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ABSTRACT. — In this paper we complete the study started in [Pi2] of evolution by inverse mean
curvature flow of star-shaped hypersurface in non-compact rank one symmetric spaces. We consider
the evolution by inverse mean curvature flow of a closed, mean convex and star-shaped hypersurface
in the quaternionic hyperbolic space. We prove that the flow is defined for any positive time, the
evolving hypersurface stays star-shaped and mean convex. Moreover the induced metric converges,
after rescaling, to a conformal multiple of the standard sub-Riemannian metric on the sphere defined
on a codimension 3 distribution. Finally we show that there exists a family of examples such that the
gc-scalar curvature of this sub-Riemannian limit is not constant.

KEey worDps: Inverse mean curvature flow, quaternionic hyperbolic space, qc-curvature
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1. INTRODUCTION

In this paper we complete the study started in [Pi2] of evolution by inverse mean
curvature flow of star-shaped hypersurface in non-compact rank one symmetric
spaces, studying the evolution in the quaternionic hyperbolic space HH". The in-
verse mean curvature flow is the most studied example in the class of expanding
flows. For any given smooth hypersurface Fy : .# — HH", the solution of the in-
verse mean curvature flow with initial datum F; is the smooth one-parameter
family of smooth immersions F : .# x [0, T) — HH" such that
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where H is the mean curvature of F, = F(-,¢) and v is the outward unit normal
vector of .#, = F,(#). Tt is well known that this flow has a unique solution,
defined at least for small times, if .#y = F(.#,0) is closed and mean convex.
The behaviour of the evolution depends, of course, on the initial datum, but the
geometry of the ambient manifold has a crucial role too. In fact Gerhardt [Ge]
and Urbas [Ur] proved indipendently that, for any star-shaped hypersurface of
the Euclidean space, the limit metric is, up to rescaling, always the standard
round metric on the sphere. In [HW] P. K. Hung and M. T. Wang showed that,
when the ambient manifold is the hyperbolic space, the limit metric is not always
round: it is a conformal multiple of the standard round metric on the sphere and
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so it is round only in special cases. More recently the author of the present paper
studied the analogous problem in the complex hyperbolic space. In [Pi2] it has
been proved that in this case a new phenomenon appears: even after rescaling,
the evolving metric blows up along a direction. Hence the limit metric is no
more Riemannian, but only sub-Riemannian defined only on a codimension-1
distribution. Moreover there are infinite examples of initial data such that the
limit sub-Riemannian metric does not have constant scalar Webster curvature.
Recently similar problems have been studied in ambient manifolds which are
warped products [Sc, Zh]: HH" is not in this class, in fact its metric can be written

s (3.1), but, for example, the Euclidean and the hyperbolic space are. Hence a
different analysis is required. Other examples of evolution by inverse mean curva-
ture flow of star-shaped hypersurfaces can be found in [Di, Ne, KS]. The main
result proved in this paper is the following.

THEOREM 1.1. Let n>2. For any #y closed, mean convex and star-shaped
S3-invariant hypersurface in HH", let ., be its evolution by inverse mean curva-
ture flow and let g, be the induced metric on M,. Then:

(1) A, is star-shaped for any time t;

(2) the flow is defined for any positive time;

(3) the rescaled induced metric g, = |.#,| g, converges as t — o to §, =
e? a,r for some smooth function f, where o,y is the standard sub-Riemannian
metric of the sphere S*~' defined on a distribution of codimension 3;

(4) finally there are examples of M such that §., does not have constant qc-scalar
curvature.

The fact that the maximal time is infinite implies that the evolving hypersur-
face becomes arbitrary large and “explores’ the structure at infinity of the ambi-
ent manifold as 7 tends to infinity. Parts (3) and (4) of Theorem 1.1 say that dif-
ferent initial data explore the structure at infinity of HH” in different ways, but
the conformal class of o,z is preserved.

Since we are considering only closed star-shaped hypersurfaces, we know that
any hypersurface is an embedding of the sphere S*~! into HH”. The rescaled
induced metrics define a family of Riemannian metrics on S*'~!. Analogously
to what seen in [Pi2], this family of metrics diverges in some directions as the
time goes to infinity. In our case we have 3 independent special directions: J;v,
Jov and J3v, where Ji, J, and J3 are the complex structures of HH” induced by
the multiplication by the three quaternionic imaginary unities. Hence the limit
metric is only sub-Riemannian defined on a distribution of codimension 3. In
this contest the best notion of curvature is the qc-curvature introduced by
Biquard in [Bi]. It is easy to prove that the evolution of a geodesic sphere stays
a geodesic sphere at any time: it is a peculiar behaviour of the Euclidean space
and rank one symmetric spaces. Then, in this special case, the qc-curvature of
the limit rescaled metric is constant. On the other hand the research of a hyper-
surface with non trivial limit is more difficult. The qc-Yamabe problem was
solved by Ivanov, Minchev and Vassilev in [IMV]: they gave an explicit descrip-
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tion of all the functions f such that e o,z has constant qc-scalar curvature. With
the help of this result we show that there are infinite examples of initial data such
that g, has non constant qc-scalar curvature. Following the strategy introduced
in [Pi2], the main tool is the following: for any star-shaped hypersurface .# we
define the following Brown-York quantity

R el SR

where |.#| is the volume of .# and, if p is the radial function defining .#, H is the
value of the mean curvature of a geodesic sphere of radius p (see (3.7) for the
explicit definition). Q gives a measure of how .# is far to being a geodesic sphere,
however it isn’t a true measure because, for example, Q does not have a sign.
In the final section of this paper we found the desired non-trivial example in
the class of S*-invariant submanifolds estimating the behaviour of Q along the
inverse mean curvature flow.

This paper is organized as follows. In section 2 we collect some preliminaries
and we fix some notations. In section 3 we compute the main geometric quantities
for a star-shaped hypersurface in HH", as the induced metric, the second funda-
mental form and the mean curvature. In section 4 we have ax explicit example,
i.e. the evolution of the geodesic spheres. In section 5 we estimate the norm of
the gradient of the radial function. As a consequence we have that the property
of being star-shaped and the mean convexity are preserved by the flow. In section
6 we collect without proof some results about the higher order derivatives of p
and we discuss their consequences. The proofs are not given because they are
very similar of those of the analogous results in [Pi2]. In particular we show that
the solution of the flow is defined for any positive time and that the rescaled
induced metric converges to a sub-Riemannian limit. Finally in section 7 we con-
clude the proof of Theorem 1.1 studying the Webster curvature of the limit metric
and giving a family of non-trivial examples.

2. PRELIMINARIES

2.1. Riemannian and sub-Riemannian metrics on the sphere

Every hypersurface considered in this paper is closed and star-shaped and so it is
an embedding of S*'~!, the sphere of dimension 4n — 1, into HH”. On that
sphere we have different “standard” metrics. Let o be the usual round Rieman-
nian metric on that sphere. We can distinguish three important vector fields: we
can think the sphere embedded in H" equipped with Ji, J, and J3 the complex
structures induced by the multiplication by the three quaternionic imaginary uni-
ties then:

JE =3 =J} = IWhJs = —idy,,
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where id is the identity matrix of order k. If v is the unit outward normal to
S*~1 the & = J;v are three independent unit tangent vector field on the sphere.
They are often called the Hopf vector fields, because they span the tangent space
of the fibers of the Hopf fibration: 7 : S*~! — HP”"~!. They allow us to define
the vertical distribution v~ = (&, &,, &3> and the horizontal distribution # = ¥+,
the orthogonal complement of ¥~ with respect to o. The Berger metrics is a family
of deformations of ¢ obtained with the canonical deformation of z: for any A > 0
let e, be the Riemannian metric defined by

(X, Y)=0X,Y) forany X, Y € #;
e (X, V)=0 forany X e #, V e 47,
e;(V,W)=2is(V,W) forany V. W e 7V .

When A converges to infinity, the metric e, degenerates on the vertical directions,
hence the limit is defined only on #, but, since J# is braket generating, o,g =
lim,_,, e, is a sub-Riemannian metric on S*~'. We will call it the standard sub-
Riemannian metric. For brevity of notation, let us first define the following set:
3]:={1,2,3}. The Levi-Civita connection of e; has the following behaviour.

LemMma 2.1. Fix a g-orthonormal basis (Y,..., Yau—1) of S* 1 such that for
every i € 3| and for every r Y; =¢; and Yy ; = J; Y. Let us denote with V.
(V, respectively) the Levi—Civita connection associated to the metric e, (o respec-
tively). Then for every 1 < i,j < 2n — 1 we have:

(1-=2)JiY; ifie 3| jé¢ 3]
Ver, Vi =Vov, Yj = (1 = A)J;Y; if je 3| i¢ 3]
0 otherwise.

PrROOF. Fix i € 3|and X any vector field tangent to S*'~!, by the Gauss equa-
tion of the canonical immersion 7 : S*~! — R* we have:

Vg)(J,'V = J,'V()Xv — Ao(X, J,'V)V = —J,-X,

where Vj is the Levi—Civita connection of the Euclidean space and A is the
second fundamental form of . The thesis follows applying Lemma 3 of [O] and
Lemma 9.69 in [Be]. O

NOTATION 2.2. We introduce the following notation in order to distinguish be-
tween derivatives of a function with respect to different metrics. For any given func-
tion f: S 1 S R, let Jij (fyj respectively) be the components of the Hessian of f
with respect to o (e, respectively). The value of & will be clear from the context. The
indices go up and down with the associated metric: for istance f,-k = ﬁjegk, while
k= f,-jafk. Analogous notations will be used for higher order derivatives.

LEMMA 2.3. Let ¢: S*' = R be an S'-invariant smooth function. With re-
spect to the basis introduced in the previous Lemma, the Hessian of ¢ with respect
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where we are using Notations 2.2. Taking the trace and the norm of the Hessian,
in particular we have:

to e, is:

Acp = Aop;
V20l2 = V20ls + 6(c — 1)[ Vool
PrROOF. We can apply the previous result and we detect three cases:
1) ifi,j e 3]
95 = YiY;(p) = Ver, Yi(p) = 0
because ¢ is S'-invariant we have that 9; = Yj(p) =0 for every j € 3| and
venn:vmnz{o =7
—JiJiv ifi#].

Hence V.y,Y;(p) = 0 too.
2) ifi e 3]and j ¢ 3] we get

@g/ =@ = Y;Yi(p) - Vey, Yi(p) = eJ: Y.
3) if i, j ¢ 3]it easy to check that ¢; = ¢;;.
Finally as a consequence of the symmetries considered,
[Verls = 1Vopls

Taking into account this remark, the formulas for the Laplacian and the norm of
the Hessian follow after some trivial computations. O

2.2. The Biquard connection and the qc-scalar curvature

The notion of quaternionic contact structure (qc-structure for short) has been
introduced by Biquard in [Bi]. We refer also to the book [IV1] of Ivanov and
Vassilev for further details. A gc-structure on a real (4n — 1)-dimensional mani-
fold .# is a codimension 3 distribution # (called horiziontal distribution) locally
given as the kernel of a 1-form # = (17,,7,,7;) with values in R such that the
three 2-forms dn,, are the fundamental forms of a quaternionic Hermitian
structure on . Such 5 is determined up to the action of SO(3) on R? and a con-
formal factor. Hence 2 is equipped with a conformal class [g] of quaternionic
Hermitian metrics. To every metric in the conformal class of g one can associate
a linear connection with torsion preserving the qc-structure called the Biguard
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connection. It has been defined by Biquard in [Bi] if » > 2 and by Duchemin in
[Du] if n =2. They proved that this connection is unique. Using the Biquard
connection we can define the qc-Ricci tensor as in [Bi]: it is a symmetric tensor
and its trace is called the gc-scalar curvature. Once we know this new notion of
curvature, we can define the gc-Yamabe problem: determinate if there exists a
metric ¢¥ g in the conformal class [g] with constant qc-scalar curvature. This
problem has been solved in great generality, see [IV2] for a survey. In our case
M =S*"' g =0 and for every i #;(-) = a(&;,-). The metric o,x has constant
gc-curvature, but it is not the only one in its conformal class. In fact, in [IMV],
Ivanov, Michev and Vassilev fully characterized the solution of the qc-Yamabe
problem in the special case of the quaternionic Heisenberg group. As they
noticed, with the Cayley transform, we can find the corresponding solutions on
(84"_1, [o,r]): e¥ o4z has constant qc-scalar curvature if and only if there are ¢
and u positive constants and { € S*~1 such that

(2.1) e ¥ (z) = clcosh(u) + sinh(u)z - {|?, Vze S,

Here we are considering the sphere of real codimension one immersed in
R* = H" and the norm and the product are the usual ones in H".

The formula can be simplified imposing the symmetries considered. With
some trivial computations similar to those of Lemma 2.5 of [Pi2], we can show
that the following are equivalent:

LEMMA 2.4. Let f: S*' — R be an S*-invariant function.

(@) f satisfies (2.1),

(b) f is constant.
2.3. Quaternionic hyperbolic space

The quaternionic hyperbolic space, like its real or complex analogous, can be
defined in many equivalent ways. Since we wish to study star-shaped hypersur-
faces, it is convenient introduce in polar coordinates. Let HH" be R*" equipped
with the following g:

(2.2) g = dp® +sinh*(p)e.ogo )

where p represents the distance from the origin and €eosh?(p) is the Berger metric of
parameter cosh?(p) on S*~!. Note that g is not a warped product, so this ambi-
ent space is not included in the case studied in [Sc, Zh]. Since the inverse mean
curvature flow is invariant under the action of an isometry of the ambient space,
all the hypersurfaces considered in this paper can be thought as star-shaped with
respect to the origin of the polar coordinates. The metric § has some nice proper-
ties: it is an example of rank one symmetric space, hence VR = 0.

Here and in the following we are using the convention to put a bar over the
symbol for geometric quantity of the fixed ambient manifold HH”, for example V
is the Levi—Civita connection of g.
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Moreover its Riemann curvature tensor has the following explicit expression

(23)  RX,Y,Z,W)=—g(X,2)§(Y, W)+ §(X,W)g(Y,Z)

G(X. JVG(Z, W),

T Mu T‘”Mw

where Ji, J> and J; are the complex structure of HH" induced by the quater-
nionic imaginary units. It follows that the sectional curvature of a plane spanned
by two orthonormal vectors X and Y is given by

3
(2.4) KXAY)=-1-33"g(X,/;Y)’ = —1-3|pryuX|’,
i=1

where YH is the space spanned by J; Y and pryy is the projection on that space.
Then —4 < K < —1 and it is equal to —1 (respectively to —4) if and only if X
is orthogonal (respectively parallel) to YH. Furthermore HH" is Einstein with
Ric = —4(n+2)g.

2.4. Inverse mean curvature flow

Since we are considering only closed and mean convex initial data, the standard
theory ensures that the inverse mean curvature flow (1.1) has a unique smooth
solution, at least for small times. Here we list the evolutions of the main geo-
metric quantities. The proof of this Lemma is similar to the computation of the
analogous equations for the mean curvature flow which can be found in [Hul].
We use the following notations: let g;; be the induced metric, and g7 its inverse;
the second fundamental form is denoted with /;, while the mean curvature is
H = h;g’". Finally |.#,| denotes the volume.

LEMMA 2.5. Since the ambient space is symmetric the following evolution equa-
tions hold:

6{]4‘/ N 2
W =m"
ag" 2

Y _ L
@) = 7 .
OH _AH IVH]> A Ric(v,v)

Va T TH H
ohy  Ah; 2 4] 2 5 5 hy
(4) 6;: Hz’——VHVH—i— th ERinO+RlC(VaV)H_/2

1 — — _
+ 73 H2 ghgms(erisjhlm - erishjl - erjxhi/):
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Here and in the following we are using Einstein convention on repeted indices.
Moreover the operation of raising/lowering the indices is done with respect to the
metric: for example /2 = hyg". Note that, integrating equation (6), we have that
the inverse mean curvature flow is an expandmg flow, precisely |.#,| = |.y|e".

Moreover, with the same proof of Lemma 3.1 of [Pil] we can prove the fol-
lowing result.

LEMMA 2.6. The evolution of an S*-invariant hypersurface stays S>-invariant
during the whole duration of the flow.

3. GEOMETRY OF STAR-SHAPED HYPERSURFACES

In this section we compute the main geometric quantities for a star-shaped hyper-
surface in HH”. Let F : S*~! — HH”" be a smooth star-shaped immersion. Up
to an isometry of the ambient space, we can consider that it is star-shaped
with respect to the origin. Then F is defined by its radial function: there exist a
smooth function p : S*~! — R™ such that in polar coordinates .# = F(S*!)
={(z, p(z)) € HH"|z e S* '}, Fix any (Y,..., Y4, 1) tangent ba51s of the
sphere S*'~!, for every i we define p, = Y;(p) and Vi=F.Y;, =Y+ p, . Then
Vyeooy Vi 1) is a tangent basis of .#. The induced metric on .Z is g = F *g, in
local coordmates we have

(3.1) gij = pip; + sinh?(p)ey,

where for short e;; = (e o442 (,));- The inverse of the metric therefore is

(3.2) 9" =

1 (e,j B p'p’ )
. 2 . 2 2
sinh”(p) sinh”(p) + [Vep|,

where e” is the inverse of ej, p' = pye’’ and the gradient and the norm of p are
defined with respect to the metric €eosh?(p)- 1N order to simplify the expressions we

~ _ @ _ 1 - _ Vepl?
can fix a function ¢ = ¢(p) such that = S0 and introduce v = /1 + Sah? ()
. y R
Since i = Yl(¢) - m we get gij = Slnhz( ) ?ip; + eif)’ gl] = Sinhll(p> (el] - 5”0_‘;)
_ _1(2 Ve 3
and v = \/1 +|V,p|2. A unit normal vector is v =1 (5 - Sinhf(p)). In case of S°-

invariant hypersurfaces we have that V.p = V,p and V.p = V0.
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Now we want to compute the second fundamental form of .#. Since the
metric of the ambient space is not the same in any direction, it is convenient to
introduce a specific basis tangent to S*~!. Then let us use the basis (Y1,..
Y4,-1) introduced in Lemma 2.1. In this way we have

9

cosh?(p)ids 0
(33) ecoshz(p) = ( 0 l'd4n,4 )
For each i and j let h; = —g(Vy,V},v). Moreover we introduce the following

notation: Latin indices i, j,... range from 1 to 4n — 1 and are related to compo-
nents tangent to the sphere, the index 0 represents the radial direction < and
Greek indices o, 3, . . range from 0 to 4n — 1. An explicit computation, together

to the fact that for every i 7 S (p;) =0and g(Vy, £ L (p) 0 we get:

1 —
hij = (rl]pk + pzkaOJ + p]pkr r” Yi (pj))

We have that Fk Fk the Christoffel symbols of the metric e > () then

FUpk Yi(p;) = by Where we used Notation 2.2. For short, let Y, be

J 5
then

= 1
r,('])' = E(Yi(gia) — Yu(gy) + Y(3:,))5
10
- 2 ap (glj) ytglj
| —sinh(p) cosh(p)(sinh?(p) + cosh?(p))d; if i e 3,
| —sinh(p) cosh(p)d; if i ¢ 3.
Finally
— 1 0
k _ ~ (= _ = = (7 —ok
Th =5 (Yiaw) ~ Vu(a0) + 5, (@)
inh? h?
) sinh“(p) + cos (p)éik ifie3l
I NP B sinh(p) cosh(p)
=5 (97" = nidi =
2 0p cosh(p ) ifi¢ 3
sinh(p) Oik : '
Note that
1 cosh(p)

P = 52”7 sinh? ) pip; < py = sinh(p)g; + sinh(p) cosh(p)p;p;.

Similar equations hold for p; and ¢; too.
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Summing up these quantities we get

sinh(p) .

Pij

(34)  hy=-—

v

sinh?(p) + cosh?(p) . sinh®(p)
vsinh(p) cosh(p) 917 cosh( )
‘cosh(p) e

vSIHh(p) gl} lf l?] ¢ﬁ7

sinh?(p) + cosh?(p)
9gij
vsinh(p) cosh(p)

% if i, j e 3],

otherwise.

Raising the second index we have

A ~k
e 0
B3 == nh(p)
sinh?(p) + cosh®(p) s1nh (p) p
vsinh(p) cosh(p) 5 vcosh ) Z(/},go]e if i e 3],
cosh(p) o | sinh(p) <. -4 N
e’ f ,
vsinh(p)5’ +vcosh (») ;e]e if i ¢ 3|

where &/ = sinh?(p)g¥ = ¥ — %. Taking the trace of (3.8) we obtain the mean
curvature of /-

(3.6) H=h!
g 3sinh2(p) + cosh?(p) dn— 1) cosh(p)
vsinh(p) vsinh(p) cosh(p) vsinh(p)
sinh(p) < i, sinh(p) Ny
vecosh(p) ; pipke” + vcosh(p) ; eike

_ 98" é sinh(p) 2
vsinh(p) v v%osh(p)z((pk)’

where

S cosh(p) sinh(p)
(3.7) H—HW—“”*%MW) cosh(p)

For the sake of clarity, we point out that in the above formula, the Einstein
convention is used for all repeated indices except that, for k& which belongs to

3l
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In case of S*-invariance the formula just found can be simplified:

sinh?(p) + cosh?(p)

) P
p..e/k o; ifie 3|
(3.8) hk = _ﬂ vsinh(p) cosh(p) 3
i vsinh(p) cosh(p) cosh(p) o £ie 3]
vsinh(p) LE 2

Moreover let 6/ = ¢/ — %, then by Lemma 2.3 we have that ¢;é/ = 9,6/ It
follows that: ' '

0" A

(3.9) H=— ot

4. THE CASE OF GEODESIC SPHERES

If the radial function p is constant, .#, is, of course, a geodesic sphere. From (3.8)
we can see that .#, has two distinct prmc1pal curvatures: A(p) = <2 with

sinh(p
multiplicity 4n — 4 and u(p) = 2coth(2p) = sml}11< ) with multlphclty 3 anél eigen-
vectors &;, with i € 3]. It follows that the mean Survature is costant and depends
only on the radius. Then the evolution of .#, by inverse mean curvature flow
reduces to an ODE: the evolution on .# is a family of geodesic spheres .#, of

radius p(t) satisfying

1 sinh(p) cosh(p)
H (4n — 1) cosh?(p) + 3sinh?(p)’
p(0) =

Trying to solve this ODE we can see that the solution is defined for any positive
time and p(z) = (2n i o(1) as t — oo. The rescaled induced metric is

p=

sinh” (p(1))

e 2 .
1
| ttg|mTes )

1
gt — |<ﬂl| 2n+1g —

Since in this special case p depends only on time, we have that g, converges to
g, = c?a,r, where ¢ is a constant different from zero. We can see for the first
time the phenomenon announced in the statement of Theorem 1.1: the rescaled
metric converge to a sub-Riemannian metric defined only on a distribution of
codimension 3. Moreover the qc-curvature of this metric is constant.

The following result is useful to bound the evolution of the radial function in
the general case.

LemMmaA 4.1. Consider two concentric geodesic spheres in CH" of radius p,(0) and
p,(0) respectively. For every i = 1,2, let p;(t) be the evolution by inverse mean cur-
vature flow of initial datum p;(0), then there exist a positive constant ¢ depending
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only on n, p,(0) and p,(0) such that for every time we have

p2() = 1 (D] < €|p2(0) = 1 (0)].

PRrOOF. Suppose that p,(0) > p;(0) and let us define 0 =d(¢) = p, (1) — p;(2).
The proof is similar to that of Lemma 4.1 of [Pi2], taking into account that this
time the function ¢ satisfies

do 1 1
dr (4n — 1) coth(p,) + 3 tanh(p,) B (4n — 1) coth(p;) + 3tanh(p,)

|

From these properties of the geodesic spheres we can deduce some estimates
on the evolution of the general case: we can bound the inverse mean curvature
flow of a general star-shaped hypersurface .#, with the evolution of geodesic
sphere inside and a geodesic sphere outside. Applying Lemma 4.1 we have that
the oscillation of the radial function of .#, is bounded by a constant which
depends only on the initial datum. Below we will show that the flow is defined
for any positive time also for any star-shaped initial datum. It follows that in

any case we have p(1) = 2n+1> +o(l) as t — o0.

5. FIRST ORDER ESTIMATES

The main result of this section is the proof of part (1) of Theorem 1.1. Moreover
we will prove also that the mean curvature converges exponentially to that one of
an horosphere. The main technical result is the following:

PROPOSITION 5.1. There exist a positive constants ¢ such that
Vo0l < cemm.
As an immediate geometric consequence we have:

COROLLARY 5.2. The evolution of any star-shaped hypersurface stays star-
shaped for any time the flow is defined.

PROOEF. An hypersurface is star-shaped if and only if Lp and v are never orthog-
onal in HH". This means that there exists a positive constant ¢ such that

g(—,v):— >- & v<c
op v ¢
Recalling that v? = 1 + |Va(o|§, the thesis follows from Proposition 5.1. O

The proof of Theorem 5.1 is divided into two steps: first we can prove that
|V,T(p| is bounded, then, applying the strategy of Section 5 of [Pi2], we can prove
the exponential decay.
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LEMMA 5.3.

IVopl2 < sup |Vop(z,0)|..

ze§¥-1

PrOOF. Let us define w = % |V(,go|§. We want to compute the evolution equation
for w. We have

ap v
(5.1) W
and so
1 0 1
(5.2) % _ ot

ot _sinh(p) 0t  Hsinh(p) F
holds. From the explicit computation of the mean curvature (3.9) we have

—p;67  sinh(p)H
F=F(p,0i05) = —3

v2

Now we can compute the evolution equation of w: let a¥ = — <€
a' = a , then

SIS
==

:% and

Q
S

0w 4
e ¢"Vi—

op
ot

1 i oF
= Fz( a gol]kgo +a(pzk¢ +a ¢k€0>

1 i oF
= F2( a gol]k(p +aw,+2 30 )
We can apply the rule interchanging for derivatives:

Pie = Pigi + RijPm

where this time R is the Riemannian curvature tensor of o, ie. Ry =
a0k — Og0j;. Since a’ is symmetric we get:

ij k _ ij k ijosm m k
—a’pup" = —a’pi0" — a” (6" g — 0 0ip) P
= —d"wy +d’pp; —a’pp; + 2a;0

J
> —a'wj.

Moreover we have
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0F OF 0p sinh(p) 0 , . -

Frrt 172( ) % (sinh(p)H)
sinh? p

= mh(z(,)p) (2(2n + 1) cosh?(p) + 3).

(5.3)

AS)

In particular ‘al; > 0. We have that a? is positive definite. Finally we have that

a® (ﬂ,kco =a’a" gy, >0

because, as showed in [Di], if 4, B and C are symmetric matrices, with 4 and
B positive definite, then #r(4ACBC) > 0. The thesis follows by the maximum
principle. m]

We can use this partial result to prove that the mean convexity is preserved.

LEMMA 5.4. There exist two positive constants ¢, and ¢, depending only on n and
the initial datum such that for any time the flow is defined

0<ec <HZo.

PROOF. From Lemma 2.5 and the fact that |4|* > H? we can compute

1
4n—1

oH AH H  4n+2)
<o + .
ot H? 4n-—1 H

By the maximum principle, it is easy to show that H is bounded from above. To
prove that H is bounded from below we adapt the proof of Lemma 5.4 of [Pi2]

in the new setting: this time we define y = smh( i T = }peZWHJ = ;‘” T, We

want to prove that this function is bounded from above. Preceding like in the
proof of Lemma 5.3:

o0 op
=)
1 p; . 0p; OF Op 1
- i i i} W) 4
S e o "o )7 UETG Iy
1

) O oF 1
= —— | —=a¥y.. Y/ — -
72 (e ’”U+“‘pl+a¢‘p>+2(2n+1)

7

W

From (5. 3) we have that “; >2(2n+ l)m;&, moreover 2 = y’e w1, By
Lemma 5.3 v? is bounded. Since the function sinh?(p)e 7 is bounded too, we
get that

1 oF 1

___¢+7 !
F2 0p 22n+1)

l//S —C¢3+m

v,
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for some positive constant ¢. By the maximum principle we deduce that y =

t

— LU 220 is bounded. This imply that there is a constant ¢ > 0 such that
sinh(p)H ' '

H > v The thesis follows since v > 1 by definition and %
sinh(p) sinh(p)

22n11) .

is bounded.
O

Now we can arguing as in Section 5 of [Pi2] and conclude the proof Proposi-
tion 5.1 and prove the asymptotic behaviour of the mean curvature:

PROPOSITION 5.5. There is a positive constant ¢ such that

|H — 4n — 2\2 < ce A,

6. HIGHER ORDER ESTIMATES

In this section we describe the behaviour of the derivatives of the radial function
and its consequence. The results will be only listed. The proofs follow the same
procedures of the analogous results of the Sections 6 and 7 of [Pi2]: minor mod-
ifications are required when we need to use Proposition 5.1 and Proposition 5.5.

PROPOSITION 6.1. There is a positive constant ¢ such that:

(1) 4P < |

2) for every k € N we have Viol? < ce m;
(7<0 a

(3) for every k € N we have |V§p|§ <c

It follows the uniform parabolicity of equation (5.1) and a uniform C?-
estimate for the function p(-, 7). Arguing as in chapter 2.6 of [Ge], we can apply
the C>* estimates of [Kr] to conclude that the solution of the flow is defined for
any positive time and it is smooth, since the initial datum is smooth.

An other interesting consequence of Proposition 6.1 is the asymptotic behav-
iour of the second fundamental form.

COROLLARY 6.2. There is a positive constant ¢ such that

3
k k J sk
hf—of = l:a;aj
Jj=

If we restrict our attention to the horizontal distribution A (that is we have to con-
sider i,k ¢ 3|) we get the faster convergence:

2

1
< ce i,

|h,(‘ — 5,{‘|2 < ce .

An other consequence of Proposition 6.1, part (3) is that, with the same proof
of Theorem 8.1 of [Pi2], we can prove part (3) of Theorem 1.1: the rescaled limit
metric converges to a §,, = e¥ g,z for some smooth function f.
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7. THE CURVATURE OF THE LIMIT METRIC

In this section we want to show that the limit metric g, = e o,z has not neces-
sarily constant qc-scalar curvature. It is well known that in HH" there are no to-
tally umbilical hypersurfaces, so the trace-free part of the second fundamental
form cannot have the same strong meaning that it has in the case of hyperbolic
space: see Propositions 3 and 5 of [HW]. Following the ideas developed in [Pi2],
for any star-shaped hypersuface .# we introduce the following Brown—York like
quantity:

(1) O) = |5 [ (11~ ) d.

M
where H was defined in (3.7). Q gives a measure of how .# is far from being a
geodesic sphere. However Q is not a real measure, because it has not a sign and,
even if it is trivially zero when .# is a geodesic sphere, in general it is not true the
contrary. One of the main properties of Q is the following.

PROPOSITION 7.1. Let M7 be a family of hypersurfaces in HH" that are radial
graph of the functions p(z,7) =t + f(z) 4+ o(1), for some fixed S*-invariant func-
tion f:S* ' = R Then

7 —l45l
lim Q(./°) = (/ 22t f da) il
T g1
*/ 6(2(2”+1))f(€7aneff o (2n _l_ 1)|Vo.eif|2) do-
S‘ln—

Moreover if lim,_.,, QM) # 0, then ¥ oy — the limit of the rescaled metric
on M* — does not have constant gc-curvature.

The proof is the same, with minor changes concerning the explicit value of the
constants, to the proof of Proposition 9.1 of [Pi2], except for the fact that, in the
present case, we have that p, = 0 for any i € 3|.

If we compare Q with the modified Hawking mass studied for the real hyper-
bolic case in [HW], Q has the disadvantage that it works only with S*-invariant
data and it does not characterize the constant curvature limit. However Proposi-
tion 7.1 suggests that, like in the case of complex hyperbolic ambient manifold
[Pi2], the study of the asymptotic behaviour of Q is enough to find a family of
initial data such that the limit of the rescaled metric does not have constant qc-
curvature. In order to complete this goal we need to study the evolution equation
of Q along the inverse mean curvature flow.

LEMMA 7.2. For any star-shaped 4 the following evolution equation holds:

QM) 1
dt 2n+1

i 1
Ot~ 7 [ 24P = 4(n-+2)) du

4n —1 3
| ”ﬁ/i - dp.
-] H(sinhz(p) coshz(p)) :
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PROOF. Since H = (4n — 1)2h0) | 35000) g o

v
b () cosh(p) 2, = 77> We can easily compute:

@_£< 3. 4n-1 )
ot H\cosh®(p) sinh*(p)/’

The thesis follows using the evolution of / in Lemma 2.5 and the fact that

AH \VH | 1
- )
H? H3 H
hence its integral vanishes. O
Now we can prove that if Q decreases, it decreases very slowly.

PROPOSITION 7.3. Let .M, an S*-invariant star-shaped hypersurface of HH”"
evolving by inverse mean curvature flow. There is a positive constant ¢ such that

00 .
— > —ce i,
ot

PrOOF. In case of S*-invariant hypersurfaces, by Lemma 2.3, (3.8) and (3.9) we
have

7.2 A> —4n+2)=h*hi —am+2
i "k

0,0 ,Ejkéhi 2 cosh
_ Pyl () o oi —an+2)
v2sinh”(p)  v?sinh™(p)

2 -~
h 6
< (4n—1) co.sh gp) 3 sin (2p) 8
v2 sinh?(p) vZcosh“(p) v

i
_ PPn0’ "6

= +— Vool
v2sinh?(p) 02 [Vay
2cosh(p) A H )
S - H A ——— |V,
vsinh(p) ( * v(v+1) | (p|‘7)
4n — 1 3 B 4(n + 2)

- V,0|2.
v2sinh?(p)  v?cosh?(p) Vool

Then, by Lemma 7.2, we have:

1-5L 00(AMy) o00(Ay;) 1 2cosh(p) B
4] ot /<2n +1 oH sinh(p)>( H)dy

/ ‘ﬂgj(”kh&ik&jh d
v2H sinh?(p) a
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1 dn—1 3 1
" / H (silfhz(p) - coshz(p)) (” N ﬁ) du

Vool (L, 2Hcoship)
+/ 7 (402 (v+1)sinh(p))d

Since v and H are bounded away from zero, by Proposition 5.1, Proposition 5.5
and Proposition 6.1 we have that every integral in the equality above is bigger
than —ce =+ for some positive constant c. O

Now, following the strategy of [HW] and [Pi2] we can complete the proof of
Theorem 1.1

PROPOSITION 7.4. There is an 4 such that the rescaled induced metric g, does
not have constant qc-scalar curvature.

ProoF. Fix a positive constant ¢y big enough and choose an S3-invariant func-
tion f : S*! — R such that

J DI
< / L2 d6> B / RO (oS Ao — (2m 4 1)V, |P) do
§4n—l §4n—

is bigger than 4¢), and consider the family of S3-invariant star-shaped hyperfur-
faces 4" defined by the radial function p*(z) =7+ f(z). We can fix a 7 big
enough such that .#" is mean convex, and, by Proposition 7.1, Q(.47) > 2¢p. Let
us consider ./, the evolution by inverse mean curvature flow of such .#". The
constant ¢ appearing in Proposition 7.3 in uniformly bounded if 7 is big enough.
Since ¢ is big enough too, Proposition 7.3 ensures that

lim Q(4[) = ¢y > 0.

—0

The thesis follows from Proposition 7.1. O
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