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ABSTRACT. — We consider multi-dimensional junction problems for first- and second-order pde
with Kirchoff-type Neumann boundary conditions and we show that their generalized viscosity solu-
tions are unique. It follows that any viscosity-type approximation of the junction problem converges
to a unique limit. The results here are the first of this kind and extend previous work by the authors
for one-dimensional junctions. The proofs are based on a careful analysis of the behavior of the vis-
cosity solutions near the junction, including a blow-up argument that reduces the general problem
to a one-dimensional one. As in our previous note, no convexity assumptions and control theoretic
interpretation of the solutions are needed.
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I. NOTATION AND TERMINOLOGY

Given x € RY we write x = (x/,x;) with x’ € R""!. For i=1,...,K, II;:
{(x',xq4,) € R?: x' e R4! ,xq; <0} are half planes intersecting along the 11ne
L:= {(x ,0): x" e R} and set IT := U, , I1;. For simplicity we write x; in-
stead of x, ;. Given u e C(IT; R), if (x',x;) € ﬁ,, we write u;(x’, x;) :==u(0,...,
x',x;,0....); when possible, to simplify the notation, we drop the subscript on
u; and simply write u(x’, x;). In this setting u,, (0, x;) is the exterior normal deriv-
ative of u; : [T — R on_ L. We consider K-junction one dimensional problems
in the domain 7 := U I; with junction {0}, where, for i=1,..., K, [;:=
(—a;,0) and q; € [—oo,O). We work with functions u € C(I; R) and, for x =
(x1,...,xk) € I, we write u;(x;) = u(0,...,x;,...,0); when possible, to simplify
the writing, we drop the subscript on u; and write u(x;). We also use the nota-
tion u,, and u,,, for the first and second derivatives of u; in x;. For we
C(I x [0,T]) and ) € (0,T], J*w(0,%)) and J w(0, 7)) denote respectively the
super- and sup-jets or differentials of w at (0, #y), which may be, of course, empty.
If (p1,...,px,a) € Jtw(0, 1), then, for all (x,7) € I x [0, T], w(x;, 1) < w(0, 1) +
pixi+a(t—ty)) +o(|x| + |t — t]). If w is independent of some variables; these
two definition are simplified accordingly. If (pi,...,pk,a) € J-w(0,1), then
w(x;, 1) = w(0, 7)) + pix; +a(t — to) + o(|x| + |t — 1o]).

Throughout the paper we work with viscosity sub- and super-solutions. In
most cases, however, we will not be using the term viscosity. Also we will not
keep repeating that i € {1,..., K} but rather we will say for all i.
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2. INTRODUCTION

We study the well-posedness of the generalized viscosity solutions to time depen-
dent multi-dimensional junction problems satisfying a Kirchoff-type Neumann
condition at the junction. We prove that the solutions satisfy a comparison prin-
ciple and, hence, are unique. It is then immediate that viscosity approximations
satisfying the same boundary condition converge to the unique solution. Our
results, which are the first of this kind, are simple, self-contained and depend on
elementary considerations about viscosity solutions and, we emphasize, do not
require any convexity assumptions and the control theoretical interpretation of
the solutions.

This work is a continuation of our previous paper (Lions and Souganidis [10])
where we introduced the notion of state constraint solution to one-dimensional
junction problems, proved its well-posedness, and considered, for the first time,
the limit of Kirchoff-type viscosity approximations.

We also show that the so-called flux limiter solutions introduced and studied
in the references below for convex problems reduce to Kirchoff-type generalized
viscosity solutions. Hence, uniqueness follows immediately by the simple argu-
ments in this note.

Among the long list of references on this topic with convex Hamiltonians
we refer to Achdou and Tchou [1], Barles, Briani and Chasseigne [2, 3], Barles,
Briani, Chasseigne and Imbert [4], Barles and Chasseigne [5], Bressan and Hong
[6], Imbert and Monneu [7] and Imbert and Nguen [§].

We are interested in the well-posedeness of continuous solutions « : [T — R to
the Kirchoff-type initial boundary value problem

u; 1 + Hi(Duj,u;,x,t) =0 in II; x (0, 77,

(1) min(Zu; , — B, min;(u; , + H;(Du;,u;, x,1))) <0 on L x (0,T],
max(Xu; y, — B, max;(u; ; + H;(Du;,u;,x,t))) >0 on L x (0,T],

with

(2) BeR and u(,0)=uy onll,
where

(3) up € BUC(I).

For each i, we assume that

@) H; is coercive in p uniformly on x, ¢ and bounded u, Lipshitz continuous
in # and ¢, and uniformly continuous in p, u, x, t for bounded p and u.

As always for time-independent problems the Lipshitz continuity of H; in u is
replaced by

(5) H; is strictly increasing in u.
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We remark that, as it will be clear from the proofs, the particular choice of the
Neumann condition in (1) is by no means essential. The arguments actually apply

to more general boundary conditions of the form G(uy,,...,uy,,u), with the
map (pi,..., Pk, ) — G(uy,, ..., uy,u) strictly increasing with respect to all its
arguments.

The main result is:

THEOREM 2.1. Assume (4). If u,v € BUC(I1 x [0, T]) are respectively a sub- and
super-solution to (1) with u;(-,0) < v;(-,0) on I, then u < v on I x [0, T]. More-
over, the initial boundary value problem (1) has a unique solution u € BUC(IT x

[0, 7]).

As it will become apparent from the proof, it is possible to generalize the result to
problem like

;. + Hi(x;D?u;, Duj,ui, x, 1) =0 in TI; x (0, T,
min(Xu; y, — B, min;(u; , + H;(0, Du;, u;, x, t))
max(Z;u; , — B,max;(u;  + H;(0, Du;, u;, x, t)
u(-,0) =up on II,

on L x (0,77,

<0
(6) )=>0 on Lx (0,T],

—_ —

when, in addition to (4), each H; is degenerate elliptic with respect to the Hessian.
Since the arguments are almost identical to the ones for the proof of Theorem
2.1, we do not present any details.

Next we state the result about the convergence of viscosity approximations
to (1). The claim is immediate from the fact that any limit is solution to (1) and,
hence, we do not write the proof. We remark that we can easily use ‘“more com-
plicated” second-order approximations than the one below.

For ¢ > 0 consider the initial boundary value problem

Ui p.o — A , + Hi(Duj o, u; ,x,1) =0 in II; x (0, 77,
(7) Z;u,»’g’x,, = B7 on L x (0, T],
ui,e('vo) = Up,; On ﬁu

which, in view of the (4), has a unique solution u € BUC(II x [0, T).

THEOREM 2.2. Assume (3) and (4). Then u = lim,_y u, exists and u is the unique
solution to (1).

Since the proof is an immediate consequence of well known estimates and the
uniqueness result, we will not discuss it any further.

We also show that, in the context of the one-dimensional time dependent
junction problems, the flux-limiter solutions put forward in [7] are actually gener-
alized viscosity solution to (8) with appropriate choice of B in the Kirchoff con-
dition, and, hence, are unique. This provides a simple and straightforward proof
of the uniqueness without the need to consider cumbersome test functions and
invoke any convexity.
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Following the last remark, we emphasize that Kirchoff-type conditions appear
to be the “correct” ones, that is, they are compatible with the maximum prin-
ciple. This can be easily seen, for example, at the level of second-order equations
by considering affine solutions in each branch.

In a forthcoming paper [11], we discuss problems with more general depen-
dence on the Hessian both in the equations and along the junctions. We also con-
sider “stratification”-type problems, that is junctions with branches of different
dimension, and, we present results about the convergence of semi-discrete in
time approximations with error estimates. Finally, we consider solutions which
are not necessarily Lipschitz.

In this note, to simplify the notation and explain the ideas better, we present
all the arguments in the special case d = 1, in which case (1) reduces to

ui+ Hi(u; v, x,t) =0 in I x (0,77,

min(Zu; , — B, min;(u; , + Hi(u; «,,0,7))) <0 on {0} x (0, 7],
max(Z;u; , — B,max;(u; , + Hi(u; 1,,0,1))) >0 on {0} x (0,77,
u(-,0)=up on I.

(&)

Organization of the paper.

In the next section we state and prove an elementary lemma which is the basic
tool for the proof of the comparison principle which is presented in Section 4.
Section 5 is about the relation with the the flux limiters.

3. A GENERAL LEMMA

We introduce and prove a general lemma which is the basic tool for the proof of
Theorem 2.1. It applies to problems of one-dimensional junctions with Kirchoff
condition and expands the class of ““gradients™ that can be used in the inequalities
at the junction.

LemMmA 3.1. Assume that Hy,...Hg € C(R), pi,...,pk.q1,--.,9x € R and
a,b € R are such that, for all i € {1,...,K},

(i) pi=gqiand a+ H(p;) <0<b+ Hi(q),
9) (i) min(Z;p}, min;(a + H;(p}))) <0 for all p! < p;,
(iii) max(Z;q/, max;(b+ Hi(q))) =0 for all q! > g;.
Then a < b.
PrROOF. We argue by contradiction and assume that a > b.
Modifying p1, ..., Pk, q1,---,4x,a and b by small amounts and using the con-

tinuity of Hi, ..., Hx, we may assume that

pi>¢q; and a+ max H;(p;) <0 < b+ min H;(g;).
1 1
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If 2,q; > 0, then letting p! = ¢; in (9)(ii) yields min,(a + H;(¢;)) < 0, which is not
possible given that it assumed that ¢ > b. A similar argument yields a contradic-
tion if X;p; < 0.

Next we assume that X;p; > 0 > X,q;, and let ¢ € (b,a) and r; € (g;, p;) be such
that H;(r;) +¢=0. If Z;; > 0 (resp. X;r; < 0), we choose p! = r; (resp. g/ = r;)
and argue as before. O

4. ONE-DIMENSIONAL TIME-DEPENDENT JUNCTIONS

Here we prove Theorem 2.1 for the initial value problem (8). The argument in the
multi-dimensional setting is almost identical and we leave it up to the reader to
fill in the details. The existence of solutions is immediate from Perron’s method or
Theorem 2.2.

To simplify the presentation here we take

B=0.

Although the proof is not long, to clarify the strategy and highlight the new ideas,
we present first a heuristic description of the argument assuming that wu;,v; €
C!(I; x [0, T]) with possible discontinuities in the spatial derivative as i changes;
note that, since it also assumed that u,v € C(I x [0, T]), this assumption gives
that u,(0, ¢), v,(0,7) exist for all 7 € (0, 7.

Following the proof of the classical maximum principle, we assume that, for
0> 0, the max, 7 T][(u —v)(x, t) — 1] is achieved at (xo, %) € I x [0, T] with
to > 0. If x9 # 0, we argue as in the classical uniqueness proof. Hence, we con-
tinue assuming that xo = 0. Let a = ,(0,2)) and b = v,(0, 7). It follows that
az=b+0>b.

The functions U(x;) = u(x;, tp) and V(x;) = v(x;,1y) are smooth sub- and
super-(viscosity) solutions of

a+ Hi(Uy,xi,10) <0inI; and

min(%; Uy, (07),a + min; H;(U,,(07),0,%)) <0,
b+ H;(Vy, xi,tp) = 0in I; and

max(X; Vy,(07), b+ max; H;(V,,(07),0,%)) >0,

(10)

while U(x;) — V(x;) < U(0) — V(0), which in turn implies that U,,(07) > V,.(07).

We get a contradiction using Lemma 3.1 provided we verify that (9) holds for
the obvious choices of Hy,...,Hg, p1,...,Pk,q1,---,qx- And this is immediate
since (9)(i) is part of (10), while (9)(ii),(iii) follow from the observation that
JTU;(0) = (—o0, Uy, (07)] and J~V;(0) = [V,,(07), 00) and the fact that inequal-
ities must hold in the viscosity sense.

We continue now with the actual proof which consists of making the above
rigorous for u,v e C(I x [0, T]).

PrROOF. Without loss of generality, we assume that u,v e C%!(I x [0, T]) are
respectively a sub- and super-solution to (8) and u(-,0) < v(+,0).
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Using the classical sup- and inf-convolutions we may assume that u and v are
respectively semiconvex and semiconcave with respect to ¢. Of course, this means
that we need to consider (8) in a smaller time interval and evaluate H at a differ-
ent time. It is, however, standard that this does not alter the outcome, and, hence,
we omit the details.

Suppose that, for some d > 0, the max, 7, o 7[(u — v)(x,7) — 7] is achieved at
(x0,20) € I x [0, T] with 75 > 0. If xo # 0, we argue as in the classical uniqueness
proof. Hence, we continue assuming that xo = 0.

In view of the assumed semiconvexity and semiconcavity of the u and v respec-
tively, both of them are differentiable with respect to ¢ at (0,17). Let a = u,(0, )
and b = v,(0, ). It follows that

a>b+0>b.

The next step is an observation, which, heuristically speaking, establishes a C'-
type property for the sub- and super-jets of semiconvex and semiconcave func-
tions near points of differentiability. Since the claim may be useful in other con-
texts, we state it as a separate lemma.

LEMMA 4.1. Let z be a Lipshitz continuous semiconvex in time solution of
z+ H(uy,u, x,1) <0 in (¢,0) x [0, T], and assume that a = z,(0,ty) exists. If
J z(x, 1) is the subdifferential of z with respect to t at (x,t), then

(11) lim = sup |p—al=0.
(x, I)—>0pe,]l+z()€7 1)

A similar statement is true for the subdifferential in t, if z is a Lipshitz
continuous semiconcave in time supersolution which such that z,(0,t)) exists for
some to > 0.

The claim follows from the classical facts that the semiconvexity implies that z is
actually differentiable at every (x, 7) such that J,"z(x, 7) # 0, and, for semiconvex
functions, derivatives converge to derivatives. The x-dependence is dealt using the
Lipshitz continuity.

Continuing the ongoing proof we observe that Lemma 4.1 yields
ni:1;x [0,T] — R such that lim(,, (0., % (x;,) =0 and, in the viscosity
sense and in a neighborhood of (0, 7)),

(12) a+ Hi(uy,,0,1) < ni*(x,-, t) and b+ Hi(vy,,0,t0) =5, (x;,1).

Indeed, if (p;,p;) € JTu(x, ), then p; € J; u(x,t), and the claim follows from the
previous observations and the continuity properties of H;.

Next we use a blow up argument at (0, #p) on all branches to reduce the prob-
lem to a time independent setting to which we can apply Lemma 3.1.

For ¢ > 0 let
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u(ex;, to +&e(t —t9)) — u(0, 1)
F;

v(ex;, to +&e(t — 1)) — v(0, £p)
- )

ul(xi, t) = and

vf(xi, 1) =

In view of the choice of (0, #y), the properties of u and v and the observations
above, for every i € {1,...,K} and ¢ > 0, we have

(13) ui < v +6(t—to),

and, as ¢ — 0, along subsequences and locally uniformly in (x, 7),

(14) uf (xi, 1) = uy(exi, 1o + &(t — 1)) — a,
U7 (xi, 1) = vi(exi to + &(t — 19)) — b,
and
(15) ui(xi, t) —uj(x;,t0) — at and  vf(x;, 1) — vi(x;, to) — bt.

Fix a subsequence ¢, — 0 such that u:" (x;, 1) — U;(x;) + a(t — tp) and v;"(x;, ) —
Vi(x;) + b(t — t) and notice that, in view of (15), both U; and V; are 1ndependent
of ¢.

It follows that

U <Viin (—0,0) and U;(0) = 7;(0) =0,
a+H(U;,)<0 and b+ H(V;,) >0,
min(X; U,-,x,., min; (¢ + H;(U; y,))

(16) )
max(Zi Vi,xia maXz’(b + Hl( Vl',«’ﬁ')))
)

where, for notational simplicity, we write H;(p) in place of H,(p,0,1), and,
finally, recall that

a>b.

Next we get a contradiction using Lemma 3.1. While the choice of the H;’s is

obvious, some work is necessary to identify py,..., px,qi,..., px such that (9)
holds.
Set
Ui(x; _ . Ui(x;
pi = hmmfﬂ, p; =1lim supﬂ,
x—=0 X xi—0 Xi
Vil _ . Vi(x;
q; := liminf (xi) and g, :=limsup (xi) ,
- x—0 Xi x;—0 Xi

and recall that J* U;(0) = (—co,p;] and J~V;(0) = [g;, ).
Observe that U; < V; does not necessarily yield p; > g;, the latter being

enough to conclude using Lemma 3.1 with p; = p; and ¢; = g;. Notice, however,
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that U; < V; implies

(17) Di = qi-

Although p; ¢ J*U;(0) and q; ¢ J~ V;(0), unless U; and V; are respectively differ-
entiable at 0, we claim that (9) holds for p; = p; and ¢; = q;.

A classical blow-up argument (see, for example, Jensen and Souganidis [9])
shows that

(18) a+Hi(p)<0 forallpelp,p] and
b+ H,(q) >0 forallqge|q,q

Moreover, if p/<p;, for all i then p/eJ"U;(0) and, hence,
min(Z; p/, min;(a + Hi(p!))) < 0.

If, for some fixed i, p; € [pi, P, ], then, in view of (18), a + H;,(p; ,0,%) <0,
and again min(Z;p/, min;(a + H,(p}))) < 0. It follows that (9)(ii) holds.

A similar argument yields (9)(iii), while (9)(i) is obviously true, in view of (17)
and (18).

5. FLUX-LIMITER SOLUTIONS ARE GENERALIZED KIRCHOFF SOLUTIONS

We show here that the flux-limiter solutions to time-depending one dimension
junction problems, which were introduced in [7], are actually generalized viscosity
solutions to (8) for an appropriate choice of B in the Kirchoff-condition.

We begin recalling the notion of flux-limiter solution. Following [7], we
assume that, foralli=1,... K,

(19) H; € C(R) is convex with a unique minimum at p’,

and define FI;—’ :R— R by

~ ~4 1 0 _ ~' 0 . 0
00) A-(p)={ B Er<pl g g = {HPD <l
Hi(p?) if p>p?, Hi(p) if p > p};

note that [7] considers quasiconvex H;’s but to keep things simple here we assume
convexity. Finally, to simplify the presentation we assume that we deal with con-
tinuous solutions. ~ ~ . .

Fix_A4 > Ay = max; ming A and let [; = (0,00) and I = U,Iil I;. Then u e
BUC(I x [0, T]) is an A-limiter solution of the junction problem if

1) {anﬁﬁl[(a,;x,) =0 in I; x (0,7,

il, + max(4, max; H (#;,,)) =0 on {0} x (0, 7).
For each i, let p/! be the unique solution to H;(p) = A, satisfying p = p? which
exists in view of (20).

ProrosITION 5.1. If u is an A-limiter solution, that is, it satisfies (21), then
u:l — R defined by u(x)=u(—x) is a generalized solution to (8) for B=
—2X, pi and Hi(p) = Hi(—p).
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ProOF. The conclusion follows once we show that « is a solution to

ili,t +I:Ii(ai,x[) = 0 il'l i,' X (0, T],
(22)  q min(=2E iy, — B ming (@, + Hi(t;,5,)) <0 on {0} x (0, 7],
max(—X% iy, — B, max;(&;,, + Hi(i,x)) =0 on {0} x (0,T].
Clearly we only need check the inequalities on {0} x (0, 7]. We begin with the
sub-solution property and assume that, for some #, € (0,7] and for each i,

(pi,a) € JTu; (0, to).
Since # is an A-limiter solution, for all 7, we have

(23) at+A=a+H(p?)<0 and a+H (p)<0.
Arguing by contradiction we assume that
(24) —=K pi+ 2K, pf > 0.

It then follows that there exists iy such p;, < p;:. Then, if pg < pi,, since we are
in the increasing part of Hj,, we have H; (p;,) < H;,(p;!) = A4, and, hence

(25) Cl+I:I,‘O(p,'0) <0.

If pg > pi,, then H, (p;,) = FI,.O* (pi,), and again we have (25), and, hence, the sub-
solution property.

For the super-solution property we assume that, for some ¢y € (0, 7] and for
each 7, (¢;,a) € J~u;(0,1y). It then follows from the definition of the A-limiter
solution that

(26) a + max (A, max ﬁ[(qﬁ) > 0.

If max,; H; (¢;) > A, then, since H(¢;) > H; (q.),

(27) max(—zfi \qi — B, max(a + FI,-(q,-))) > 0.

If A > max; H; (g;), then, for all i,
(28) a+H (p')=a+4>0.

Assume that —2X, ¢, + 25, p4 < 0, for otherwise (27) is satisfied.
_ Then there must exist some iy such that ¢;, > sz , which implies that FI,-O (qi,) =
H!(p/') = 4, and (27) holds again.

The claim then follows using that u(x) = #(—x). O
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