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ABSTRACT. — We discuss some recent results by Parini and Ruf on a Moser—Trudinger type
inequality in the setting of Sobolev—Slobodeckij spaces in dimension one. We push further their
analysis considering the inequality on the whole R and we give an answer to one of their open
questions.
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1. INTRODUCTION

A classical result in analysis states that, if Q C R” is an open set with finite mea-
sure |Q| and Lipschitz boundary, k is a positive integer with k s, and p € [l,f—j),
then the Sobolev space W ”(Q) embeds continuously in L ’W( ). This results
doesn’t hold for the crltlcal case p =%, that is W '*(Q) doesn’t embed in L™ (Q).
On the other hand Trudinger [14], Pohozaev [12], Yudovich [6] and others found
that, at least in the case k = 1, functions in Wol’”(Q) enjoy summability of expo-
nential type. Namely

W, "(Q) C {u e L'(Q): /Q AT g < +oo}

for any f# < +00. Moser [9] sharpened this embedding and determined the opti-
mal exponent o, such that

_n_ 1
1 su e gy < ClQ|, oy, = nw!
) n—1-

we W0, Vil o gy <1

Here, w,_; is the volume of the unit sphere in R”. In particular the exponent a, is
sharp in the sense that

sup / e dx = 400
Q

ue W()I"I(Q)v Vull pn gy <1
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for any a« > o,,. Moreover, the supremum in (1) becomes infinite as soon as we
slightly modify the integrand, namely

2) sup /f(|u)e“"|””_l dx = +o0
<1/Q

ue Wy " (Q),||Vull o

for any measurable function f : R* — R™ such that lim,_., ., f(¢) = co. This can

be proved, for instance, using the same test functions defined in [9]. In [1] Adams,

exploiting Riesz potentials, extended Moser’s result to higher order Sobolev
k.p _n

spaces Wy " (Q), k> 1, p=1.

In the present work, we are interested in generalizations of (1) that con-
cern Sobolev spaces of fractional orders. The usual approach is to consider
Bessel potential spaces H*”. In this setting, sharp versions of (1) are proven
both in the cases of bounded and unbounded domains of R”, n > 1 (see [5], 8]
and [4]).

Here, we focus our attention on the case (in general different from the one of
Bessel potential spaces) of Sobolev—Slobodeckij spaces (see definitions below),
which has been recently proposed, together with some open questions, by Parini
and Ruf. In [10] they considered Q C R” to be a bounded and open domain,
n > 2 and sp = n and they were able to prove the existence of o, > 0 such that
the corresponding version of inequality (1) is satisfied for any a € (0, o) (see also
[11]). Even though the result is not sharp, in the sense that the value of the opti-
mal exponent is not yet known, an explicit upper bound for the optimal exponent
o* is given.

As a first step, we extend the results in [10] to the case n = 1. For any s € (0, 1)
and p > 1, the Sobolev—Slobodeckij space W*?(R) is defined as

WP (R) := {u e LP(R) : [u] yom) < +0}

where [u].,() is the Gagliardo seminorm defined by

®) ey = ([ [ H2=avar)

We will often write [] := []y., ). The space W*?(R) is a Banach space with
respect to the norm

> =

4) ol rcey = Il nmy + [ eny)

Let I be an open interval in R. We define the space Wy P (I) as the closure of
(C5° (D), |l o (y)- An equivalent definition for W’ (I) can be obtained taking
the completion of C" () with respect to the seminorm [u] ., ) (see [3, Remark
2.5]).

With a mild adaptation of the techniques used in [10], we are able to prove
that their result holds also in dimension one.
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THEOREM 1.1. Let s € (0,1) and p > 1 be such that sp = 1. There exists o, =
a.(s) > 0 such that for all o € [0, 0.) it holds

1
(5) sup /e““ dx < 0.
<1J1

ue I’i/'l;'p(l)7 [u]WS'[’([R)
Moreover, there exists o* = o*(s) := yi~ such that the supremum in (5) is infinite
for any o € (a*,400).

It is worth to remark that, as already pointed out in [10], the exponent o*(})
is equal to 27 and it coincides, up to a normalization constant, with the optimal
exponent 7 determined in [5] in the setting of Bessel potential spaces.

We move now to the case I = R, pushing further the analysis of [10]. An
inequality of the form (5) cannot hold if we don’t consider the full W*?(R)-
norm, i.e. we take into account also the term |[ul|; ). This has been done by
Ruf [13] in the case of H'?(R?), see also [5], [4] for the case of Bessel potential
spaces. We define

[p—2] £k

(6) D(r) = e’ — Z R

k=0
where [p — 2] is the smallest integer greater than, or equal to p — 2.

THEOREM 1.2. Let s € (0,1) and p > 1 be such that sp = 1. There exists o, =
0. (s) > 0 such that for all o € [0, o) it holds

(7) sup /d)(oc|u|ﬁ)dx < 0.
R

ue Wsr(R), Jull ey <1

Moreover the supremum in (5) is infinite for any o € (", +00), where o* is as in
Theorem 1.1.

As we shall see, Theorem 1.1 and 1.2 are sharp in the sense of (2). Indeed one of
the open questions in [10] was whether an inequality of the type

1
sup /f(|u|)e°‘|““ dx < +o0,
I

ue WP (), [u]WS,p(,) <1

where f: RT — R™ is such that f(¢) — co as t — oo holds true for the same
exponents of the standard Moser—Trudinger inequality (see [4], [5]). For n =1
we prove the following

THEOREM 1.3. Let I C R be a bounded interval, s € (0,1) and p > 1 such that
sp = 1. We have
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e
(8) sup /ﬂMWWHW—w
”EWA'])()[“]iwp <1JI
o) [ 7)) dx -

ue Wsr(R \MHW” <1

where f: [0, 00) — [0, c0) is any Borel measurable function such that lim,_,, ., f (1)
= 0.

2. PROOF OF THEOREM 1.1

We start this section proving the validity of the Moser—Trudinger inequality (5).
The result for n > 2 is proved in [10] and the proof in the one dimensional case,
which we report here for the sake of completeness, follows by a mild adaptation
of the techniques in [10].

Thanks to [11, Theorem 9.1], using Sobolev embeddings and Holder’s inequal-
ity we have that there exists a constant C > 0 independent of u such that for any
ue Wyr(I)

(10) el oy < Clilprmya’™

for any ¢ > 1. For [u] ., < 1 we write

(11) /Ie”%dx—Z/—|u|de Zk,( —a o)

where in the last inequality we used (10). Thanks to Stirling’s formula

kK 1

=+ = -
(12) k! 2nk(e) (1+0(k))
the series in (11) converges for small o and we recover a bound (uniform w.r.t. u)
for

1
/e““” dx,
1

yielding (5).

As a direct consequence of (5), using the density of C(7) in W’ (I), we have
the following corollary (see [10, Proposition 3.2]).

COROLLARY 2.1. Ifue Wy(I), for every o> 0 it holds

e
/e‘xl”” dx < 0.
I
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We now give a useful result on the Gagliardo seminorm of radially symmetric
functions (see [10, Proposition 4.3]), which will turn out to be useful later on.

ProroSITION 2.1. Let u € W*P(R) be radially symmetric and let sp = 1. Then

u(x)—u P

+o0 +0o0 X—|—
- |u<x>—u<y>|f’ﬁdxdy

ProOF. The proof will follow from a direct computation. We split

_ y4
//Mﬂl@ﬂﬁ@
RJR  [x—
“+00 +o0 0
/ / |u dxdy—l—/ / udxdy
M—ﬂ M—yl
+ o0 0 + o0
/‘ / Ju(x) — u()” dc@+/ / (> )|d@»
M—ﬂ M—ﬂ

Using a straightforward change of variable and the symmetry of u, we obtain the
claim. O

To give an upper bound for the optimal exponent & such that the supremum in
(5) is finite for o € [0, &), we define the family of functions

lloge|'™ if [x| <e

(14) uy(x) = L e < x| < 1

0 if x| > 1.

Notice that the restrictions of u, to I belong to W;"”(I).

PROPOSITION 2.2. Let sp=1 and (u;) C Wy'(I) be the family of functions
defined in (14). Then

e—0

(15) hm[ug]va(R) =y, =8[(p+1) ; —|—2k

Proor. We will follow the proof in [10]. Define

(16) L//WLM_ 1) = we "
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Using Proposition 2.1 and (14) we see that I(g) can be decomposed as

I(e) = Ii(e) + L(e) + (e) + L(e),

where

y
(¢) [log x — log 8|p sdxdy,
h Ilogel/ / (2 )

L(e) |log8|/ / |logx—logy|p( + sdxdy,

»?)?
+o0
LI(e) = 8|loge|”” 1/ / i +y dxdy,
+0o0 » y
ne! / / log x| —————=dxdy.
a( = Tloge| |log | )

S. IULA

With an integration by parts, it is easy to check that lim, .o Z;(¢) =0 for
i=1,3,4. As for L(e), integrating by parts after a change of variables we

have

4 , X+
12(8)—|10g8|{1 ogy / [log x| ﬁdx>}

y=¢
! r 441
N logy‘ e 5 _dy
lloge| J, Y(E-1)
4 [Ulogy| e’ (97 +1 "
N 2 Yl 712 25
llogel J. ¥ (e -1

A direct computation for the first term gives

+1
lo / lo xp 5 dx
|10g8|{ ogy( [ [logx]| e )}

1

z 211
:4/ llogx]? =",
1 (x2-1)

which converges to

+o 2 1
4/ |logx|pizdx,
1 (x2—1)
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as ¢ — 0. Moreover, since
o 117 5 +1
/ gzy log —‘ Jzizdy < +w
y Y(Lk=1)
0 (y2
the second term in the sum converges to 0 as ¢ — 0.
After setting % = x, for the last term in the sum we have

2
4¢  ('logy el” (ﬁ) + 1 P
Togel S 32 5] (97 =17
:
2
— / |1ng|PL12dx
-~ loge| (x2—1)

1 4 ! 241
/ llog x|” *+ sdx — / |logx|p+li2dx
e ( - 1) |10g8| & (X2 - 1)

which converges to
1 2 1 +o0 2 1
4/ |logx|pL2dx:4/ |10gx|pL2dx
0 (x2—1) 1 (x2—1)

as ¢ — 0. Summing up, we have

. » . e , X2+1
(17) i) .y = lim 2(0) =8 [ flog Gt
Integrating by parts we obtain

+0 x2 4 1 +o0 |10gx|p71
Pi = D ——
/1 [log x| 2 1)zdx p/l 21 dx

Mlog | ”™!
—p [ Poel” 4
p [

where we set t = % Recall now

1 ZOC 2% : P12k T'(p)
(18) 1_7)(‘2— k=0X s A |10gx| X dx—m,
where I'(+) is the Euler Gamma function. Thanks to (18) we write
Hlog " /1 1 2k . 1
1 = | ? =T —

proving (15). O
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The upper bound for the optimal exponent follows directly from Proposition
2.2.

PROPOSITION 2.3. Let sp = 1. There exists o* =y such that
1
sup /e“luls dx = + o0 for o e (OC*’ +Oo)
ueW5~ﬂ(1),[u]u,x.p(R)g1 1

PROOF. Let u; be the family of functions in W’ (1) defined in (14). Thanks to

Proposition 2.2 we have that (1] . ) — (ys)% as ¢ — 0. Fix o > y;~. For ¢ small
1

enough, there exists f# > 0 such that ofu,] ™ > f > 1. If we set v, := [Z—] we have

e & 1 e
/ el ™y > / e ™ gy > / e Ploge gy — 2P 4 o0
I _ _

& &

as ¢ — 0, since f > 1. O

3. PROOF OF THEOREM 1.2

We shall adapt a technique by Ruf [13] to our setting.

For a measurable function u we set |u|" : R — R, to be its non-increasing
symmetric rearrangement, whose definition we shall now recall. For a measurable
set A C R, we define

A" = (~|41/2,14]/2).

The set A* is symmetric (with respect to 0) and |4*| = |4|. For a non-negative
measurable function f', such that

HxeR: f(x)>1}| < oo foreveryt >0,

we define the symmetric non-increasing rearrangement of f by

o0
S (x) Z/O )C{yeR:f(y>>t}*(x) dr.

Notice that f* is even, i.e. f*(x) = f*(—x) and non-increasing (on [0, c0)).
We will state here the two properties that we shall use in the proof of Propo-
sition 1.2. The following one is proven e.g. in [7, Section 3.3].

ProrosITION 3.1. Given a measurable function F : R — R and a non-negative
non-decreasing function f : R — R, it holds

/RF(f)dx:/F(f*)dx.

R

The following Polya—Szegé type inequality can be found e.g. in [2, Theorem 9.2].
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THEOREM 3.1. Let 0 < s <1 andu e W*P(R). Then

[lul 15 (R) < u]y/ (R).

Now given u € W*?(R), from Proposition 3.1 we get

1 sy *
/be(a(lul)“)dx:/ﬂ_\e@(a(lul ), ul MLy = Hlull o,
and according to Theorem 3.1
el 15 gy = 17 py + ol Tipenmy < Mall7 iy + [lipnmy = el iy -

Therefore in the rest of the proof of (7) we may assume that u € W*”(R) is even,
non-increasing on [0, o), and ||u/[ .., ) < 1. We will use a technique by Ruf [13]
(see also [5]) and write

| @)™ ax

— [ @Gl dx+ [ @a(u)™)dx
—: (1) + (1),

where I = (—r, r), with ry > 0 to be chosen. Notice that since u is even and non-
increasing, for x # 0 and p > 1, we have

" _ Ll
20 I70Lry
(20) 2|x|/ = 3

We start by bounding (7). We observe that for ry > 1, we have |u(x)| <1 on I¢
and hence

rlp—1]

ul 7 < |u[” onIf,
since “’ ” > p. For k > p — 1 we bound
2o
/ (|u|p)l’%1dx < / <||u||l{)p>1% _ [ul 2/}1’”0 "p - 1)
1e\ 2[x] 21 (k + 1 —p)
Hence

0 k i
S / ol
k=[p-17 717

e

T+ Z/ k'“" Wi g
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& ak(||ul|?, =
< Cla Pl +ro(p — 1) 3 — Ul )™
k=ip) Kl (k + 1 = p)(2rg)rT

Cla.p ||uuu+cz( =) werT = < €

As for (II), define v € W, (I) as follows

o(x) = { u(x) —u(ro) |x| <ro

0 |x| > ro.

Let x € 1. We compute using the monotonicity of u

S. IULA

o0 2 2 0 2 2
(21) /0 o) — o))=Yy < /0 u(x) — u(y)? 2L gy,

(x* = »?) (x2 = »2)?

Let x € I¢. We have

o0 x2 2
(22) [ )= e
2+y
/Iu ro) —u(y)|” e Ay
/u x2+y2 5 dy.
e

Combining (21), (22) and integrating in x, we get
(23) (0] < [u)”.

Using the definition of v and the inequality (a + b)° < a® + a2~ (a”'b
for a,b > 0 and ¢ > 1, we have

(24) Ut < ot 4 1 iszﬁ(’)‘*‘“(ro) + u(ro) ™)
1 2% L2
Svﬁ(l Jrpro(l S)HMH’[’]) +21_—s+1 0
1 27
— vﬁ(l + ool 3) ||u||§) + C(ro)

This implies

+b%)
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251

—s

—S)

1—s
lullp)  + €' (o)

2 1-s %A
P _ [P AR
(25) 17 = 0] (14 )
215 =
< —=|uH(1+——ul?)"
< (1= ) (1 s i)
251
Consider now the function f(¢) = (1—1¢)(1+7¢)°, where 7:= prz[)(lfix) and
o= 1—? > 0. We compute
(26) f(1) :(1+Tl)”_1(ft(—a—l)+m—1)

1 1

which vanishes for /j = -2 <0 and 1, = TEZ—II) We choose now ry > 275 so that

t, < 0. This implies that f is decreasing in (0, 1) and since f(0) = 1 we have that
f(t) < 1for ¢t e (0,1), which implies

(27) w]” < 1.

We can apply now Theorem 1.1 on the interval 7 = (—ro,r9) to get that there
exists o, > 0 such that

o [ s
I

and using (24) we get
il il
(29) /e“*”” dx < C/ e dx < C,
1 1

concluding the proof of (7).

To prove the second part of the claim one can argue as in the previous section,
using the sequence of functions u, defined in (14) and taking into account that
now the norm we are working with is the full W*”-norm. Indeed we have

N 1
(30) |wm:/uﬁw:/ m%MPMH/“ ¥§%w
R x| <e e<|x|<1 llog |

= O([loge| ™).
Hence from (15), it follows that

G1) tim 241 5y = 75
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Choose M > 0 large enough so that

Then one has

e e
(32) / (I)(yjf M H) dx > / (D(yj M H) dx
R ||ue||Ww(R) uy>M ||“s||Wx~n(R)
1
> %/e(ygw) dx.

for ¢ small enough. Now, thanks to (31), one can argue as in the proof of Propo-
sition 2.3 to conclude the proof of Theorem 1.2.

4. PROOF OF THEOREM 1.3

We will start by proving (8) since the proof of (9) will follow adapting the reason-
ing of the previous section.

Let u, be as in (14). To prove (8) it is enough to show that there exists a con-
stant 6 > 0 such that

e
/P ea*(ﬁ) B dx > 0.

Indeed, u, — + oo uniformly for |x| < ¢ as ¢ — 0 and we have

L

1
“ = e (us\T
sup / S (lul)e )™ x> lilllf F(|us)) / o) g
<1 x|<e

ue Wyl (1), [ulys.p —&

From Proposition 2.2, it follows that
(33) lim[u—fj] =1
e—0 y§

and in particular

e X241
hm[ué [I = 8/ |10g |pﬁdx = Y-

We compute

1 1 +o00 2 1
(34) hmlog ([ue]? —9,) = 81in810g2/ |10gx|p(xi+dx =0.
E— 1

e—0 x2 _ 1)2
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Then we can write

p 1\ -1
(35) ] <1+ <Clog—)
Vs ¢
and in particular, recalling
. t 1
L e A
(L+3)T

we have

é ]_i\ J1ze ﬁ & },AA_' ﬁ 1
(36) / ey“ (Tb]) dx_/ e(m) ug| T=s dx

log%
LTS 1
= 286(1+C(10g§)71)1’5 — e 1

as ¢ — 0. Therefore

s

5 () TS
(37) /eV“'lS (ﬁ) dx >0
I
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for some 0 > 0, proving (8). We shall now prove (9). From (30) and (34) it follows

that

||u6||1p71/-w(mg) _1
(38) ——— <1+ O(|loge| ).

N

Now using (32) and arguing as in (36) and (37), we conclude the proof.
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