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Number Theory — Integral points on the complement of the branch locus of pro-
Jections from hypersurfaces, by ANDREA CIAPPI, communicated on November
11, 2016.1

ABSTRACT. — We study the integral points on P,\D, where D is the branch locus of a projection
from a hypersurface in P,,; to a hyperplane H ~ P,. We extend to the general case a result by
Zannier (whose approach we follow) and we also obtain a sharper bound that yields, in some cases,
the finiteness of integral points. The results presented are effective and the proofs provide a way to
actually construct a set containing all the integral points in question. Thus, there are concrete appli-
cations to the study of Diophantine equations, more precisely to the problem of finding integral
solutions to equations F(xo, ...,X,) = ¢, where ¢ is a given nonzero value and F is a homogeneous
form defining the branch locus D, i.e. a discriminant.
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1. INTRODUCTION

The study of integral points on varieties defined in a projective space as the com-
plement of certain divisors is related to several Diophantine problems and it is a
recurring and interesting problem in number theory. For the definition of integral
points, for the concept of sets of S-integral points and quasi-S-integral points and
for the connections with Diophantine equations we rely on [7] and [10].

Given an affine variety V' C P,, we can consider its closure V in P, and its
divisor at infinity D = ¥\ V. Many valuable thorems about integral points on ¥
have been proved in the last century, but the majority of them requires the split-
ting of the divisor D in several components in order to be applied. There is a stan-
dard technique to bypass this requirement that consists in lifting integral points
by means of a finite cover of the variety ¥, unramified except possibly above
points in D and such that the pull-back of D has more components than D itself.
However, this method seldom applies if dim V' > 1 because, in general, the pull-
back of D does not split as desired.

A remarkable exception to this is a result by Faltings, who proved the finite-
ness of integral points on the complements of certain irreducible singular curves
in P,. In this case, the divisor D is the branch locus of a suitable projection from
a smooth surface described in detail in the original paper [3]. The problem was
also studied by Zannier who proved a similar result in [9] applying arithmetic

!Presented by U. Zannier.
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considerations from [2] (and hence ultimately relying on the Schmidt’s Subspace
Theorem) to the same geometric setting introduced by Faltings. Zannier obtained
the same conclusions under different hypotheses and, moreover, he proved that
the fact that the projected surface has non-negative Kodaira dimension is a suffi-
cient condition for the finiteness of integral points on P,\D. Later, both results
were improved by Levin in [5], where the theorem is proved even for surfaces
with negative Kodaira dimension.

In [9] Faltings’ principle is also applied to the simpler case of a projection
taken from a hypersurface in P,.; and it leads to a bound for the dimension of
any set of integral points on the complement in P, of the branch locus of the pro-
jection. The analysis presented here will be similar but more general, as we will
make no restrictive assumption on the projection. This will require some more
care but it will also lead to stronger conclusions and more applications.

The geometric setting of the problem is described in detail in the second sec-
tion of this paper along with the statement of our main result, proved in the third
section. The fourth section contains some details, remarks and corollaries while
in the last section we provide some examples and we observe that the results we
have presented (which are effective, see §4) have a concrete application in the
study of Diophantine equations F(xy,...,x,) = ¢ for certain homogeneous irre-
ducible forms F and non-zero values ¢ (see also Proposition 2).

2. SETTING OF THE PROBLEM

Let k£ be a number field and S a finite set of places of k& which includes all the
infinite ones. Let 2" and H be, respectively, an irreducible hypersurface of degree
m and a hyperplane in the projective space P, 1, both defined over k. Let Q be a
point in P, ;1\ H and consider the projection ¢ of Z from the point Q to H ~ P,,.

Without any loss of generality we suppose Q = (0:...:0:1) and that H is
defined by X,,.1 = 0. The projection ¢, takes then the form

o: X — P,
(X0 ev i Xyt Xpg1) — (X0 1o vt i X))

If Q € % then ¢(Q) is not defined unless we consider a blow-up. However, for our
purposes, it will suffice to consider the restriction ¢, , which, with a slight abuse
of notation, will still be denoted by ¢.

Let f € k[Xy, ..., X,u11] be a homogeneous irreducible polynomial of degree m
defining Z'; we may view it as a univariate polynomial in X, with coefficients in
k[Xo, ..., Xy

d
SXoy o, Xy X)) = > fiXo, - Xa) X
1=0
where d = degy, | f is the greatest integer such that the coefficient of X | is not

identically zero and every f; is a homogeneous polynomial of degree m — d + [
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(or the null polynomial). We suppose d > 1 and we remark that the geometrical
request Q ¢ 2 implies d = m, deg f; = [ when f; is not the null polynomial and
fo € k* (this being the case discussed in [9]).

We consider the discriminant of f in respect of X,.i, a polynomial in
k[Xo, ..., X,] that we shall denote by A = A(Xj,...,X,). Its zeroes are exactly
the ramification points of ¢, insofar as Q does not belong to 2, and in this case
A =0 is the defining equation for the branch locus D. On the other hand, if
Q € Z, there are points in P, where the polynomial f; vanishes: they may or
may not belong to ¢(Z) or to {A = 0}, but their preimages under ¢ surely have
cardinality different from d. Hence, we define D as the union of the zero loci of fj
and A.

We also consider a set 7 made by the points (xg:...:x,) € P, such that
f(x0,...,%x,,X), as a polynomial in k[X], has exactly one root or none at all.
If, for example, we require one root with multiplicity d, we must have
Jfo(xo,...,x,) # 0 and we look for a factorization

d

> filxos - x) X = folxo, . x) - (X — )

=0

for some o = a(xp,...,x,) € k. We then turn the above requirement in d
equations

ﬁ(xo,...,xn):fb(xo,...7xn)-<7>(—oc)l I=1,....d

and we observe that, in particular, we must have f; = —duf) or, equivalently,
—o = f1/(dfp). This leads to the following relations among the polynomials:

Jo#0

(1) d\ S
ﬁz(z)W Vvi=2,...,d.

We denote by Ty the set of points in P, satisfying (1). We define in an analogous
way the sets Ti,..., T, consisting, respectively, of the points in [P, whose
preimages via ¢ are made by single points with multiplicity, respectively,
d—1,d—2,...,1. For example, the points in 7 will satisfy f, =0, f; #0

and
o -1
fzz(d 1>f2—,1 Vi=3,...,d.
I=1)(d-1)"f

Finally, we have T = Ty U - - - U T, where the last two sets involved are T, | =
{fo=-=f12=0,fs,1 #0} and the complement of ¢(%) in P, T,=
{fo=-=fa1=0,1s #0}.

We can now state our main result:



280 A. CIAPPI

THEOREM 1. Assuming the hypotheses and notations discussed above in this sec-
tion, the Zariski closure of any set of quasi-S-integral points for P,\D has dimen-
sion less than or equal to dim Ty + 1.

This constitutes an improvement of Theorem 2.1 in [9] in two ways: it is more
general because the hypotheses on the centre of projection Q (and thus on the
leading coefficient fo(Xp, ..., X,)) have been removed and the bound provided is
sharper as it is in terms of the dimension of 7 (which is a subset of 7T'). More-
over, not only it is possible that dim 7y < dim 7', but 7y may be the empty set
even if the degree d is small (compared to n), yielding a finiteness result for the
integral points (see §4).

3. PROOF OF THEOREM 1

We will make use of the following well-known fact (for a proof, see Proposition
2.3 in [9)):

PROPOSITION 2. Let L C P, be an effective divisor defined by a form A €
k[Xo,...,X,] and let T be a set of quasi-S-integral points for the affine variety
P,\L. Then there exists a finite set of places S" O S of k such that each point of
X has projective coordinates (xg : ... : x,) with x; € Us: and A(xo, . ..,x,) € U3

In order to give more emphasis to the underlying ideas and techniques lead-
ing to the result, we postpone the discussion of the “low degrees” case. More
precisely, during the proof we will make the assumption that the degree d =
degy,  f(Xo,...,Xup1) is greater than or equal to 4. We will go back to that
point in the next section (paragraph “Low degrees’”) and complete the proof for
d=2andd =3.

FIRsT STEP — Let X be a set of quasi-S-integral points for P,\ D. By the above
Proposition 2 there exists a finite set S’ D S, made up of places of k, such that
for every point in X there are projective coordinates (xo : ... : x,) such that every
x; belongs to Os: and A(xy, ..., x,) € (g,; we choose P € X and projective coordi-
nates (xo : ...: Xx;,) for it so that the properties we just mentioned are satisfied.

Then we consider the equation f(xo, . ..,x,, X) = 0 which has d distinct roots
in @ since P ¢ D. We shall denote them by ..., a; and we consider the number
field k' they generate over k, which depends on P: it has bounded degree and it
is unramified except at places above S’. Hermite’s Theorem then implies that
there are at most a finite number of number fields with these properties, hence
there exists a number field £” such that it contains all the roots o; regardless of
the chosen point P. Finally, we may define a finite set S” constituted by places
of k" that contains the extension of S’ to a set of places of k” and such that
the polynomials f;(Xo,...,X,) have coefficients in (» g» and Oy g» has class
number 1.

We remark that proving the theorem after enlarging k or S is a stronger con-
clusion than the original claim and that, even if we consider sets with an infinite
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number of quasi-S-integral points, the number of required enlargements is finite.
Thus, we assume in this proof k = k” and S = S”.

SECOND STEP — We can now consider the usual factorization of the discriminant

Alxo, ) = f 2 T (—o)?

I1<i<j<d

which is valid because fy(x,...,x,) # 0 since P ¢ D. Every root can be written
as a product o;; = u;0; U'with 4; and J; coprime S-integers. We also note that every
polynomial 6;X — g, divides f(xo,...,x,, X) in Os[X], hence 9, ...d,; divides fy
in (Us. Tt follows that A(xo,...,x,) is divisible in g by H#/.(éjyi —0ii;) and,
since the discriminant is an S-unit, we deduce that every factor d;u; — diu; belongs
to (.

We define x;; := d;; — d;x; and we consider the identity

Xi1X23 + XppX31 + X3x12 =0

where i € {4,...,d} and every summand is clearly in (5. Since we just produced
solutions to the homogeneous S-unit equation, we may apply some finiteness
result (see [6] or [10]) and obtain that, for example, the ratios x,x3;/x;1x3; lie in
a finite set independent of the chosen point P. In order to write down algebraic
relations among the roots o;, we observe that we have just proved that for certain
values ¢; = ¢;(P) in a fixed finite set, we have

o = XXar _ (o — on)(os — o)
Coxanxn (4 —on)(a — %)

ied{4,...,d}

and if we put ¢; := 0 and ¢3 := 1 we have analogous relations for i = 2 and i = 3.
After some easy manipulations, we can write the following expressions for the
roots:

061(062 — (‘X3)Ci + OCQ(O(3 — 061)

2) o = (0 —a3)ci + o3 — oy
064(062 — 063)6'4 + 063(064 — 062)

(0 —o3)cq +og — o

i=2,....d

i=1.

Finally, we can split X into finitely many subsets such that the ¢; are fixed for
every point in a given subset. Arguing separately with each subset we may then
assume that the ¢; do not depend on P.

THIRD STEP — We pause to outline how we will make use of the information
obtained so far. We are going to define a quasi-projective variety in P,.4 and its
projection on P, will lead to the sought relation between X and Ty. Intuitively,
n+ 1 coordinates are required to define a point in X C P, and four values are
required to express all the roots o;, see (2) above. The polynomials that we
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are about to introduce are defined following the relations (2) and then consider-
ing Viéte’s formulae to provide a link between the roots «; and the polynomials
fi: they are essential in the definition of the quasi-projective variety above
mentioned.

We start by defining some auxiliary polynomials in k[Y}, Y, Y3, Ya):

Yl(Yz—Y3)C,-+ Yz(Y3—Y1) i=2,...,d
Y4(Y2 — Y3)C4+ Y3(Y4 — Yz) i=1

(YQ—Yg)Ci+Y3—Y1 i=2,...,d
(Yz — Y3)C4+ Yo— Y, i=1

ai(Y17 Y27 Y37 Y4) = {

bi(Y1,Y2,Y3,Y,) = {

A(Y1, Y2, Y3, Yy) = Z a;, (Y1, Y2, Y3, Ys)...a;(Y1, Y2, Y3, Ys)

1<ij<<ij<d

d
B(Yla Y27 Y37 Y4) == Hbi(Y17 YZ, Y37 Y4)
i=1

If, as before, P = (x¢ : ... : x,) € X is the point in question and f(xo, ..., Xy,
X) has roots ay, . .., oy, we observe that, because of (2),
(3) ailon,00,95,84) _ i1 d

b[(O(], 02, A3, OC4)

Furthermore, since the coefficients of a polynomial can be expressed as the prod-
uct of the leading coefficient and the corresponding symmetric function calcu-
lated in its roots, we have for / =1,...,d

. A](O(1 0o, 03 064)
4 e = (-1 e UL
( ) fl(x()a ,Xn) ( )f()(XO, ,Xn) B(ocl,ocz,ot3,oc4)
After these remarks, we are ready to define and study a projective variety
V' C P,.4 given by the common zero locus of the d polynomials

(5) Bf — (—1)'fod,

where B and 4, belong to k[Yy, Y2, Y3, Ya], fo and f; are in k[Xy,..., X,] and /
ranges from 1 to d.

Since our main interest is focused on X C P,, we are going to consider the
projection of V' to P, by taking the first n + 1 coordinates. To ensure that the
projection is well-defined we have to remove points with nothing but zeroes in
the first #n 4+ 1 coordinates. In addition, we are going to ignore points that belong
to V regardless of the first n + 1 coordinates, only because the Y; have special
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values. Furthermore, we would like, at some point, to get rid of the zeroes of
Jfo(Xo, ..., X,) in P, because they cannot be in 7;. We accomplish these goals
by defining in P, 4 the varieties

Up:={(z0:-..:zp:y1:y2:y3:y4) €V izg=---=2,=0}

U :={(zo:...:zp:y1:Y2:y3:ya) € V:B(y1, y2,¥3, y4) = 0 and
Ai(y1, 92,3, y4) =0Vl =1,...,d}

Up={(zo:...:zp:y1:02:03:ya) € Vi fol2o,...,20) =0}

U .= U() U U1 ) Uz
and a quasi-projective variety which is the complement of U in V:
W .= V\U.

Finally, we consider the projection from W to P,:

: w — P,
(zo:.otzn:yiiy2i vy ya)— (zo:. . zp).
FourTH STEP — Once again we look at P = (xp:...: x,) € ¥ and we observe
that:
® (xp:...:X,:00:00:03:04) € V because of (4)
e there exists i € {0,...,n} such that x; # 0 since P € P,, hence (xg:...: x,:

0612062:0(32064)¢U()
® B(ay,00,03,04) #0 because the roots «; are all pairwise distinct, hence
(xo:...:x”:acl 20(2:0(3:0(4)¢U1

® (xp:...:Xx,:00:0p:03:04)¢ Uy because fo(xo,...,x,) # 0 (since P ¢ D).
It follows that (xp:...:x,:0p :0p:03:04) actually belongs to W, whence
XCa(w).

We investigate now what happens to W when intersected with the hyperplane
{Y, = Y3} C P,4. First of all we notice that

ai()’h Y2, Y2, y4)

—y i=1,....d
bi(y1, y2, 2, v4) 4

for every choice of y;, ¥, and y4 and, subsequently, we have

Ai(y1,¥2, ¥2, ya) ap a4y, (dY
T = %) [

By, y2,v2,04) i ot b\

=1,....d.

From the defining equations of V' and the ones displayed above, we have
for every point (zo:...:z,:y1:y2:¥2:y4) € Wn{Y,= Y3} the following
relation:
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5 . A/(y1>y27y2ay4)
6 Z0y ey Zp) = -1 Z0y ..y Zn
( ) ﬁ( ‘ ) ( >f0( ’ ) B(yl,yz,y2,y4)

=)oz ()4

which is valid for / = 1,...,d. In particular, we get f| = —dfyy» and therefore

fi(zo, -y zn \
LAY I=1,...,d.
dfo(zo,...,z,,)>

Then, recalling the defining equations (1) for Ty, we have just proved that
n(Wﬁ{Yz = Y3}) c Tp.

We draw a diagram to help us clarify the role of the auxiliary objects we
introduced in the proof:

w — Wﬂ{YQZ Y3}

X 5

) I en— N(W) — n(Wﬂ{Yzz Y3}) —— T

fi(zoy -y 20) = fo(20, - - - 1 Zn) <c11> (

Finally, we consider the Zariski closure of ¥ and we readily have that its dimen-
sion is less than or equal to dim 7y + 1. This completes the proof ford > 4. 0

4. REMARKS AND DETAILS

Effectivity — A noteworthy feature of Theorem 1 is its effectivity. This is a conse-
quence, essentially, of the fact that we obtained a finiteness result during the sec-
ond step of the proof without the help of Schmidt’s Theorem or other ineffective
conclusions from Diophantine approximation. Instead, we used results about S-
unit equations and it is known that a finite and complete set of non-proportional
representatives can be effectively found (for example via Baker’s theory, see [1]).
Therefore it is possible to determine all the auxiliary objects introduced in the
proof, assuming Z is given, and we may actually exhibit the set 7(W) contain-
ing X.

We must point out that the set of solutions depends naturally on k£ and S and
that they might have been enlarged with the application of Proposition 2. Thus,
an explicit notion of quasi-S-integral points is also required to have a unique
determination for the solutions of the S-unit equation: in other words, we are
required to specify an affine model for P,\ D.

We also remark that another result of crucial importance in the proof is
Hermite’s Theorem, which is effective as well.

Analysis of the results — We would like to study the dimension of Tj, once the
geometric setting is specified, and to compare it to the dimension of 7. Obviously
we have dim 7) < dim 7, as Ty C T, but it is not hard to see that equality holds
very often. In fact, T is the disjoint union of its d + 1 subsets 7}, each of them
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defined by an inequality and d — 1 equations (save T,; which is defined by d equa-
tions) and dim 7" = max{dim T}},_, .

In order to study the difference between dim 7" and dim Ty, it may be useful
to have explicit conditions for the sets 7;. We see that a point (xg : ...: x,) € P,
belongs to 7; if and only if the following conditions are satisfied (we denote

Ji(x0,...,x,) simply by fj):
fi=0 VI<i
(7) fi#0
d—i)" - = (DA =i+,

We observe that if there is / < i such that f; divides f; in k[X}, ..., X,] we have
T; = 0. So, if we ask O ¢ 2 we have f, € k* and so, for every i =1,...,d, we
have fy| f;, whence T; = 0 for i > 1 and T = T.

Finally, we point out that the expected bound provided by Theorem 1 for
the dimension of any set of quasi-S-integral points for P,\D is n —d + 2. In
fact, unless the polynomials f; satisfy some special relations, the dimension of
Ty is lowered by one by every condition in (1), with the exception of the condition
Jo #0.

Finiteness conditions — If T} is the empty set we obtain, as a result, the finiteness
of the integral points for P,\D. In order to find when T, = @), we have to check
if the vanishing of the d — 1 polynomials (see conditions (1))

o d .
ri(Xo, .., Xp) = dfy i — <i>f1’

implies fo = 0. In other words, we want to check if the variety defined by the
polinomials r; is contained in the variety defined by fj, i.e. if ﬂld: , V(i) C V(f)
and this is equivalent to solve the radical membership problem fy € \/<{r2,...,rs)>.
This can be efficiently done computing a reduced Grobner basis for the ideal
{ray...,rq, 1 = Yfo» in the ring k[Xo, ..., X,, Y]: if we get {1} then T, = @ and
the number of integral points for P,\D is finite.

On the other hand, an easily verifiable sufficient condition ensuring Ty = 0
could find some interesting applications. Suppose that there are i, j € {1,...,d}
such that the polynomial f; is the null polynomial and f; vanishes only if f,
does. Then, recalling conditions (1) for the set Ty, we get fo # 0 and f; = 0; this
happens trivially if i = 1 and comes from the equation d'f;~'f; = (¢) f;/ otherwise.
This yields the condition f; =0 for every / > 1, hence f; must vanish and this
contradicts the requirement fy # 0. Hence T = 0.

COROLLARY 3. Notation being as in Section 2, suppose that there are i,j €
{1,...,d} such that fi(Xy,...,X,) is the null polynomial and f;(Xo,...,X,) =0
implies fo(Xo,...,X,) = 0. Then every set of quasi-S-integral points for P,\D is
a finite set.

On the complement of {A =0} — We state and prove a more general version
of Theorem 1 which allows for the points of P, where the leading coefficient of
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f(Xo, ..., Xus1) as a polynomial in X4 vanishes. In other words, we investigate
the quasi-S-integral points on the complement of the divisor defined by the
discriminant.

THEOREM 4. Notations being as in Section 2, if d > 4 then the Zariski closure
of any set T of quasi-S-integral points for P,\{A = 0} has dimension less than or
equal to dim(Ty u Ty) + 1.

Moreover, if  fo(xo,...,xn) #0 (resp.  fo(xo,...,x,) =0) for every
(x0:...:Xx,) €%, we have that the dimension of the Zariski closure of T is less
than or equal to dim Ty + 1 (resp. dim Ty + 1).

PROOF. Let X be a set of quasi-S-integral points for P,\{A = 0} and consider a
point P = (xg:...:Xx,) € Z. As before, we look at the polynomial f(xy,...,x,,
X) which has d or d — 1 roots: we denote these pairwise distinct roots by
or,...,04-1 and, in case, oy. The first thing we observe is that fo(xo,...,x,)
and fi(xo,...,X,) cannot be both equal to zero for otherwise we would have
A(xo,...,x,) = 0. Again, we can apply Proposition 2 and enlarge k and S to
ensure that every point of X has projective coordinates with entries in (s and
that A has values in (.

If fo(xo,...,x,) # 0 we follow the proof of Theorem 1 until we get the rela-
tions (2) among the roots. If fy(xop,...,x,) =0 we consider the discriminant
Ay—1(x) of the polynomial f(xo,...,x,, X) € k[X] of degree d —1 and we
observe that

Ax) = fi(x)*Agi(x) = i) ] (v —w)’

l<i<j<d—1

and in a similar way we find relations among the d — 1 roots like those in (2).
Now we can split ¥ into finitely many subsets such that the ¢;’s are fixed and
that fy is either zero or non-zero for every point in a given subset. Arguing sepa-
rately with each subset we may then assume we have d (or d — 1) values ¢; that do
not depend on P.

We will handle these subsets in a different way depending on whether f;
vanishes or not. We have already seen in the proof of Theorem 1 how to proceed
in the second case and we define a quasi-projective variety W C P, 4 just as
before. On the other hand, if f; vanishes, the path is the same but we need to
slightly modify the polynomials A;,..., 4,1 and B in an obvious way to deal
with the fact that we have only d — 1 roots. For / =1,...,d — 1 we define

Aj(Y1, Y2, Y3, Yy) = Z a;, (Y1, Y2, Y3, Y4)...a;,(Y1, Y2, Y3, Yy)

I<i<-<i<d-1

bj(Y1,Y,, Y3, Ys)
I<j<d=1,j#i1,...0

d—1
B,(Ylv Y27 Y3a Y4) == Hbf(Yla Y27 Y37 Y4)

i=1
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Then, we consider the projective variety V' defined as the intersection of the
zero loci of fo(xo,...,x,) and the d — 1 polynomials

B/(Yla YZ: Y37 Y4)ﬁ+1(X03"'7Xn> - (_l)lﬁ(X07aXVI)A;(Y17 Y27 Y3a Y4)

with / ranging from 1 to d — 1. We define U exactly like Uy in the proof of
Theorem 1 and we denote by U/ and Uj, the set of points in V with coordi-
nates (zo:...:zy:y1:...:ya) such that, respectively, B'(yi,y2,y3, ya) =0
and fi(zo,...,z,) = 0. Finally, we define a set U’ := Uyu U/ U U; and its
complement in V', the quasi-projective variety W' := V'\U’. We notice that
WnWw' =0.

If we consider the projection = : W u W' — P, on the first n+ 1 coordi-
nates, we observe that the subsets we have split ¥ in are contained either in
(W) or in n(W') and therefore X C n(W u W'). As in the proof of Theorem
1, we have n(W n{Y, = Y3}) C Ty and, in a similar way, n(W'n{Y, = Y3})
C T). Remembering that W~ W' = () as well as To n T} = (), we can conclude
as follows:

dimX < dim(z(W) u n(W"))
<dim((z(W)una(W'))n{Y,=Y3})+1
= dlm((n(W) ﬁ{Yz = Y3}) U (H(W/) ﬂ{Yz = Y}})) + 1
Sdil‘n(ToUTl)-i-l. 0

We remark that in Theorem 4 there is an additional hypothesis on the degree
d because when d < 4 the proof of Theorem 1 (see next paragraph, Low degrees)
actually uses integrality with respect to D (i.e. that fy(xo,...,x,) € Og when
(x0,...,%,) € ) and not just that f(xo,...,x,) #0.

Low degrees — We now complete the proof of Theorem 1 by taking into account
the cases of d = 2 and d = 3. When d = 2 we have two different roots «; and oy
and we cannot apply results about S-unit equations: however we do not need
them, since it is enough to use the trivial relations o = o) and oy = op. Namely,
we simply define the auxiliary polynomials 4,(Y7, Y2) = Y1 + Y and A4»( Y, 12)
= Y, Y,; then we consider the variety V' C P, defined by the polynomials

filXo, .. X)) — (=D)fo(Xo, ..., X)A/(Y1, Yy) =12
and the quasi-projective variety
W= V\{f(X0,....,Xn) =0} u{Xp=---=X,=0}.

Subsequently, we consider the projection z : W — P, and everything will follow
as in the proof of Theorem 1: if (xo, ..., x,) € X then (xo, ..., X,, a1,0) € W and
the points in 7(W N {Y, = Y»}) satisfy the defining relations for 7.

When d = 3 the trivial relations considered above are no more sufficient to
conclude, yet we lack the four different roots that enabled us to use results about
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the S-unit equation. If the hypersurface 2 is defined in P, by the polynomial

f(X07 seey Xn+1) = fOXn3+1 + len2+1 + fZXnJrl +f37

where f; € k[Xo,...,X,] for i =0,1,2,3, let us suppose that deg fo > 2 and put
0 :=deg fo — 1. We will introduce a subsidiary dimension and we consider the
hypersurface Z C P,., defined by

9(Xo,. . X, Z, X)) = Z°X,0 4 Jo X0y + [iX0 + X + fi

We keep the notations previously introduced, adding a superscript * or < when
a definition is related to the hypersurface (or relative polynomial and projection
map) considered. We approach the problem thinking that H* ~P,, H? ~ P,
and H* ~ H? n{Z =0}.

We arbitrarily choose a set of quasi-S-integral points ¥ for H*\D* and
we must prove that the dimension of its Zariski closure is less than or equal

to dim 73" 4+ 1. For every point (xo:...:x,) € X C H* we consider a point
(xo:...:x,:0) € H? and we denote the set of all these points by X’. Namely,
we define

Y ={(x0:...:%,:0) e H? : (x0:...:x,) € Z}.

It turns out that X’ is a set of quasi-S-integral points for the complement
H?\{A? =0}, since

A'/Z(xo, ey X, 0) = fo(xo, .- ,xn)2 . A’J‘v”(xo, ey Xn)

and both factors on the right-hand term are non-zero because for every point
(xo:...:x,) € we have (xp:...:x,) ¢ D?. Now we parallel the proof of
Theorem 4 to get that the dimension of the Zariski closure of X’ is less than or
equal to dim 7;7 + 1. In fact, from the last displayed equation and denoting the
roots of the polynomial f by oy, o>, a3, we obtain

(8) A (x0,- - %0, 0) = folxo, ., %) [ (=)’
1<i<j<3
= [I o, x) (o — o))’
1<i<j<3

which implies («; — o) € Og for every i, j € {1,2,3} such that i # j. This leads
to a non-trivial fixed algebraic relation among the three roots and we outline
the conclusion, since it follows similarly to what happens in the proof given
for d > 4. In fact, (o) — o, 00 — a3, 03 — o) 1S @ non-degenerate solution of the
S-unit equation x; + x; + x3 = 0 and we can write o3 = (a7 — op)c + o with ¢
in a finite set independent of the point chosen in X. Less auxiliary polynomials
and only two variables are needed to define the variety V:
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al(Y1,Y2) =Y, a(Y1,Y2)=1Ys a3(Y1,Y2)=(Y1—Yr)c+ Y
Al(Yl, Y2) =a; + a + az, AZ(YI, Yz) =aiay + ajaz + aras
A3(Y1, V) = ajara3

The variety V' is defined by the three polynomials
filXo, . X)) — (=D fo(Xo, ..., X)A4(Y1, Ys) [=1,2,3.

and we define the variety U as in the first part of this proof to obtain the quasi-
projective variety W. As in the end of the proof of Theorem 4, the dimension of
the Zariski closure of the set ' is less than or equal to dim 7} + 1. The sought
conclusion follows observing that £’ ~ ¥ and 77 ~ T;.

We are left with the cases of deg fo = 0 and deg f; = 1 and we observe that the
former has already a solution in [9], since we can assume fy = 1 without loss
of generality. If deg fy = 1, we follow the proof given in this subsection for
deg fy > 2 with the difference that the hypersurface 2 C P, will be defined by
the polynomial

g(X07 .. '7Xn7Z>Xn+l) = Z‘Xzi&-l +f()2‘Xn3+1 +f()f1an+1 +f0f2Xn+l +f0f3

Everything goes as before with the exception of (8) that becomes

Aff(xo, ey X0, 0) = fo(xo, ... ,xn)gA%(xo, ceey Xn)
= folxo,--x)® [ (holos — o))’
1<i<j<3
and the same conclusion follows. O

5. APPLICATIONS AND EXAMPLES

The primary way to apply the results presented in the previous sections is to
consider Diophantine equations F(Xy,...,X,) =c¢, where F is a polynomial
expressing the discriminant of another polynomial f(Xjp, ..., X,, X,+1) seen as
a univariate polynomial in X,,; and ¢ is a non-zero element of the number field
in question. Considering the hypersurface defined in P,,; by the polynomial
f(Xo, ..., Xy, Xuy1), Theorem 1 provides information on the dimension of the
set of solutions in terms of the dimension of the set 7. Moreover, the set that
actually bounds the integral points is z(/) and we can find an explicit descrip-
tion for it following the proof of the theorem given in Section 3. It is important
to remark that maybe dimz(W) < dim T}, so, when a specific hypersurface is
given, sometimes it is worth to write down the equations for the quasi-projective
variety I and to study its projection on P, (even if the numbers ¢; have not been
calculated).
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Example — Let Z C P3(k) be the nonsingular hypersurface defined by

X+ v+ z¢
XT3+X2T2—T+2—7—2—7ek[X,Y,Z,T].

We consider the projection of Z from the point (0:0:0: 1) to the hyperplane
{T =0} ~ P, and we investigate the integral points in P,\D, where D is the
ramification divisor of the projection. By Corollary 3, we may immediately con-
clude that any set of quasi-S-integral points for P;\D is finite. We also exhibit
the discriminant of the polynomial defining the hypersurface (seen as a univariate
polynomial in 7T'), since it is the relevant polynomial as it concerns applications to
Diophantine equations:
2
AX,Y,Z)= X

> Bx*— v 4+ ZzH(x* 4+ vt - ZY).

Trinomials — When the hypersurface 2 is defined by a trinomial
f(Xo,. oo, Xus1) = aXd, +bX] | +c

where a, b and ¢ are polynomials in k[Xj, ..., X,], there is an explicit general for-
mula for the discriminant of /. It can be calculated in many ways (see, for exam-
ple, [8] or [4]) and, if d and r are coprime, it simplifies to the following:

A— (_l)%d(dfl)adfrflcrfl(ddarcdfr + (_l)dfl(d B r)dfrrrbd).

If, for example, we consider Z C P; defined by the trinomial (in respect
of T)

ZT* +4XZT +21(X° - Y + Z%) e k[X, Y, Z,T),
we have the discriminant
AX,Y,2)=2%3°Z23(X> - Y + 25 (X° - Y + Z° — X*Z).
and, therefore, the complement in [P, of the divisor D is the set
{(x:y:DePy:p #1+x° )  #1 —x* +x°}.
We can easily see that Ty = {(0: (' : 1) e P, : i =0,...,4}, where { is a fifth root

of 1, so dim 7)) = 0 and the dimension of any quasi-S-integral set for P;\D is at
most 1.
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