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Abstract. — In this paper we consider a class of fractional Schrödinger equations with potentials

vanishing at infinity. By using a minimization argument and a quantitative Deformation Lemma, we
prove the existence of a sign-changing solution.
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1. Introduction

In the past years there has been a considerable amount of research related to the
existence of nontrivial solutions for Schrödinger-type equations

�Duþ VðxÞu ¼ KðxÞ f ðuÞ in RN

u a D1;2ðRNÞ

�
ð1:1Þ

where V : RN ! R and K : RN ! R are positive and continuous functions, and
f : R ! R is a nonlinearity satisfying suitable growth assumptions at the origin
and at infinity. An important class of problems associated to (1.1) is the so called
zero mass case, which occurs when the potential VðxÞ vanishes at infinity. Such
class of problems has been investigated by many authors by using several varia-
tional methods; see for instance [1, 3, 4, 13, 14, 15].

Recently, the study of nonlinear equations involving the fractional Laplacian
has gained tremendous popularity due to their intriguing analytic structure and
in view of several applications in di¤erent subjects, such as, optimization, finance,
anomalous di¤usion, phase transition, flame propagation, minimal surface. The
literature on fractional and non-local operators of elliptic type and their applica-
tions is quite large, for example, we refer the interested reader to [5, 9, 16, 17, 19,
25, 32, 34, 36, 37] and references therein. For the basic properties of fractional
Sobolev spaces with applications to partial di¤erential equations, we refer the
reader to [22, 31] and references therein.

Motivated by the interest shared by the mathematical community in this topic,
the purpose of this paper is to study sign-changing (or nodal) solutions for the
following class of fractional equations

ð�DÞauþ VðxÞu ¼ KðxÞ f ðuÞ in RN ;ð1:2Þ



where a a ð0; 1Þ and N > 2a, ð�DÞa is the fractional Laplacian which may be
defined for a function u belonging to the Schwartz space SðRNÞ of rapidly decay-
ing functions as

ð�DÞauðxÞ ¼ CN;a P:V :

Z
RN

uðxÞ � uðyÞ
jx� yjNþ2a

dy; x a RN ;

where P.V. stands for the Cauchy principal value and CN;a is a normalizing con-
stant [22].

Here, we assume that V ;K : RN ! R are continuous functions verifying
appropriate hypotheses. More precisely, as in [1], we say ðV ;KÞ a K if the fol-
lowing conditions hold:

ðVK1Þ VðxÞ;KðxÞ > 0 for all x a RN and K a LlðRNÞ;
ðVK2Þ If fAng � RN is a sequence of Borel sets such that the Lebesgue measure

jAnjaR, for all n a N and some R > 0, then

lim
r!þl

Z
AnBB c

r ð0Þ
KðxÞ dx ¼ 0; uniformly in n a N:

Furthermore, one of the below conditions occurs

ðVK3Þ
K

V
a LlðRNÞ

or
ðVK4Þ there exists m a ð2; 2�

a Þ such that

KðxÞ

VðxÞ
2�a �m

2�a �2

! 0 as jxj ! þl;

where 2�
a ¼ 2N

N � 2a
is the fractional critical exponent.

Concerning the nonlinearity f : R ! R, we assume that f is a C1-function and
fulfills the following growth conditions:

ð f1Þ lim
jtj!0

f ðtÞ
jtj ¼ 0 if ðVK3Þ holds

or

ð ~ff1Þ lim
jtj!0

f ðtÞ
jtjm�1

¼ 0 if ðVK4Þ holds with m a ð2; 2�
a Þ defined in ðVK4Þ.

ð f2Þ f has a quasicritical growth at infinity, namely

lim
jtj!þl

f ðtÞ
jtj2�

a�1
¼ 0;
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ð f3Þ There exists y a ð2; 2�
a Þ so that

0 < yF ðtÞ ¼ y

Z t

0

f ðtÞ dta f ðtÞt for all jtj > 0;

ð f4Þ The map f and its derivative f 0 satisfy

f 0ðtÞ < f ðtÞ
t

for all tA 0:

Let us observe that by ð f4Þ it follows that t 7! f ðtÞ
jtj is strictly increasing for all

jtj > 0. Moreover,

t 7! 1

2
f ðtÞt� F ðtÞ is strictly increasing for every t > 0ð1:3Þ

is strictly decreasing for every t < 0

and in particular

t2

2
f 0ðtÞ � t

2
f ðtÞ > 0 for all tA 0:ð1:4Þ

Equation (1.2) appears in a lot of studies, for instance, when we look for stand-
ing wave solutions cðx; tÞ ¼ uðxÞe�{ot to the following fractional Schrödinger
equation

{�h
qc

qt
¼ �h2ð�DÞacþW ðxÞc� f ðx;cÞ; x a RN ;

where �h is the Planck’s constant, W : RN ! R is an external potential and f
is a suitable nonlinearity. This equation plays an important role in fractional
quantum mechanic, and was introduced by Laskin [27, 28] through expanding
the Feynman path integral from the Brownian-like to the Lévy-like quantum
mechanical paths.

Lately the study of fractional Schrödinger equations has attracted the atten-
tion of many mathematicians; see for instance [6, 7, 20, 21, 23, 24, 26, 30, 33,
35] and references therein.

In spite of the fact that there are many papers dealing with existence and mul-
tiplicity of solutions of fractional Schrödinger equations in RN , to our knowledge
there are no papers dealing with the existence of sign-changing solutions for frac-
tional Schrödinger equations with potentials vanishing at infinity, and here we
would like to go further in this direction.

The main result of this paper is the following:

Theorem 1.1. Suppose that ðV ;KÞ a K and f a C1ðR;RÞ verifies ð f1Þ or ð ~ff1Þ,
and ð f2Þ–ð f4Þ. Then, the problem (1.2) admits a least energy sign-changing weak
solution.
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For weak solution to (1.2) we mean a function u a X such that

ZZ
R2N

ðuðxÞ � uðyÞÞðjðxÞ � jðyÞÞ
jx� yjNþ2a

dx dyþ
Z
RN

VðxÞuðxÞjðxÞ dx

¼
Z
RN

KðxÞ f ðuÞjðxÞ dx

for all j a X, where

X ¼ u a Da;2ðRNÞ :
Z
RN

VðxÞjuj2 dx < þl

� �
:

The proof of Theorem 1.1 is obtained by adapting some arguments developed in
[2, 8]. More precisely, we minimize the Euler–Lagrange functional associated to
(1.2), that is

JðuÞ :¼ 1

2

ZZ
R2N

juðxÞ � uðyÞj2

jx� yjNþ2a
dx dyþ 1

2

Z
RN

VðxÞjuj2 dx�
Z
RN

KðxÞF ðuÞ dx;

on the nodal set

M :¼ fw a N : wþA 0; w�A 0; 3J 0ðwÞ;wþ4 ¼ 0 ¼ 3J 0ðwÞ;w�4g;

where

N :¼ fu a Xnf0g : 3J 0ðuÞ; u4 ¼ 0g:

Then we prove that the minimum is achieved and, by using a suitable variant
of the quantitative deformation Lemma, we show that it is a critical point of

J. Clearly, due to the presence of the nonlocal term
RR

R2N
juðxÞ�uðyÞj2

jx�yjNþ2a dx dy, the

Euler–Lagrange functional J does no longer satisfy the decompositions

JðuÞ ¼ JðuþÞ þ Jðu�Þ
3J 0ðuÞ; ue4 ¼ 3J 0ðueÞ; ue4;

which were very useful to get sign-changing solutions to (1.1); see for in-
stance [8, 10, 11, 12, 18]. Therefore, in order to prove the existence of a sign-
changing solution to (1.2), a more accurate investigation is needed in our
setting.

The paper is organized as follows. In Section 2 we present the variational set-
ting of the problem and we provide some compactness results which will be useful
for the next sections. In Section 3 we give some technical lemmas used in the
proof of the main result. Finally, in Section 4 we prove Theorem 1.1 by minimi-
zation arguments and a variant of Deformation Lemma.
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2. Preliminary results

Firstly we recall some basic notation and facts which will be used in the sequel of
the paper.

We denote by Da;2ðRNÞ the closure of functions Cl
c ðRNÞ with respect to the

so called Gagliardo seminorm

½u�2 ¼
ZZ

R2N

juðxÞ � uðyÞj2

jx� yjNþ2a
dx dy:

In order to prove that problem (1.2) has a variational structure, let us introduce
the Hilbert space

X ¼ u a Da;2ðRNÞ :
Z
RN

VðxÞjuj2 dx < þl

� �

endowed with the norm

kuk2 ¼ ½u�2 þ
Z
RN

VðxÞjuj2 dx:

Let q a R such that qb 1, and let us define the weighted Lebesgue space

L
q
KðRNÞ ¼ u : RN ! R measurable and

Z
RN

KðxÞjujq dx < l

� �

endowed with the norm

k � kLq

K
ðRN Þ ¼

�Z
RN

KðxÞjujq dx
�1

q

:

Now we prove the following continuous and compactness results, whose proofs
can be obtained adapting the arguments in [1]. For the reader’s convenience we
give the proofs.

Lemma 2.1. Assume that ðV ;KÞ a K. Then X is continuously embedded into
L

q
KðRNÞ for all q a ½2; 2�

a � if ðVK3Þ holds. Moreover, X is continuously embedded

into Lm
K ðRNÞ if ðVK4Þ holds.

Proof. Assume that ðVK3Þ is true. The proof is trivial if q ¼ 2 or q ¼ 2�
a .

Fix q a ð2; 2�
a Þ and let l ¼ 2�

a � q

2�
a � 2

. We can observe that q can be written as

q ¼ 2lþ ð1� lÞ2�
a . Then we haveZ

RN

KðxÞjujq dx ¼
Z
RN

KðxÞjuj2ljujð1�lÞ2�
a dx

a

�Z
RN

jKðxÞj
1
ljuj2 dx

�l�Z
RN

juj2
�
a dx

�1�l
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a

�
sup
x ARN

jKðxÞj
jVðxÞjl

��Z
RN

VðxÞjuj2 dx
�l�Z

RN

juj2
�
a dx

�1�l

aC
�
sup
x ARN

jKðxÞj
jVðxÞjl

��Z
RN

VðxÞjuj2 dx
�l

�
�ZZ

R2N

juðxÞ � uðyÞj2

jx� yjNþ2a
dx dy

�ð1�lÞ2�a
2

aC
�
sup
x ARN

jKðxÞj
jVðxÞjl

�
kuk2

�
lþð1�lÞ2�a

2

�

¼ C
�
sup
x ARN

jKðxÞj
jVðxÞjl

�
kukq:

Taking into account K a LlðRNÞ and that ðVK3Þ holds true, we conclude
that

kukLq

K
ðRN Þ aCkuk:

Now, we suppose that ðVK4Þ is true. Denoting by l0 ¼
2�
a �m

2�
a � 2

, we can see that m

can be written as m ¼ 2l0 þ ð1� l0Þ2�
a . As above, we haveZ

RN

KðxÞjujm dx ¼
Z
RN

KðxÞjuj2l0 jujð1�l0Þ2�
a dx

a

�Z
RN

jKðxÞj
1
l0 juj2 dx

�l0�Z
RN

juj2
�
a dx

�1�l0

a

�
sup
x ARN

jKðxÞj
jVðxÞjl0

��Z
RN

VðxÞjuj2 dx
�l0�Z

RN

juj2
�
a dx

�1�l0

aC
�
sup
x ARN

jKðxÞj
jVðxÞjl0

�
kukm:

Since
KðxÞ

VðxÞ
2�a �m

2 �a �2

a LlðRNÞ we can infer that

kukLm
K
ðRN Þ aCkuk:

This concludes the proof of the Lemma 2.1. r

Proposition 2.1. Assume ðV ;KÞ a K. The following facts hold:

(1) X is compactly embedded into L
q
KðRNÞ for all q a ð2; 2�

a Þ if ðVK3Þ holds;
(2) X is compactly embedded into Lm

K ðRNÞ if ðVK4Þ holds.
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Proof. (1) Assume that ðVK3Þ holds. Fix q a ð2; 2�
a Þ and let e > 0. Then there

exist 0 < t0 < t1 and a positive constant C such that

KðxÞjtjq a eC½VðxÞjtj2 þ jtj2
�
a � þ CKðxÞw½t0; t1�ðjtjÞjtj

2�
a ; for all t a R:

Integrating over Bc
r ð0Þ we have, for all u a X and r > 0,Z

B c
r ð0Þ

KðxÞjujq dxa eC

Z
B c

r ð0Þ
½VðxÞjuj2 þ juj2

�
a � dxþ Ct

2�
a

1

Z
ABB c

r ð0Þ
KðxÞ dxð2:1Þ

¼: eCQðuÞ þ Ct
2�
a

1

Z
ABB c

r ð0Þ
KðxÞ dx

where we set

QðuÞ :¼
Z
B c

r ð0Þ
½VðxÞjuj2 þ juj2

�
a � dx and A ¼ fx a RN : t0 a juðxÞja t1g:

Now, if fung � X is a sequence such that un * u in X, then there is M > 0 such
that

kunk2 aM and

Z
RN

junj2
�
a dxaM En a N:ð2:2Þ

This implies that fQðunÞg is bounded from above by a positive constant. Let us

denote by An ¼ fx a RN : t0 a junja t1g. By (2.2) we deduce

t
2�
a

0 mðAnÞa
Z
An

junj2
�
a dxaM En a N;

which implies that supn ANjmðAnÞj < þl. Therefore, from ðVK2Þ there exists a
positive radius r large enough such thatZ

AnBB c
r ð0Þ

KðxÞ dx <
e

t
2�
a

1

for all n a N:ð2:3Þ

Putting together (2.1) and (2.3) we obtainZ
B c

r ð0Þ
KðxÞjunjq dxa eCM þ Ct

2�
a

1

Z
AnBB c

r ð0Þ
KðxÞ dxð2:4Þ

a ðCM þ CÞe for all n a N:

Recalling that q a ð2; 2�
a Þ and that K is a continuous function, by Sobolev embed-

ding it follows that

lim
n!l

Z
Brð0Þ

KðxÞjunjq dx ¼
Z
Brð0Þ

KðxÞjujq dx:ð2:5Þ
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By (2.4) for e > 0 small enough and (2.5) it holds

lim
n!l

Z
RN

KðxÞjunjq dx ¼
Z
RN

KðxÞjujq dx

from which we conclude that

un ! u in L
q
KðRNÞ; for every q a ð2; 2�

a Þ:

(2) Let us suppose that ðVK4Þ is true. Then we can see that for each x a RN

fixed, the function

gðtÞ ¼ VðxÞt2�m þ t2
�
a�m; for every t > 0;

has CmVðxÞ
2�a �m

2�a �2 as its minimum value, where Cm ¼
�2�

a � 2

2�
a �m

��m� 2

2�
a � 2

� 2�m
2�a �2

. Hence

CmVðxÞ
2�a �m

2 �a �2 aVðxÞt2�m þ t2
�
a�m; for every x a RN and t > 0:

Combining the last inequality with ðVK4Þ, for any e > 0 we can find a positive
radius r su‰ciently large such that

KðxÞjtjm a eC 0
m½VðxÞjtj2 þ jtj2

�
a �; for every t a R and jxjb r;

where C 0
m is the inverse of Cm, and integrating over Bc

r ð0Þ we getZ
B c

r ð0Þ
KðxÞjujm dxa eC 0

m½kuk
2 þ kuk2

�
a

L2 �a ðRN Þ
� for all u a X:ð2:6Þ

If fung � X is a sequence such that un * u in X, by (2.6) we deduce thatZ
B c

r ð0Þ
KðxÞjujm dxa eC 00

m for all n a N:ð2:7Þ

Once that m a ð2; 2�
a Þ and K is a continuous function, it follows from Sobolev

embedding that

lim
n!l

Z
Brð0Þ

KðxÞjunjm dx ¼
Z
Brð0Þ

KðxÞjujm dx:ð2:8Þ

Then (2.7) and (2.8) yield

lim
n!l

Z
RN

KðxÞjunjm dx ¼
Z
RN

KðxÞjujm dx;

from which we can infer that

un ! u in Lm
K ðRNÞ; for every m a ð2; 2�

a Þ: r

134 v. ambrosio and t. isernia



The following lemma is a compactness result related to the nonlinear term.

Lemma 2.2. Assume ðV ;KÞ a K and f satisfies ð f1Þ–ð f2Þ or ð ~ff1Þ–ð f2Þ. Let fung
be a sequence such that un * u in X, then, up to a subsequence,

lim
n!l

Z
RN

KðxÞF ðunÞ dx ¼
Z
RN

KðxÞF ðuÞ dx

and

lim
n!l

Z
RN

KðxÞ f ðunÞun dx ¼
Z
RN

KðxÞ f ðuÞu dx:

Proof. Assume that ðVK3Þ holds. From ð f1Þ–ð f2Þ, fixed q a ð2; 2�
a Þ and given

e > 0, there exists C > 0 such that

jKðxÞ f ðtÞtja eC½VðxÞjtj2 þ jtj2
�
a � þ CKðxÞjtjq; for all t a R:ð2:9Þ

From Proposition 2.1 we know that

lim
n!l

Z
RN

KðxÞjunjq dx ¼
Z
RN

KðxÞjujq dx;

so there exists r > 0 such thatZ
B c

r ð0Þ
KðxÞjunjq dx < e; for all n a N:ð2:10Þ

Since fung � X is bounded, there exists a positive constant C 0 such thatZ
RN

VðxÞjunj2 dxaC 0 and

Z
RN

junj2
�
a dxaC 0; for all n a N:ð2:11Þ

Taking into account (2.9), (2.10), and (2.11) we haveZ
B c

r ð0Þ
KðxÞjunjq dx < ð2CC 0 þ 1Þe; for all n a N:

Assume that ðVK4Þ holds. Similarly to the second part of Proposition 2.1, given
e > 0 su‰ciently small there exists r > 0 large enough such that

KðxÞa eC 0
m½VðxÞjtj2�m þ jtj2

�
a�m�; for every jtj > 0 and jxj > r:

Consequently, for all jtj > 0 and jxj > r

KðxÞj f ðtÞtja eC 0
m½VðxÞj f ðtÞtj jtj2�m þ j f ðtÞtj jtj2

�
a�m�:
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From ð ~ff1Þ and ð f2Þ, there exist C; t0; t1 > 0 satisfying

KðxÞj f ðtÞtja eC½VðxÞjtj2 þ jtj2
�
a �; for every t a I and jxj > r

where I ¼ ft a R : jtj < t0 or jtj > t1g. Therefore, for every u a X, setting

QðuÞ ¼
Z
RN

VðxÞjuj2 dxþ
Z
RN

juj2
�
a dx

and A ¼ fx a RN : t0 a juðxÞja t1g, the following estimate holdsZ
B c

r ð0Þ
KðxÞ f ðuÞu dxa eCQðuÞ þ C

Z
ABB c

r ð0Þ
KðxÞ dx:

Due to the boundedness of fung � X, we can find C 0 > 0 such thatZ
RN

VðxÞjunj2 dxaC 0 and

Z
RN

junj2
�
a dxaC 0; for all n a N:

Therefore Z
B c

r ð0Þ
KðxÞ f ðunÞun dxa eC 00 þ C

Z
AnBB c

r ð0Þ
KðxÞ dx;

where An ¼ fx a RN : t0 a junðxÞja t1g. Following the same arguments in the
proof of Proposition 2.1 and by ðVK2Þ we deduce thatZ

AnBB c
r ð0Þ

KðxÞ dx ! 0 as r ! þl

uniformly in n a N and, for e > 0 small enoughZ
B c

r ð0Þ
KðxÞ f ðunÞun dx

�����
�����< ðC 00 þ 1Þe:

In order to complete the proof, we need to prove that

lim
n!þl

Z
Brð0Þ

KðxÞ f ðunÞun dx ¼
Z
Brð0Þ

KðxÞ f ðuÞu dx

which easily follows by the compactness Lemma of Strauss [14]. r

3. Technical lemmas

In what follows we look for a sign-changing weak solution of problem (1.2),
that is a function u a X such that uþ :¼ maxfu; 0gA 0, u� :¼ minfu; 0gA 0
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in RN andZZ
R2N

ðuðxÞ � uðyÞÞðjðxÞ � jðyÞÞ
jx� yjNþ2a

dx dyþ
Z
RN

VðxÞuðxÞjðxÞ dx

¼
Z
RN

KðxÞ f ðuÞjðxÞ dx

for all j a X.
In view of the assumptions on V , K and f , we can see that the functional

J : X ! R defined by

JðuÞ :¼ 1

2
½u�2 þ 1

2

Z
RN

VðxÞjuj2 dx�
Z
RN

KðxÞF ðuÞ dx

is Fréchet di¤erentiable and that its di¤erential J 0 is given by

3J 0ðuÞ; j4 ¼
ZZ

R2N

ðuðxÞ � uðyÞÞðjðxÞ � jðyÞÞ
jx� yjNþ2a

dx dy

þ
Z
RN

VðxÞuðxÞjðxÞ dx�
Z
RN

KðxÞ f ðuÞjðxÞ dx

for all u; j a X. Then, weak solutions to the problem (1.2) are critical points
of J.

Associated to J, we introduce the following Nehari manifold

N :¼ fu a Xnf0g : 3J 0ðuÞ; u4 ¼ 0g:

Since we look for sign-changing solutions to (1.2), it is natural to seek functions
w a M such that

JðwÞ ¼ inf
v AM

JðvÞ;

where

M :¼ fw a N : wþA 0; w�A 0; 3J 0ðwÞ;wþ4 ¼ 0 ¼ 3J 0ðwÞ;w�4g:

Let us point out that for all u a X

½u�2 ¼ ½uþ�2 þ ½u��2 �
ZZ

R2N

ðuþðxÞu�ðyÞ þ u�ðxÞuþðyÞÞ
jx� yjNþ2a

dx dyb ½uþ�2 þ ½u��2

so we can deduce that

JðuÞ ¼ JðuþÞ þ Jðu�Þ �
ZZ

R2N

uþðxÞu�ðyÞ þ u�ðxÞuþðyÞ
jx� yjNþ2a

dx dy;
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and

3J 0ðuÞ; uþ4 ¼ 3J 0ðuþÞ; uþ4�
ZZ

R2N

uþðxÞu�ðyÞ þ u�ðxÞuþðyÞ
jx� yjNþ2a

dx dy:

In particular, for all w a M it results

3J 0ðweÞ;we4a 0:

Motivated by [2, 8], we will show the existence of a minimizer of J on M and that
it is a weak solution to (1.2) by using a suitable deformation argument.

Firstly, we collect some preliminary lemmas which will be fundamental to
prove our main result.

Lemma 3.1.

(i) For all u a N such that kuk ! þl, then JðuÞ ! þl;
(ii) There exists % > 0 such that kukb % for all u a N and kwekb % for all

w a M.

Proof. (i) By using the definition of N and taking into account the assumption
ð f3Þ we get

JðuÞ ¼ JðuÞ � 1

y
3J 0ðuÞ; u4

¼
�1
2
� 1

y

�
kuk2 �

Z
RN

KðxÞ F ðuÞ � 1

y
f ðuÞu

� 	
dx

¼
�1
2
� 1

y

�
kuk2 þ 1

y

Z
RN

KðxÞ½ f ðuÞu� yF ðuÞ� dx

b

�1
2
� 1

y

�
kuk2:

So, when kuk ! þl, the last inequality yields JðuÞ ! þl.
(ii) From the assumptions ð f1Þ–ð f2Þ or ð ~ff1Þ–ð f2Þ we deduce that, for any

e > 0 there exists a positive constant Ce such that

j f ðtÞtja ejtj2 þ Cejtj2
�
a ; for all t a Rð3:1Þ

j f ðtÞtja ejtjm þ Cejtj2
�
a ; for all t a R:ð3:2Þ

Since u a N we have 3J 0ðuÞ; u4 ¼ 0, that is

kuk2 ¼
Z
RN

KðxÞ f ðuÞu dx:

Now we distinguish two cases.

138 v. ambrosio and t. isernia



Assume that ðVK3Þ holds. Then, by applying (3.1) and Proposition 2.1 we
get

kuk2 a K

V











LlðRN Þ

e

Z
RN

VðxÞjuj2 dxþ Ce

Z
RN

KðxÞjuj2
�
a dx

a
K

V











LlðRN Þ

ekuk2 þ CeSkKkLlðRN Þkuk
2�
a

where S is the Sobolev embedding constant. Choosing e a
�
0; 1=k K

V
kLlðRN Þ

�
we

can find %1 > 0 such that kukb %1.
Let us suppose that ðVK4Þ holds true. By (3.2) and Proposition 2.1 we have

kuk2 a e

Z
RN

KðxÞjujm dxþ Ce

Z
RN

KðxÞjuj2
�
a dxð3:3Þ

a ekukm þ CeSkKkLlðRN Þkuk
2�
a :

Since m a ð2; 2�
a Þ, we can choose e su‰ciently small in order to find %2 > 0 such

that kukb %2. Now, for w a M, we have that 3J 0ðwÞ;we4 ¼ 0, and, observing
that ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dya 0;

we have

kwek2 a
Z
RN

KðxÞwef ðweÞ dx:

Then we can argue as before to prove that there is % > 0 such that kwekb %. r

Lemma 3.2. Let fwng � M such that wn * w in X. Then weA 0.

Proof. Firstly we observe that by Lemma 3.1 there exists % > 0 such that

kwe
n kb % for all n a N:ð3:4Þ

Since wn a M, we have 3J 0ðwnÞ;we
n 4 ¼ 0, that is

kwe
n k

2 �
ZZ

R2N

wþ
n ðxÞw�

n ðyÞ þ w�
n ðxÞwþ

n ðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞ f ðwe
n Þwe

n dx:ð3:5Þ

At this point, recalling thatZZ
R2N

wþ
n ðxÞw�

n ðyÞ þ w�
n ðxÞwþ

n ðyÞ
jx� yjNþ2a

dx dya 0;
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by (3.4) and (3.5) we get

%2 a kwe
n k

2
a

Z
RN

KðxÞ f ðwe
n Þwe

n dx:ð3:6Þ

Now, by using wn * w in X and Proposition 2.1, we know that wn ! w in
Lm
K ðRNÞ. Then, exploiting jte� seja jt� sj for all t; s a R, we can deduce

that we
n ! we in Lm

K ðRNÞ, and being KðxÞ > 0 for all x a RN , we also have
we
n ! we a.e. in RN . Arguing as in Lemma 2.2 we can see thatZ

RN

KðxÞ f ðwe
n Þwe

n dx !
Z
RN

KðxÞ f ðweÞwedx:ð3:7Þ

Putting together (3.6) and (3.7), we have

0 < %2 a

Z
RN

KðxÞ f ðweÞwedx

which shows that weA 0. r

Lemma 3.3. If v a X : veA 0, then there exist s; t > 0 such that

3J 0ðtvþ þ sv�Þ; vþ4 ¼ 0 and 3J 0ðtvþ þ sv�Þ; v�4 ¼ 0:

As a consequence tvþ þ sv� a M.

Proof. Let G : ð0;þlÞ � ð0;þlÞ ! R2 be a continuous vector field given by

Gðt; sÞ ¼ ð3J 0ðtvþ þ sv�Þ; tvþ4; 3J 0ðtvþ þ sv�Þ; sv�4Þ

for every t; s a ð0;þlÞ � ð0;þlÞ. We consider two cases.
Assume that ðVK3Þ holds. By using (3.1) and Proposition 2.1 we have

3J 0ðtvþ þ sv�Þ; tvþ4ð3:8Þ

¼ t2kvþk2 � st

ZZ
R2N

vþðxÞv�ðyÞ þ v�ðxÞvþðyÞ
jx� yjNþ2a

dx dy

�
Z
RN

KðxÞtvþ f ðtvþÞ dx

b t2kvþk2 �
Z
RN

KðxÞtvþ f ðtvþÞ dx

b t2kvþk2 � e
K

V











LlðRN Þ

t2kvþk2 � Cet
2�
a kKkLlðRN Þkvþk

2�
a

¼ 1� e
K

V











LlðRN Þ

 !
t2kvþk2 � Cet

2�
a kKkLlðRN Þkvþk

2�
a :
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Suppose that ðVK4Þ holds. Then by (3.2) and Proposition 2.1 we deduce

3J 0ðtvþ þ sv�Þ; tvþ4 ¼ t2kvþk2 � st

ZZ
R2N

vþðxÞv�ðyÞ þ v�ðxÞvþðyÞ
jx� yjNþ2a

dx dyð3:9Þ

�
Z
RN

KðxÞtvþ f ðtvþÞ dx

b t2kvþk2 � etmkvþkm � Cet
2�
a kKkLlðRN Þkvþk

2�
a :

Similarly, we can see that

3J 0ðtvþ þ sv�Þ; sv�4b 1� e
K

V











LlðRN Þ

 !
s2kv�k2ð3:10Þ

� Ces
2�
a kKkLlðRN Þkv�k

2�
a

if ðVK3Þ holds, and

3J 0ðtvþ þ sv�Þ; sv�4b s2kv�k2 � esmkv�km � Ces
2�
a kKkLlðRN Þkv�k

2�
að3:11Þ

under the condition ðVK4Þ.
Then, taking into account (3.8), (3.9), (3.10) and (3.11), there exists r > 0

small enough such that

3J 0ðrvþ þ sv�Þ; rvþ4 > 0 for all s > 0 andð3:12Þ
3J 0ðtvþ þ rv�Þ; rv�4 > 0 for all t > 0:

Taking into account ð f3Þ and y a ð2; 2�
a Þ we get

3J 0ðtvþ þ sv�Þ; tvþ4

¼ t2kvþk2 � st

ZZ
R2N

vþðxÞv�ðyÞ þ v�ðxÞvþðyÞ
jx� yjNþ2a

dx dy

�
Z
RN

KðxÞtvþf ðtvþÞ dx

a t2kvþk2 � st

ZZ
R2N

vþðxÞv�ðyÞ þ v�ðxÞvþðyÞ
jx� yjNþ2a

dx dy

� tyC1

Z
Aþ

KðxÞjvþjy dxþ C2kKkLlðRN ÞjAþj

and
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3J 0ðtvþ þ sv�Þ; sv�4

a s2kv�k2 � st

ZZ
R2N

vþðxÞv�ðyÞ þ v�ðxÞvþðyÞ
jx� yjNþ2a

dx dy

� syC1

Z
A�

KðxÞjv�jy dxþ C2kKkLlðRN ÞjA�j

where Aþ � suppðwþÞ and A� � suppðw�Þ are measurable sets with finite and
positive measures. Thus there exists R > 0 su‰ciently large such that for all
t; s a ½r;R� it holds

3J 0ðRvþ þ sv�Þ;Rvþ4 < 0 and 3J 0ðtvþ þ Rv�Þ;Rv�4 < 0:ð3:13Þ

From (3.12) and (3.13), and by applying Miranda’s Theorem [29], we can con-
clude the proof of Lemma 3.3. r

For each v a X with veA 0, let us consider the function hv : ½0;þlÞ � ½0;þlÞ
! R given by

hvðt; sÞ ¼ Jðtvþ þ sv�Þð3:14Þ

and its gradient Fv : ½0;þlÞ � ½0;þlÞ ! R2 defined by

Fvðt; sÞ ¼ ðFv
1ðt; sÞ;Fv

2ðt; sÞÞð3:15Þ

¼
�qhv

qt
ðt; sÞ; qh

v

qs
ðt; sÞ

�
¼ ð3J 0ðtvþ þ sv�Þ; vþ4; 3J 0ðtvþ þ sv�Þ; v�4Þ:

Furthermore, we consider the Jacobian matrix of Fv, namely

ðFvÞ0ðt; sÞ ¼
qF v

1

qt
ðt; sÞ qF v

1

qs
ðt; sÞ

qF v
2

qt
ðt; sÞ qF v

2

qs
ðt; sÞ

0
@

1
A:

In the next result we prove that, if w a M, the function hw defined in
(3.14) has a critical point and in particular a global maximum in ðt; sÞ ¼
ð1; 1Þ.

Lemma 3.4. If w a M then

(a) hwðt; sÞ < hwð1; 1Þ ¼ JðwÞ, for all t; sb 0 such that ðt; sÞA ð1; 1Þ;
(b) detðFwÞ0ð1; 1Þ > 0.
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Proof. (a) Since w a M then 3J 0ðwÞ;we4 ¼ 0, that is

kwþk2 �
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞwþf ðwþÞ dx

kw�k2 �
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞw�f ðw�Þ dx:

From this and by the definition of Fw, it follows that ð1; 1Þ is a critical point
of hw.

Thus, by using ð f3Þ and F ðtÞb 0, we have

hwðt; sÞ ¼ Jðtwþ þ sw�Þ

a
1

2
ktwþ þ sw�k2 �

Z
Aþ

KðxÞFðtwþÞ dx�
Z
A�

KðxÞF ðsw�Þ dx

a
t2

2
kwþk2 þ s2

2
kw�k2 � st

ZZ
R2N

wþðxÞw�ðyÞ þ wþðyÞw�ðxÞ
jx� yjNþ2a

dxdy

� C1t
y

Z
Aþ

KðxÞjwþjy dx� C1s
y

Z
A�

KðxÞjw�jy dx

þ C2kKkLlðRN ÞðjAþj þ jA�jÞ;

where Aþ � suppðwþÞ and A� � suppðw�Þ are measurable sets with finite and
positive measures. Taking into account that y > 2, we can infer that

lim
jðt;sÞj!þl

hwðt; sÞ ¼ �l:

By using the continuity of hw we can deduce the existence of ðt; sÞ a ½0;þlÞ �
½0;þlÞ that is a global maximum point of hw.

Now we prove that t; s > 0. Suppose by contradiction that s ¼ 0. Then
3J 0ðtwþÞ; twþ4 ¼ 0, that is

kwþk2 ¼
Z
RN

KðxÞðwþÞ2 f ðtw
þÞ

twþ dx:ð3:16Þ

Since w a M we obtain

3J 0ðwþÞ;wþ4 ¼ 3J 0ðwÞ;wþ4þ
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy

¼
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy < 0
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which implies that

kwþk2 <
Z
RN

KðxÞðwþÞ2 f ðw
þÞ

wþ dx:ð3:17Þ

Then, combining (3.16) and (3.17) we obtain

0 <

Z
RN

KðxÞ f ðwþÞ
wþ � f ðtwþÞ

twþ

� 	
ðwþÞ2 dx

that in view of ð f4Þ yields ta 1. Taking into account (1.3) we can infer

hwðt; 0Þ ¼ JðtwþÞ

¼ JðtwþÞ � 1

2
3J 0ðtwþÞ; twþ4

¼
Z
RN

KðxÞ 1

2
twþf ðtwþÞ � F ðtwþÞ

� 	
dx

a

Z
RN

KðxÞ 1

2
twþf ðtwþÞ � F ðtwþÞ

� 	
dx

þ
Z
RN

KðxÞ 1

2
tw�f ðtw�Þ � F ðtw�Þ

� 	
dx

¼ JðwÞ � 1

2
3J 0ðwÞ;w4

¼ JðwÞ ¼ hwð1; 1Þ:

Then hwðt; 0Þ < hwð1; 1Þ, and this gives a contradiction because ðt; 0Þ is a global
maximum point. In similar fashion we can prove that t > 0.

Now we show that s; ta 1. Since ðhwÞ0ðt; sÞ ¼ 0, we get

t2kwþk2 � st

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞtwþf ðtwþÞ dx

s2kw�k2 � st

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞsw�f ðsw�Þ dx:

Assume that tb s. In view of

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dya 0

we have
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t2kwþk2 � t2
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dyð3:18Þ

b

Z
RN

KðxÞtwþf ðtwþÞ dx:

Since 3J 0ðwÞ;wþ4 ¼ 0 (w a M), we deduce that

kwþk2 �
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞwþf ðwþÞ dx

which together with (3.18) gives

0b

Z
RN

KðxÞ f ðtwþÞ
twþ � f ðwþÞ

wþ

� 	
dx:

By ð f4Þ we can infer that ta 1.
Now we aim to prove that hw does not assume a global maximum in

½0; 1� � ½0; 1�nfð1; 1Þg, namely

hwðt; sÞ < hwð1; 1Þ for every ðt; sÞ a ½0; 1� � ½0; 1�nfð1; 1Þg:

Let us observe that by the linearity of F and the positivity of K it follows thatZ
RN

KðxÞF ðwÞ dx ¼
Z
RN

KðxÞðFðwþÞ þ Fðw�ÞÞ dx:

Then, by the definition of hw and (1.3) we get

hwðt; sÞ ¼ Jðtwþ þ sw�Þ � 1

2
3J 0ðtwþ þ sw�Þ; twþ4� 1

2
3J 0ðtwþ þ sw�Þ; sw�4

¼ t2

2
kwþk2 þ s2

2
kw�k2 � st

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy

�
Z
RN

KðxÞF ðtwþÞ dx�
Z
RN

KðxÞF ðsw�Þ dx� t2

2
kwþk2 � s2

2
kw�k2

þ st

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy

þ 1

2

Z
RN

KðxÞtwþf ðtwþÞ dxþ 1

2

Z
RN

KðxÞsw�f ðsw�Þ dx

¼ 1

2

Z
RN

KðxÞ½twþf ðtwþÞ � F ðtwþÞ� dx

þ 1

2

Z
RN

KðxÞ½sw�f ðsw�Þ � F ðsw�Þ� dx
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<
1

2

Z
RN

KðxÞ½wþf ðwþÞ � FðwþÞ� dxþ 1

2

Z
RN

KðxÞ½w�f ðw�Þ � F ðw�Þ� dx

¼ 1

2

Z
RN

KðxÞ½wf ðwÞ � FðwÞ� dx ¼ hwð1; 1Þ:

(b) Firstly, let us observe that

qFw
1

qt
ðt; sÞ ¼ kwþk2 �

Z
RN

KðxÞ f 0ðtwþÞðwþÞ2 dxð3:19Þ

qFw
2

qs
ðt; sÞ ¼ kw�k2 �

Z
RN

KðxÞ f 0ðsw�Þðw�Þ2 dx

qFw
1

qs
ðt; sÞ ¼ qFw

2

qt
ðt; sÞ ¼ �

ZZ
R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy:

Then, by using the fact that w a M, (3.19) and (1.4) we have

detðFwÞ0ð1; 1Þ ¼ kwþk2 �
Z
RN

f 0ðwþÞðwþÞ2 dx
� 	

kw�k2 �
Z
RN

f 0ðw�Þðw�Þ2 dx
� 	

�
�ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy
�2

¼
"Z

RN

ðwþf ðwþÞ � f 0ðwþÞðwþÞ2Þ dx

þ
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy

#

�
"Z

RN

ðw�f ðw�Þ � f 0ðw�Þðw�Þ2Þ dx

þ
ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy

#

�
�ZZ

R2N

wþðxÞw�ðyÞ þ w�ðxÞwþðyÞ
jx� yjNþ2a

dx dy
�2

> 0: r

4. Proof of Theorem 1.1

In this section we prove the existence of w a M in which the infimum of J is
achieved on M. Then, by using a quantitative deformation lemma, we show that
w is a critical point of J, so a sign-changing solution of (1.2).
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By using Lemma 3.1 we know that there exists a minimizing sequence
fwngn � M bounded in X, such that

JðwnÞ ! inf
v AM

JðvÞ ¼: c0 > 0:ð4:1Þ

By using Proposition 2.1 we can assume that

we
n * we in X;

we
n ! we in Lm

K ðRNÞ;
we
n ! we a:e: in RN :

From Lemma 3.2 we deduce that weA 0, so w ¼ wþ þ w� is sign-changing.
By Lemma 3.3, there exist s; t > 0 such that

3J 0ðtwþ þ sw�Þ;wþ4 ¼ 0; 3J 0ðtwþ þ sw�Þ;w�4 ¼ 0ð4:2Þ

and twþ þ sw� a M. Now, we prove that s; ta 1. Since wn a M, we have
3J 0ðwnÞ;we

n 4 ¼ 0 or equivalently

kwþ
n k

2 �
ZZ

R2N

wþðxÞw�ðyÞ þw�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞwþ
n f ðwþ

n Þ dxð4:3Þ

kw�
n k

2 �
ZZ

R2N

wþðxÞw�ðyÞ þw�ðxÞwþðyÞ
jx� yjNþ2a

dx dy ¼
Z
RN

KðxÞw�
n f ðw�

n Þ dx:ð4:4Þ

The weak lower semicontinuity of the norm k � k in X yields

kwek2 a lim inf
n!l

kwe
n k

2;ð4:5Þ

and arguing as in Lemma 2.2, we obtainZ
RN

KðxÞ f ðwe
n Þwe

n dx !
Z
RN

KðxÞ f ðweÞwedx:ð4:6Þ

Taking into account (4.3), (4.4), (4.5), (4.6), and by applying Fatou’s lemma we
deduce

3J 0ðwÞ;wþ4a 0 and 3J 0ðwÞ;w�4a 0:ð4:7Þ

Then, putting together (4.2) and (4.7), and arguing as in the proof of Lemma 3.4-
(a) we deduce that s; ta 1. Next, we show that Jðtwþ þ sw�Þ ¼ c0 and t ¼ s ¼ 1.

By using twþ þ sw� a M, wn a M, (1.3), (4.1) and s; t a ð0; 1� we can see

c0 a Jðtwþ þ sw�Þ

¼ Jðtwþ þ sw�Þ � 1

2
3J 0ðtwþ þ sw�Þ; twþ þ sw�4
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¼
Z
RN

KðxÞ 1

2
f ðtwþ þ sw�Þðtwþ þ sw�Þ � Fðtwþ þ sw�Þ

� 	
dx

¼
Z
RN

KðxÞ 1

2
f ðtwþÞðtwþÞ � FðtwþÞ

� 	
dx

þ
Z
RN

KðxÞ 1

2
f ðsw�Þðsw�Þ � Fðsw�Þ

� 	
dx

a

Z
RN

KðxÞ 1

2
f ðwþÞðwþÞ � F ðwþÞ

� 	
dx

þ
Z
RN

KðxÞ 1

2
f ðw�Þðw�Þ � F ðw�Þ

� 	
dx

¼ lim
n!l

�Z
RN

KðxÞ 1

2
f ðwþ

n Þðwþ
n Þ � F ðwþ

n Þ
� 	

dx

þ
Z
RN

KðxÞ 1

2
f ðw�

n Þðw�
n Þ � F ðw�

n Þ
� 	

dx

�

¼ lim
n!l

Z
RN

KðxÞ 1

2
f ðwnÞðwnÞ � F ðwnÞ

� 	
dx

¼ lim
n!l

JðwnÞ �
1

2
3J 0ðwnÞ;wn4

� 	

¼ lim
n!l

JðwnÞ ¼ c0:

Thus we have proved that there exist t; s a ð0; 1� such that twþ þ sw� a M and
Jðtwþ þ sw�Þ ¼ c0. Let us observe that by the above calculation we can infer
that t ¼ s ¼ 1, so w ¼ wþ þ w� a M and Jðwþ þ w�Þ ¼ c0.

Finally we prove that w is a critical point of J, that is J 0ðwÞ ¼ 0. We
argue by contradiction. Then we can find a positive constant b > 0 and v0 a X
with kv0k ¼ 1, such that 3J 0ðwÞ; v04 ¼ 2b > 0. By the continuity of J 0, we
can choose a radius R so that 3J 0ðvÞ; v04b b for every v a BRðwÞ � X with
veA 0.

Let A ¼ ðx; wÞ � ðx; wÞ � R2 with 0 < x < 1 < w such that

(i) ð1; 1Þ a A and Fwðt; sÞ ¼ ð0; 0Þ in A if and only if ðt; sÞ ¼ ð1; 1Þ,
(ii) c0 B hwðqAÞ,
(iii) ftwþ þ sw� : ðt; sÞ a Ag � BRðwÞ

where hw and Fw are defined as in (3.14) and (3.15), and satisfy Lemma 3.4. Then
we can take a radius 0 < r < R such that

B ¼ BrðwÞ � BRðwÞ and BB ftwþ þ sw� : ðt; sÞ a qAg ¼ j:ð4:8Þ
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Now, let us define a continuous mapping r : X ! ½0;þlÞ such that

rðuÞ :¼ distðu;BcÞ for all u a X;

and let V : X ! X be a bounded Lipschitz vector field given by VðuÞ ¼ �rðuÞv0.
For every u a X, denoting by hðtÞ ¼ hðt; uÞ, we consider the following Cauchy
problem

h 0ðtÞ ¼ VðhðtÞÞ for all t > 0;

hð0Þ ¼ u:

�

Let us note that there exist a continuous deformation hðt; uÞ and t0 > 0 such that
for all t a ½0; t0� the following properties hold:

(a) hðt; uÞ ¼ u for all u B B,
(b) t ! Jðhðt; uÞÞ is decreasing for all hðt; uÞ a B,
(c) Jðhðt;wÞÞa JðwÞ � rb

2 t.

Indeed, (a) follows by the definition of r. Regarding (b), we can observe that
3J 0ðhðtÞÞ; v04 ¼ b > 0 for hðtÞ a B � BRðwÞ, and, by the definition of r, we can
infer rðhðtÞÞ > 0. Then

d

dt
ðJðhðtÞÞÞ ¼ 3J 0ðhðtÞÞ; h 0ðtÞ4 ¼ �rðhðtÞÞ3J 0ðhðtÞÞ; v04

a�rðhðtÞÞb < 0; EhðtÞ a B;

that is Jðhðt; uÞÞ is decreasing with respect to t.
Now we prove (c). Fix t0 > 0 such that hðt; uÞ a B for every t a ½0; t0�, and we

assume without loss of generality that

khðt;wÞ � wka r

2
, hðt;wÞ a Br

2
ðwÞ for any t a ½0; t0�:

Since rðhðt;wÞÞ ¼ distðhðt;wÞ;BcÞb r

2
, we can deduce that

d

dt
Jðhðt;wÞÞa�rðhðt;wÞÞba� rb

2

and integrating on ½0; t0� we get

Jðhðt0;wÞÞ � JðwÞa� rb

2
t0:

Now we consider a suitable deformed path h0 : A ! X defined by

ht0ðt; sÞ :¼ hðt0; twþ þ sw�Þ; for all ðt; sÞ a A;

and we note that

max
ðt; sÞ AA

Jðht0ðt; sÞÞ < c0:
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Indeed, by (b) and the fact that hð0; uÞ ¼ u, we have

Jðht0ðt; sÞÞ ¼ Jðhðt0; twþ þ sw�ÞÞa Jðhð0; twþ þ sw�ÞÞ
¼ Jðtwþ þ sw�Þ ¼ hwðt; sÞ < c0 Eðt; sÞ a Anfð1; 1Þg;

and for ðt; sÞ ¼ ð1; 1Þ, in virtue of (c), we have

Jðht0ð1; 1ÞÞ ¼ Jðhðt0;wþ þ w�ÞÞ ¼ Jðhðt0;wÞÞ

a JðwÞ � rb

2
t0 < JðwÞ ¼ c0:

Then ht0ðAÞBM ¼ j, that is

ht0ðt; sÞ B M for all ðt; sÞ a A:ð4:9Þ

On the other hand, setting Ct0 : A ! R2 by

Ct0 :¼
�3J 0ðht0ðt; sÞÞ; ðht0ðt; sÞÞ

þ4

t
;
3J 0ðht0ðt; sÞÞ; ðht0ðt; sÞÞ

�4

s

�

we can see that, for all ðt; sÞ a qA, by (4.8) and (a) for t ¼ t0, it holds

Ct0ðt; sÞ ¼ ð3J 0ðtwþ þ sw�Þ;wþ4; 3J 0ðtwþ þ sw�Þ;w�4Þ ¼ Fwðt; sÞ:

Then by using Brouwer’s topological degree we have

degðCt0 ;A; ð0; 0ÞÞ ¼ degðFw;A; ð0; 0ÞÞ ¼ sgnðdetðFwÞ0ð1; 1ÞÞ ¼ 1;

so we deduce that Ct0 has a zero ðt; sÞ a A, that is

Ct0ðt; sÞ ¼ ð0; 0Þ , 3J 0ðht0ðt; sÞÞ; ðht0ðt; sÞÞ
e4 ¼ 0:

Therefore there exists ðt; sÞ a A such that ht0ðt; sÞ a M, and this is impossible
in view of (4.9).
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