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ABSTRACT. — In this paper we investigate the stability of either the rest state (Bénard problem)
or parallel laminar flows in hydrodynamics and magnetohydrodynamics for inclined layers
heated from below. In particular, we numerically investigate the linear instability under general
three-dimensional perturbations of the basic state, and we also give conditions for the nonlinear
stability.

For particular basic states, a linear instability analysis shows that the critical Rayleigh numbers
can be obtained for longitudinal perturbations (which can be studied analytically both, in the linear
and nonlinear case) or for transversal perturbations depending on the inclination of the layer (and
of course also on the velocity of the boundaries and the applied magnetic field).

Remarkable is the presence of points of codimension-two: particular values of the critical
Rayleigh numbers obtained for specific angles of inclination for which there exist two equally desta-
bilising perturbations, one longitudinal and the other transversal.
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1. INTRODUCTION

With inclined layer convection one indicates the fluid-dynamical system in which
a fluid layer is inclined at an angle with respect to the vertical and is heated
from one side of the layer. This type of systems have been first investigated in
the seventies [17, 19], and still are the subject of theoretical and experimental
investigations which expose remarkable behaviours (see [34] and the bibliography
therein).

The appearance of convection instability in such systems is important in
many geophysical and industrial applications (many engineering applications
require heating at the boundaries) [37, 18, 7, 5, 35]. Moreover, laminar flows of
conducting fluids with or without an imposed magnetic field play an important
role in many applications, for instance in geophysics, astrophysics, and biology
[1, 2, 6].

In [11] Falsaperla et al. obtained the analytical expression of the basic sta-
tionary laminar solutions for an inclined layer filled with a hydromagnetic fluid
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heated from below and subject to the gravity field. In [12] the same authors
studied the linear instability of such basic solutions only for transverse perturba-
tions, and their nonlinear stability for special choices of the basic states described
above. They also investigated the critical stability thresholds. In this article we
extend the results of [12] to general three dimensional perturbations.

n [12], the authors investigate the effect of inclination for the Couette type
basic state, and show how:

(a) the velocity of the Couette basic state at the upper boundary is strictly con-
nected with stabilizing/destabilising effect of inclination (see [4, 18, 36] for
similar phenomena);

(b) a coplanar magnetic field generates several closed disconnected neutral curves
(islands) for some inclinations and non-zero velocities at the upper boundary
(for transverse perturbations).

In this work we investigate the linear instability with respect to general three
dimensional perturbations, which include the transverse (or spanwise) and the
longitudinal (or streamwise) perturbations, and we numerically compute the crit-
ical linear Rayleigh numbers for some given parameters of the problem, such as
the inclination, the velocity and the value of a coplanar magnetic field at the
boundaries. We show that, given a basic flow, the linear instability is achieved
with perturbations which are longitudinal for some inclinations and with trans-
versal for other inclinations.

For three dimensional perturbations some interesting regions of critical Ray-
leigh numbers appear as a trumpet-like surface. The mouthpiece of this trumpet is
connected to the islands obtained for transverse perturbations in [12].

We also give nonlinear stability conditions in the energy norm, and show that
for longitudinal perturbations the critical linear and nonlinear thresholds coin-
cide. In some cases these values are the critical Rayleigh numbers.

The paper is divided into five sections. In Section 2 we introduce the analytical
problem and recall some classical stability/instability results for the Bénard prob-
lems and the laminar flows in hydrodynamics. In Section 3 we study the linear
instability in the case of an inclined layer for general three dimensional perturba-
tions. Our numerical results show that, in the Couette case, for particular values
of the boundary conditions and for an angle of inclination in some interval, the
more destabilizing perturbations are those longitudinal (similar to [13] for flows
in bidispersive porous layer). Section 4 deals with nonlinear stability of longi-
tudinal perturbations. Finally, in Section 5 we draw some conclusions and list
some open problems.

2. POSITION OF THE PROBLEM AND PARTICULAR CASES
Consider the layer

Q= R*x (=d/2,d)2)
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of width d filled with a hydromagnetic fluid and inclined of an angle J with
respect to the vertical. The fluid has temperature 7" and is subject to thermal
expansion; its motion is also subject to and influences a magnetic field.

The fluid satisfies the boundary conditions of prescribed temperature 7%, that
will be assumed lower on the top and higher on the bottom of the layer 7- > T*
(this conditions is referred to as heating from below). For the velocity field and
the magnetic field the boundary conditions depend on the physical nature of the
bounding planes and can be stress-free and/or rigid, and electrically conducting
or nonconducting.

The equations that model, in the Boussinesq approximation and in non-
dimensional form, such a system are [12]:

U, +U-VU =Pm '"H . VH — VII + RT(cosdi + sindk) + AU

V.-U=0
(1) H,+U-VH-H-VU=Pm ' AH
V-H=0

T,+U-VT =Pr ' AT,

where U, H, T, Il are the velocity of the fluid, the magnetic field, the tempera-
ture, the pressure (including the magnetic pressure). Moreover,

® Pr = v/k is the Prandtl number;
Pm = v/# is the magnetic Prandtl number;

Ra— R? = 924"
KV

= is the Rayleigh number;

K is the thermal diffusivity;

v is the viscosity;

o 1s the volume expansion coefficient;

p=(T- —T7)/d is the gradient of temperature.

We consider stationary and laminar solutions, in which all the fields are explicitly
independent of time and the velocity field, the temperature field and the magnetic
have the form

(2) w=U(z)i, T=T(z) H=H(z) = (H(2),0, Hs(2)).
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2.1. Particular cases

a) The layer is horizontal, the fluid is isothermal and electrically nonconducting.
This is the usual Navier-Stokes system.

Let my = (w(x), p(x)) be a stationary flow of a viscous incompressible fluid
Z solution of Navier-Stokes equations. A perturbation to my, (u(x, t), n(x,t)) sat-
isfies (in a suitable non-dimensional form) the following IBVP:

u+u-Vu+w-Vutu-Vw=—-Vz+Re 'Au in Q x (0, 0)

3) V-u=0 in Q x (0, )
u(x,0) = up(x) on Q
u(x,7) =0 on 0Q x [0, 00),

where Q = R? x [~1/2,1/2], and Re is a Reynolds number.
Assume that |u| is so small, with |Vu| small, in such a way that we can neglect
in (3) the nonlinear term u - Vu. We thus obtain the linearized system

u+w-Vutu-Vw=-Vz+Re 'Au in Q x (0,0)

() V-u=0 in Q x (0, 00)
u(x,0) = up(x) on Q
u(x,7) =0 on 0Q x [0, 00).

This system is linear and autonomous and therefore we may look for solutions
of the following form:

(5) u(x, 7)) = e 7q(x) 7w(x, 1) = e “my(x)

with o a priori a complex number.

The eigenvalue problem (4) admits a nonempty set ¥ of eigenvalues o (which
belong to a parabolic region of the complex plane, Prodi 1961 [29]).

As concerns the classical definitions of linear instability and nonlinear energy
stability we refer to [14].

If the basic state is the rest state w = 0, (4) gives its linear stability. It is easily
seen that the basic state is also globally nonlinearly stable in the energy norm.

Plane parallel shear flows are characterized by the functional form

U(z)
(6) w=Re| O = Re U(2)i.
0

The function U(z) : [-1/2,1/2] — R is assumed to be sufficiently smooth and is
called the shear profile. Possible shear profiles are:

e Couette U(z) =1+ z
e Poiseuille U(z) = 1 — 422,
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Here we summarize some classical results:

e plane Poiseuille flow is linearly unstable for Re > 5772 (Orszag 1971 [28])

e pipe Poiseuille flow and plane Couette flow are linearly stable for all Reynolds
numbers

® Jaboratory experiments: plane and pipe Poiseuille flows actually undergo transi-
tion to three-dimensional turbulence for Reynolds numbers on the order of
1000; plane Couette flow: the lowest Reynolds numbers at which turbulence
can be produced and sustained has been shown to be between 300 and 400
both in numerical simulations and in experiments

e global asymptotic energy-stability for Reynolds numbers Re below some value
Reg which is of the order 10? (Joseph 1966), Re = Re” = 82.6 (Re* = 177) for
Couette, Re = Re” = 99.1 (Re"* = 174) for Poiseuille. Re” is the streamwise or
longitudinal number, Re” is the spanwise or transverse number.

In [23] Kaiser et al. wrote the velocity field in terms of poloidal, toroidal and the
mean field components. They used a generalized energy functional & (with some
coupling parameters chosen in an optimal way) for plane Couette flow providing
conditional nonlinear stability for Reynolds numbers Re below Res := 177.2,
which is larger than the ordinary energy stability limit. The method allows the
explicit calculation of so-called stability balls in the &-norm; i.e., the system is
stable with respect to any perturbation with respect to &-norm in this ball.

Kaiser and Mulone (2005) [22] proved conditional nonlinear stability for arbi-
trary plane parallel shear flows up to some value Reg which depends on the shear
profile. They used a generalized functional £ depending only on the poloidal
component of the velocity field. As a consequence Reg turns out to be Rey,
the ordinary energy stability limit for perturbations depending on x (transverse
perturbations). In the case of the experimentally important profiles, viz. linear
combinations of Couette and Poiseuille flow, this number is at least 174, the value
for pure Poiseuille flow. For Couette flow it is at least 177.

Rionero and Mulone (1991) [31] studied the non-linear stability of parallel
shear flows with the Lyapunov method in the (ideal) case of stress-free boundary
conditions. In that paper they show that plane Couette flows and plane Pois-
euille flows are conditionally asymptotically stable for all Reynolds numbers.
A Lyapunov function (in terms of the essential variables { and w) has been
introduced.

b) The layer is horizontal, electrically nonconducting, and it is heated from below.
The classical Bénard problem.

The Bénard problem concerns with the stability/instability of an incompressible
newtonian fluid # filling an infinite layer of thickness d, Q; = R? x (—d/2,d/2).

Let the fluid be subject to the vertical action of gravity g = —gk, and heated
from below in such a way that an adverse temperature gradient f§ > 0 is main-
tained. Because of thermal expansion, the fluid at the bottom expands as it be-
comes hotter and heat is transported through the fluid by conduction. When the
temperature gradient reaches a critical value ., the buoyancy overcomes gravity,
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the fluid gives rise to a regular cellular pattern and the motions take place within
the cells.

This phenomenon is called Bénard convection after the experiments of Bénard
(1900). The onset of convection depends on f and also on the depth d of the
layer. In fact, the correct non-dimensional parameter for describing this threshold
phenomenon is the Rayleigh number defined above.

Denoting by p(T') = py(1 — or(T — T*)), the equations of the fluid in the
Oberbeck-Boussinesq approximation, in a non-dimensional form, are

U, +U-VU = —VII + RTk + AU
(7) V-U=0
T,+U-VT =Pr ' AT.

A stationary solution of these equations with boundary conditions 7(—d/2) =
T—,T(d/2) =TT, is given by the rest state conduction-solution:

U=0=0, T(z)=-RP'z+ T, H:R/ T(z)dz + cox,
0

with ¢( a suitable real number, and T, an adimensional form of Tj.

By writing as before the non-dimensional perturbation equations, it can be
proved that the associated linear operator is autonomous and symmetric in
L*(%) (where % is a suitable cell of periodicity), the strong principle of exchange
of stabilities holds, and the instability arises as stationary convection. Symmetry
implies the coincidence of linear and nonlinear critical Rayleigh numbers (Joseph
1966 [20]).

The critical Rayleigh numbers of linear instability are given by

R} = R} = Ry,

where R = 27/4n* ~ 657.511 for stress free boundaries, R3 ~ 1707.76, for rigid
boundaries, and R ~ 1100.65 for rigid-free boundaries.

In the Bénard problem many stabilizing effects can be considered, for instance
a rotation field, a magnetic field, a gradient of concentration of mass for binary
mixtures. In the last 30 years many stability results have been obtained for this
type of systems [8, 9, 10, 15, 16, 24, 25, 27, 26, 32].

c) The layer is inclined, electrically nonconducting, and heated from below.

The equations that model, in the Boussinesq approximation and in non-
dimensional form, such a system are:

U; +U - VU = —VII + RT(cosdi + sindk) + AU
(8) V.-.U=0
T,+U-VT = Pr ' AT.

The basic motion, in the case of the Couette flow with velocity field U at the
boundaries, U(—1/2) =0, U(1/2) = Vi s given by
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1
vte = o om0 (32)
9) 24 “\2
T(z) = —RP;12+ To, Il = R/ T(z) sind dz + cox.
0

Expression (9); can be obtained from formula (13) in [11] by letting y — 0. It
coincides with (2.2b) in [34].

The equations which govern the evolution of the perturbations u, 6, @ to the
basic solution are:

u,+ U-Vu+wU. +u-Vu= -V + RO(cosdi+ sindk) + Au
0,4+ U(z)0, —Pr~' Rw+u-VO=Pr ' A0
V-u=0.

Observe that the boundary conditions on z = +1/2 for u, 6 are
0=0, u=v=w=0.
Linearizing the equations, we have

u, + U Vu+ wU. = —V7 + RO(cosdi + sindk) + Au
(10) 0,4+ U(z)0, —Pr ' Rw=Pr ' A0
V-u=0.

Taking into account the dependence of U only on z, this system becomes

u, + Uu, +wU'i = —V7 + RO(cosdi + sindk) + Au
(11) 0,4+ U(z)0, —Pr~' Rw =Pr ' A

V-u=0.
Since the system is autonomous, we consider solutions of the form f(x, y,z, 1) =
f(z)ell@ b+t (with f =u,v,w,0 or @) in the domain % x (0, +0), with 4 =
[0,27/a] x [0,27/b] x [-1/2,1/2] (the positive constants a, b are called wave
numbers).

The generalized Orr-Sommerfeld equations are

(¢ +iaU)(w" — (a® + b>)w) — iawU"
= —iaRa0'cosd — (a*> + b*) Ralsind
+ (W = 2(a® + B)w" + (a® + b2)*w)
Pr(c+iaU)0 —w = 0" — (a® + b*)0,

(12)

where we have posed Rw = w and we have denoted w with w.

Falsaperla et al. [12], have numerically analysed, in some very specific con-
ditions, system (12) to determine the critical Rayleigh number for a variety of
boundary conditions and physical parameters, when b = 0 (transverse perturba-
tions). Here we extend the investigation in [12] to longitudinal perturbations
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(a=0, b #0) and also to more general perturbations with both a # 0, b # 0,
without an applied magnetic field. In the next section we will treat the coplanar
magnetic case. In our numerical computations, we use the Chebyshev-tau method
with a number of polynomials ranging form 15 to 25 for each unknown function.
All computations have been performed with rigid and nonconducting boundaries,
with fixed Prandtl number Pr = 6.7. In the calculations and in the next figures,
the boundary values U(1/2) = u and U(—1/2) = 0 have been chosen.

The simplest case is that of an inclined Bénard layer with rigid boundary
conditions. In this case, as studied in [34], longitudinal perturbations are the
most destabilizing up to a certain inclination with respect to the horizontal. The
angle at which transverse perturbations become the more destabilizing depends
strongly on the Prandtl number of the fluid. For Pr = 1.07 (carbon dioxide) in
[34] the authors report an angle of 77.746°. In our work we consider a fluid with
Pr = 6.7 and find that this transition is obtained for an angle of 88.1° (for this
value we have a codimension-two point).

The left panel of fig. 1 shows the instability thresholds for the longitudinal
and transverse perturbations as a function of the angle ¢ = /2 — 5. We observe
that the critical Rayleigh number for transverse perturbations has a jump discon-
tinuity around ¢ = 24.1°. This phenomenon is due to the presence of an island of
instability which disappears for angles larger of 24.1°. In fact, the right panel,
which describes the transverse critical curves, shows the critical curves in the
plane (a,Ra) for angles near the critical value 24.1°. We note that for an angle
in the interval [22°,23°] the instability region becomes disconnected and an island
of instability appears. For angles greater than 24.1° the island disappears and a
jump, shown in the left panel, arises (see also fig. 3).

A similar situation appears for Couette-type motions when the upper bound-
ary is moving in the downward direction (at least for small velocities in the inter-
val [—5,0]). In this case the longitudinal perturbations are the most destabilizing
up to a very large angle (near 90°) as in the Bénard case. Instead a different situ-

Figure 1. The critical Rayleigh number vs the angle with the horizontal ¢ = n/2 — J for
the inclined Bénard layer. The critical longitudinal curve (dotted) and transverse (contin-
uous) are plotted. The codimension-two point is obtained for a critical angle ¢, = 88.1°
corresponding to d. = 1.9°. The most destabilizing perturbations are longitudinal for all
inclination angle J € [1.9°,90°]. The right panel shows the critical Rayleigh number vs
the wave number « (transverse perturbations) for different values of the angle ¢. The
appearance of an instability island near 22°-23° is shown.
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ation appears when the upper boundary is moving in the upward direction, as
shown in fig. 2, for u =2 and u = 5. We observe in this case that transverse
perturbations prevail also for an interval of inclinations near to the horizontal
case. Figure 2 shows that for u =2 two codimension-two points are present
(p, = 22.75° and ¢, = 88°) different from the case u = 0 (the inclined Bénard)
where only one codimension-two point is present. Left panel of fig. 2 shows that
the most destabilizing critical curve can be associated to either longitudinal
or transverse perturbations. As before we denote with Ra* and Ra” the critical
Rayleigh numbers with respect to transverse and longitudinal perturbations,
i.e. Ra* = minRa(0, ) and Ra” = minRa(a,0). The right panel shows that the
change of critical instabilities between Ra* and Ra” takes place in a different way
for u =2 and u = 5. In the first case the codimension-two point appears (i.e.
Ra* = Ra’) for ¢ = 22.75° and the critical Rayleigh number depends continu-
ously on the angle. Instead for u = 5 the critical Rayleigh number is discontinu-
ous at the angle ¢ = 39.3° because Ra™* jumps above the value of Ra”.

Figure 3 shows the critical Rayleigh surface as a function of both the wave
numbers ¢ and b. In all our calculations we see that the minimum of Ra with
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Figure 2. Both panels show the critical Rayleigh numbers vs the inclination angle ¢, the
right panel is a zoom of the left one. The thick plots represent the critical Rayleigh num-
bers for transverse perturbations while the thinner plots represent the critical Rayleigh
numbers for longitudinal perturbations.
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Figure 3. The graphs of the critical Rayleigh numbers as functions of a and b for the
inclined Bénard problem with ¢ = 23° (left) and ¢ = 25° (right) are represented. The thick
black curves are the intersection of the surface with the planes ¢« = 0 and b = 0.
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respect to a and b is achieved only for a =0 or » = 0. (This is not a proof
that the instability sets in via two-dimensional perturbations, in particular
this is not a proof of a Squire-like theorem.) For this reason we have focussed
our attention to longitudinal and transverse perturbations. The left panel rep-
resents the critical surface Ra = Ra(a, b) for the inclined Bénard problem with
an angle ¢ = 22.75°. In this case a trumpet-like surface appears. The right
panel corresponds to an angle ¢ = 25°. In this case the surface is simply-
connected.

3. THE HYDROMAGNETIC CASE: LINEAR INSTABILITY

First we recall that, if the magnetic field has the form (2);, the solenoidality
of H implies that the third component of the magnetic field must be a con-
stant p.

Moreover we recall that an interesting phenomenon appears when the layer
is inclined. In fact, in the horizontal case (the classical magnetic Bénard prob-
lem), the magnetic field is constant and orthogonal to the layer. This is not
possible when the layer is inclined (see the following lemma) because of the
cubic dependence of the velocity field on z (see (9)). Moreover, equation (1);
becomes

—yU'(z) =Pm~ ' H",
In [11] the following lemma has been proved:

LemMa 1 ([L1]). If the velocity field and the magnetic field are regular functions
and have the form w = U(z)i, H = H(z)i + Hsk, with w' not identically zero, then
H; =0 if and only if H(z) is linear function (in particular identically zero) of .
Then H = Hi, i.e. H must be coplanar to the plane z = 0.

From this lemma it follows that, in the inclined case, the magnetic field must have
necessarily a component parallel to the layer (see below).
Some physically relevant boundary conditions are:

e (rigid, rigid, electrically nonconducting, electrically nonconducting) up to a uni-
form translation, one can assume that U(—1/2) =0 and U(1/2) = u for the
velocity field, while the boundary conditions on the first two components of
the magnetic field are H(—1/2) = h_, H(1/2) = h.. This case includes Couette
and Poiseuille basic solutions;

e (rigid, rigid, electrically conducting, electrically nonconducting) the conditions
on the velocity field are the same, that is U(1/2) = u, U(—1/2) = 0. For the
magnetic field one has conditions on the first derivatives below H'(—1/2) =/’
and H(1/2) =h;

e (rigid, stress free, electrically conducting, electrically nonconducting) U(—1/2)
=0,U'(1)2)=u', H(-1/2)=h,H(1/2) = h.
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The general solutions to these equations are (see [11]),

. R b
U(z) = uy cosh(yz) + uy sinh(yz) — o 22 cosdz + o ) %
| RaP > P
H(z) = —Pmu sinh(yz) — Pmuy cosh(yz) + o COS&% - era

with uy, up, by, ¢1, oy integrating constants. Observe that the functions must sat-
isfy 4 boundary conditions, and the constants of integrations are 5. Among them,
the constant o is related to an exterior force field, exerted through a non-trivial
“pressure’”’ function. For simplicity, here we always assume that g; = 0.

In the coplanar magnetic-Couette case, for rigid-rigid, electrically
nonconducting—electrically nonconducting boundaries with velocity zero at the
lower plane and u at the upper plane, and with boundary values of the first com-
ponent of magnetic field 2 and /i, we have, [11]

_ p2p-1 Z 42 l _ _pp-l1 7
U(z) = R*P; ! coso— (4 1)+V(2+z), T(z) = —RP 'z + T,

Chi+he
2

H(z) + (hy —ho)z.

The equations which govern the evolution of the perturbations u, h, 6, 7 to the
basic solution are:

u,+U-Vu+wU. +u-Va=Pm '(H-Vh+/H. +h - Vh)

— V7t 4+ RO(cosdi + sindk) + Au
h;+U-Vh+wH. +u-Vh—H -Vu—/U. —h-Vu=Pm ! Ah
0,4+ U(z)0, —Pr ' Rw+u-V0=Pr ' A0
V.-u=0, V-h=0.

Observe that the boundary conditions on z = +1/2 for u, h, 8 are

Linearizing the equations, we have

u,+U-Vu+wU. =Pm'(H-Vh+/H.) - V7
+ RO(cosdi+ sindk) + Au
(13) h,+U-Vh+wH. —H-Vu—/U. = Pm ' Ah
0,4+ U(z)0, —Pr-' Rw=Pr ' A0
V-u=0, V-h=0.

Taking into account that, in the coplanar case y = 0, this system becomes
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u, + Uu, +wU'i=Pm ' (Hh, + /H'i) — V7
+ RO(cosdi + sindk) + Au
(14) h, + Uh, + wH'i — Hu, — /U’i = Pm~' Ah
0,4+ U(z)0, —Pr ' Rw=Pr ' A0
V-u=0, V-h=0.

Since the system is autonomous, as before we consider solutions of the form
f(x,p,2, 1) = f(2)e" @)+t (with f =u,v,w,h k,/,0 or @) in the domain
% x (0,+00), with € = [0,2n/a] x [0,27/b] x [-1/2,1/2].

The generalized Orr-Sommerfeld equations are

(c+iaU)(w" — (a* + b*)w) — iawU"
=Pm '(iaH(/" — (a® + b*)/) — ia/ H") — iaRa 0’ cosd
(15) — (a® 4+ b*)Ralsind + (w" —2(a® + b2)w" + (a® + b*)*w)
(c+iaU)l —iawH = Pm~' (/" — (a® + b?)/)
Pr(c +iaU)0 —w = 0" — (a*> + b?)0,

where we have posed Rw = w and we have denoted w with w.

As above, we note that Falsaperla et al. [12], have numerically analysed,
in some very specific conditions, the system to determine the critical Rayleigh
number for a variety of boundary conditions and physical parameters, when
b =0 (transverse perturbations). Here we extend the investigation in [12] to
longitudinal perturbations (@ = 0, b # 0) and also to more general perturbations
with both a #0, b #0 in the presence of a coplanar magnetic field. The
computations have been performed with rigid and electrically nonconducting
boundaries, with fixed Prandtl number Pr = 6.7 and magnetic Prandtl number
Pm = 1. In the calculations and in the next figures, ¢ = 15°, the boundary
values U(1/2) =1 and U(—1/2) =0, and h~ = h™ =11.5, h~ = h" = 13 have
been chosen. These values were used also in [12] to show a peculiar phenomenon
of the presence of two islands of instability. Here we report the three-dimensional
instability surfaces corresponding to the previous values of the physical param-
eters to show the two trumpet-like surfaces.

Fig. 4 shows the disappearance of one mouthpiece by changing the values of
h at the boundaries.

We have also verified that, by varying the inclination from ¢ = 15° to ¢ = 16°
and ¢ = 17°, the two mouthpieces disappear. This corresponds to the loss of the
islands in the transverse perturbations. With the disappearance of each mouth-
piece a jump discontinuity in the critical Rayilegh number takes place for trans-
verse perturbations as a function of the inclination.

REMARK 1. The calculations of linear instability for general three-dimensional
perturbations, in the cases we have studied, show that for some given parameters
(angle of inclination, velocity and magnetic fields at the boundaries) the critical
Rayleigh numbers are obtained via longitudinal perturbations. For this reason it
is interesting to study (analytically) the onset of instability with respect to these
perturbations (both in the linear and nonlinear regime).



ON THE HYDRODYNAMIC AND MAGNETOHYDRODYNAMIC STABILITY 527

Figure 4. The graphs of the critical Rayleigh numbers for an inclined coplanar magnetic
layer as function of @ and b with ¢ = 15° (left and right) are represented. The magnetic
field assigned at the boundaries are 2™ = h~ = 11.5 (left) and At = h~ = 13 (right). The
thick black curves are the intersection of the surfaces with the planes ¢ = 0 and » = 0. On
the left panel two mouthpieces in the trumpet-like surface are present, in the right panel
only one mouthpiece arises.

In the general case (with y # 0), if we consider only longitudinal perturbations,
i.e. we pose @ = 0 in (15), we obtain

c(w” —b>w) =Pm~y(/" — b)) — b>Ralsind +w" — 2b°w" + b*w
(16) 9 ¢/ —yw' =Pm~'(¢" — b2/
PrcO—w = 0" — b0.

These equations coincide with (dimensional) equations (113)—(115) of Chandra-
sekhar [3], pag. 163, with Ra replaced by Rasiné and k, =0, k, = b.

Thus the critical Rayleigh number for longitudinal perturbations, Ra”’, is
given by

R2
Ra’ = &
sing’
where Ra” is the classical linear critical threshold of the magnetic Bénard
problem.
In particular, critical linear Rayleigh number Ra” for stationary convection
for stress-free boundaries, is given by:

n# 1+ x s  y?
Ra’ = mi (1 7>.
T Sino o x (1+x) +712

It is easy to see that Ra” attains its minimum when

2
2x3+3x2:1+y—2,
T

(see [3], chapter 3, pag. 171, formula (166), where Q = ?).
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If we assume y = 0 (magnetic coplanar case of pure fluid-dynamics case) and
leave Pm and Pr to be arbitrary positive numbers, then
RZ
Ra’ = £
= Sine’
where R3 is the classical linear critical threshold of the Bénard problem (Chen
and Pearlstein 1989, [4]).

4. THE HYDROMAGNETIC CASE, NONLINEAR STABILITY,
LONGITUDINAL PERTURBATIONS

To study nonlinear stability we use as Lyapunov function the classical energy
norm

E = % ([ful|* + Pm ™" |[h)|* + Pr{|0]*).
The energy identity is
E=1-D,
where
(17) D = ||Vul]® + Pm~?|Vh|* + | V] ®
and

I =—(u,wU')+Pm ! ((u,/H") — (h,wH') + (h,/U"))
+ R((u,0) coso + (1 + sind)(w,0)).

From the energy identity we obtain:
E < (ma ! I)D
X— _
“\s D ’

where & is the space of the kinematically admissible functions (see Rionero 1968
[30], Joseph 1976, [21], Straughan 2004, [33]). The Euler-Lagrange equations of
this problem are

—wU'i —uU'k+Pm~ (/H'i — hH'k)
+ RO(cosdi+ (1 + sind)k) + 2Au = Vx
(18) uH'k —wH'i+/U'i+ hU'k + 2Pm ™' Ah = Vo
Rcosou+ R(1 +sind)w + 2A0 =0
V-u=0, V-h=0.
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By taking the third components of the double cur! of (18); », we have

U'Ayu+ P,"H'Ath — R(1 + sind)A10 — 2AAw = 0
—wU' + P YVH' + Rcosdl + 2Au = 0
(19) H'Aju+ U'Ah+ 2P, AN =0
(U —wH' +2P,'Ah =0
Rcosou+ R(1 +sind)w + 2A0 = 0.
This is a very difficult problem to solve in general. However, in the next subsec-

tion, we consider (for both the fluid dynamics and magnetohydrodynamics cases)
only longitudinal perturbations.

4.1. The longitudinal perturbations

a) Fluid-dynamics case

Following Joseph 1976, [21], by introducing
1
é(1) = E(IIUII2 + [wll® + Pl6]%)

we easily obtain

(1) < £(0) exp(—ﬁ (1 - 1;—2 sin(s) z).

Thus, for longitudinal perturbations, we obtain the same stability threshold as in
the linear case

RZ
R:=R} =L
¢ Long = gin ¢

It is possible to prove that whenever R? < R also ||ul|* exponential decays

Long
and we have the exponential decay of the energy

1

E(t) = 5 (|lul® + Prlj6]*).

o

THEOREM 1. Disturbances of laminar flows in an inclined layer, heated from
below which are x-independent decay under the inequality

é(t) < &(0) exp(—ﬁlim (1 —1;—2 sin5) t)

whenever

2

R
Ra < &

sind
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independent of the basic solution U(z)i. R% is the classical linear critical threshold
of the Bénard problem. Moreover, the criterion is necessary for stability as well as
sufficient for stability to x-independent disturbances.

b) MHD-case

In the MHD case, we introduce the function &'()

&(6) =5 (loll* + [wl* + P (I ]1* + [1£11%) + P ]161)-

1
2
It is easy to see that
(1) = 2RVsind (0, w) — ([Vol|* + |Vwl|* + P, [IVKII* + [[VZ]|*] + | VO||*)
We obtain
&(1) < 6(0) exp(—#l;m (1 - % siné) z)
As in the fluid dynamics case, we can prove the estimates for ||u/|* and ||/]|>.

THEOREM 2. Let us consider a hydromagnetic laminar flow, in an inclined layer,
heated from below, subject to a coplanar magnetic field or a magnetic field which
has a constant component normal to the layer and non-linear coplanar components.
The disturbances which are x-independent, decay under the inequality

2n? Ra .
whenever
RZ
Ra < —B
sino

independent of the basic solution U(z)i, H(z)i+ yk. R3 is the classical linear criti-
cal threshold of the magnetic Bénard problem. Moreover, the criterion is necessary
for stability as well as sufficient for stability to x-independent disturbances.

In Falsaperla et al. (2016) [12], sufficient conditions for global nonlinear sta-
bility in the energy norm are given in many cases (different boundary conditions,
magnetic field and angle of inclination).

5. CONCLUSIONS AND SOME OPEN PROBLEMS

We have numerically studied linear instability of hydrodynamic and magnetohy-
drodynamic motions of an inclined layer heated from below in the Couette case
and in the coplanar magnetic Couette case for three—dimensional perturbations.
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In particular we have analytically investigated linear instability and nonlinear
energy stability with respect to longitudinal perturbations.

The results obtained here generalize those of [12]. Our calculations of linear
instability (in all the cases we have considered) show that the instability occurs
only for longitudinal or transverse perturbations. For this reason we have
focussed our investigation on transverse perturbations (numerically) and to lon-
gitudinal perturbations (analytically).

The critical Rayleigh number as a function of the wave numbers a, b is a
2-dimensional surface that can be simply connected or have one or more (in the
magnetic case) holes. The consequence of this fact is a jump discontinuity for the
function Ra”, the transversal critical Rayleigh number.

In the case of the inclined Bénard problem we obtain, as in [34], one
codimension-two bifurcation point that corresponds to a particular choice of
the parameters (specifically the angle ¢) for which Ra” coincides with Ra”. A new
phenomenon described in this article is the fact that when u > 0 (the inclined Cou-
ette case and the inclined magnetic coplanar case) more than one codimension-two
points appear. This means that, for a given positive velocity u, the instability arises
with transverse rolls for small (like in classical Couette flows) and large inclina-
tions (in the interval [0°,90°]), it arises via longitudinal rolls for other inclinations.
Moreover transverse-longitudinal bifurcations can take place with or without the
presence of a codimension-two point depending on how Ra* overtakes Ra” (in a
continuous or a discontinuous way, i.e. with a crossing or with a jump).

As concerns nonlinear stability, we recall some general results, and we ana-
lytically find the nonlinear stability threshold Ra” with respect to longitudinal
perturbations.

Some possible open problems are:

e the study of linear and nonlinear critical Rayleigh numbers in the hydromag-
netic case with the normal component of magnetic field y # 0 and the their
dependence on the Prandtl numbers;

e the investigation of the Euler-Lagrange equations for the study of nonlinear
stability;

e the validity, for particular physical parameters, of the Squire theorem for the
inclined layers with and without magnetic field;

e the investigation of linear instability and nonlinear stability of stationary
laminar flows of porous layers (in the case of bidispersive flow, see Falsaperla
et al. (2016) [13]) heated from both below and above in particular the depen-
dence on the effect of inclination (without a magnetic field);

e the effect of heating from above (see [34]);

e the investigation of the stability/instability of more general basic solutions (for
instance with components in the y-direction).

ACKNOWLEDGMENTS. This research has been partially supported by “Gruppo Nazionale della
Fisica Matematica” of the “Istituto Nazionale di Alta Matematica” and by the University of
Catania under a local contract, FIR code 6440D8, Continuum mechanics, qualitative analysis for
dissipative systems, classical and quantum extended thermodynamics.



532 P. FALSAPERLA, A. GIACOBBE AND G. MULONE

REFERENCES

[1] A. ALEXAKIS - F. PETRELIS - P. J. MORRISON - C. R. DOERING, Bounds on dissipa-
tion in magnetohydrodynamic Couette and Hartmann shear flows, Phys. Plasmas 10
(2003), 4324-4334.

[2] G. K. BATCHELOR, An introduction to fluid dynamics (2000), Cambridge University
Press.

[3] S. CHANDRASEKHAR, Hydrodynamics and hydromagnetic stability (1961), Clarendon
Press: Oxford University Press.

[4] Y. M. CHEN - A. J. PEARLSTEIN, Stability of free-convection flows of variable-viscosity
[luids in vertical and inclined slots, J. Fluid Mech. 198 (1989), 513.

[5] I. G. DONALDSON, Free convection in a vertical tube with a linear wall temperature
gradient, Austral. J. Phys. 14 (1961), 529-539.

[6] V. C. A. FERRARO - C. PLUMPTON, An introduction to magneto-fluid mechanics, 2nd
ed. (1966) Oxford: Clarendon Press.

[7] J. L. Guo - P. N. KALONI, Nonlinear stability of convection induced by inclined ther-
mal and solutal gradients, Z. Angew. Math. Phys. 46 (1995), 645-654.

[8] P. FALSAPERLA - A. GIACOBBE, Marginal regions for the solute Bénard problem with
many types of boundary conditions, Int. J. Eng. Science 57 (2012), 11-23.

[9] P. FALSAPERLA - A. GIACOBBE - G. MULONE, Double diffusion in rotating porous
media under general boundary conditions, Int. J. Heat Mass Trans. 55 (2012), 2412—
2419.

[10] P. FALSAPERLA - A. GIACOBBE - G. MULONE, Does symmetry of the operator of a
dynamical system help stability?, Acta Appl. Math. 122 (2012), 239-253.

[11] P. FALSAPERLA - A. GIACOBBE - S. LOMBARDO - G. MULONE, Laminar hydromag-
netic flows in an inclined heated layer, Atti Accad. Peloritana Pericolanti CI. Sci. Fis.
Mat. Natur. 94 (2016), 1-17.

[12] P. FALSAPERLA - A. GIACOBBE - S. LOMBARDO - G. MULONE, Stability of hydromag-
netic laminar flows in an inclined heated layer, Ric. Mat. 66 (1) (2017), 125-140.

[13] P. FALSAPERLA - G. MULONE - G. STRAUGHAN, Bidispersive-inclined convection,
Proc. Royal Soc. A, Math. Phys. Eng. Sci. 472 (2192) (2016), 2016.0480.

[14] G. P. GALDI - S. RIONERO, Weighted energy methods in fluid dynamics and elasticity,
Lecture Notes in Mathematics 1134 (1985), Springer-Verlag, Berlin.

[15] G. P. GALDI - B. STRAUGHAN, Exchange of stabilities, symmetry and nonlinear stabil-
ity, Arch. Rational Mech. Anal. 89 (1985), 211-228.

[16] G. P. GALDI - B. STRAUGHAN, A nonlinear analysis of the stabilizing effect of rotation
in the Bénard problem, Proc. R. Soc. Lond. A 402 (1985), 257-283.

[17] G. Z. GErsHUNI - E. M. ZHUKHOVITSKIL, Stability of plane-parallel convective
motion with respect to spatial perturbations, J. Appl. Math. Mech. 33 (1969), 830—
835.

[18] A. GOLDSTEIN - A. ULLMANN - N. BRAUNER, Characteristics of stratified laminar
Sflows in inclined pipes, Int. J. Multiph. Flow 75 (2015), 267-287.

[19] J. E. HART, Stability of the flow in a differentially heated inclined box, J. Fluid Mech.
47 (1971), 547.

[20] D. D. JosePH, Nonlinear stability of the Boussinesq equations by the method of energy,
Arch. Rational Mech. Anal. 22 (1966), 163—184.

[21] D. D. JosepH, Stability of fluid motions, Springer Tracts in Natural Philosophy, 27, 28
(1976), Berlin: Springer.



ON THE HYDRODYNAMIC AND MAGNETOHYDRODYNAMIC STABILITY 533

[22] R. KAISER - G. MULONE, A4 note on nonlinear stability of plane parallel shear flows,
J. Math. Anal. Appl. 302 (2005), 543-556.

[23] R. KAISER - A. TILGNER - W. VON WAHL, A Generalized Energy Functional for Plane
Couette Flow, SIAM J. Math. Anal. 37 (2) (2005), 438—454.

[24] S. LoMBARDO - G. MULONE - M. TROVATO, Nonlinear stability in reaction-
diffusion systems via optimal Lyapunov functions, J. Math. Anal. Appl. 342 (2008),
461-476.

[25] G. MULONE - S. RIONERO, Necessary and sufficient conditions in the magnetic Bénard
problem, Arch. Rational Mech. Anal. 166 no. 3 (2003), 197-218.

[26] G. MULONE - S. RIONERO, Unconditional nonlinear exponential stability in the Bénard
problem for a mixture: necessary and sufficient conditions, Atti Accad. Naz. Lincei Cl.
Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9, 3, (1998), 221-236.

[27] G. MULONE - S. RIONERO, On the non-linear stability of the rotating Bénard problem
via the Lyapunov direct method, J. Mat. Anal. Appl. 144 (1989), 109-127.

[28] S. A. ORSZAG, Accurate solution of the Orr-Sommerfeld stability equation, J. Fluid
Mech. 60 (1971), 689-703.

[29] G. ProDI1, Teoremi di tipo locale per il sistema di Navier-Stokes e stabilita delle soluzioni
stazionarie, Rend. Sem. Mat. Univ. Padova 32 (1962), 374-397.

[30] S. RIONERO, Metodi variazionali per la stabilita asintotica in media in magnetoidrodina-
mica, Ann. Mat. Pura Appl. 78 (1968), 339-364.

[31] S. RIONERO - G. MULONE, On the non-linear stability of parallel shear flows, Contin.
Mech. Thermodyn., 3 Issue 1 (1991), 1-11.

[32] S. RIONERO - G. MULONE, A nonlinear stability analysis of the magnetic Bénard
problem through the Lyapunov direct method, Arch. Rational Mech. Anal. 103 (1988),
347-368.

[33] B. STRAUGHAN, The Energy Method, Stability, and Nonlinear Convection, 2nd Ed.
(2004) Springer-Verlag: New-York.

[34] P. SUBRAMANIAN - O. BrauscH - K. E. DANIELS - E. BODENSCHATZ - T. M.
SCHNEIDER - W. PESCH, Spatio-temporal patterns in inclined layer convection, J. Fluid
Mech. 794 (2016), 719-745.

[35] R. TAao - K. HUANG, Reducing blood viscosity with magnetic fields, Phys. Rev. E 84
(2011), 011905.

[36] P. VASSEUR - M. Hasnaoul - E. BILGEN - L. ROBILLARD, Natural convection in
an inclined fluid layer with a transverse magnetic field: analogy with a porous medium,
J. Heat Trans. 117 (1995), 121-129.

[37] A. W. Woobs - S. J. LiNz, Natural convection and dispersion in a tilted fracture,
J. Fluid Mech. 241 (1992), 59-74.

Received 23 December 2016,
and in revised form 11 January 2017.

Paolo Falsaperla

Dipartimento di Matematica e Informatica
Universita di Catania

Viale Andrea Doria 6

95125 Catania, Italy
falsaperla@dmi.unict.it



534

P. FALSAPERLA, A. GIACOBBE AND G. MULONE

Andrea Giacobbe

Dipartimento di Matematica e Informatica
Universita di Catania

Viale Andrea Doria 6

95125 Catania, Italy
giacobbe@dmi.unict.it

Giuseppe Mulone

Dipartimento di Matematica e Informatica
Universita di Catania

Viale Andrea Doria 6

95125 Catania, Italy

mulone@dmi.unict.it



	mk1
	mk10
	mk11
	mk12
	mk13
	mk14
	mk15
	mk16
	mk17
	mk18
	mk19
	mk2
	mk20
	mk21
	mk3
	mk4
	mk5
	mk6
	mk7
	mk8
	mk9
	mk22
	mk23
	mk24
	mk25
	mk26
	mk27
	mk28
	mk29
	mk30
	mk31
	mk32
	mk33
	mk34
	mk35
	mk36
	mk37
	mkEnd-page

