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Abstract. — After defining, in analogy with a mixture of continuous media, a system of balance

laws of mixture type, we study the general properties obtained by imposing the Galilean invariance
principle. For constitutive equations of local type we study also the entropy principle and we prove

the compatibility between the two principles. These general results permit us to construct, from a
single constituent theory, the corresponding theory of mixtures in an easy way. As an illustrative

example of the general theory, we write down the hyperbolic system of balance laws of mixtures
in which each component has 6 fields (mass density, velocity, temperature and dynamic pressure,

among which only the last one is a nonequilibrium variable). This is the simplest system after
Eulerian mixtures. Global existence of smooth solutions for small initial data is also proved.
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1. Introduction

Several decades ago, Ruggeri [9] studied a general structure in a system of bal-
ance laws compatible with the Galilean invariance. He proved that the densities,
fluxes and productions in a system admit a unique dependence on the velocity
field for any constitutive equations. If there exists natural order in the balance
equations as in the case, for example, of the moment theory associated with the
kinetic equation, the velocity dependence can be expressed in the form of a poly-
nomial. In the same paper, the author also studied the requirement of the entropy
principle for hyperbolic systems with constitutive equations of local type. It was
proved that a perfect compatibility exists between two principles: the Galilean
invariance dictates the velocity dependence and the entropy principle imposes
constraints on the constitutive equations.

In this paper, starting from a single system of balance laws, we define, in anal-
ogy with a simple mixture of continuous media, a system of balance laws of mix-
ture type. Then we firstly adapt the general properties of the Galilean invariance
in a generic system of balance laws with a single constituent [9] to a system of



mixture type with any number of constituents. The Galilean invariance dictates
the velocity dependence of the field equations for any kind of constitutive equa-
tions and moreover it permits a construction of the resultant fields of a mix-
ture. Secondly, for a system of balance laws of hyperbolic type, we discuss the
consequence derived from the entropy principle and its compatibility with the
Galilean invariance. After the general discussion, we study, as a special case, a
system of balance laws in extended thermodynamics (ET) of polyatomic dissi-
pative gases. In particular, we write down explicitly the hyperbolic system of
mixtures in which each component has 6 fields (ET6): mass density, velocity, tem-
perature and dynamic pressure, among which only the last one is a nonequili-
brium variable. This is the simplest system after Eulerian mixtures. The main field
for which the di¤erential system becomes symmetric hyperbolic is shown. Char-
acteristic velocities, K-condition and the existence of global smooth solutions are
also discussed.

2. System of balance laws of mixture type

Systems in continuum mechanics represent the balance laws, and under a regular-
ity assumption these are expressed in the divergence form in space-time:

qF

qt
þ qFi

qxi
¼ P; Fi ¼ Fvi þGi;ð1Þ

where the density vector F, the flux vector Fi, the non-convective flux vector Gi,
and the production vector P are vectors of RN and are expressed through consti-
tutive equations in terms of a field U. The vector v is the flow velocity. For the
moment we consider generic constitutive equations, i.e., the above quantities
may depend on U either locally or non-locally in space and/or in time. Usually
this is a system of balance laws for a single-constituent material like a single
fluid.

In the case of a simple mixture, following Truesdell [17], we usually adopt the
assumption, which is also motivated by the kinetic theory, that the form of the
system of field equations for any constituent is the same as that for a single fluid
except that there appear new production terms due to the interchange of mass,
momentum, energy, and other quantities between constituents. In analogy with
such mixtures, we adopt the following:

Definition 1 (Systems of balance laws of mixture type). A system of balance
laws of mixture type is a system of the form:

qFa

qt
þ qFa

i

qxi
¼ Pa þ f a; Fa

i ¼ Favai þGa
i ; ða ¼ 1; 2; . . . ; nÞð2Þ

where the density vector Fa, the flux vector Fa
i , and the production vector Pa have,

respectively, the same forms as F, Fi and P of the single constituent, and are
obtained by the formal substitution of Ua instead of U. The new production vector
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f a emerges due to the interchange of the densities between the constituents. The
number of constituents is n.

The production term Pa indicates the source of the dissipative fluxes that appears
also in the single-constituent fluid. On the other hand, f a is the production origi-
nated from the e¤ect of the mixture, such as chemical reaction and di¤usion. In
other words, it represents the interchange of mass, momentum, energy and other
fields between the constituents. The system treated as a whole, which takes all
components of (2) into account, must appear as a system of a single material. It
is, however, more complex than (1) because di¤usion contributes to the objective-
variables:

qF

qt
þ qFi

qxi
¼ P; Fi ¼ Fvi þGi;ð3Þ

F ¼
Xn

a¼1

Fa; Fi ¼
Xn

a¼1

Fa
i ; P ¼

Xn

a¼1

Pa;
Xn

a¼1

f a ¼ 0:ð4Þ

As a consequence of (2)2, we have

Gi ¼
Xn

a¼1

ðFaua
i þGa

i Þ

with the di¤usion velocity ua
i defined by

ua
i ¼ vai � vi

�Xn

a¼1

raua
i ¼ 0

�
:

As the production vectors f a are not independent of each other due to the last
condition of (4), it is sometimes convenient to consider another equivalent sys-
tem that is composed of global balance laws and the component equations with
indexes b ¼ 1; 2; . . . ; n� 1:

qF

qt
þ qFi

qxi
¼ P;

qFb

qt
þ qFb

i

qxi
¼ Pb þ f b; Fb

i ¼ Fbvbi þGb
i :

ð5Þ

An example: Mixture of Eulerian fluids

Here it is instructive, instead of continuing the general discussion, to give a con-
crete example of the above definition, that is, a mixture of Eulerian fluids. We
start with a single Eulerian fluid that is in the form of (1). The conservation
laws of mass, momentum and energy multiplied by 2 are expressed as
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qr

qt
þ q

qxi
ðrviÞ ¼ 0;

q

qt
ðrvjÞ þ

q

qxi
ðrvivj þ pdijÞ ¼ 0;

q

qt
ðrv2 þ 2reÞ þ q

qxi
fðrv2 þ 2reþ 2pÞvig ¼ 0;

ð6Þ

where r, p and e are, respectively, the mass density, the pressure and the specific
internal energy density, and dij is the Kronecker delta.

Then according with the definition, the system of balance laws for a mixture
of Eulerian fluids becomes in the form (2):

qra

qt
þ q

qxi
ðravai Þ ¼ ta;

q

qt
ðravaj Þ þ

q

qxi
ðravai v

a
j þ padijÞ ¼ ma

i ;

q

qt
ðraðvaÞ2 þ 2raeaÞ þ q

qxi
fðraðvaÞ2 þ 2raea þ 2paÞvai g ¼ ea;

ð7Þ

where the quantities with su‰x a are corresponding quantities for the
a-constituent, and ta, ma

i , and ea are the new production terms that represent
the interchange of mass, momentum and energy, respectively. If there exists no
chemical reaction ta vanishes.

The global system obtained by summing up all equations in (7) is in the form
(3):

qr

qt
þ q

qxi
ðrviÞ ¼ 0;

q

qt
ðrvjÞ þ

q

qxi
ðrvivj � tijÞ ¼ 0;

q

qt
ðrv2 þ 2reÞ þ q

qxi
fðrv2 þ 2reÞvi � 2tijvj þ 2qig ¼ 0;

ð8Þ

where the global quantities are given by [12, 14]:

r ¼
Xn

a¼1

ra : total mass density;

v ¼ 1

r

Xn

a¼1

rava : mixture velocity;

ua ¼ va � v
�Xn

a¼1

raua ¼ 0
�

: di¤usion velocity;

ð9Þ
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tij ¼ �
Xn

a¼1

ðpadij þ raua
i u

a
j Þ : stress tensor;

e ¼ 1

r

Xn

a¼1

ra
�
ea þ 1

2
ðuaÞ2

�
: specific internal energy;

qi ¼
Xn

a¼1

ra
�
ea þ 1

2
ðuaÞ2

�
þ pa

� �
ua
i : heat flux;

ð9Þ

and

Xn

a¼1

ta ¼
Xn

a¼1

ma
i ¼

Xn

a¼1

ea ¼ 0:

We notice the di¤erence between two systems (6) and (8) (in general, between two
systems (1) and (3)) due to the di¤usion velocity ua. In the whole mixture of
Eulerian fluids, the stress tensor tij that is not isotropic anymore and the heat
flux qi have emerged.

3. Galilean invariance

It was proved [9] that the Galilean invariance of a system of balance laws (1)
results in explicit dependence of the densities, the fluxes and the productions
on the velocity. In fact in [9] it was proved that, if we split the field such that
UC ðv;wÞ, where v is the velocity a R3 and w corresponds to the other objective
fields a RN�3, there exists an ðN �NÞ-matrix operator XðvÞ such that:

Fðv;wÞ ¼ XðvÞFð0;wÞ;
Giðv;wÞ ¼ XðvÞGið0;wÞ;
Pðv;wÞ ¼ XðvÞPð0;wÞ:

8<
:ð10Þ

The operator XðvÞ, which determines the velocity dependence of the fields, has
the following feature:

Xðaþ bÞ ¼ XðaÞXðbÞ ¼ XðbÞXðaÞ;

and is expressed as an exponential matrix:

XðvÞ ¼ eA
rvr ¼ Iþ Arvr þ

1

2
ArAsvrvs þ � � �

with Ar being three ðN �NÞ constant matrices such that

ArAs ¼ AsAr; Er; s ¼ 1; 2; 3:

Usually there exists a natural order in the balance laws. For example, in the
moment theory, the densities are tensors with increasing number of index. In
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such a case, the matrix X is sub-diagonal and the matrices Ar are nilpotent of
order m, where m denotes the largest tensorial order. In this case the matrix X is
polynomial in the velocity [9].

By Definition 1, the left side member of a balance-law system of mixture type
has blocks, each of which corresponds to a constituent and has the same structure
of (1). Therefore this system is also Galilean invariant:

Faðva;waÞ ¼ XðvaÞFaðva ¼ 0;waÞ;
Ga

i ðva;waÞ ¼ XðvaÞGa
i ðva ¼ 0;waÞ;

Paðva;waÞ ¼ XðvaÞPaðva ¼ 0;waÞ;

8<
:ð11Þ

As a consequence, we have also

f aðva;waÞ ¼ XðvaÞf aðva ¼ 0;waÞ:ð12Þ

Now we want to prove the following theorem:

Theorem 1. The global system (3) is also Galilean invariant with the same
matrix XðvÞ:

Fðv;wÞ ¼ XðvÞFð0;wÞ;
Giðv;wÞ ¼ XðvÞGið0;wÞ;
Pðv;wÞ ¼ XðvÞPð0;wÞ;

8<
:ð13Þ

where w denotes objective quantities that are, in general, di¤erent from w, and the
global intrinsic density, flux and production are given by:

Fð0;wÞ ¼
Xn

a¼1

Faðva ¼ ua;waÞ;

Gið0;wÞ ¼
Xn

a¼1

Fa
i ðva ¼ ua;waÞ;

Pð0;wÞ ¼
Xn

a¼1

Paðva ¼ ua;waÞ:

ð14Þ

Proof. From (4) and (2)2 we have

Fðv;wÞ ¼
Xn

a¼1

Faðva;waÞ;

Giðv;wÞ ¼
Xn

a¼1

½Faðva;waÞua
i þGa

i ðva;waÞ�;

Pðv;wÞ ¼
Xn

a¼1

Paðva;waÞ:

ð15Þ
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Evaluating (15) at v ¼ 0 we obtain (14). Taking into account (15) and the
property:

XðvaÞ ¼ Xðvþ uaÞ ¼ XðvÞXðuaÞ ¼ XðuaÞXðvÞ;

we obtain, from (11) and (12),

Faðva;waÞ ¼ XðvÞFaðva ¼ ua;waÞ;
Ga

i ðva;waÞ ¼ XðvÞGa
i ðva ¼ ua;waÞ;

Paðva;waÞ ¼ XðvÞPaðva ¼ ua;waÞ;
f aðva;waÞ ¼ XðvÞf aðva ¼ ua;waÞ:

8>><
>>:ð16Þ

Then (13) is obtained, and the theorem is proved.
In the case of Eulerian mixtures we have

XðvÞ ¼
1 0 0

vj djk 0

v2 2vj 1

0
B@

1
CA; Ar ¼

0 0 0

djr 0 0

0 2djr 0

0
B@

1
CA:

It is easy to obtain the global fields (9) by applying the general expressions (14) to
the present case.

4. Entropy principle and main field

4.1. Entropy principle

Until now we have studied the Galilean invariance for arbitrary constitutive
equations, local or nonlocal, and, as a consequence, for parabolic or hyperbolic
systems. From now we consider only local constitutive equations, i.e., we assume
that the densities, fluxes and productions depend on the value of the field Uðx; tÞ
in the present position x and at the present time t. In this case the constitutive
equations must be compatible with the entropy principle that requires that every
solution of the system of balance laws plus the constitutive equations satisfies a
supplementary entropy law with non-negative entropy production:

qh

qt
þ qhi

qxi
¼ Sb 0; hi ¼ hvi þ ji;

where h, ji and S are, respectively, the entropy density, intrinsic flux and produc-
tion of the whole system and are velocity independent. The restriction that all
thermodynamic processes satisfy the entropy law is expressed by introducing the
main field U 0a as follows [9, 14]:

qh

qt
þ qhi

qxi
� S ¼

Xn

a¼1

U 0a �
�qFa

qt
þ qFa

i

qxi
� Pa � f a

�
:
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As a consequence, the following relations hold:

dh ¼
Xn

a¼1

U 0a � dFa; dhi ¼
Xn

a¼1

U 0a � dFa
i ;

S ¼
Xn

a¼1

U 0a � ðPa þ f aÞb 0;

ð17Þ

and therefore, choosing as field variables Fa, we obtain

U 0a ¼ qh

qFa :

On the other hand, the total specific entropy density s ¼ h=r is assumed to be
the sum of the specific entropy densities of the constituent sa, that is,

h ¼ rs ¼
Xn

a¼1

ha ¼
Xn

a¼1

rasa:ð18Þ

The entropy density of a constituent ha ¼ rasa is a concave function of the den-
sities Fa. As the sum of concave functions is also a concave function of the whole
system, the entropy density h is a concave function of Fa ða ¼ 1; . . . ;NÞ. Because
of this, the original balance laws could be transformed in a symmetric form with
respect to U 0a. In fact, by introducing the four potential:

h 0 ¼
Xn

a¼1

U 0a � Fa � h; h 0
i ¼

Xn

a¼1

U 0a � Fa � hi;

the original system (2) can be put into the symmetric form:

Xn

b¼1

� q2h 0

qU 0aqU 0b
qU 0b

qt
þ q2h 0

i

qU 0aqU 0b
qU 0b

qxi

�
¼ Pa þ f a:

4.2. Main field corresponding to the fields fF;Fbg

Instead of the system in the form (2) we can use the system in the form (5), which
is sometimes more convenient to deal with. Therefore we have now another main
field corresponding to the fields fF;Fbg. Let fV 0;V 0bg denote such main field.
Following the procedure above, we can also express the entropy density, instead
of (17)1, as follows:

dh ¼ V 0 dFþ
Xn�1

b¼1

V 0b dFb:
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By comparing this with (17)1, we obtain

V 0 ¼ U 0n; V 0b ¼ U 0b �U 0n:ð19Þ

Therefore it is possible to determine fV 0;V 0bg from the given U 0a of the single-
component fluid. The residual inequality is also expressed, instead of (17)3, by
fV 0;V 0bg as

S ¼ V 0 �Pþ
Xn�1

b¼1

V 0bðPb þ f bÞb 0:ð20Þ

5. Compatibility between galilean invariance and entropy

principle

Following the procedure given in [9], it is possible to verify the following Galilean
property of the main field:

ÛU 0a ¼ U 0aXðvÞ;ð21Þ

where, from now on, the hat indicates a quantity evaluated at zero velocity
(v ¼ 0). Thanks to (21) and (17) with (16), we obtain

dh ¼
Xn

a¼1

ÛU 0a dF̂Fa;

dji ¼
Xn

a¼1

ÛU 0aðdĜGa
i þ ua

i dF̂F
a þ F̂Fa dua

i Þ

ð22Þ

with constraints

Xn

a¼1

ÛU 0aArF̂Fa ¼ 0;

Xn

a¼1

ÛU 0aArðĜGa
i þ ua

i F̂F
aÞ ¼

�
h�

Xn

a¼1

ÛU 0aF̂Fa
�
dri:

Similarly, if we adopt the main field corresponding to the system (5), we
have

V̂V 0 ¼ V 0XðvÞ; V̂V 0b ¼ V 0bXðvÞ:

Then we obtain
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dh ¼ V̂V 0 dF̂Fþ
Xn�1

b¼1

V̂V 0b dF̂Fb;

dji ¼ V̂V 0 dĜGi þ
Xn�1

b¼1

V̂V 0bðdĜGb
i þ ub

i dF̂F
b þ F̂Fb dub

i Þ

ð23Þ

with constraints:

V̂V 0ArF̂Fþ
Xn�1

b¼1

V̂V 0bArF̂Fb ¼ 0;

V̂V 0ArĜGi þ
Xn�1

b¼1

V̂V 0bArðĜGb
i þ ub

i F̂F
bÞ ¼

�
h� V̂V 0F̂F�

Xn�1

b¼1

V̂V 0bF̂Fb
�
dri:

From (19) and by comparing (22) with (23), we obtain the relationship between
the two sets of intrinsic main field:

V̂V 0 ¼ ÛU 0n;

V̂V 0b ¼ ÛU 0b � ÛU 0n:

These results were obtained firstly for an Eulerian mixture in [13].
Finally, the residual inequality is also expressed in terms of the intrinsic main

field:

S ¼ V̂V 0P̂Pþ
Xn�1

b¼1

V̂V 0bðP̂Pb þ f̂f bÞb 0:

To sum up, we have proved that there exists perfect compatibility between the
Galilean invariance and the entropy principle also in the case of mixture. As seen
above, the first dictates the velocity dependence in the balance laws and the sec-
ond is the restrictions for obtaining the true constitutive objective equations.

6. ET6 polyatomic gas mixture

The system of balance laws of ET6 mixture belongs to the form (1) with

F ¼

r

rvi
rv2 þ 2re

rv2 þ 3ðpþPÞ

0
BBB@

1
CCCA; Gi ¼

0

ðpþPÞdij
2ðpþPÞvi
2ðpþPÞvi

0
BBB@

1
CCCA; P ¼

0

0

0

Pll

0
BBB@

1
CCCA;ð24Þ

where P denotes the dynamic pressure [3, 2, 1, 10]. In this model, the shear vis-
cous stress and the heat flux are neglected.
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According with Definition 1, the system of balance laws of ET6 mixtures is
given in the form (2) with

Fa ¼

ra

ravai

raðvaÞ2 þ 2raea

raðvaÞ2 þ 3ðpa þPaÞ

0
BBB@

1
CCCA; Ga

i ¼

0

ðpa þPaÞdij
2ðpa þPaÞvai
2ðpa þPaÞvai

0
BBB@

1
CCCA;

Pa ¼

0

0

0

Pa
ll

0
BBB@

1
CCCA; f a ¼

ta

ma
j

ea

oa

0
BBB@

1
CCCA:

ð25Þ

The global system is in the form (3) with

F ¼

r

rvi
rv2 þ 2re

rv2 þ 3ðpþPÞ

0
BBB@

1
CCCA; Gi ¼

0

�tij

�2tijvj þ 2qi
�2tijvj þ 2Qi

0
BBB@

1
CCCA; P ¼

0

0

0

Pll

0
BBB@

1
CCCA:

We notice that there appear (i) the global stress tensor tij ¼ �ðpþPÞdij þ s3ij4
where p is the total pressure, P is the global dynamic pressure, and s3ij4 is the
global deviatoric shear stress tensor, (ii) the global heat flux qi, and (iii) a new
global quantity Qi with the same dimension as qi. The explicit expressions of
these quantities will be given below.

6.1. Galilean invariance of ET6 mixture

From (10) and (24), we obtain

XðvÞ ¼

1 0 0 0

vj djk 0 0

v2 2vj 1 0

v2 2vj 0 1

0
BBB@

1
CCCA; Pll ¼ P̂Pll :ð26Þ

Then, using the result (14), we obtain the expressions of the global quantities:

tij ¼ �
Xn

a¼1

fraua
i u

a
j þ ðpa þPaÞdijg;

P ¼ � 1

3
tll � p ¼

Xn

a¼1

�
Pa þ 1

3
raðuaÞ2

�
;

s3ij4 ¼ t3ij4 ¼ �
Xn

a¼1

raua
3iu

a
j4;
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qi ¼
Xn

a¼1

1

2
raðuaÞ2 þ raea þ pa þPa

� �
ua
i ;

Qi ¼
Xn

a¼1

1

2
raðuaÞ2 þ 5

2
ðpa þPaÞ

� �
ua
i ;

where the total pressure p is defined as follows:

p ¼
Xn

a¼1

pa:

For production terms, we have

Paðv;waÞ ¼ XðvÞP̂Pa; f aðv;waÞ ¼ XðvÞf̂f a

that imply

Pa
ll ¼ P̂Pa

ll ; ta ¼ t̂ta; ma ¼ t̂tavþ m̂ma;

ea ¼ t̂tav2 þ 2m̂ma � vþ êea; oa ¼ t̂tav2 þ 2m̂ma � vþ ôoa:
ð27Þ

From (4)3, we have

Xn

a¼1

ta ¼
Xn

a¼1

ma ¼
Xn

a¼1

ea ¼ 0; Pll ¼
Xn

a¼1

Pa
ll ;ð28Þ

which, by taking into account (27) and (26)2, are equivalent to

Xn

a¼1

t̂ta ¼
Xn

a¼1

m̂ma ¼
Xn

a¼1

êea ¼ 0; P̂Pll ¼
Xn

a¼1

P̂Pll :

In the present case, the system (5) becomes

qr

qt
þ qrvk

qxk
¼ 0;

qrvi

qt
þ qðrvivk � tikÞ

qxk
¼ 0;

q
�
1
2 rv

2 þ re
�

qt
þ q

qxk

�1
2
rv2 þ re

�
vk � tkjvj þ qk

� �
¼ 0;

q

qt
frv2 þ 3ðpþPÞg þ q

qxk
f½rv2 þ 3ðpþPÞ�vk � 2tkjvj þ 2Qkg ¼ P̂Pll ;

qrb

qt
þ qrbvbk

qxk
¼ t̂tb;

ð29Þ
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qrbvbi
qt

þ q

qxk
frbvbi v

b
k þ ðpb þPbÞdikÞg ¼ m̂mb

i þ t̂tbvi;

q

qt
ðrbðvbÞ2 þ 2rbebÞ þ q

qxk
f½rðvbÞ2 þ 2rbeb þ 2pb þ 2Pb�vbkg

¼ êeb þ t̂tbv2 þ 2m̂mb � v;
q

qt
frbðvbÞ2 þ 3ðpb þPbÞg þ q

qxk
f½rbðvbÞ2 þ 5ðpb þPbÞ�vbkg

¼ P̂Pb
ll þ ôob þ t̂tbv2 þ 2m̂mb � v:

ð29Þ

6.2. Entropy density near equilibrium and main field in ET6 mixture

To avoid complications, we study the system near equilibrium where we can
adopt linear constitutive equations with respect to the dynamic pressure. In this
case, starting with the results of a single constituent [14], we obtain for each
species:

ha ¼ rasaE �Caðra; eaÞðPaÞ2;ð30Þ

where saE is the specific entropy density in an equilibrium state, and

Ca ¼ 1

2T aGa ;ð31Þ

with the absolute temperature of the a-constituent T a and

Ga ¼ pa
�5
3
� pa

e

ra

�
� rapa

r > 0;ð32Þ

pa
e ¼

�qpa

qea

�
ra
; pa

r ¼
�qpa

qra

�
ea
:

The inequality (32) guarantees the concavity of ha in (30). And, as the overall
entropy h is the sum of ha as shown in (18), h is a concave function and has a
maximum in equilibrium. Therefore the system can be put in a symmetric form
in the main field. We denote the main field associated with the system (25) as
follows:

U 0aC ð~lla; ~LLa
i ; ~mm

a; ~zzaÞ:

Taking into account that, for a fixed a, the main field are those for a single con-
stituent system and that, for ET6, these were already calculated in [3], we obtain

~lla ¼ � ga

T a
þ ðvaÞ2

2T a
þ 2

ra
ðpa

rr
a � pa

e e
aÞ � ðvaÞ2

�2
3
� pa

e

ra

�� �
CaPa;

~LLa
i ¼ � vai

T a
� 2vai

�pa
e

ra
� 2

3

�
CaPa;
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~mma ¼ 1

2T a
þ pa

e

ra
CaPa;

~zza ¼ � 2

3
CaPa:

Let

V 0C ðl;Li; m; zÞ; V 0bC ðlb;Lb
i ; m

b; zbÞ;

be the corresponding main fields with respect to the equivalent system (29).
From (19), we obtain

l ¼ ~lln; Li ¼ ~LLn
i ; m ¼ ~mmn; z ¼ ~zzn;

lb ¼ ~llb � ~lln; Lb
i ¼ ~LLb

i � ~LLn
i ; mb ¼ ~mmb � ~mmn; zb ¼ ~zzb � ~zzn:

The explicit expression of these are as follows:

l ¼ � gn

T n
þ ðvnÞ2

2T n
þ 2

rn
ðpn

rr
n � pn

e e
nÞ � ðvnÞ2

�2
3
� pn

e

rn

�� �
CnPn;

Li ¼ � vni
T n

� 2vni

�pn
e

rn
� 2

3

�
CnPn;

m ¼ 1

2T n
þ pn

e

rn
CnPn;

z ¼ � 2

3
CnPn;

lb ¼ � gb

T b
þ ðvbÞ2

2T b
þ 2

rb
ðpb

rr
b � pb

e e
bÞ � ðvbÞ2

�2
3
� pb

e

rb

�� �
CbPb

� � gn

T n
þ ðvnÞ2

2T n
þ 2

rn
ðpn

rr
n � pn

e e
nÞ � ðvnÞ2

�2
3
� pn

e

rn

�� �
CnPn

( )
;

Lb
i ¼ � vbi

T b
� 2vbi

�pb
e

rb
� 2

3

�
CbPb � � vni

T n
� 2vni

�pn
e

rn
� 2

3

�
CnPn

� �
;

mb ¼ 1

2T b
þ pb

e

rb
CbPb �

� 1

2T n
þ pn

e

rn
CnPn

�
;

zb ¼ � 2

3
CbPb �

�
� 2

3
CnPn

�
:

ð33Þ

The residual inequality (20) is now given by

S ¼
Xn�1

b¼1

ðl̂lbt̂tb þ l̂lb
i m̂m

b
i þ m̂mbêeb þ p̂pbẑzb þ P̂Pb

ll ẑz
bÞ þ P̂Pll ẑz > 0:ð34Þ
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According to the single constituent ET6 theory, the linear constitutive equation
for the production term for a constituent a is given by [14]

P̂Pa
ll ¼ � 3

ta
Pa:

Therefore, from (28)3, we have

P̂Pll ¼ �
Xn

a¼1

3

ta
Pa;

where ta is the relaxation time of the dynamic pressure of a constituent a. These
relaxation times are positive. Taking into account that

Xn�1

b¼1

P̂Pb
ll ẑz

b þ P̂Pll ẑz ¼ 2
Xn

a¼1

Ca

ta
ðPaÞ2 > 0;

because ta > 0 and Ca > 0, and that the inequality (34) should be satisfied inde-
pendently from the production terms, we have the remaining inequality:

S ¼
Xn�1

b¼1

ðl̂lbt̂tb þ l̂lb
i m̂m

b
i þ m̂mbêeb þ p̂pbẑzbÞb 0:

This allows us to express the production terms by the main field as follows:

t̂tb ¼
Xn�1

c

ðjbcl̂lc þ bbcm̂m
c þ gbcẑz

cÞ;

m̂mb
i ¼

Xn�1

c

cbcL̂L
c
i ;

êeb ¼
Xn�1

c

ðbbcl̂lc þ ybcm̂m
c þ kbcẑz

cÞ;

p̂pb ¼
Xn�1

c

ðgbcl̂lc þ kbcm̂m
c þ obcẑz

cÞ;

ð35Þ

where the matrix

jbc bbc gbc
bbc ybc kbc
gbc kbc obc

0
B@

1
CA

and cbc are positive definite. If these coe‰cients are given, the system is closed.
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6.3. Characteristic velocities, K-condition and existence of global smooth
solutions

Let V and dU be, respectively, the generic characteristic velocity and the right
eigenvector of the hyperbolic system (1). For a single constituent of ET6, in par-
ticular, these quantities are evaluated in Chapter 14 of the book [14]. Therefore,
according to the structure of the mixture-type system of balance laws given by
Definition 1, the characteristic velocities and the right eigenvectors for a mixture
have the same expressions as those of the single constituent except for the change
of the field: U ! Ua. Then we obtain the following two kinds of waves with
a ¼ 1; . . . ; n:

(i) Contact waves:

V ¼ van ;

where van ¼ va � n with n being a unit normal vector to the wave front. In this
case, dra, dvaT , dpa are arbitrary. Then, for any a, the contact wave has
multiplicity 4, and dvan ¼ 0, dPa ¼ �dpa, where vaT denotes the tangential
velocity;

(ii) Sound waves:

V ¼ van e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

3

pa þPa

ra

s
:

In this case, for arbitrary dra, we have

dva ¼en
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5

3

pa þPa

ra

s � dra

ra
; dea ¼ dra

ra

�pa þPa

ra

�
; dPa ¼ dra

ra
Ga;ð36Þ

where Ga is given by (32).
Concerning the qualitative analysis, there exists a particular rule called

K-condition or genuine coupling condition, which was firstly given by Shizuta and
Kawashima in [15] (see also [8]).

Definition 2 (K-condition). A system (1) satisfies the K-condition if, in the
equilibrium manifold, any right characteristic eigenvectors dU are not in the null
space of ‘P, where ‘Cq=qU:

dPjE ¼ ð‘PdUÞjE A 0 EdUA 0:ð37Þ

For dissipative one-dimensional systems (1) satisfying the K-condition, there
exists the following global existence theorem by Hanouzet and Natalini [6]:

Theorem 2 (Global existence). Assume that the system (1) is strictly dissipa-
tive, a concave entropy exists, and the K-condition is satisfied. Then there exists
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d > 0, such that, if kUðx; 0Þk2 a d, there is a unique global smooth solution, which
verifies

U a C0ð½0;lÞ;H 2ðRÞBC1ð½0;lÞ;H 1ðRÞÞ:

This global existence theorem was generalized to a higher-dimensional case by
Yong [18] and successively by Bianchini, Hanouzet and Natalini [4]. Moreover
Ruggeri and Serre [11] proved that the constant equilibrium state is stable.

We now study the case of ET6 polyatomic gas mixture. As only the last
component of the production P is non-zero (see (24)3), the K-condition (37) for
a single constituent is satisfied if dPaA 0 in equilibrium (Pa ¼ 0). This is true
for both contact waves and for sound waves (see (36) and the inequality (32)
due to the concavity condition for (30) with (31)). In a mixture, the K-condition
becomes

dPajE þ df ajE A 0:

This is satisfied because the first term is non-null since it is non-zero for a single
component and moreover we notice that df ajE A 0 by simple calculations using
(25)4, (35), (33) and (36).

Therefore the K-condition for a mixture is satisfied. Then, as we have proved
before the concavity of the entropy (see Section 6.2), we have reached the follow-
ing theorem:

Theorem 3. The ET6 mixture system (29) is symmetric huperbolic in the main
field components and has global smooth solutions for all time, which converge to
the equilibrium one provided that the initial data are su‰ciently smooth according
to the assumptions in Theorem 2.

7. Conclusion

Following the idea of Truesdell, we have defined a system of balance laws of mix-
ture type, which is constructed by the system of a single constituent. For this kind
of system, we have studied the Galilean invariance, which not only dictates the
velocity dependence in the field equations but also permits us to identify the
global quantities of a mixture. Consequence of the entropy principle was also dis-
cussed in general by proving how it is possible to construct the main field of a
mixture starting from the main field of a single constituent. If the system of a
single constituent has a convex entropy, the system of mixture type preserves the
convexity and is symmetric hyperbolic. As a consequence, we have a well-posed
Cauchy problem and there exist global solutions for smooth initial data. The gen-
eral theory was tested by constructing, in a simple and direct way, the system of a
mixture of polyatomic gases that have a unique dissipative nonequilibrium quan-
tity, that is, the dynamic pressure.

In the following papers, using the present model of ET6 mixtures, we will
study some intriguing problems: (i) shock wave phenomena [16], (ii) the parabolic
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limit of the present theory using the procedure of the so-called Maxwellian Itera-
tion [7]. The comparison between the present theory with the previous Eulerian
mixture theory [12, 5, 14] will also be made.
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