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ABSTRACT. — In this paper we study, in an open bounded set with Lipschitz boundary, the
Dirichlet problem for a nonlinear singular elliptic equation involving the 1-Laplacian and a total
variation term, that is, the inhomogeneous case of the equation appearing in the level set formula-
tion of the inverse mean curvature flow. Our aim is twofold. On the one hand, we consider data
belonging to the Marcinkiewicz space with a critical exponent, which leads to unbounded solutions.
So, we have to begin introducing the suitable notion of unbounded solution to this problem. More-
over, examples of explicit solutions are shown. On the other hand, this equation allows us to deal
with many related problems having a different gradient term which depend on a function ¢ (see (1)
below). It is known that the total variation term induces a regularizing effect on existence, unique-
ness and regularity. We focus on analyzing whether those features remain true when general gradient
terms are taken. Roughly speaking, the bigger ¢, the better the properties of the solution.
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1. INTRODUCTION

In the present paper we deal with the Dirichlet problem for equations involving
the 1-Laplacian and a total variation term:

—div(|lD)—Z|) + gDyl = £(x) inQ,

u=>0 on 0Q,

(1)

where Q ¢ R" is a bounded open set with Lipschitz boundary dQ, g(s) stands for
a continuous nonnegative function defined for s > 0 and f is a nonnegative func-
tion belonging to the Marcinkiewicz space LY *(Q).

A related class of elliptic problems involving the p-Laplacian operator (de-
fined in W'2(Q) by Au = div(|Vu|?*Vu), where p > 1) with a gradient term
has been widely studied. We recall the seminal paper [27] for a gradient term of
exponent p — 1 and the systematic study of equations having a gradient term
with natural growth initiated by Boccardo, Murat and Puel (see [12, 13, 14]).
The variational approach searches for solutions in the Sobolev space Wol’p (Q)
and considers data belonging to its dual W ~1?'(Q). (In the setting of Lebesgue
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N
spaces, data are naturally taken in Lﬁ(ﬁ) as a consequence of the Sobolev
embedding.)

We point out that the natural space to look for a solution to problem (1)
should be the Sobolev space W ( ) and the space of data, from a variational
point of view, should be its dual W-1=(Q). The Sobolev embedding Theorem
and duality arguments lead to consider as the right function space of data the
space LV (Q) (among the Lebesgue spaces) and LY-*(Q) (among the Lorentz
spaces). Evidences that the norm of LY *(Q) is suitable enough to deal with
this kind of problems can be found in [16, 29]. As far as the energy space is
concerned, we cannot search for solutions in W '(Q), which is not reflexive,
and we have to extend our setting to the larger space BV (Q), the space of all
functions of bounded variation. Therefore, our framework is the following: given
a nonnegative f € LY *(Q), find u € BV (Q) that solves problem (1) in an appro-
priate sense which will be introduced below (see Definition 4.1).

Two important cases of problem (1) have already been studied. When g(s) = 0

we obtain just the 1-Laplacian operator: le( ) There is a big amount of

| Dul
literature on this equation in recent years, starting in [25]. Other papers dealing
with this equation are [7, 10, 16, 19, 26, 29]. The interest in studying such a case
came from an optimal design problem in the theory of torsion and related geo-
metrical problems (see [25]) and from the variational approach to image restora-
tion (see [7] and also [8] for a review on the development of variational models
in image processing). The suitable concept of solution to handle the Dirichlet
problem for this kind of equations was introduced in [7]. In this paper, a meaning

. Du . . .
for the quotient D—Z (involving Radon measures) is given through a vector field

z e L*(Q;RY) satistying ||z|| ., < 1 and (z, Du) = |Du| as measures. This vector
field also gives sense to the boundary condition in a weak sense. The meaning
of all expressions in which appear vector fields relies on the theory of L*-
divergence-measure fields (see [9] and [17]).

On the other hand, when g(s) = 1, we get le( ) + | Du|, which occurs

| Dul
in the level set formulation of the inverse mean curvature flow (see [22], related
developments can be found in [23, 31, 32]). The framework of these papers, how-
ever, is different since Q is unbounded. Furthermore, the concept of solution is
based on the minimization of certain functional and does not coincide with which
has been considered in the previous case. This operator has also been studied in
a bounded domain in [28], where it is proved the existence and uniqueness of a
bounded solution for a datum regular enough.

It is worth noting that, contrary to what happens in the p-Laplacian setting
with p > 1, features of solutions to problem (1) with g(s) = 0 are very different
to those with ¢(s) = 1. Indeed, the presence of the gradient term has a strong
regularizing effect because in the first case the following facts hold:

(i) Existence of BV -solutions is only guaranteed for data small enough, for large
data solutions become infinity in a set of positive measure.



ELLIPTIC EQUATIONS INVOLVING THE |-LAPLACIAN AND A TOTAL VARIATION TERM 819

(i) There is no uniqueness at all: given a solution u, we also obtain that A(u) is a
solution, for every smooth increasing function /.

Whereas, in the second case, the properties are:

(i) There is always a solution, even in the case where the datum is large.
(i) An uniqueness result holds.

Regarding regularity of solutions, even an equation related to the case g(s) =0
like u — div(;3) = f(x) (for which existence and uniqueness hold) has solutions
with jump part. On the contrary, solutions to problem (1) with g(s) =1 have
no jump part. Moreover, solutions to u — div(@—fl) = f(x) satisfy the boundary
condition only in a weak sense (and in general, u|,, # 0), while if g(s) = 1, then
the boundary condition holds in the trace sense, that is, the value is attained
pointwise on the boundary.

We point out that the situation concerning existence is rather similar to that

shown in studying problem

—Au+|Vul> =2—5 inQ,
(2) |x|

u=20 on 0Q,

in domains satisfying 0 € Q, since the presence of the quadratic gradient term
induces a regularizing effect (see [3] and [1], see also Remark 5.4 below). Indeed,
existence of a positive solution to (2) can be proved for all A > 0, while if the
gradient term does not appear, solutions can be expected only for A small enough,
due to Hardy’s inequality.

Our purpose is to study the role of the function g on the above features
satisfied by the solutions. Roughly speaking, we see that the bigger ¢, the better
the properties of the solution. The standard case occurs when g(s) > m > 0 for all
s > 0 and the situation degenerates as soon as g(s) touch the s-axis.

We begin by considering the case g(s) = 1 for all s > 0. To get an idea of the
difficulties one finds, let us recall previous works on this subject. As mentioned,
this problem was already handled in [28] for data f € L4(Q), with ¢ > N. This
condition is somewhat artificial and was taken in this way due to the necessity
of obtaining bounded solutions. This necessity derives from the use of the theory
of L*-divergence-measure fields. It was initiated in [9], where a sense is provided
with the dot product (z, Du), where z € L*(Q; R") satisfies that divz is a Radon
measure and u € BV (Q) n L™ (Q) is a continuous function. In a different way, it
was later developed in [17] for a possibly discontinuous function u € BV (Q) n
L*(Q) (see also [15, 30] for a point of view closest to that of [9]). Since we
must expect unbounded solutions starting from the most natural space of data
LY-*(Q), the first result we need is to give sense to the dot product (z, Du)
when « € BV(Q) can be unbounded. This was achieved in [2], but we include it
for the sake of completeness.
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Endowed with this tool, in the first part of this paper, we prove an existence
and uniqueness result for problem (1) in the particular case g(s) = 1. The second
part is fully devoted to our main concern, that is, to search for the properties that
solutions to problem (1) satisfy for different functions g. For better understand-
ing, we summarize the results we will see in Table 1 below.

The plan of this paper is the following. Section 2 is dedicated to prelimi-
naries, we introduce our notation and some properties of the spaces BV (Q) and
LYN-*(Q). In Section 3 we generalize the theory of L*-divergence-measure fields
to take pairings (z, Du) of a certain vector field z and any u € BV (Q). This theory
is applied in Section 4 to extend the result of existence and uniqueness of [28]
to LY *(Q)-data. In Section 5 we show explicit radial examples of solutions.
Section 6 is devoted to study the standard cases of problem (1), those where g(s)
is bounded from below by a positive constant. A non standard case is shown
in Section 7 with g(s) touching the s-axis; in this case we need to change our def-
inition of solution since solutions no longer belong to BV (Q). Finally, in Section
8 we deal with really odd cases for which the considered properties are not neces-
sarily satisfied.

2. PRELIMINARIES

In this Section we will introduce some notation and auxiliary results which will
be used throughout this paper. In what follows, we will consider N > 2, and
A#N~1(E) will denote the (N — 1)-dimensional Hausdorff measure of a set E
and |E| its Lebesgue measure.

Table 1
| Function g(s) ” Existence Uniqueness Regularity
No jump part™®
: &) (1)
0<m<yg(s) For every datum Yes Better summability®®
g vanishes at some points For every datum®® Yes® No jump part®®

g ¢ L' ([0, 0])

For every datum™),

g vanishes at infinity with another concept Yes@ No jump part®

1
g ¢ L'([0, ) of solution®
For data small .
ge L'([0,0[) enough®? Yes!? No jump part!”
With jump part®?
g vanishes on an interval For data small No® No boundary

enough® o
g condition®

Notes: (1) Theorem 6.4 and Theorem 6.5, (2) Proposition 6.6, (3) Theorem 7.1, (4) Theorem 7.3,
(5) Definition 7.2 and Example 7.4, (6) Example 8.4, (7) Theorem 8.1, (8) Remark 8.5, (9) Remark
8.5 and Remark 8.7, (10) Example 8.8, (11) Example 8.6.
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In this paper, Q will always denote an open subset of R" with Lipschitz
boundary. Thus, an outward normal unit vector v(x) is defined for #"~!-almost
every x € 0Q. We will make use of the usual Lebesgue and Sobolev spaces,
denoted by L4(Q) and W P (Q), respectively.

We recall that for a Radon measure y in Q and a Borel set 4 C Q the measure
ul_A is defined by (uLA)(B) = u(A n B) for any Borel set B C Q. If a measure
w1 is such that g = ul_ A4 for a certain Borel set 4, the measure u is said to be
concentrated on A.

The truncation function will be use throughout this paper. Given k£ > 0, it is
defined by

3) Ti(s) = min{(s|,k} sign(s).
for all s € R. Moreover, we define another auxiliary real function by
(4) Gi(s) = (s — Ti(s))-

2.1. The energy space

The space of all functions of finite variation, that is the space of those u € L'(Q)
whose distributional gradient is a Radon measure with finite total variation, is
denoted by BV (Q). This is the natural energy space to study the problems we
are interested in. It is endowed with the norm defined by

|w:/ww+/ww
Q Q

for any u € BV (Q). An equivalent norm, which we will use in the sequel, is given

by
HWW@=/|WMW*+/ww
0Q Q

For every u € BV(Q), the Radon measure Du is decomposed into its abso-
lutely continuous and singular parts with respect to the Lebesgue measure:
Du = Du+ D’u. We denote by S, the set of all x € Q such that the approximate
limit of u# does not exist at x, that is, x € Q\S, if there exists #(x) such that

d 0.
s |A ()| dy =

We say that x € Q is an approximate jump point of u if there exist two real num-
bers " (x) > u~(x) and v,(x) € S¥! such that

1
lIim—————
pl0 |B+(X Vu( ))l B, (x,v,(x))

lim —u (x)|dy =0,
p10 |B xvu |/ (x,vu(x)) ()| 4

Iu(y) u” (x)|dy =0,
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where

By (x,vu(x)) = {y € By(x) : <y = x, wu(x)) > 0}
and

B, (x,vu(x)) = {y € By(x) : ¥ — x,vu(x)> < 0}.

We denote by J, the set of all approximate jump points of u. By the Federer—
Vol’pert Theorem [6, Theorem 3.78], we know that S, is countably #"~!-
rectifiable and #V~1(5,\J,) = 0. Moreover, Dul_J, = (ut —u" v, V1L J,.
Using S, and J,,, we may split D*u in two parts: the jump part D/u and the Cantor
part D¢u defined by

D/u= D*ul_J, and D‘u= D'ul (Q\S,).
Then, we have

Diu= (u" —u v,V LI,

Moreover, if x € J,, then v,(x) = \%\ (x) and \%\ is the Radon—Nikodym deriva-
tive of Du with respect to its total variation |Du|.

The precise representative u* : Q\(S,\J,) — R of u is defined as equal to u
on Q\S, and equal to % on J,. It is well known (see for instance [6, Corollary
3.80]) that if p is a symmetric mollifier, then the mollified functions u * p, point-
wise converge to u* in its domain.

A compactness result in BV (Q) will be used several times in what follows. It
states that every sequence that is bounded in BV (Q) has a subsequence which
strongly converges in L'(Q) to a certain u € BV(Q) and the subsequence of
gradients x-weakly converges to Du in the sense of measures.

To pass to the limit we will often apply that some functionals defined on
BV(Q) are lower semicontinuous with respect to the convergence in L'(Q). The
most important are the functionals defined by

(5) u— /Q | Dul

(6) ur—>/|Du|+/ PCE
Q Q

In the same way, it yields that each ¢ € C}(Q) with ¢ > 0 defines a functional

U — / @|Dul,
Q

which is lower semicontinuous in L'(Q).
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Finally, we recall that the notion of trace can be extended to any u € BV (Q)
and this fact allows us to interpret it as the boundary values of u and to write
u|,o. Moreover, it holds that the trace is a linear bounded operator BV (Q) —
L'(0€) which is onto.

For further information on functions of bounded variation, we refer to
[6, 20, 33].

2.2. The data space

Given a measurable function u : Q — R, we denote by g, the distribution func-
tion of u: the function g, : [0, 4+00[ — [0, +0o[ defined by

w,(t)={xeQ:|ulx)|>rt}, t=0.

For 1< ¢ < oo, the space L?*(Q), known as Marcinkiewicz or weak-
Lebesgue space, is the space of Lebesgue measurable functions u : Q — R such
that

(7) [uly = sup 1, ("7 < 0.

>0

The relationship with Lebesgue spaces is given by the following inclusions
L1(Q) — LT7(Q) — L7*(Q),

for suitable ¢ > 0. We point out that expression (7) defines a quasi-norm which is
not a norm in L% *(Q). (For a suitable norm in this space see (10), (11) and (12)
below).

Some properties of Lorentz spaces L% ! (Q) (with 1 < ¢ < o0) must be applied
throughout this paper. To begin with, we define the decreasing rearrangement of
u as the function u* : 10, |Q|] — R™ given by

u*(s) =sup{r > 0:p,(t)>s}, s€]0,]Q],

(the main properties of rearrangements can be found in [11, 24, 33]). In terms of
u*, the quasi-norm (7) becomes

®) [u], = sup{s"/%u"(s)}.

s>0

We say that a measurable function u : Q — R belongs to L%!(Q) if

L ™ |, ., . ds
9) wuwm:5A sV (5) 2

N

is finite. This expression defines a norm (see [11, Theorem 5.13]). The classical
paper where these spaces are systematically studied is [24] (see also [11, 33]).
Some important properties of Lorentz spaces are:
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1. L%1(Q) is a Banach space endowed with the norm defined by (9).
2. Simple functions are dense in L%'(Q).
3. The norm (9) is absolutely continuous.

Concerning duality, the Marcinkiewicz space L4 *(Q) is the dual space of
L1(Q). Indeed, it follows from a Hardy-Littlewood inequality that if f e
L9*(Q) and u e L%'(Q), then fu € L'(Q) and a Holder type inequality holds:

fuds| < [ r o )ds= [ osto)
L= [ [

s
<q[f1,llull 1)
Thus,
o fudx|
(10) ||f||Lq/.m<g)—sup{”{j| L ue L @)
L

defines a norm in the Marcinkiewicz space and || f/| ;. @ =< q[f], holds. Taking
1ntoldccount that if £ C Q is a measurable set of positive measure and u =
|E| 7y, then ||ul| Loy = 1 and also applying the density of simple functions,
we deduce that

D Il =sup{] [ s

= sup{|E|_1/‘1/E|f|dx: |E| > o}.

This implies [f],, <[]l 4.« (q), so that, the quasi-norm [ -], is equivalent to the
norm || - |14 (q). It also yields

cu = |E| iy, with |E| > o}

(12) 1A lLer =) = Sug{sl/q/f**(S)},
5>

where f**( / f*(o)do.

On the other hand, we recall that Sobolev’s inequality can be improved in the
context of Lorentz spaces (see [4]): the continuous embedding

(13) Wyl (Q) — LvT1(Q)

holds. The best constant in this embedding will be denoted as

(14) Sy = sup
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Its value is known:
ry+n™
Nyvm  NcUN

where Cy denotes the measure of the unit ball in RY. (We explicitly point out
that this is the value for the best constant having in mind the norm in the Lorentz
space as defined in (9).) Furthermore, by an approximation argument, this inclu-
sion may be extended to BV-functions with the same best constant Sy (see, for
instance, [33]):

(15) Sy =

(16) BV(Q) — Ly (Q).

It is worth remarking that the supremum in (14) is attained in BV (Q).

Asa consequence of this embedding, given f € LY *(Q) and u € BV (Q), it
yields fu e L'(Q). This fact will be essential in what follows.

Another feature concerning Lorentz spaces and duality is in order. We will de-
note by W~19(Q) the dual space of W 1(Q), 1 < g < oo. Here we recall just
that the norm in W~1*(Q) is given by

A7) iy =50 [y vl < [ [Valv <1},

Since the norm in L%’I(Q) is absolutely continuous, it follows that Cj°(Q) is
dense in L7-'(Q). A duality argument shows that LY *(Q) — W ~1*(Q) and,
having in mind (10) and (14), we obtain: if /' € LY *(Q), then

f Judx .
L'V 1
| [o fudx|  [o|Vu|dx 11
= sup : Wy ()\{0}
o Vel Tl
= Sf”f”w%-w(g)
Therefore,
: 1 :
(18) 1/ 1) < 71/N||f||mﬂw(g)

NCy
for every f e LY-*(Q). (For a related equality in a ball, see [29, Remark 3.3)).

3. EXTENDING ANZELLOTTI’S THEORY

In this section we will study some properties involving divergence-measure vector
fields and functions of bounded variation. Our aim is to extend the Anzellotti
theory.
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Following [17] we define 2.4 (Q) as the space of all vector fields z e
L*(Q; RY) whose divergence in the sense of distributions is a Radon measure
with finite total variation, i.e., z € 2.4 (Q) if and only if divz is a Radon mea-
sure belonging to W=1*(Q).

The theory of L*-divergence-measure vector fields is due to G. Anzellotti [9]
and, independently, to G.-Q. Chen and H. Frid [17]. In spite of their different
points of view, both approaches introduce the normal trace of a vector field
through the boundary and establish the same generalized Gauss—Green formula.
Both two also define the pairing (z, Du) as a Radon measure where z € 2.4~ (Q)
and u is a certain BV-function. However, they differ in handling this concept.
While in [9] it is only considered continuous functions belonging to BV (Q) n
L*(Q) and the inequality

(19) |(z, Du)| < |[z| | Dul

is proved for those functions; in [17], general functions u € BV (Q) n L*(Q) are
considered but it is only shown that the Radon measure (z, Du) is absolutely
continuous with respect to |Du|. In the present paper we need that the inequality
(19) holds for every u € BV (Q) and every z € 2.4 % (Q) satisfying a certain con-
dition (see Corollary 3.5 below). That is why the way by which the pairings
(z, Du) are obtained will be essential in our work. This is the reason for extending
the Anzellotti approach in this Section.

We finally point out that the theory of divergence-measure fields has been
extended later (see [18] and [34]).

We begin by recalling a result proved in [17].

PROPOSITION 3.1. For every z € Z.4*(Q), the measure u = divz is absolutely
continuous with respect to AN, that is, |u| < AN

Consider now u = divz with z € 2.4 (Q) and let u € BV(Q); then the pre-
cise representative u* of u is equal " ~l.a.e. to a Borel function; that is, to
lim,_o p, * u, where (p,), is a symmetric mollifier. Then, it is deduced from the
previous Proposition that u* is equal w-a.e. to a Borel function. So, given
ue BV(Q), its precise representative u* is always p-measurable. Moreover,
u e BV(Q) N L*(Q) implies u € L*(Q, ) C L'(Q, u).

3.1. Preservation of the norm

We point out that every div z, with z € Z.4* (Q), defines a functional on Wol’ HQ)
by

(20) <diVZ7 u>W’]~"°(Q)7 W()]](Q) - _/QZ . Vudx

To express this functional in terms of an integral with respect to the measure
1= divz, we need the following Meyers—Serrin type theorem (see [6, Theorem
3.9] for its extension to BV -functions).
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PrOPOSITION 3.2. Let u=divz, with z € 2.4 (Q). For every u e BV(Q)n
L*(Q) there exists a sequence (uy), in W11(Q) n C*(Q) n L*(Q) such that

(1) w, — u* in LNQ, p).

2) /Q Vit| dx — | Dul(Q).

(3) Unlpo =ulpo Sforalln e N.
4) |un(x)| < ||ull,, |ul|-a.e. forall n e N.

Moreover, if u € W41 (Q) n L*(Q), then one may find u, satisfying, instead of (2),
the condition

2" u, —u in WH(Q).

—/Z-Vgodx:/gpd,u
Q Q

holds for every p € C;°(Q), it is easy to obtain this equality for every Wol’ ! Q)N
C*(Q). Given u € Wol’l(Q) N L*(Q) and applying Proposition 3.2, we may find
a sequence (uy), in WOI’I(Q) N C*(Q) satisfying (1) and (2'). Letting n go to

infinity, it follows from
—/ z - Vu, dx = / U, du
Q Q

—/Z-Vudx:/u*d,u
Q Q

<divz,u>W,1,x(Q)7Wol,l(Q) :/Qu* du

Since

for every n € N, that

and so

holds for every u € WOI"I(Q) N L*(Q). Then the norm of this functional is given
by

el 1.0y = sup{ /Qu* d,u’ cue WH(Q) A L7 (Q), with ||u||W01.1(Q) < 1}.

where ||ul| ;11 = / |Vu| dx. We have seen that u = divz can be extended from
0 Q

WOI’I(Q) to BV (Q) N L*(Q). Next, we will prove that this extension can be
given as an integral with respect to x and it preserves the norm. To this end, the
following Lemma, stated in [9], will be applied.
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LEMMA 3.3. For every u € BV(Q) — so that u|;,, € L'(0Q) —, there exists a se-
quence (wy), in WH1(Q) n C(Q) such that

(1) walag = ulsg-

2) /|an|dxs/ | da™1 4L
Q oQ n

1
nd < -.
@) [ bl s

(4) wa(x) =0 if dist(x, 0Q) > %
(5) wu(x) — 0 forall x € Q.

Moreover, ifu € BV (Q) n L*(Q), then w, € L*(Q) and ||wy|| ., < |lu|aqll.. for
alln e N.

THEOREM 3.4. Let z€ .M (Q) and denote u= divz. Then, the functional
given by (20) can be extended to BV (Q) n L*(Q) as an integral with respect to u

and its norm satisfies
/ u*du
Q

where [[ul| gy (o) :[Q|u|d%N_1 —}—/Q|Du|.

i+ 0y = sup{ e BV(@) L (@), with a0y < 1}

PROOF. Since we already know that BV (Q) n L*(Q) is a subset of L'(Q, u), all
we have to prove is

(21) ‘/Qu*dﬂ’ < IIuIIWm(Q)(IDul(Q) +/aQ |ul dnyfl)

for all u € BV(Q) n L* (). This inequality will be proved in two steps.

Step 1: Assume first that u € W1(Q) n L*(Q). Consider the sequence (wy),
in WH(Q)n C(Q) of the above Lemma. Hence, w, € L*(Q) and ||w,|, <
l|lu| 0l ., for all m € N. Then it yields

‘/ (" —wy,) d/l‘ = [<u, (u— W11)>W71w1(Q)~W1‘1(Q)|
Q >0
< i@y [ V= Vo v

_ 1
< ||/‘||Wl-x(g)(/Q|Vu|dx+ﬂQ |u|dﬂN 1+Z>'
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It follows that

/u*du‘ < /(u* —w;)du‘—k'/ w;‘d,u’
Q Q Q

1
< ||,u|W1,x(Q)(/Q|Vu|dx—|—[Q u| do ™! +Z)+‘/Qw;d,u‘.

Since the sequence (w,), tends pointwise to 0 and it is uniformly bounded in
L*(Q), by Lebesgue’s Theorem,

(22)

lim [ w,du=0.

Now, taking the limit in (22) we obtain (21).

Step 2: In the general case, we apply Proposition 3.2 and find a sequence (u,), in
WLHQ) A C*(Q) N L*(Q) such that

() u —u* in L'(Q,u).
(2) /Q|Vun|dx—>|Du|(Q).

(4) |un(x)| < ||ull,, |ul-a.e. forallnme N.

Then, it follows from

}/ u d,u‘ < ||,u||W1,x(Q)(/ |Vun|dx+/ |u|d9‘fN_1> foralln e N
Q Q oQ
that (21) holds. O

COROLLARY 3.5. Let z€ 9.4%(Q) satisfy divz =v+ f for a certain Radon
measure v and a certain f € LY *(Q). If either v >0 or v <0, then u = divz can
be extended to BV (Q) and

i+ oy = sup{ | [ "] we Bri@)1pu@) + [ uant <1},

Moreover, BV (Q) — L'(Q, u).

PrOOF. Consider u € BV(QQ), denote u, = max{u,0} and, for every k >0,
apply the previous result to Ty (u.) (recall (3)). Then

(23) ] /Q Tk<u+>*du1 < -1 (IDTiae ) (€2) + /@Q Teu) d )

< Dl oy (1Drcl(@)+ [ e 1),

0Q



830 M. LATORRE AND S. SEGURA DE LEON

On the other hand, observe that u* is a v-measurable function, so that we obtain

T = [ e dve [ Tt (s dv

for every k > 0. We may apply Levi’s Theorem and Lebesgue’s Theorem to
deduce

lim Tk(u+)*dv:/(u+)*dv

k—+w Jo o)
and
klim Ty (uy (x))f(x) dx:/u+(x)f(x) dx.
—+x Jo Q
Thus,

lim Tk(u+)*d/x:/(u+)*d,u.
o

k—+o0 Q

Now, taking the limit when k goes to oo in (23), it yields

(24) \ / (“+)*d#’ < Nl 1 (1D (©2) + / up da™ ).
Q Q

Assume, in order to be concrete, that v > 0. Since

[ e = [ s as

we already have that (u,)" is 4~ -integrable. Hence, as a consequence of (24), we
deduce that (u,)" is u*-integrable as well and then, (u,)" u-integrable too.

Since we may prove a similar inequality to u_ = max{—u,0}, adding both
inequalities we deduce that u* is y-integrable and that

L] <y (1@ + [ i)
holds true. O
3.2. A Green's formula
Letz e 2.4*(Q) and let u € BV (Q). Assume that divz = v+ f, with v a Radon

measure satisfying either v > 0 or v < 0, and f € LY *(Q). In the spirit of [9], we
define the following distribution on Q. For every ¢ € C;°(Q2), we write

(25) <(Z,Du),(p>:—/Qu*(pd,u—/QuLV(pdx,
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where u = divz. Note that the previous subsection implies that every term in
the above definition has sense. We next prove that this distribution is actually a

Radon measure having finite total variation.

PROPOSITION 3.6. Let z and u be as above. The distribution (z,Du) defined
previously satisfies

(26) (2 Du), 9] < o]l l1zll - o) / D]

Sor all open set U C Q and for all p € Ci°(U).

Proor. If U C Qs an open set and ¢ € C;°(U), then it was proved in [30] that

(27)  [K(z, DTi(u)), 9| < ||¢|!m||Z|Lx<U)/U|DTk(u)I < ||¢||x||Z||Lx<U)/U|Du|

holds for every & > 0. On the other hand,

(2, DT(u)), > = — /

Ti(u) " pdu — / Ty (u)z - Vo dx.
Q Q

We may let k — oo in each term on the right hand side, due to u* € L'(Q, ) and
u e L'(Q). Therefore,

kILHQC <(Z7 DTk(“))) §0> = <(Zv Dl/l), §0>7
and so (27) implies (26). 0

COROLLARY 3.7. The distribution (z,Du) is a Radon measure. It and its total
variation |(z, Du)| are absolutely continuous with respect to the measure |Du| and

[@na| < [0l < a0, [ 10
B B B

holds for all Borel sets B and for all open sets U such that B C U C Q.

On the other hand, for every z € 2.4 % (Q), a weak trace on 0Q of the normal
component of z is defined in [9] and denoted by [z, v].

PROPOSITION 3.8. Let z and u be as above. With the above definitions, the follow-
ing Green formula holds

(28) /Qu*d,u—l—/g(z,Du) :/m[z, Wu d#N,

where = div z
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PRrROOF. Applying the Green formula proved in [30], we obtain

(29) /QTk(M)*d,LH-/Q(Z,DTk(u)) :[Q[Z,V]Tk(u) da#N-1

for every k > 0. Note that the same argument appearing in the proof of the
previous Proposition leads to

lim [ (z, DTy (u)) :/(Z,Du).

k—o Jo Q

We may take limits in the other terms since u* € L'(Q,u) and u e L'(0Q).
Hence, letting k£ go to oo in (29), we get (28). O

PROPOSITION 3.9. Let ze 2.4 (Q) with ||z, <1 and let u € BV (Q). Then
(z, Du) = |Dul| as measures if and only if (z, DTy (u)) = |DTy(u)| as measures for
all k > 0.

ProOOF. We first assume (z, Du) = |Du| and so (recall (4))
|Du‘ - (ZvDu) - (ZvDTk(u)) + (Z,DGk(l/l))
< |DTi(u)| + |DGi(u)| = |Dul.

Then, the inequality becomes equality and so (z, DTy (u)) = |DTy(u)| as mea-
sures. Conversely, we assume (z, DTy (u)) = |DTy(u)| for all k > 0. For each
¢ e C(Q), we use the same argument which appears in Proposition 3.6 to
obtain:

Jim <(z, DTi(u)), 9> = <(z, Du), 9>

and

tim | l07,0)] = [ Dl
k— o0 Q Q

So, using the hypothesis, we conclude {(z, Du),p) = / @|Du| for every ¢ e
Cy°(Q), that is, (z, Du) = |Du| as measures. Q O

3.3. The chain rule

We point out that there is a chain rule for BV -functions, the more general for-
mula is due to L. Ambrosio and G. Dal Maso (see [6, Theorem 3.101], see also
[6, Theorem 3.96]). In our framework, it states that if v € BV (Q) satisfies D/v = 0
and u = G(v), where G is a Lipschitz-continuous real function, then u € BV (Q)
and

Du = G'(v)|Dv|.
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We cannot directly apply this result in our context since G’ need not be bounded.
Hence, the following slight generalization is needed.

THEOREM 3.10. Let v e BV(Q) such that D’v = 0 and let g be a continuous and
unbounded real function with g(s) > m > 0 for all s > 0. We define

G(s) = /Osg(a) do.

Assuming that u = G(v) € L'(Q), it holds that u € BV (Q) if and only if g(v)*| Dv|
is a finite measure and in that case |Du| = g(v)"|Dv| as measures.

Proor. Let ¢ € C°(Q2) with ¢ > 0. We apply the chain rule to get the next
equality:

/ ol Du| = / 09(Te(v))*|Dv| = / 0g(v)"| D]
{lv|<k} {lv]<k} {lv]<k}

Now, using the monotone convergence theorem, we take limits when &k — oo and

it holds
/ ol Du| = / 0g(v)"|Dul,
Q Q

and if one integral is finite, the other is finite too. Finally, we extend this equality
to every ¢ € C;°(Q2) and the result is proved. O

4. SOLUTIONS FOR LY ®-DATA

This section is devoted to solve problem

. ( Du .
—dlv(m) +|Dul = f(x) inQ,

u=20 on 0Q,

(30)

for nonnegative data f e LY *(Q). We begin by introducing the notion of solu-
tion to this problem.

DEFINITION 4.1. Let f € LY *(Q) with f > 0. We say that u € BV (Q) satisfy-
ing D/u = 0 is a weak solution of problem (30) if there exists z € Z.4* (Q) with
|lz|| , < 1 such that

—divz+ |Du| = f in 2'(Q),
(z, Du) = |Du| as measures in Q,
and
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REMARK 4.2. We explicitly remark that any solution to problem (30) satisfies
—div(e ™z) = e "f

in the sense of distributions (see [28, Remark 3.4]).

THEOREM 4.3. There is a unique nonnegative weak solution of problem (30).

PRrROOF. The proof will be divided in several steps.

Step 1: Approximating problems.

The function f is in LY *(Q) so, there exists a sequence (f,), in L*(Q) such
that f, converges to f in L!(Q).

In [28] it is proved that there exists u, € BV (Q) n L*(Q), with D/u, = 0 and
u, > 0, which is a solution to problem

. ( Duy, o :
_d1V< Du| ) + [Du,| = fu(x) in Q,

u, =0 on 0Q.

(31)

That is, there exists a vector field z, in Z.4* (Q) such that

(32) —divz, + |Du,| = f, in 2'(Q),
(33) (zy, Du,) = |Du,| as measures in €,
and

(34) Uploq = 0.

On account of Remark 4.2, it also holds

(35) —div(e "z,) = e "f, in 2'(Q).
Step 2: BV -estimate.
Taking the function test % in problem (31), we get

1 1 * _ Tk(u")
¢ [T+ [ D) ow| = [ s [ pavsc

where C does not depend on n. Since (z,, Du,) = |Du,|, it follows from Proposi-
tion 3.9 that (z,, DTy (u,)) = |DTy(u,)|, which is nonnegative. Thus

1/ Tie(tty) | Dutn| < C.
k Jo

Then, letting k& — 0 in the inequality above we arrive at

/ |Du,| < C.
Q
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Therefore, (u,), is bounded in BV (Q) and, up to a subsequence, u, — u in L' (Q)
and (Duy), converges to Du x-weakly as measures when n — 0.

Step 3. Vector field.
Now, we want to find a vector field z € Z.4% (Q) with ||z, <1 such that

—divz+ |Du| < f in 2'(Q).
The sequence (z,), is bounded in L*(Q;R") then, there exists z € L*(Q; RY)
such that z, — z *-weakly in L*(Q; R"). In addition, since [z,||, <1 we get

2], < 1.
Using ¢ € C;°(Q) with ¢ > 0 as a function test in (31), we arrive at

|2 Vods [ oipul= [ fox
Q Q Q

and when we take n — oo, using (5) it becomes

/z-thdx+/go|Du|£ /fgodx.
Q Q Q

—divz+ |Du| < f in 2'(Q)

Therefore,

and —divz is a Radon measure. In addition, since (—divz,), = f, — |Du,| holds
for every n € N, the sequence (—divz,), is bounded in the space of measures and,
due to —divz, converges to —divz, we deduce that —divz is a Radon measure
with finite total variation.

On the other hand, multiply (35) by ¢ € C;°(€2), then Green’s formula pro-
vides us

/e”"zn.V(pdx:/fne”"(pdx,
Q Q

and letting n go to oo we get

/e_“z.V(pdx:/fe_“gpdx.
Q Q

Namely,
(36) —div(e™z) = fe™ in 2'(Q).
Step 4: D/u = 0.

In this step, we are adapting an argument used in [21], which relies on [5,
Proposition 3.4] and [15, Lemma 5.6]. A previous result is needed, namely,
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inequality (39) bellow. To prove (39), we begin by recalling
—div(e "z,) = e "f, in 2'(Q),

since u, is the solution to problem (31). Using that u, = Gy (u,) + Tk (u,), we can
write

—div(e "z,) = —e~ %) div(e Tz} + (e7)*| DGy (uy,)),
and so
(37) e T f — _div(e= Tz, ) 4 (e~ 1)) * | DGy ()|
= —div(e ""g,) + e | DGy (u,)|.
Applying first the chain rule and then [28, Proposition 2.3], we have
(38)  [De M| = (¢ )| DTy(u)]
= (e 1)) (2, DTy (un)) = (e ") 2, DT (un))-

Let ¢ € C"(Q) with ¢ > 0, due to (38) and (37), we get

/ p|De” 1)
Q

= {(e Tz, DTy (1)), >

—/ Tk(un)godiv(eTk(“”>zn)—/ Ti(uy)e ~Ti(un) w - Vo dx
Q Q
:/ Tk(un)(oeT"(””)ﬁ,dx—/kek(p|DGk(un)|

Q Q

_/ Tk(un) —Ti( un V(pdx
Q

k
/(0|D€Tk(””)|+—k/ 9| DGy (uy)]
Q et Jo

:/ Tk(un)(peTk(”’”fndx—/Tk(un) “Tilmlg, . Vo dx.
Q Q

That is,

Now, we can take limits when n goes to oo, and applying the lower semicon-
tinuity of the total variation, we arrive to the next inequality:

k
/(0|D€’Tk(”)|+k/ ¢| DGy (u)]
Q er Jo

< / Tk(u)(/)e_Tk(“)fdx—/Tk(u)e “z . Vo dx.
Q
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Finally, letting k — oo it holds that

/ p|De™| < / upe "f dx — / ue "z -Vodx = {(e "z, Du), p).
Q Q Q

Therefore,
(39) |De ™| < (e "z, Du)

as measures in Q.
On the other hand, we already know that

div(ue™z) = (e "z, Du) + udiv(e "z),

as measures and now we are considering the restriction on the set J,. Since, by
(36) we have

udiv(e™z) = —ue™f e L'(Q)
and |J,| = 0, it follows that the measure u div(e “z) vanishes on J,, so that
div(ue z)_J, = (e "z,Du)_J, > |De "|L_J,.

Applying [21, Lemma 2.3 and Lemma 2.4], the following manipulations can be
performed on J,:

(40) div(ue z) = [ue "z,v,)" — [ue "z,v,)”

=utle™z,v,)" —u ez, v,] .

Moreover, we also deduce that, on J,,

div(e™z) = [e "z,v,]" — [e "z, v,|”
and, due to

div(e™z) e L'(Q) and |J,| =0,
it follows that [e ¥z, v,]" = [e ¥z, v,]”. We will write this common value as

[e~"z,v,]. With this notation, (40) becomes
div(ue™z) = (u™ —u")[e "z, v,]
= (" —u e [z,
<t —u)e ™.
Thus, we have seen that

wh —u)e ™ AN T, > | De LS, = (e —e ) AN L,
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Hence, for #"~!-almost all x € J,, we may use the Mean Value Theorem to get
(u(x)" — u(x)f)e*“(x)+ > )T _ om0 — (u(x)" — u(x)f)e*w(x)

with u(x)” < w(x) < u(x)". Therefore, it yields u(x)" = u(x)~. Since this argu-
ment holds for #V~!-almost every point x € J,, we get

D/u=0.

Step 5: u is a solution to problem (30).

To finish the proof, it remains to check that u satisfies the three conditions
of the definition of solution. The previous step will be essential in this checking.
Indeed, it allows us to perform the following calculations:

fe ' = —div(e "z) = —(z,D(e™™)") — (e7*)" divz
< [De™| 4 fe ™ — (e7")"|Dul
:fefu.
Therefore, the inequality becomes equality and so
(41) —divz+ |Du| = f in 2'(Q).

To prove that (z, Du) = |Du| as measures in Q, we just take into account (39),
[28, Proposition 2.3] and the chain rule to get

[D(e™)| < (e7"z, Du) = (¢7")"(z, Du) < (e™*)"|Du| = |D(e™)],

from where the equality (e )" (z, Du) = (e *)"|Du| as measures follows. We con-
clude that (z, Du) = |Du| as measures.

Now, we will prove that u(x) = 0 for # "~ !-almost all x € 0Q. To do that, we
use the test function T (u,) in problem (31), so that

/Q(zn,DTk(un))—l—/Q(Tk(un))*|Dun| —/Qka(un)dx.

Defining the auxiliary function J; by

2

s £ if 0 <s<k
Jk(S)—/ Ti(o)do = q * PUEEh
0

ks =5 if k>,

we obtain
/wnmm+/|nwwmw*+/thﬂﬁ/ummm%M1
Q 0Q Q 0Q

= /Qka(u,,) dx.
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Taking into account that Jy (u,) — Ji(u) in L'(Q), we let n — co and applying
the lower semicontinuity of functional (6) we arrive at

Lpricor+ [ mwlar™+ [ pawl+ [ iaet

< /Qka(u)dxg/qudx.

Letting now k — oo we obtain
2 2
p(%5)|+ [ Gar < [ puaw
2 0 2 o

/|Du|+/ | dorN !+
Q Q

On the other hand, Green’s formula implies

/fudx:—/u*divz+/u*|Du:/ |Du|—/ u[z,v]d%N_l+/u*|Du|.
Q Q Q Q 0 Q

Then

2
/(|u|+u[z,v])d,}fN_l+/ %d%N_lgo
o o

and for that, u = 0 in 0Q.
Now, using the same argument which is used in [28] we prove that there is a
unique solution to our problem. O

PROPOSITION 4.4. The nonnegative solution u to problem (30) is trivial if and
only if the function f is such that || f|[y-1.2q) < L.

PROOF. Assume first that || /{1 (o) < 1 and let u € BV (Q) be the solution to

problem (30). Using the test function 7 (u) in that problem and applying Theo-
rem 3.4 we obtain

(42) /Q (2, DTy (u)) + /Q To(u)* | Du| = /Q FTe(u) dx
<1 l1m i | T L / 1D,

owing to || flly-1.xq <1 and ul,q = 0. Since (z, DTi(u)) = [DTk(u)], letting
k — oo in (42) we arrive at

/|Du|—|—/u*Du|S / Dy
Q Q Q
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Then, / u*|Du| = 0 and thus, u* = 0 in Q and we conclude u(x) = 0 for almost
Q

every x € Q.
Now, we suppose that

||f||Wmm)=Sup{/gcofdx:/Q|V¢|dX=1,¢e W371<Q>}> 3

that is, there exists iy € W, ' (Q) such that

/|th|dx:1 and /¢fdx>1.
Q Q

Finally, we use  as a test function in (30), so we get

/Qlﬁ|Du|:/Qx//fdx—/QZ~Vl//dx>/Q|Vl,b|dx—/QZ-V1pdx20.

Therefore, |Du| # 0 and so u # 0 in Q. O

REMARK 4.5. This phenomenon of trivial solutions for non-trivial data is usual
in problems involving the 1-Laplacian. It is worth comparing the above result
with [29, Theorem 4.1] (see also [30, Theorem 4.2]), where the Dirichlet problem
for the equation —div(3l7) = f(x) is studied. Indeed, for such a problem it is
seen that a datum satisfying [ f1| 1.~ (q) < 1 implies a trivial solution, while no
BV -solution can exist for || /|1 (q) > 1. Obviously, the most interesting case is
when || f|[y-1.«(q) = 1; then non-trivial solutions can be found for some data but

the trivial solution always exists. In our case, this dichotomy does not hold: for
|/l 1.y = 1, only trivial solutions exist.

To study the summability of the solution to problem (30), we need the follow-
ing technical result which will also be useful in Sections 6 and 7.

LEMMA 4.6. Let ue BV(Q) with D/u=0 and let z be a vector field with
lz||, <1 and divz = u+ f, where p is a positive measure. If G is an increasing
and C' function and lim G(s) = oo, then, (z, Du) = |Du| implies (z, DG(u)) =
[DG(u)| o

PrOOF. Since (z, Du) = |Du|, we have (z, DTy (u)) = |DTy(u)| for all positive k.
Using [28, Proposition 2.2] we get (z, DG(Ty(u))) = |DG(Tx(u))| for all £ > 0.
Now, since G(Ti(u)) = T G(u) and lim G(s) = co we apply Proposition 3.9

§— 00

to arrive at (z, DG(u)) = |DG(u)|. 0

PrOPOSITION 4.7. If u is the solution to problem (30), then u" € BV (Q) for all
n € N. Consequently, u e L1(Q) for all 1 < g < co.
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Proor. We will prove the result by induction. If u is the solution of problem
(30), then choosing the solution itself as test function in problem (30), we get

/Du|—|—/u*Du|:/fudx.
Q Q Q

Since the first integral is positive, we have that u*|Du| is a finite measure. Thus,
by Theorem 3.10 we know that u? € BV (Q) and 2u*|Du| = |Du?|.
Now, set n € N and assume that u” € BV(Q). Taking the test function u”" in

(30), it yields
/Q(Z,Du")—i-/g(u”)*|Du| :/qu"dx,

By Lemma 4.6 we have (z, Du") = |Du"| > 0, then the integral /(u”)*|Du\ is
bounded and consequently u"*! € BV (Q) by Theorem 3.10. Q O

REMARK 4.8. If f e L"(Q) for m > N, then the solution to problem (30)
belongs to L*(Q) (see [28]).

5. RADIAL SOLUTIONS

In this section we will show some radial solutions in Q = Bg(0) with R >0
for particular data in LY (Q). In [28, Section 4], some examples of bounded
solutions for data f e LY(Q), with ¢ > N, can be found. In Example 5.1 we
show bounded solutions for f e LY *(Q)\L"(Q), while in Example 5.3 we
show unbounded solutions. Therefore, unbounded solutions really occur.

Throughout this section, we will take u(x) = A(|x|) with A(r) >0, /(R) =0
and /’'(r) < 0. To deal with the examples, we will consider two zones. If 4'(r) < 0,
we know that z(x) = ﬁ = —qy> so that —div z(x) = ATTT In the other case,
h'(r) = 0 and then, the solution is constant and we only have to determine the
radial vector field z(x) = &(|x|)x, so that divz(x) = &'(|x])|x| + N&(|x|). The con-
tinuity of the vector field is always searched, otherwise it would has a jump and as
a consequence, the measure divz would have a singular part concentrated on a
surface of the form |x| = p, and measure |Du| would also have that singular
part. Hence, it would induce jumps on the solution.

ExAMPLE 5.1.

Du N -1 A
(2 s =N )
iv Du + | Du| \x| +|x|" in Bg(0)

u=20 on 0Br(0),

with 0 < g <1 and 7 > 0.
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First, we assume that u is constant in an annulus: 42’(r) = 0 for all p; < r < p,,
and we consider the vector field z(x) = x&(|x|). Then, denoting r = |x|, the equa-
tion yields
N—-1 1

r rd

—(ré'(r) + N&(r)) =
which is equivalent to
_(rNé(r))/ _ (N . l)rN—Z +}J’N_1_q,

Therefore, solving the equation we get the vector field

43) 2y =~

A
x|x] 74+ Cx|x| Y, < |x] < py,
o Gl < b <

for some constant C. We next see under what conditions we can find a value for
this constant satisfying ||z|| , < 1. To this end, we will distinguished three cases.

1. Assuming that 0 < p; < p, < R (and that z is continuous), if |x| = p,, then

—xlx| 7t = —x|x| 7 = 7qx\x|_q + Cx|x| 7,

N —

and it implies —qx|x| = Cx|x| Thus, we deduce that C = ﬁpf/*q. The
same argument leads to C = N_q ,02 ~% when |x| = p,. Therefore, p, = p, and
we have got a contradiction.

2. If we assume 0 <p, <p,=R, then we may argue as above and find
C= i ~9. Substituting in (43) we get

_ A A _
z(x) = —x|x]| 1—N—_x|x| +ﬂp “x|x| V.

Thus, condition ||z|| , <1 yields

Nevertheless, this fact does not hold since 1 + ﬁrlﬁf 7= 7 pr N > 1 for
r>py.

3. If we assume 0 = p, < p, < R, then z € L*(Q; RY) implies C = 0. So (43)
becomes

and it follows from |z|| , <1 that —x|x| ? vanishes. Hence, A =0 and a
contradiction is obtained.
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In any case we get a contradiction, so that /'(r) = 0 cannot hold on |p;,p,[.

Hence, we take z(x) = ‘— Then, the equation becomes
A
! g
—h (V) - rq’

and the solution satisfying the boundary condition is given by

u(x) = L

R —|x]'7%).
4 X1

REMARK 5.2. We may perform similar computations to those of the previous
example to study problem

Du N —1 .
—d1v(|D |)4—|D |*ﬁ+i in Bg(0),

u=20 on ¢Bg(0),
with A > 0. Then the solution is given by u(x) = A(R — r), with associated vector

field z(x) = — EE

EXAMPLE 5.3. Consider 0 < p < R.

Du A
X .
—div( D )+ |Dul = [ ‘B0 in B(0)
u=20 on dBg(0),
with A > 0.
Two cases according to the value of A will be distinguished:

e Case 0 < A< N — 1.

Assuming /2'(r) < 0 for any 0 < r < R, the vector field is given by z(x) = — ﬂ and
the equation becomes

N —
;

L) =% 2 ().

When p < R, we have to distinguish two zones: where p <r < R in which
we get h'(r) = (N —1)/r, and where 0 <r < p in which we arrive at /'(r) =
(N — 1 — A)/r. Both expressions are nonnegative and so they are in contradiction
with our hypothesis. We arrive at the same contradiction when p = R. Therefore,
h'(r) = 0 holds for all 0 < r < R and it follows A(r) = 0 for all 0 < r < R due to
the boundary condition. To obtain the field z(x) = &(|x|)x we have to consider
the equation

—(rNE(r)" = a2 g ().
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If 0<r<p we get the field &(r) = —A/(N —1)r~! + Cr~" but since we ask
l|lz||, <1, then C =0. On the other hand, if p <r < R we arrive at &(r) =
—Cr~V. In order to determine the value of C, we demand the continuity of &
and then the field becomes

A X
2 fo<
. Noip r0=r<e
Z\X) =
Nt ox
- ifp < R.
N—1 |xV tr=rs

e Case A > N — 1.

In the region 0 < r < p, we may argue as in the above example and have a con-
tradiction when 4’(r) = 0. So /'(r) < 0 and the solution is given, up to constants,
by

u(x) = (N — 1f;b)1og(||)

with the vector field z(x) = —x/|x|. On the other hand, if p < r < R, we have a
contradiction when 4'(r) < 0, wherewith the solution is u(x) = 0 and the vector
field is given by &(r) = —Cr~". Since we have ||z|| ,, = 1 when 0 < r < p, in order
to preserve the continuity we require

1= [z(p)| = Cp~"p.

Therefore, the vector field becomes z(x) = —pN -1 ﬁ and the solution is given
by X
u(x) = (N-1 )log(‘ |> if0<r<p,
0 if p<r<R.

REMARK 5.4. An important particular case of the previous example is the
problem

Du 1 :
(44) d1V<|D |)—i—|D ul = m in Bg(0),
u=0 on 0Bg(0),

with 4 > 0. We have seen that the solution is given by

0 when 0 < A < N — 1,

ux =9 v —1—A)10g(|R|) when /> N — 1.
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Problem (44) can be seen as the limit case of problems with a Hardy-type
potential, namely,

p—1
—div(|Vu|" V) + |Vu|? = /ITXT in Bx(0),

u=0 on 0Bg(0).

Problems with Hardy-type potential received much attention in recent years. We
point out that in [3] has been studied problem (44) with p = 2 showing the regu-
larizing effect produced by the gradient term as absorption.

6. CHANGING THE UNKNOWN: MORE GENERAL GRADIENT TERMS

From now on, we will generalize problem (30) adding a continuous function
g :[0,00[ — R in the gradient term:

) 90D = £(x) i

v=20 on 0Q.

(45) ~div

In this section, this problem will be studied for a function g good enough for
obtaining standard cases.

The existence and uniqueness of solutions to problem (45) depend on the
properties of the function g, and the definition of solution to a problem may
depend of the case we are studying. In any case, we have to give a sense to
g(v)|Dv]|, since the meaning of that term depends on the representative of g(v)
we are actually considering. First of all, we will assume that a solution satisfies
D’/v =0 and then we will take g(v) as the precise representative g(v)” = g(v*),
which is integrable with respect to the measure |Duv).

6.1. Bounded g

In this subsection, let g be a continuous and bounded function such that there
exists m > 0 with g(s) > m for all s > 0. We define the function

With this notation, the term g(v)|Dv| in the equation means |[DG(v)|.

DEFINITION 6.1. We say that a function v is a weak solution to problem (45)
with ¢ defined as above, if v e BV (Q) with D/v =0 and there exists a field
ze 2.4 (Q) with ||z|| , <1 such that

—divz+g(v)"|Dv| = f in 2'(Q),

(z, Dv) = |Dv| as measures in Q,



846 M. LATORRE AND S. SEGURA DE LEON
and

THEOREM 6.2. Let u be the nonnegative solution to problem (30). Assume that g is
a continuous function such that 0 < m < g(s) for all s > 0 and let u = G(v). Then,
v is a nonnegative solution to problem (45).

PRrOOF. Since the function u is the nonnegative solution of problem (30), there
exists a vector field z € Z.4* (Q) such that

(46) —divz+ |Du| = f in 2'(Q),
(z,Du) = |Du| as measures in €,
and

Ulsq = 0.

By the properties of g, the function G is increasing and the derivative of G~!
is bounded. Then, we apply the chain rule to get v = G~ (u) e BV(Q). We also
deduce D/v = 0 and

vsq = G ()]aq = 0.
Moreover, it holds by Lemma 4.6:
(z, Dv) = |Dv| as measures in Q.

Finally, making the substitution u = G(v) in (46) and applying the chain rule we
get

—divz+g(v)"|Dv| = f in 2'(Q). O

COROLLARY 6.3. Ifv is a nonnegative solution to problem (45) with g continuous,
bounded and such that g(s) > m > 0 for all s > 0, then, u = G(v) is the nonnegative
solution to problem (30).

PrROOF. Applying the same argument which is used in Theorem 6.2 and keeping
it in mind that ¢ is bounded and G is increasing, the result is proved. |

THEOREM 6.4. There exists a unique nonnegative solution to problem (45) with
g continuous, bounded and such that g(s) > m > 0 for all s > 0.

PROOF. Assuming there are two solutions v; and v, of problem (45), by the
Corollary 6.3, G(v;) and G(v;) are solutions to problem (30). Thus, G(v) =
G(v,) and since G is injective we get v; = v;. O
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6.2. Unbounded g

In this subsection we will prove an existence and uniqueness result to problem
(45) assuming g(s) > m > 0 be an unbounded function.

THEOREM 6.5. There is a unique nonnegative solution to problem (45) with g con-
tinuous and such that g(s) > m > 0 for all s > 0.

ProoOF. First of all, we consider the approximate problem

—div (|D |)+Tk< g(v0)|Do| = f(x) in Q,
v =0 on 0Q.

(47)

By Theorem 6.4, it has a unique nonnegative solution. Then, there exists
vr € BV(Q) with D/v;y =0 and also a vector field z, € 2.4 (Q) such that
l|lzx||., < 1 and
—divzy + Tk (g(vk)) " |Doi| = f in 2'(Q),
(zg, Dvi) = |Dvg| as measures,
and
| =0 "V lae. in 0Q.

Th(ok) -
Th

1 * T;,(vk)* B ) Th(l)k) .
E/Q(zk,DTh(vk))—i—/QTk(g(vk)) T|Duk|_/QfTazxg /Qfdx.

Keeping in mind that the first integral is positive (by Lemma 4.6), we can take
limits in the second integral when & — 0 and so we obtain

First, we take the test function ——— in problem (47) and we get

(48) | gty pod < [ rax

Since T (g(vx)) is bigger than m, it yields

m/|ka|£/fdx.
Q Q

Therefore, vy is bounded in BV (Q) and there exists v € BV (Q) such that, up to
subsequences, vy — v in L'(Q) and a.e. Moreover, Dy — Dv x-weak as mea-
sures when k — oo.

To prove D/v = 0 we use the same argument which appears in Theorem 4.3,
so we get D/G(v) = 0 and then we deduce that D/v = 0. On the other hand, we
define the function

Fls) = /O Tilg(e)) do.
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Using (48) and the chain rule we have the next inequality:

[ prwor< [ rax

which implies that the sequence Fy(vx) is bounded in BV (Q) and converges in
L'(Q) to G(v). Now, denoting u; = Fy(v;) and u = G(v) we get that u; converges

to uin L'(Q) and
/ | Duy| < /fdx.
o )

Therefore, it is true that u € BV (Q). Moreover, keeping in mind Theorem 3.10,
we get |Du| = g(v)*|Dv| as well.
By Corollary 6.3, u is the solution to

. Duk .
—dlv(m> + |Dux| = f(x) in Q,

u, =0 on 0Q.

The same argument used in the proof of Theorem 4.3 works for determining that
u is the solution to

. / Du .
—d1v<m> +|Dul = f(x) inQ,

u=20 on 0Q.

Finally, since g(s) > m > 0 for all s > 0 and applying Theorem 6.2, we deduce
that v is the solution to problem (45). O

PROPOSITION 6.6. The solution v to problem (45) satisfies v e L1(Q) for all
1 <g< .

PrROOEF. The proof follows the argument of the proof of Proposition 4.7, on
account of g(s) > m > 0 for all s > 0. O

7. A NON-STANDARD CASE: g TOUCHES THE AXIS

In this section we assume that g is a continuous, bounded and non integrable
function with g(s) > 0 for almost every s > 0. In this case, G is increasing but
(G1) may be unbounded.

First, we analyze the case when there exist m, s > 0 such that g(s) >m > 0
for all s > ¢. Observe that this condition resembles Condition (1.7) in [1].

THEOREM 7.1. Let g be as above. Then, there exists a nonnegative solution to
problem (45).
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PrOOF. Let v, be the solution to the approximating problem

—div( |lD)Z: ) + <g(vn) + %) |Dv,| = f in Q,
v, =0 on 0Q),

T (Un_Ta(vn)

with the associated vector field z,. Using the test function s ) in that

problem we get

/ g(Un)* Tk(Un - TJ(UH)) ‘Dvn| < / fdx,
(ta>0) k {tn>0)

and taking limits when &k — 07 it yields

[ awripas [ ra
{1),,>0'} {Un>0'}

Since there exist m > 0 such that g(s) > m for all s > g, then, the previous
inequality becomes:

1
(49) / |Dv,| < —/ £ dx.
{v,>0} m Jo
Now, we use the test function 7,(v,) in the same problem, so we get
(50) / |Dv,| < /fTﬂ(un)dx < o‘/ fdx.
{mn<a} Q Q

Finally, with (49) and (50) we have

1
/|Dvn|£(a+—>/fdx foralln e N,
ol ms Jo

that is, the sequence (v,), is bounded in BV(Q) and this implies that, up to
subsequences, there exists v e BV(Q) with v, — v in L'(Q) and a.e. as well
as Dv, — Dv #-weak in the sense of measures. We conclude the proof using
arguments of Theorem 4.3. O

For a general function g we have to change the definition of solution. We will
show in Example 7.4 that Definition 6.1 does not really work.

DEFINITION 7.2. Let g be a continuous, bounded and non integrable function
with g(s) > 0 for almost every s > 0. We say that a function v is a weak solution
to problem (45) if v(x) < oo a.e. in Q, G(v) € BV (Q) with D/G(v) = 0 and there
exists a field z € 2.4 (Q) with ||z|| , <1 such that

—divz+g(v)"|Dv| = f in 2'(Q),
(z, DG(v)) = |DG(v)| as measures in Q,
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and
v]aq =0,

where the function G is defined by
s
G(s) = / g(o)do.
0

THEOREM 7.3. Assume that the function g is continuous, bounded and non inte-
grable with g(s) > 0 for almost every s > 0. Then, there exists a unique nonnegative
solution to problem (45) in the sense of Definition 7.2.

PrROOF. The approximating problem

—div<|lD)Z: >+(g(vn) +%>|Dvn\ — f(x) inQ,

v, =0 on 0Q),

(51)

has a unique solution for every n € N because of Theorem 6.4. That is, there
exists a vector field z, € 2.4 (Q) with ||z,||,, <1 and a function v, € BV (Q)
with D/v, = 0 and such that

(52) —divz, + (g(on) + %) |Du| = f in (),
(zy, DG, (v,)) = |DGy(v,)] as measures in Q,
and
Unlog =0,

where we denote

Gols) = /0 (4(0) —l—%)dc.

We will show that the limit of the sequence (v,), is the solution to problem (45).

First of all, we take the test function @ in problem (51) and we arrive at

%/QT;C(UW)*|DGW(U,,)|S /Qfdx

for every k. Now, letting £ — 0 and using Fatou’s Theorem we get

/ DGy(v)] < / 7 dx.
{Un#:o} Q
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In addition, since D/v, = 0 it follows that Dv, = 0 almost everywhere in {v, = 0}.

Thus,
/ DG,(v,)] < / £dx,
Q Q

and so G,(v,) is bounded in BV (Q). This implies that, up to subsequences, there
exist w such that G,(v,) — w in L'(Q) and a.e., and also DG,(v,) — Dw *-weak
in the sense of measures. We denote v = G~!(w), which is finite a.e.

In what follows, we apply the same argument used in Theorem 4.3 with minor
modifications, hence we just sketch it. We get z, — z x-weakly in L*(Q) with
llz]| , <1 and —divz is a Radon measure with finite total variation. Moreover,
using the test function e~%(¢p with ¢ € C*(Q) in problem (51) and letting 7
g0 to oo, it leads —div(e=“)z) = e~ %) in the sense of distributions. The next
step is to show, with the same argument used in Theorem 4.3, that D/G(v) = 0.
Then is easy to obtain

—divz+ |[DG(v)| = f in 2'(Q)
in the sense of distributions and
(z, DG(v)) = [DG(v)|

as measures. Moreover, we take Ty (G,(v,)) in (51) to arrive at G(v)|,, = 0 and
then, we also get

Vloq = 0.
The uniqueness can be proved as in [28]. O

To remark the necessity to have a new definition to the concept of solution,
we show in the next example that the solution to (45) when g is such that
lim ¢g(s) = 0 is not in BV (Q).

§—00

EXAMPLE 7.4. Set Q = Bg(0). The solution to problem

Dv 1 A
() iy o
(53) Moo T P
v=20 on 0QQ,
is not in BV (Q) for 4 big enough.
First, we will solve the related problem
Du A
—div(—) + [Dul =— in Q,
(54) Du ) 1P

u=>~0 on 0Q),
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and then, using the inverse function of

o
0) = | o =toa(1 +9

ag

we will get the solution v.

Due to Example 5.3 we know that, for 2 > N — 1, the solution to problem
(54) is given by u(x) = (N — 1 — 1) log(|x|/R) with the associated field z(x) =
—x/|x|. Moreover, the inverse of function G is given by G~!(s) = ¢* — 1. There-
fore, the solution to (53) is given by

v(x) = G (u(x)) = (|—;;|>N_l_i -1

when 1 > N — 1. Nevertheless, v is not in BV (Q) when N < 1/2 + 1 because in

A= NA+1, oo,

that case, |Du| = RN-TT | x| is not integrable.

8. ODD CASES

In this last section we will show some cases where the properties of the function g
does not provide uniqueness, existence or regularity of solutions to problem (45).

8.1. First case

First of all, we suppose the function ¢ is integrable. With that condition about g,
it is the function f who determines the existence or absence of solution.

THEOREM 8.1. Let f e LN *(Q) with f > 0 and we consider problem (45) with
g € L'(]0, o[). Then,

(@) if Sl wr.-= ) < 1, the trivial solution holds;
(i) NS wr-e0) > e“*), does not exist any solution;

with G(o0) = sup{G(t) : s € |0, o0[}.

ProOOF. The first point is deduced following the proof of Proposition 4.4.
On the other hand, let ¢ € WOI’I(Q), we use —div(e~9"z) = e~ 90f to get

o) [ floldr< [ e piplar= [ e aViglar< [ vola
Q Q Q Q

Then, if [| /{1 ) > e%(*), cannot exist any solution to problem (45). O

REMARK 8.2. Since we have shown in (18) that

1/ T @) < SNILS Nl v ()
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Theorem 8.1 implies the following fact:
(i) IF [l v () < Sy', the trivial solution holds.

REMARK 8.3. One may wonder what happens when 1 < || /|y 1. q) < e“*).
Consider the approximate solutions v, to problem (51) and let w satisfy
G(v,) — w. Then w € [0, G(o0)]. In particular, if w e [0,G(o0)[, the function
v= G~ (w) is finite a.e. in Q and is the solution to problem (45). However, w
can be equal to G(c0) in a set of positive measure and so v is infinite in the
same set. We conclude that v, in this case, is not a solution.

ExAMPLE 8.4. Problem

. 7 Dv 1 N —1 )
7dlv<m>+m|DU| _W%»)M mn BR(O),

v=20 on 0Bg(0),

(55)

has not radial solutions when /. is large enough.

Assuming there exists a radial solution u(x) = A(|x|) with & :[0,R] — R is
such that /(r) > 0, #/(R) = 0 and A'(r) < 0, we will get a contradiction. First, we
suppose that '(r) = 0 for p; < r < p, and, reasoning as in Example 5.1, we get a
contradiction. Therefore, we only can have A'(r) < 0 for all 0 <r < R. In this
case, we know that the vector field is given by z(x) = —x/|x| and the equation
becomes

—g(h(r))h'(r) = 4,

/

which is equivalent to (G(h(r))" = —A. Then, the solution is given by G(h(r)) =
MR —r).
On the other hand, we know that G(s) € [0,5[ because

s N 1
G(s) = do= | ———do = arctans.
(s) /0 g(o)do /0 290 arctan s

Thus, we have a radial solution if 4 < % When 4 = %, we also obtain a radial
solution, which is given by

u(x) =tan(A(R —r)),
since G(00) = % is only attained in a null set.

8.2. Second case

Now, we will take the function ¢ : [0, o[ — R such that g(s) = 0 when s € [0, /]
and g(s) > 0 for all s > /. We assume g ¢ L!([0, oo[) as well.

REMARK 8.5. With ¢ defined as above, there is not uniqueness of solutions.
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On the one hand, if || f||,~..q) < Sy' and u € BV(Q) satisfies u,, = 0, then
the function 7(u) is a solutlon to problem (45). Thus, there is not uniqueness
in any way.

On the other hand, if || /[ v.(q) > Sy! we define

h(s) = g(s+7)

and let w be a solution to problem

—d h(w)|D in Q
(56) 1V<|D |>+ (w)|Dw| = in Q,
w=20 on 0QQ,
with associated field z. Therefore, v(x) = w(x) 4 7 is a solution to problem (45)
with the same vector field z.

Moreover, let ¥ : [0,/ + 1] — [/,/ + 1] be an increasing and bijective C!-
function such that y'(# + 1) = 1. Then we consider

Y ()g(p(s) FO<s</+1,
o ={ /1<

and let w be a solution to problem (56) with / defined as above. Therefore, the
function

[ Y(w(x)) ifO<w(x)</+1,
") = { w(x) if /41 <w(x),

is a solution to (45), as we can see as follows. It is straightforward that the equa-
tion holds in 2'(Q) and v|,, = 0. We only have to see that (z, DG(v)) = |[DG(v)|
as measures in Q. If 0 <s </ + 1 we get

W (s)
/h w—/w w—A 4(0) do = G((s)),
H(/—l— G(lﬂ(/—F 1)) — G(/—F 1),

and for s > 7/ + 1 we have

N

H(s):H(/—i—l)—k/S h(a)da:G(/+l)+/ g(o)do = G(s).
/ /

/+1 /41

Therefore, DG(v(x)) = DH(w(x)) and we conclude (z, DG(v)) = |DG(v)| as
measures in Q.

EXAMPLE 8.6. Set Q = Bg(0). The solution to problem

N
—d Dul=— inQ
(57) 1V(|D |)—|—g(u)| u| E in Q,
u=20 on 0Q),
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with

g<s>:{o if s<a,

s—a if a<s,

for a > 0 does not vanish on 0€.

We define
s 0 f0<s<a,
G(s) = o)do = 2
(s) /0g<) ng%—as if a <s.

It is easy to prove that

() = h(x) = ) = 6 (~toe ()

with z = = is such that (z, Du) = |Du| as measures in Q and —divz + g(u)"|Du| =

Yin 2'(Q). However,
h(R) = G1(0) = 1.

Although the boundary condition is not true, the solution achieves the boundary
weakly (see [7]), that is

X X

z,V] = —1 = —sign(u).

_ m m —
8.3. Third case

Finally, let 0 < a < b, we will take g a function with g(s) = 0 when s € [a, b] and
g(s) > 0 for all s < @ and s > b. Moreover we assume that g ¢ L!([0, oo[).

REMARK 8.7. We will use a similar argument to the previous one to show that
there is not uniqueness of solution to problem (45) with function g defined as
above.

Let  : [0,h] — [0,a] be an increasing and bijective C'-function. Now, we
define

_ [V (9)g((s) if0<s<b,
Hs) = { g(s) if b <s.

If w is a solution to problem (56), then, we have that

[ (w(x)) if 0 < w(x) < b,
o(x) = { w(x) if b < w(x),
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is a solution to the original problem (45) because the equation holds in 2'(Q) and
also w|,q = 0. In addition, for 0 < s < b we have

/h da—/ V' (o da_/od/(S)g(a)do=G(w(S)),

and for s > b we get

+/b h(o)do = G(b)+/b g(o)do = G(s).

Therefore, we have proved the remaining condition: (z, DG(v)) = |DG(v)| as
measures in Q.

EXAMPLE 8.8. Set Q = Bg(0). Problem

N
—div +g(u)|Du| = — in Q,

(58) (1) st = 15
u=~0 on 0Q),

with
a—s if s<a,
g(s):{O if a<s<b,
s—b if b<s,

where 0 < a < b, has a discontinuous solution.

We define
T—i—as if 0<s<a,
N a2
G(S>:/9(U)d02 5 ifa<s<bh,
0
a’>+b>  §? )
> +E—bs if b <s.

We will prove that the radial function

u(x) = h(|x[) = G~ ( log<|;|>>

is a solution to problem (58) pointing out that, since G~' is discontinuous, the
solution u is discontinuous too.
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We get the radial solution

~1
g(G~' (~log(%))r)’

h(r)=

and since we take

it is easy to prove
(z, Du) = |Du| as measures in Q,

. « N
—divz+ g(u)"|Du| = e

in 2'(Q),

and also

h(R) = G~1(0) = 0.
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