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ABSTRACT. — The main result of this note is the existence of martingale solutions to the stochastic
heat equation (SHE) in a Riemannian manifold by using suitable Dirichlet forms on the correspond-
ing path/loop space. Moreover, we present some characterizations of the lower bound of the Ricci
curvature by functional inequalities of various associated Dirichlet forms.
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1. INTRODUCTION

This work is motivated by Tadahisa Funaki’s pioneering work [8] for regular
noise and Martin Hairer’s recent construction [12] with singular noise of a natu-
ral evolution on the loop space over a Riemannian manifold (M, g). Both con-
sider the formal Langevin dynamics associated to the energy

E(u) = %/Sl gu(x)(axu(x)7 axu(X)) dx,

for smooth functions u : S' — M. One would like to build a Markov process
u taking values in loops over M with invariant (even symmetrizing) measure for-
mally given by exp(—2E(u))Du. A natural way of interpreting exp(—2E(u))Du is
to think of it as the Brownian bridge measure on M. See [1] for proofs that nat-
ural approximations of exp(—2E(u))Du do indeed converge to Wiener measure
on C([0,1]; M).

Processes with invariant (even symmetrizing) measure given by Wiener mea-
sure on C([0, 1]; M) were first constructed in the nineties by using the Dirichlet
form given by the Malliavin gradient on path and loop spaces over Riemannian
manifolds, see [7, 2]. In this case, we call the associated Dirichlet form O-U
Dirichlet form. For an alternative approach, not based on Dirichlet forms, see
[15]. After that there were several follow-up papers concentrating on non-
compact Riemannian manifold, see [5, 19]. In particular, when M = R? these
processes correspond to the Ornstein-Uhlenbeck processes from Malliavin cal-
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culus. When M = R the stochastic heat equation also admits Wiener measure as
the invariant measure. To construct the solution to the stochastic heat equation
on Riemannian manifold, in [12] Martin Hairer wrote the equation in local coor-
dinates informally as:

(1.1) 0 = 0*u* + F/‘}‘y(u)axu/;(?xu"’ + ol (u)é;,

where Einstein’s convention of summation over repeated indices is applied and
I';, are the Christoffel symbols for the Levi-Civita connection of (M,g), o}
are the local coordinates for the vector fields o; on M satisfying g,(h,h) =
> gu(h,0:)gu(h, a;) for hyh € T,M, and ¢&; is a collection of independent space-
time white noises. Equation (1.1) may be considered as some kind of a multi-
component version of the KPZ equation. By regularity structure theory, recently
developed in [11, 3, 4], local well-posedness of (1.1) has been obtained in [12].

In this note, we construct a new Dirichlet form (L2-Dirichlet form) such
that the associated Markov process solves the stochastic heat equation (SHE)
with values in a Riemannian manifold. Moreover, we obtain some new charac-
terizations of the lower bound of the Ricci curvature in terms of L*-gradient
and functional inequalities associated to the above Dirichlet form. In addition,
we also prove the logarithmic Sobolev inequality holds on the path space over
a Riemannian manifold with lower bounded Ricci curvature. As a consequence,
for the process we have L’-exponential ergodicity, recurrent irreducibility and the
strong law of large numbers.

In Sections 2 and 3 below, we present and discuss these results in detail and
explain the framework. We also sketch some proofs. The details of the proofs
are contained in [16].

2. A DIFFUSION PROCESS ON PATH SPACE

Throughout this article, suppose that M is a complete and stochastically com-
plete Riemannian manifold with dimension d, and p be the Riemannian distance
on M. Fix o € M and T > 0. The based path space W,(M) = {y e C([0,1]; M) :
7(0) = o}, which is a Polish space under the uniform distance

dy(y,0) = ts%pl]p(y(t),a(t)), y,0 € Wo(M).

In order to construct Dirichlet forms associated to stochastic heat equations
on Riemannian path space, we need to introduce the following L!-distance,
which is a smaller distance than the above uniform distance d,, on W,(M):

1
d(y,n) :=/0 Py ds,  y,me Wo(M).

Let E denote the closure of W,(M) in {n:[0,1] — M, fol p(o,n,)ds < co} with
respect to the distance d. Then E is a Polish space.
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Let O(M) be the orthonormal frame bundle over M, and let 7 : O(M) — M
be the canonical projection. Choosing a standard othornormal basis {Hi}f':1 of
horizontal vector fields on O(M), and consider the following SDE,

2.1) {dUr=Z,~d1 Hy(U)odBl, >0
Uo = uy,
where u, is a fixed orthonormal basis of 7,M and Btl, e, B,d are independent

Brownian motions on R. Then x; := n(U;), t > 0 is the Brownian motion on M
with initial point o, and U. is the (stochastic) horizontal lift along x.. Let z, be the
distribution of xjo 1, then g, is a probability measure on W,(M).

Let ZC} be the space of bounded Lipschitz continuous cylinder functions on
W,(M), ie. for every F € ZC}, there exist some m > 1, g; € Lip(M), m e N,
/€ C}(R™) such that

22) F) =r( [ nends [ awnds [ ),
y € Wo(M),

where

Lip(M) :={g: [0,1] x M — R, |g(s,n,) — g(s,75)| < Cp(ny,7,),
S e [07 ]‘]7 ’77y e E}'

For any F € #C} with (2.2) form and / € H := L*([0, 1]; RY), the directional
derivature of F with respect to 4 is given by

m

R 1
DiF() =Y 8/ () /0 U D)5 70, hidga ds, 7€ Wo(M),
=
where

o) =ar ([ ases [ asnas . [ ansn)as)

and for y € E\W,(M) we define D,F(y) = 0. By Riesz’s representation theorem,
there exists a gradient operator DF(y) € H such that (DF(y),h>y = DyF(y),
y€E, heH. In particular, for ye W,(M), DF(y)=3", o f (MU () -
Vg;(s,y,). We call DF the L?-gradient of F on path space. Denote by H the
Cameron-Martin space:

H = {h e ([0, 1];RY) | h(0) = 0, [|1]| := /01 1 (5)]1% ds < oo}.
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Taking {ex} C H such that it is an orthonormal basis in H, consider the following
symmetric quadratic form

1

l 0
&(F,G) ::§/E<DF,DG>H du, ZEZ/EDe,QFDe,CGd,uO; F,Ge 7C}.
k=1

THEOREM 2.1. The quadratic form (&, FC}) is closable and its closure (&, %(&))
is a quasi-regular Dirichlet form on L*(E;u,) = L*(W,(M); 1,).

SKETCH OF THE PROOF. For the compact Riemannian manifold, we can derive
the closability of (&, #C}) by the integration by parts formula in [7] along each
ex. By a localization technique, the integration by parts formula in [7] also can
be extended to the general Riemannian manifolds, which implies the closability
in the general case. The quasi-regularity of the Dirichlet form follows essentially
by the same argument as in [13]. O

By using the theory of Dirichlet forms (refer to [13]), we obtain:

THEOREM 2.2. There exists a conservative (Markov) diffusion process M =
(Q, 7, M, (X(1)),~, (P?)..p) on E properly associated with (&, 2(&)), i.e. for
ue L*(E;u,) N By(E), the transition semigroup Pu(z) = E*[u(X(1))] is a &-
quasi-continuous version of T for all t > 0, where T, is the semigroup associated
with (6,2(&)).

Here for the notion of &-quasi-continuity we refer to [13, Chapter 111, Defini-
tion 3.2]. By Fukushima’s decomposition we have

THEOREM 2.3. There exists a properly &-exceptional set S C E, i.e. u,(S) =0
and P°[X (1) € E\S,Vt > 0] =1 for z € E\S, such that ¥z € E\S under P*, the
sample paths of the associated process M = (Q, 7, My, (X (1)), (P?)..p) on E
satisfy the following: for u € Z(&)

(2.3) u(X;) —u(Xo) =M+ N} P —as.,

where M" is a martingale with quadratic variation process given by fot | Du(X;)| é ds
and N" is a zero quadratic variation process. In particular, for u e D(L), N}' =
fot Lu(Xy)ds, where L is the generator of (&,%(&)).

REMARK 2.4. (a) If we choose u(y) = [* u*(y,) ds € FCy, with local coordi-
nates u* on M, then the quadratic variation process for M* is the same as
that for the martingale part in (1.1).

(b) Theorems 2.2-2.3 still hold if the path space is replaced by the loop space
(or the free path and free loop cases) and Wiener measure is replaced by the
associated measure under some suitable conditions.
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3. PROPERTIES OF SHE

In this section, we will study properties of X;, ¢ > 0, constructed in Section 2.
First we present the logarithmic Sobolev inequality for the damped gradient DF
assuming M is stochastically complete, which implies the logarithmic Sobolev
inequality for the Dirichlet form considered in Section 2.

For any F € #C}, we define the damped gradient DF of F by

1
DF(t) = M / M(DF(s)) ds,

t

where M; is the solution of the equation

d 1 .
&M[‘I‘EM[RICU,:O, M():I

Suppose that Ric > —K for K € R. Define the quadratic form corresponding to
DF by

é(F,G) / (DF,DGYydy,, F,GeFCL.

THEOREM 3.1 [Log-Sobolev inequality]. Suppose that Ric > —K for K € R.
The log-Sobolev inequality holds for (&, %(6)), i.
u,(F?log F*) <2&(F,F), F e 97Cb1, 1y (F?) = 1.
In particular, we have
w,(F?log F?) < 2C(K)é(F,F), F e ZC}, u,(F*) =1
K

where C(K) = ¢ ;(12—1( A Co(K) with

(1 —V2er—eK), if K <0,

(eK —2e2 4+ 1), if K> 0.

Go(K) =

”IN e

REMARK 3.2. (i) In fact, Theorem 3.1 had first been proved in [10]. Compared
to the results in there, our constant C(K) is smaller. By comparing the clas-
sical O-U Dirichlet form and the L?-Dirichlet form, we note that the the LSI
associated to the two Dirichlet forms are essentially different, the former
requires upper and lower bounds of the Ricci curvature of M, and the latter
only needs a lower bound for the Ricci curvature.

(i) According to [17], the log-Sobolev inequality implies hypercontractivity of
the associated semigroup Pt, in partlcular the L’*-exponential ergodicity of
the process: || Pof — [ f dps, |3 < e/ C®)|[F|2,

(iti) The log- Sobolev inequality also implies the 1rreducibility of the Dirichlet
form (&, 2(&)). It is obvious that the Dirichlet form (&, Z(&)) is recurrent.
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Combining these two results, by [FOT94, Theorem 4.7.1], for every nearly
Borel non-exceptional set B,

P*(opol, < 0,Vn>=0)=1, forqge. xeX.

Here o5 = inf{7 > 0 : X, € B}, 0 is the shift operator for the Markov process
X, and for the definition of nearly Borel non-exceptional set we refer to
[FOT94]. Moreover by [FOT94, Theorem 4.7.3] we obtain the following
strong law of large numbers: for f € L'(E, u,)

1
lim —
t—oo [

/Otf(XS) ds = /fd,uo, P* —a.s.,

forq.e. x € E.

SKETCH OF THE PROOF OF THEOREM 3.1. The proof follows from the follow-
ing martingale representation: for F e L?(u,),

F = [E(F) +/01<[E[MS1 /S1 M. (DF (1)) dt

97;?:| )dWS>3

and some delicate estimates. Here W is the anti-development of y and {Z} is the
filtration generated by W. O

Upper and lower bounds of the Ricci curvature on a Riemannian manifold
were well characterized by the diffusion process associated to the O-U Dirichlet
form given by the Malliavin gradient in [14]. If the O-U Dirichlet form is replaced
by our L?-Dirichlet form, then we can only obtain the following characterizations
for the lower bound of the Ricci curvature. This further indicates that these two
processes have essential differences.

In fact, the results in Section 2 and Theorem 3.1 also hold when we change 1
to any 7 > 0. To state our results, let us first introduce some notations: For any
point y € M and T > 0, let x, o, 7] be the Brownian motion starting from y e M
up to time 7, and up , be the distribution of Brownian motion x, o 77 on
WTI(M):={ye C([0,T];M)|(0) = y}. For any n>1 and Ge #C/] with
FCl' defined as in (2.2) with 1 replaced by 7, define

€K (G,G)=(1+n)C (K)/ /T_%|DG( 2
T,n,y\T> - 1 V) (S)|[R‘/ ds d:uT,y(y)
wr () Jo
T
()t [ [ DG Redsdur )

where

(1 veff).

C(K) = [% (TKeXT — X7 + 1)] a—
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Let p, be the Markov semigroup of the process x, given by p,f(y) = E[f(x.,)],
yeM, feB(M),t=0. Denote by C;°(M) the set of all smooth functions
with compact support on M.

THEOREM 3.3. For K € R, the following statements are equivalent:

(1) Ric > —K.
2) Forevery f e C(M), T >0and y e M, we have
0

T T -
/wumws/ﬂmmmm
0 0

(3) For every y e M, T > 0, the following log-Sobolev inequality holds for every
ne N:

pr (F*log F?) <265, (F.F), FeZC/, ur (F*)=1.

(4) For every ye M, T >0, the following Poincaré-inequality holds for every
neN:

:uT,y(Fz) = ggn,y(F,F)a Fe ngTv ﬂT,y(F) =0.

SKETCH OF THE PROOF. 1)=-2) follows from the gradient formula. Con-
versely, taking F(y) := fOT f(y,) ds for some function f € C}(M) with

(3-1) fe G (M), |Vfl(y) =1, Hess(y) =0,

and applying F into 2), 1) can be derived from the following formula in [18]

1. . prlVfI(y) = [VprfI(y)
5 Ric(Vf, V) (y) = fim T :
1) = 3) follows similarly as in the proof of Theorem 3.1.
3) = 4) is standard.
4) = 1): For each k > 1, take F(y) = kaT_l/kf(yS)ds for some f as (3.1).
Then using this formula

(pr2(y) — (prf)* ()

L Rie(V/,V/)(3) = lim - ~ Vprf W)

2 Ti0 T

it is not difficult to obtain 1). O
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