”gnp(m

where D(r,s) = (s(r — 1) + r)ﬁ, g =r(s+ 1) and o = —. Note that in particular
L= —Da+1(1-0a).

q r

The general Gagliardo—Nirenberg type inequalities in dimension n have the
form:

||Dju

Lo < C||ID"

ull

R"

where }I:£+(%—%)a+§(l—o¢), u:R" =R, 1<s,r<oo, jymeN,

o < 1. We deal with thecase j =0,m=n=1.

/<

J
m

REMARK 4.7. Let us consider inequality (4.15) in the case r=s=2, ¢ = 6.
According to our result it holds with constant D(2,2) = 4!/3. This inequality
is known to hold with optimal constant Cgy(6) = 7'/3. Indeed, for this we use
results of Section 3.1. in [7] and the notation there, showing that the optimal

(Cl (6)

16
6] )?, where

constant Cgy (6) =
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Nz
r

8
816 2.4

_6]_2122=2f L=

5 1
(%()) T (asF(E):n),

)E =2, so that

Hence, our constant D(2,2) is not optimal in that inequality. On the other hand,
our inequality (4.15) follows as a consequence of stronger inequality (4.14), so
perhaps it explains the nonoptimality of the derived constant.
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