Rend. Lincei Mat. Appl. 29 (2018), 195-203
DOI 10.4171/RLM/800

Partial Differential Equations — Eigenvalue problem for fractional Kirchhoff
Laplacian, by J. TYAGI, communicated on June 15, 2017.

ABSTRACT. — In this note, we discuss the isolatedness, simplicity and nodal estimate for the first
eigenvalue of fractional Laplacian of Kirchhoff type. This work is motivated by the recent works on
the fractional eigenvalues.
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1. INTRODUCTION

In this note, we are interested to discuss the eigenvalue problem for the following
fractional Laplacian of Kirchhoff type

Ju(x) — u(y)|® .
=A Q
1) //R BT dxdy) (=A)'u(x) = Au_ inQ,
u=0 inR"/ Q
where Q is an open bounded subset of R” with smooth boundary, n > 2s
(0 < s < 1)and (—A)® stands for the fractional Laplacian. Let us assume that
(H) M : R* — R™" is a continuous function which satisfies

M(t) > my, Vt=>1.

Let u: R" — R, the fractional Laplacian of u is defined as follows:

(—=A)’u(x) = G, P.V. /”Mdy = G, lim Mdy

|x o y|n+2s o0 R\ B, (x) |X _ y|n+2s y

where

which is a normalization constant, see Section 3 [5].
One can also write the above singular integral as follows:
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(1.2) (—A)u(x) = —CT/

Vx e R", u e S(R"),

u(x+y) +u(x—y) —2u(x)
|y

dy,

see [5]. When s <} and /e C**(R") with « > 2s, or if /' € CM*(R"), 1 + 2 >
2s, the above integral is well-defined.

Following [14], suppose X denotes the linear space of Lebesgue measurable
functions from R” to R such that the restriction to Q of any function g in X
belongs to L?(Q) and the map

(x,y) :— M e L*(R”\(%Q x 6Q)),

where #Q = R"\Q. Moreover,
Xo={geX:g=0ae in R"\Q}.
Let Q = R¥\(4Q) x (4Q). The space X is endowed with the norm defined as

lg(x) — g(»)|? .
(13) lolly = llgll, +/———TTM@.
* He <Q =y )

One can see easily that ||.||, is @ norm on X. Using a sort of Poincaré-Sobolev
inequality for functions in X (see [14]), one can see that

u 1
(14 o, = /'__H% wdy)

is a norm on X and is equivalent to the norm defined in (1.3). Since v € Xp, so
v=0a.e. in R"\Q and therefore the integral in (1.4) can be extended to all R*".
It is easy to see that (Xo, .||y, ) is a Hilbert space with the scalar product

i = ], OO0

see [14] for the details.
One can rewrite (1.1) simply as follows:

(1.5) M([lull},)(~A)*u(x) = Au_ inQ,
' u=0 inR"/Q,

where ||“HX0 s ,,T,m'dxdy

We say that A is an eigenvalue of (1.5) if there exists a nontrivial weak solu-
tion u € Xj to (1.5), i.e

(16 M) [ (~AVu(-a)gds = [ Aupds, Vo e X
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When s — 17, then using the asymptotics of the constant C, ;, the equation in
(1.1) becomes the elliptic equation of Kirchhoff type

(1.7) —M(/Q|Vu|2dx>Au:Au in Q,

where Q is a smooth domain, see Section 5 [5] for the complete details.
This is called an eigenvalue problem for Kirchhoff equation because it is a
generalization of the well-known D’Alembert wave equation

L
(1.8) PUy — (%—k%/{) |ux|2dx)uxx:Au,

which was first proposed by Kirchhoff in [9] for free vibrations of elastic strings,
where L is the length of the string, / is the area of cross section, E is the Young
modulus of the material and Py is the initial tension, A is a parameter which
denotes the eigenvalue of the problem. This work is inspired by the recent works
on the eigenvalue problem for fractional p-Laplace equation [8, 11], where the
authors investigate several interesting properties and asymptotic behavior of the
eigenvalue. For the linear fractional Laplace equation, the isolatedness, simplicity
and nodal estimate for the first eigenvalue has been established in a number of
references, see for instance, [14, 6]. For the simplicity, nodal estimate and other
qualitative properties of the first eigenvalue of fractional p-Laplace equation, we
refer to [8, 11]. For other related results to linear fractional Laplacian, we refer
to [7, 10, 16] and for improved Sobolev embeddings, profile decomposition and
related qualitative results for fractional Sobolev spaces, we refer to [12]. We refer
to [5] and references therein for an elementary introduction on this subject. Moti-
vated by the above research works, it is natural to ask whether one can obtain
similar results for the first eigenvalue of fractional Kirchhoff Laplacian. In this
note, we answer this question. In fact, we show a relationship between the eigen-
values of linear fractional Laplacian and fractional Kirchhoff Laplacian and
using this, we establish the isolatedness, simplicity and other related properties
of the first eigenvalue of fractional Kirchhoff Laplacian. More precisely, we state
the main theorem, which we will prove in this paper.

THEOREM 1.1. Let 2s <n <4s,0<s < 1and (H) hold. Then
(1) (Ay1,uy) is the first eigenpair of (1.1), where
A= M(zz||¢\|§(0)/11, and u; = tp;, for somet >0,

where (L1, ¢,) is the first eigenpair of (1.9).
(i) Any eigenfunction © € Xy associated to a positive eigenvalue 0 < A # A of
(1.1) changes sign. Moreover, if N is a nodal domain of v, then

I’}’lo%
= (),
Nl = (3
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where c is some constant depending on n and | | denotes the Lebesgue measure
of the set.

(1) Any eigenfunction corresponding to 0 < A # Ay has only a finite number of
nodal domains.

(iv) Ay is isolated.

(v) Ay is simple.

REMARK 1.2. We remark that in the above theorem, we have assumed that
n < 4s. This is essentially needed to get the better regularity of the solution in
view of fractional Sobolev embeddings.

REMARK 1.3. We remark that one can even consider the above questions for
a more general integro-differential operator. More precisely, replacing the frac-
tional Laplacian in (1.1) with the integro-differential operator given by

Fxu(x) = PV/ (u(x+y) +u(x—y) —2u(x))K(y)dy, xeR",

n

where the symmetric function K is a Gagliardo-type kernel with measurable co-
efficients. We believe that Theorem 1.1 holds for an eigenvalue problem involving
the above type of operators. We consider this question in the next project and
refer to the recent works [1, 4] and the reference therein dealing with such frac-
tional operators.

Let 4; > 0 be the first eigenvalue of (—A)" in Q and ¢, > 0 be the correspond-
ing eigenfunction (first eigenfunction), i.e.,

(=A)’¢y =gy inQ,
(1.9) ¢, >0 in Q,
¢, =0 in R"\Q.

The variational characterization of A; is given by
(1.10) Al :inf{ |(=A)20)* dx : v e X; and /vzdle}.
R" Q

LemMaA 1.4. Let (A, ¢,) be the first eigenpair to (1.9). Then (Aj,uy) is the first
eigenpair of (1.1), where

A= M(t2||¢||§,0)}v1, and u; =tp,, for somet > 0.

ProoF. Taking u; = t¢;, t >0 in (1.5) yields that A; = M(t2||¢||§(0)/11. This
completes the proof. |

We will use the following embedding theorem in next proposition.
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THEOREM 1.5 ([5]). The following embeddings are continuous:

)-

(1) H¥(R") — LY(R"),2 < ¢ < nz"zs, if n > 2s,

(2) H¥(R") — LY(R"),2 < g < o0, if n = 2s,
(N (R

(3) H'(R")  CJ(R"). if n < 2(s — j).

Moreover, for any R >0 and any p € [1,2,(s)) the embedding H*(Bg) ——
L?(Bg) is compact, where

CJ(R") = {u e C/(R") : D*u is bounded on R" for |k| < j}.

PROPOSITION 1.6. Let2s < n < 4s,0 < s < 1 and (H) hold. Then any eigenfunc-
tion v € Xy associated to a positive eigenvalue 0 < A # Ay of (1.1) changes sign.
Moreover, if N is a nodal domain of v, then

(1.11) IN| > (’20)

where ¢ is some constant depending on n and | | denotes the Lebesgue measure of
the set.

PRrOOF. Let v be an eigenfunction associated with a positive eigenvalue 0 < 4 #
/1, of the eigenvalue problem

(1.12) (-A)’'u=u inQ; u=0 inR"\Q.

Then by Prop. 3.6 [6], v changes sign in Q. Since ¢ € X is an eigenfunction asso-
ciated to the positive eigenvalue 0 < A # A1 of (1.1), so from Lemma 1.4, we
may assume that 0 = and A = M(t2||v\|X )/ for some 7 > 0. Since 4 # /11, SO
using the fact that c¢ is also an elgenfunctlon of (1.12) associated with A; for any
non-zero scalar ¢, one can see easily that A # Aj, and v also changes sign in Q.

Now we prove the estimate (1.11). Assume that & > 0 in N, the case ¢ < 0 can
be dealt similarly. Since 2s < n < 4s, 0 < s < 1, so using the similar arguments as
in [3, 13, 15], we have & € C(R") n Xy. Then 6|y € H;(N) and therefore the func-
tion 7 defined as

_[i(x), xeN;
”(x)_{o, xeR\N

belongs to Xj. Now using # as a test function in the weak formulation of (1.1), we
get

(el [ (-8 (-dndr=A [ sndv, e X

This implies that
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(L13) M) [ -8y as
—A/ 0 dx
.\ ZA-
S vn— 29dx N 0
([ ar)”

2s
n

= }~H17||iz_n2 N
n—_is

2 2
SC/1||U||HO‘(N)|N !

(by Theorem 1.5, where ¢ is an embedding constant),

—c/l/| A)% dx o

Since M (1) > my, Yt > 0, so from the last inequality, it implies that

(1.14) m0/| A dx < i /| Al dx) N T

which yields

"= (2.

This proves the estimate. O

COROLLARY 1.7. Let2s <n<4s,0<s<1and (H) hold. Then any eigenfunc-
tion corresponding to 0 < A # Ay has only a finite number of nodal domains.

ProOF. Let u be an eigenfunction corresponding to A > 0. Let N; be a compo-
nent of one of the sets {x € Q: u(x) >0} and {x € Q: u(x) < 0}, then u € Xj.
Now it follows from (1.11) that

my %
Q= > IN=(5) !
J J
so that the number of nodal domains is bounded by |Q] (%2)" % and this completes

the proof. O

PROPOSITION 1.8. Let2s <n <4s,0 <s < 1. Let (H) hold. Then A, is isolated,
that is, there exists 0 > 0 such that there are no other eigenvalues of (1.1) in the
interval (A1, A +9).

ProOOF. We will prove this proposition by the method of contradiction. Suppose
that there exists a sequence of eigenvalues A, of (1.1) with 0 < A, N\, A;. Let U,
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be a sequence of eigenfunctions associated with A,, i.e,

(1.15) M(|U13)(=A) Uy = AU, inQ,
U,=0 inR"\Q.
Since

0<M(||Un||§(0)/w|(—A)%Un|2dx—An [ Upax

we can define

L MU

W —.
(fQ U; dx)i

It is easy to see that V), is bounded in Xj. So there exists a subsequence (still, we
denote it by 7;,) and V' € Xj such that

Ve — V in Xj.
(1.16) Vo—V inL? pell,2.s)).
Va(x) — V(x) ae xeQ.

It is easy to see that [, V'?dx =1 and

[(=A)2V|*dx < liminf [ |(=A)2V,|*dx = A,

R" n—oo R"

and therefore Aj = [, |(=A)2V|*dx. This implies that ¥ is an eigenfunction
associated with A;. Now one can see that V| is also an eigenfunction associated
with A; and by strong maximum principle [2], | V] > 0 in Q. This implies that ei-
ther V' > 0 or V' < 0. Let us take ¥ > 0 (the proof in the case V' < 0 is dealt sim-
ilarly). Let Q, = {x e Q: V},(x) < 0}. Now by the Egorov’s theorem, V,, — v
uniformly on Q with the exception of the set of arbitrarily small measure. This
implies that

(1.17) |Q, | —0 asn— oo,

but this contradicts to the estimate (1.11) for Q, and hence the proof is
completed. O

It has been proved that 4, is simple in the sense that the eigenfunctions asso-
ciated to it are merely a constant multiple of each other, see for instance [14]. We
will be assuming that 4, is simple and prove the simplicity of the first eigenvalue
of Aj of (1.1) in next proposition.

ProPOSITION 1.9. Ay is simple.
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PRrROOE. Since Z; is simple so let w; and w, € Xj be eigenfunctions associated
with 1;. Then by the simplicity of 4;, w; = cwy, for some non zero scalar ¢. Let
uy = tywy and uy = tHw, for some #; > 0, 1, > 0. Now from Lemma 1.4, we have

Ar = Mt |lwil3)Aa = M (53] wal |5,
and u; and u, are eigenfunctions of (1.1) corresponding to Aj, i.e.,
M (|l |I5,) (=) ur = Ay and - M([lua]|3,) (=) "2 = A
Now we have

75 tic -
Uy = 1wy = Hewy = He— = — Uy = CUy,
15 15

which proves the claim. |

2. PROOF oF THEOREM 1.1

PrOOF. The proof follows from Lemma 1.4, Prop. 1.6, Cor. 1.7, Prop. 1.8 and
Prop. 1.9. O
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