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ABSTRACT. — We present the recent result in [3] concerning the existence of Cantor families of
small amplitude, linearly stable, time quasi-periodic standing water wave solutions — i.e. periodic
and even in the space variable x — of a bi-dimensional ocean with finite depth under the action of
pure gravity. Such a result holds for all the values of the depth parameter in a Borel set of asymptoti-
cally full measure.
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1. INTRODUCTION

We consider the Euler equations of hydrodynamics for a 2-dimensional perfect,
incompressible, inviscid, irrotational fluid under the action of gravity, filling an
ocean with finite depth h and with space periodic boundary conditions, namely
the fluid occupies the region

Dy ={(x,y) e TxR:-h<y<n(tx)}, T:=T,:=R/2nZ.

In this note we present the result and the main ideas of [3] concerning the exis-
tence and the linear stability of small amplitude quasi-periodic in time solutions
of the pure gravity water waves system

6,(D—|—%\Vd)|2—|—gn:0 at y =n(x)
AD =0 in &,
0,d=0 at y = —h
m = 0,® —0yn-0,® aty=n(x)

(1.1)

where g > 0 is the acceleration of gravity. The unknowns of the problem are the
free surface y = #(x) and the velocity potential ® : &, — R, i.e. the irrotational
velocity field v =V, , @ of the fluid. The first equation in (1.1) is the Bernoulli
condition stating the continuity of the pressure at the free surface. The last equa-

! The purpose of this paper is to announce and present results which are to appear (see reference
(3] in the paper).
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tion in (1.1) expresses the fact that the fluid particles on the free surface always
remain part of it. With no loss of generality we can suppose that the gravity
g=1.

Following Zakharov [16] and Craig—Sulem [10], the evolution problem (1.1)
may be written as an infinite-dimensional Hamiltonian system in the unknowns
(n(x),¥(x)) where ¥(z,x) = ®(t,x,5(t,x)) is, at each instant 7, the trace at the
free boundary of the velocity potential. Given the shape #(¢,x) of the domain
top boundary and the Dirichlet value ¥/(z, x) of the velocity potential at the top
boundary, there is a unique solution ®(¢, x, y; h) of the elliptic problem

AD=0 in{-h<y<n(tx}
(1.2) oy®=0 ony=—h
=y  on{y=n(x)}

As proved in [10], system (1.1) is then equivalent to the Craig—Sulem—Zakharov
system

om = Gy

1.3 :
(13 = =1 =5+ 3 (G +1)°

X

where G(7) is the Dirichlet-Neumann operator defined as

G(”)‘/f = {(Dy - ”xq)x}b»:;y(z,x)

(we denote by 7, the space derivative d,7). The operator G() is linear in , self-
adjoint with respect to the L? scalar product and positive-semidefinite, and its
kernel contains only the constant functions. Moreover the Dirichlet—Neumann
operator is a pseudo-differential operator with principal symbol D tanh(hD), with
the property

G(n) — Dtanh(hD) € OPS™™

when 7(x) € €*.
Equations (1.3) are the Hamiltonian system (see [16], [10])

(1.4) o = IV H (1), u::(Z), J::(_(id Iod>,

where V,, denotes the L?-gradient, and the Hamiltonian

(15) Hpv) =5 /T VGO dx+ 3 /T 7 dx

is the sum of the kinetic and potential energies expressed in terms of the variables
(n,¥). The Dirichlet-Neumann operator G(x) and the Hamiltonian H(#, )
depend on h, but, for simplicity, we omit to denote such a dependence.



KAM FOR GRAVITY WATER WAVES IN FINITE DEPTH 217

The phase space of (1.3) is
(n.¥) € Hy(T) x H'(T) where H'(T) := H'(T)/~

is the homogenous space obtained by the equivalence relation v, (x) ~ ,(x) if
and only if Y, (x) — ¥, (x) = c is a constant. For simplicity of notation we denote
the equivalence class [i/] = . Note that the second equation in (1.3) is in H'(T),
as it is natural because only the gradient of the velocity potential has a physical
meaning. Since the quotient map induces an isometry between H'(T) and H{ (T)
we shall often identify  as a function with zero average.

The water waves system (1.3) exhibits several symmetries. First of all, the
mass [;#7dx is a first integral of (1.3). In addition, the subspace of functions
that are even in x,

(1.6) n(x) =n(=x), Y(x)=y(-x),

is invariant under (1.3). In this case also the velocity potential ®(x, y) is even
and 2z-periodic in x and so the x-component of the velocity field v = (®,, ®,)
vanishes at x = kz, for all k € Z. Hence there is no flow of fluid through the lines
x =kn, k € Z, and a solution of (1.3) satisfying (1.6) describes the motion of a
liquid confined between two walls.

Another important symmetry of the water waves system is reversibility, i.e.

(1.7) Hop=H, Hny)=Hun—y), p:0¥)— 0 —y).

As a consequence it is natural to look for solutions of (1.3) satisfying

(1.8) u(—t) = pu(t), ie. n(—t,x)=ntx),
V(—t,x) = —yY(t,x), Vi,xeR,

namely # is even in time and ¥ is odd in time. Solutions of the water waves equa-
tions (1.3) satisfying (1.6) and (1.8) are called gravity standing water waves.

The existence of standing water waves is a small divisor problem, which is
particularly difficult because (1.3) is a fully nonlinear system of PDEs. Exis-
tence of small amplitude time-periodic gravity standing wave solutions for bi-
dimensional fluids has been first proved by Plotinkov—Toland [14] in finite depth
and by looss—Plotnikov—Toland [12] in infinite depth. More recently the exis-
tence of time periodic gravity-capillary standing wave solutions has been proved
by Alazard—Baldi [1]. Next, both the existence and the linear stability of time
quasi-periodic gravity-capillary standing wave solutions have been proved by
Berti—-Montalto [9], see also the expository paper [8].

The goal of this Note is to present the new result in [3] concerning the exis-
tence of time quasi-periodic, linearly stable, standing wave solutions of (1.3), i.e.
of a space periodic bi-dimensional fluid with finite depth under the action of pure
gravity (with zero surface tension).

The dynamics of the pure gravity and gravity-capillary water waves equations
is very different, since in the first case the linear frequencies grow at infinity as
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~+/], see (1.12), while in the presence of surface tension they grow as ~;*/2. The
sub/super linear growth of the dispersion relation at high frequencies induces
quite a relevant difference for the development of KAM theory. As is well known,
the abstract infinite-dimensional KAM theorems available in literature, e.g. [13],
require that the eigenvalues of the linear constant coefficient differential operator
grow as j d > 1. The reason is that, in presence of a sublinear growth of the
linear frequencies, one may impose only very weak Melnikov non-resonance
conditions, see e.g. (2.10), which produce strong losses of derivatives along the
iterative KAM scheme. Such a difficulty is overcome in [3] by a regularization
procedure performed on the linearized PDE at each approximate quasi-periodic
solution. This a very general idea, which can be applied in a broad class of situa-
tions, and which we shall explain in Section 2.3.

1.1. Main result

We look for small amplitude solutions of (1.3). Of main importance is therefore
the dynamics of the system obtained linearizing (1.3) at the equilibrium (1, ) =
(0,0), namely

(19) {on— oo

where G(0) = Dtanh(hD) is the Dirichlet—Neumann operator at the flat surface
n = 0. In the compact Hamiltonian form as in (1.4), system (1.9) reads

(1.10) o = JQu, Q::((l) G(()O)).

The standing waves solutions of the linear system (1.9) are

(L.11)  n(z,x) Za, cos(w;t) cos(jx), Za, Lsin(w;t) cos(jx),
j=1 j=>1

with linear frequencies of oscillation
(1.12) w; := wj(h) := y/jtanh(hj), j=>1.

Note that, since j — jtanh(hj) is monotone increasing, all the linear frequencies
are simple.

Fix an arbitrary finite subset ST C N* := {1,2,...} (tangential sites) and
consider the solutions of the linear system (1.9)

- Z \/gcos(cq,»l) cos(jix),
jes®

(1.13)
Z é,w sin(w;t) cos(jx), & >0,

jes™t
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which are Fourier supported on S*. Denote by v := |S™| the cardinality of S™.
We look for quasi-periodic solutions u(@t) = (,y)(wt) of (1.3), with frequency
@ € R’ (to be determined), close to the solutions (1.13) of (1.9), in the Sobolev
spaces of functions H*(T""" R?) := {u = (5,y) : n,y € H*} where

HY = H(T"" R)

== X SIS = Y Wl D < oo

(¢, ez (. ez

and (/, j> := max{1,|/|,||}. For s > 5o := [*{!] + 1 € N, one has H*(T"*' R)
C L?(T'*R), and H*(T"™!, R) is an algebra.

THEOREM 1.1 (KAM for gravity water waves in finite depth, [3]). For every
choice of the tangential sites ST C N\{0}, |S™| < oo, there exist §> S 2‘“,
eo € (0,1) such that for every |&| < &l, & = (éj)jeS*J & >0 forall je S*, there

exists a Cantor-like set G C [hy,hy] with asymptotically full measure as & — 0,
Le.

lim |g| = h2 — hl,
-0

such that, for any h € 4, the gravity water waves system (1.3) has a time quasi-
periodic solution u(at, x) = (n(at,x), (o1, x)), with Sobolev regularity (n,y) €
HY (T x T,R?), of the form

nex) =3 \/E, cos(d;t) cos(jix) + r1 (@, x),

(1.14) e
i) =-3 \/ij_;l sin(@;1) cos(jx) + r2(at, x)
jes™t

with a Diophantine frequency vector @ = (@;);.s+ € R" satisfying o; — w;(h),
jeS*t, as E—0, and the functions ri(p,x), r2(p,x) are o(\/|E])-small in
HY (T x T,R), ice. [|ri]l;//|E] — 0 as |&] — O for i = 1,2. The solution (1,\) is
even in x, 1 is even in t and \y is odd in t. In addition these quasi-periodic solutions
are linearly stable.

This is the first result concerning time quasi-periodic solutions for the pure-
gravity water waves equations. We remark that no global in time existence results
concerning the initial value problem of the water waves equations (1.3) under
periodic boundary conditions are known so far. For the local existence theory
we refer to Alazard—Burq—Zuily [2].

The Nash—Moser-KAM iterative procedure implemented to prove Theorem
1.1 selects many values of the parameter h € [hy, hy] which give rise to the quasi-
periodic solutions (1.14), which are defined for all times. By a Fubini-type argu-



220 P. BALDI ET AL.

ment it also results that, for most values of h € |hy, hy], there exist quasi-periodic
solutions of (1.3) for most values of the amplitudes |¢| < 2. The fact that we find
quasi-periodic solutions restricting to a proper subset of parameters is not a tech-
nical issue, because the gravity water waves equations (1.3) are expected to be not
integrable, see for example [11] in the case of infinite depth.

Let us make some further comments on Theorem 1.1.

1. The parameter h varies in the finite interval [h;, h] with 0 < h; < h, < 400.
The result does not pass to the limit of zero depth (h; — 07), nor of infinite
depth (h, — +c0). Different phenomena arise.

2. From a physical point of view, it is also natural to consider the depth h of the
ocean as a fixed physical quantity and to look for quasi-periodic solutions for
most values of the space wavelength 2z4. This can be achieved by rescaling
properly time, space and the amplitude of (1, ).

3. The linear frequencies (1.12) admit the following asymptotic expansion

VJjtanh(hj) = \/j 4+ r(j,h) where |6,/1‘r(j, h)| < Cre™ VkeN,Vi>1,

uniformly in h € [h;, h,], where the constant Cj; depends only on k and hy.
Even though h moves the frequencies of exponentially small quantities, we
shall be able to use the finite depth parameter h to impose the required non-
resonance conditions.

4. The quasi-periodic solutions (1.14) are mainly supported in Fourier space on
the tangential sites S*. The dynamics of the water waves equations (1.3) on
the symplectic subspaces

Hg+ = sz(”{)cos(jx) ,

(1.15)

H§+ = = Z (Zj)cos(jx)eHOl(Tx) ,
jeN\ST N1/

is quite different. We shall call v € Hg+ the tangential variable and z € H, L. the
normal one. On the finite dimensional subspace Hg+ we shall describe the
dynamics by introducing the action-angle variables (6,7) € T x R” in Section
2.1.

Linear stability. The quasi-periodic solutions u(@t) = (y(@1),y(@t)) found in
Theorem 1.1 are linearly stable. This is not only a dynamically relevant informa-
tion but also an essential ingredient of the existence proof (it is not necessary for
time periodic solutions as in [1], [12]). Let us state precisely the result. By Theo-
rem 1 in [7], around each invariant torus there exist symplectic coordinates

(¢, y.w) = (¢, y,m,¥) € T" x R" x Hg:
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in which the water waves Hamiltonian reads

1 1
@y +5 Ko@)y v+ (Ku(h)y, w)pa,) +5 Ko ()w, w) s + Ko3(4, v, w)
where K3 collects the terms at least cubic in the variables (y,w). In these coor-
dinates the quasi-periodic solution reads 7 +— (wt,0,0) (for simplicity we denote
the frequency @ of the quasi-periodic solution by w) and the corresponding line-
arized water waves equations are

¢ = Ka(wn)[y] + K} (0)[w]
y=0
w = JKp (wt)[w] + JK11 (1) y)].

Thus the actions y(#) = y(0) do not evolve in time and the third equation reduces
to the linear PDE

(116) w= JK()2<CUt) [W] + JK; ((Dl)[y(())]

The self-adjoint operator Ko (wt) turns out to be the restriction to Hﬁﬁ of the
linearized water waves operator d,VH (u(wt)), explicitly written in (2.21), up to
a finite dimensional remainder.

In [3] we prove the existence of a bounded and invertible “‘symmetrizer’” map
such that, forallp € T",

(1.17) W (p): (H (T, C) x H*(T,C)) n He
— (H* (T, R) x H*4(T,,R)) N HZ.,
(1.18) W (p) : (H (T, R) x H**(T,,R)) n HZ.
— (H¥(T,,C) x H*(T,,C)) n He-,

and, under the change of variables

w=(,¥) =We(w)ws, Wy =Wy, W),
equation (1.16) transforms into the diagonal system

(1.19) OWwe = —1Dywe, + foo (w1),

Soo (i) := W;l (wt)JK1(wt)[y(0)] = (foo (a)t)>

foo (i)

where i is the imaginary unit and, denoting Sy :=S* U (=S") U {0} C Z and
Si == Z\Sy, the operator

D, 0 , |
(1200 D, ;:< .0 > D, = diagj.o: {1}, " € R,
o)
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is a Fourier multiplier operator of the form

woo=my jIFtanhd(h|jl) + 72, jeSg, rF =%
where, for some a > 0,

=1+ 0(¢),  sup || = 0.

JES§

m;”
2
Actually by (2.8)—(2.9) and (2.12) we also have a control of the derivatives of

i~ and r* with respect to (w,h). The numbers iy are the Floquet exponents of
the quasi- perlodlc solution. The second equation of system (1.19) is actually the

complex conjugate of the first one, and (1.19) reduces to the infinitely many de-
coupled scalar equations

atWOCJ = —lﬂjOCWOCJ + fw,]—(wt), VJ € 86

By variation of constants the solutions are

(1.21) Wo, (1) = cie M v, (1)
Where v (Z) L Z fw,j,/eiw./t v . gc
PR (o £+ ) € >0

Note that the first Melnikov conditions (2.10) hold at a solution so that v, ;(¢)
in (1.21) is well defined. Moreover (1.17) implies || /oo (@?)| ;e < Clp(0)]. As
a consequence the Sobolev norm of the solution of (1.19) with initial condition
we (0) € H*(T,) x H*(T,), for some sy € (s0,s) (in a suitable range of values),
satisfies

Weo ()l 20 g0 < C) (YO [weo 0) [ 20, r20)
and, for all 7 € R, using (1.17), (1.18), we get

1Or YO g ot < CHOONYOD g it

xH,
which proves the linear stability of the torus.

Clearly a crucial point is the diagonalization of (1.16) into (1.20). With respect
to the pioneering works of Plotnikov—Toland [14] and Iooss—Plotnikov—Toland
[12] dealing with time periodic solutions, this requires to analyze more in detail
the linearized operator in two respects:

1. We have to perform a reduction of the linearized operator into a constant co-
efficient pseudo-differential operator, up to smoothing remainders, via changes
of variables that are quasi-periodic transformations of the phase space, so
that the dynamical system nature of the transformed systems is preserved. We
shall perform such reductions by changes of variables generated by pseudo-
differential operators, diffeomorphisms of the torus, and “semi-Fourier inte-
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gral operators” (namely pseudo-differential operators of type (%,%) in the
notation of Hérmander), inspired by [1], [9].

. Once the above regularization has been performed, we implement a KAM

iterative scheme which completes the diagonalization of the linearized opera-
tor. This scheme uses very weak second order Melnikov non-resonance
conditions — which lose derivatives —, which are compensated by the smooth-
ing nature of the variable coefficients remainders.

Such a diagonalization is not required for the search of time-periodic solu-
tions, as in [1], [12], [14]. In such a case a Neumann series argument is suffi-
cient to invert the linearized operator. The key difference is that, for the search
of periodic solutions, a sufficiently regularizing operator in the space variable
is also regularizing in the time variable, on the Fourier indices (7, j) € Z x Z
that correspond to the small divisors, thus @/ ~ /]j|. This is not true for
quasi-periodic solutions as we explain in Remark 2.5.

2. IDEAS OF THE PROOF

There are three major difficulties for proving the existence of time quasi-periodic
solutions of the gravity water waves equations (1.3):

1.

2.

The water waves equations (1.3) are a fully-nonlinear system, which is a sin-
gular perturbation of the linearized system (1.10).

The dispersion relation (1.12) of the linear water waves equations is sub-
linear, i.e. w; ~+/j for j — +oo. This is a relevant difference with respect
to the capillary-gravity case studied in [9] where the linear frequencies are

V(1 +15?)jtanh(hy) ~ /2.

. We have to verify all the Melnikov non-resonance conditions required on

the frequencies by the KAM scheme. Notice that the parameter h moves the
frequencies +/j tanh(hj) of exponentially small quantities of order O(e™") (on
the contrary, in the case with capillarity, the surface tension parameter x moves
the frequencies of polynomial quantities O(;3/?)).

We present below the key ideas of the paper to solve these three major

problems.

2.1. Nash—Moser theorem of hypothetical conjugation

Rescaling the variable u +— eu, we write (1.3) as

(2.1) Ou=JQu+ eXp,(u)

where JQ is the linearized Hamiltonian vector field in (1.10) and Xp, (u) is the
Hamiltonian vector field generated by the Hamiltonian

-1
P =5 [ w(Gten) — GO a.
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Then we decompose the phase space
Hy oyen = {u:= (1,) € Hy(T.) x H'(Tx), u(x) = u(—x)} = Hs+ ® He;

as the direct sum of the symplectic subspaces Hg+ and Hgﬁ in (1.15), and we
introduce action-angle variables on the tangential sites by setting

2 4 2 i . .
nj = \/;w// éf +IJCOS<0j)7 lp] = _\/;wj / éj +IjSln(0/)a J € S+,

where & > 0, j € S™, and |I;| < &;. We leave unchanged the normal component
z. Hence the Hamiltonian system (2.1) transforms into the new Hamiltonian
system

0=0,H,0,1,z), I=—0gH,0,1,z), z =JV.-H,(0,1,z)

generated by the Hamiltonian

(2.2) H,:=¢?Hoed
where
I cos 0;
A(0,1,z) :=v(0,1) +z—Z\/7 (©) cos(jx) + z
jes*t + IJ Sln(af)

We denote by Xy, := (0;H,, —09H,,JV.H,) the Hamiltonian vector field in the
variables (0,1,z) € TV x R" x Hg.. The involution p in (1.7) becomes

(2.3) p:(0,1,2)— (—0,1,pz).

In these new coordinates, by (1.5) and (2.2) the Hamiltonian H, reads (up to a
constant)

1
(2.4) H, = A" +¢P, K/V::c?)(h)l—i—i(z,ﬂz)p, P:=P, 04,

where @(h) := (;(h));.s+ and Q is defined in (1.10). We look for an embedded
invariant torus ‘

i T = T"xR"x Hee, ¢ i(p) = (0(p),1(p),z(p))

of the Hamiltonian vector field Xy, filled by quasi-periodic solutions with
Diophantine frequency @ € R” (and which will satisfy also first and second order
Melnikov-non-resonance conditions as in (2.10)).

Since the expected quasi-periodic solutions of the autonomous Hamiltonian
system (2.4) will have shifted frequencies @; — to be found — close to the linear
frequencies @(h), it is convenient to introduce « € R” as a free parameter, con-
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sidering the modified Hamiltonian

1
(2.5) H,:= N, +¢eP, Ny:=o -1+ E(Z,QZ)LZ

We first look for zeros of the nonlinear operator

/(l o() 97(1 o CU,h,S) —wawl((ﬂ) _XH,((Z((D))
=w-0,i(p) — (X4, +eXp)(i(p))
- 0,0(p) — oo — €01 P(i(p))
@ - 0,1(p) + dgP(i(p))
- 0,z(p) — J(Qz(p) + &V-P(i(p)))

where O(¢p) := 0(p) — ¢ is (2n)"-periodic. Thus ¢ — i(p) is an embedded torus,
invariant for the Hamiltonian vector field Xy, and filled by quasi-periodic solu-
tions with frequency w.

Each Hamiltonian H, in (2.5) is reversible, i.e. H, o p = H, where the involu-
tion p is defined in (2.3), and we look for reversible solutions of # (i,o) =0,
namely satisfying

(2.6) 0(—p) = —=0(p), 1(—¢)=1(p), z(—¢)= (pz)(9).

The norm of the periodic component of the embedded torus 3I(¢) := i(p) —
(¢,0,0) := (©(9), 1(9), 2(9)), Op) := 0(p) — 9, is

ko y ko, y

IS5 -

i+ 1zl

ki ki ki ki
where [|z[|*7 = ||l + [l ]I, and [|u]| 7 : Z|k|<koylk 105, w5+ We define
ko == ki +2,

where kj is the index of non-degeneracy provided by Proposition 2.3, which
only depends on the linear unperturbed frequencies. Thus ky is considered as an
absolute constant, and we will often omit to explicitly write the dependence of the
various constants with respect to ky. We look for quasi-periodic solutions with
frequency w belonging to a d-neighborhood (independent of &)

Qp :={w e R : dist(w, &[hy, hy]) <}, >0,

of the unperturbed linear frequencies @[h;, h2] where & (h) := (w](h)) cs+. Fora
function r(w, h) with values in R” we set |r|"7 : = ki <ko yl ‘|8w Wl

THEOREM 2.1 (Nash—Moser theorem of hypothetical conjugation). Fix finitely
many tangential sites St C N and let v := |S™|. Let t > 1. There exist positive
constants ay, &, k1, C depending on S™, ko, t such that, for all y = &%, 0 < a < ay,
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for all € € (0,¢), there exist a ky times differentiable function
(2.7) oy i R x [, hy] — RY, o (@,h) = @+ ry(w,h),  with |r,|7 < Cey™!,

a family of embedded tori i, defined for all ® € R and h € [hy, hy] satisfying the
reversibility property (2.6) and

lio () — (9,0,0)[|27 < Cey~",

S0

a sequence of ko times differentiable functions y;* : R" x [h,hy] = R, j e NT\S™,
of the form

(2.8) w7 (@,h) = m (o, h)(j tanh(hj))* + 17 (@, h)

satisfying

(2.9) Ime — 1)7 < Cey!, sup j%|r]'f’°|k°"7 < Cegy™™
. jeNt\S*

such that for all (w,h) in the Cantor like set

(2.10) €7 :={(w,h) € Qx [y, ] : |w- /| = 8y</)~ 7, V/ € Z"\{0},
|- £ + 1 (@, h)| = 43ty ¥ e 77, j e NF\ST,
| £+ 1 (o, ) + 17 (0, h)| = 492 + )<,
V/eZ' j,j e NT\ST,
|- £+ 1 (@,h) = ¥ (@, )| = 4y =G~
Ve e j,j e NI\ST, (¢,],)") #(0,),])}

the function iy (p):=ix(w,h,e)(p) is a solution of F(iy,as(w,h),w,h,e)
= 0. As a consequence the embedded torus ¢ v« i, () is invariant for the Ham-
iltonian vector field Xu, . and it is filled by quasi-periodic solutions with fre-
quency .

The very weak second Melnikov non-resonance conditions in the last line of
(2.10) can be verified for most parameters if d is large enough, i.e. d > %ka‘, see
Theorem 2.2 below. The loss of derivatives produced by such small divisors will
be compensated in the reducibility scheme by the fact that we will reduce the lin-
earized operator to constant coefficients up to very regularizing terms 0(|Dx|7M)
for some M := M (d, 7) large enough with respect to d and 7. We shall explain in
detail this procedure below.

Theorem 2.1 is proved by means of an iterative Nash—Moser scheme whose
main step is the analysis of the linearized operator at a non trivial approximate
solution that we describe in Section 2.3. We first discuss how to deduce Theorem
1.1 from Theorem 2.1.
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2.2. Measure estimates

In order to prove the existence of quasi-periodic solutions of the water waves
equations (1.3), and not only of the system with modified Hamiltonian H, with
o= oy (mw,h,e), we have to prove that the curve of the unperturbed linear
frequencies

[hi,ho] 3 h = @(h) := (v/jtanh(h)), .+ € R’

intersects the image o, (%7 ), under the map «., of the set 4., for “most” values
of h € |[h;, hy]. By (2.7) the function o (-,h) from Q into the image o, (Q,h) is
invertible:

(2.11) B=0,(0,h) =w+r(oh) < o=a(fh)=pF+Fph)

with |77 < Cey .
Theorem 2.2 below states that, for “most” values of h € |[hy,h;|, the vector
(a2!(@(h),h),h) is in 7. Hence, for such values of h we have found an em-

bedded invariant torus for the Hamiltonian H, in (2.4), filled by quasi-periodic
solutions with Diophantine frequency @ = « ! (@(h), h).

THEOREM 2.2 (Measure estimates, [3]). Let

3k

(2.12) y=¢", 0<a<min{ay,1/(ko+rx1)}, T>kj(v+4), d> 1

where kg is the index of non-degeneracy given by Proposition 2.3 and ko = k§ + 2.
Then the measure of the set

(2.13) 4, = {h e [h,h: (o ' (@(h),h),h) € €7}
satisfies |9,] — hy —hy as e — 0.

Let us give an idea of the proof. By (2.11) the vector
(2.14) w,(h) := a (@(h),h) = &(h) +r.(h), r.(h) :=F(d(h),h),

satisfies |0fr.(h)| < Cey~ ! for all 0 <k < ko. We also denote, with a small
abuse of notation, for all j e NT\S™,

o=

(215) g (h) = 7 (u(h). h) = m7 () (tanh(h))} + 7 (h),

where mi°(h) := m{“(w,(h), h) and 1/ (h) := r}* (w,(h), h). By (2.10), (2.14), (2.15),
! .
the Cantor set %, in (2.13) becomes

I
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(2.16) %, :={h e [h,hy] : |ws(h) - £| = 8y<t> 7, Y/ € 2"\ {0},
jwo(h) - £+ p (n)] = 4pj3t) ", VL e 2V, j e NF\ST,
o) - £+ p (h) + 2 (N)] = dy(j2 + LY,
V/eZ', j,j e NT\ST,
dyl{lH"
jdjld
VeeZ', j,j e NT\S*, (¢,/,)) #(0,],))}

)

) - £ 4 47 (h) — 7 ()] =

To prove the measure estimate for %, in (2.13) the key point is to prove the fol-
lowing transversality property.

ProposITION 2.3 (Transversality). There exist k; € N, py > 0 such that, for any
he [h] s hz],

(2.17) ,{gé}glﬁf{@(h) LY = pollD, Ve 27\{0},

(2.18) kma>§\5f{@(h) L+ QM) = pp<ty, Vel jeNT\ST,

<k,

(219) max 540 £ + D) + (0} > o<,
V/eZ' j,j e NT\ST,
(220) ma |04 {(0) - £ +9y(0) — (W)} = 0,

0

Ve Z\{0}, j,/ e NT\S*,

where @(h) = (w;(h));cs+, w;(h) = y/jtanh(hj), and Q;(h) = y/jtanh(hj), je
NT\S*. We recall the notation {¢ := max{1,|/|}. We call (following [15]) p,
the “amount of non-degeneracy” and k; the “index of non-degeneracy”’.

Note that in (2.20) we exclude the index 7 = 0. In this case we directly have
that, for all h € [hy, h;]

N 3 ‘]_Jl| Py
Qi(h) —Qu(h)| > ci|\j—VJ'l=a——F= Vj,j e NT,
1Q;(h) = Qy(h)| > a1\ — V/J| T T

where ¢; := y/tanh(h;). The above conditions are stable under perturbations
which are small in % *? norm and therefore we get:

LeEmMMA 2.4 (Perturbed transversality). For ¢ small enough, for all h € [hy, hy],

max |0f {w,(h) - £} = 20¢ry ve e 77\{0},
k<kg 2

max o {h) -/ + 557 (V)| = 22¢0> e, jeNT\ST < oo,
<k* ?

)
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max
k<ky

O {euh) - £ + 7 (0) = 7 (Y] = B¢,

¥/ e Z'\{0}, j,j' e NF\ST: |2 — j"| < CL,

max [0} {eon(h) - £ + 1 (0) + w7 ()} = 220,

Ve j,j e NI\ST: ji+ 't < CL,
where kg is the index of non-degeneracy given by Proposition 2.3.

Therefore using Riissmann Theorem 17.1 in [15] we deduce a measure esti-
mate for the sublevels of the functions in (2.16) and finally (2.13).

The key transversality Proposition 2.3 is proved by extending the arguments
of degenerate KAM theory of [6], [9], using in an essential way the fact that the
maps h — C()j(h4) are analytic and simple — namely injective in j — on the sub-
space of the even functions, they grow asymptotically as j'/? and they satisfy a
suitable non-degeneracy condition (to be essentially non-planar) in the sense of
[6]. This is verified by analyticity and a generalized Van der Monde determinant.

2.3. Analysis of the linearized operators

The other crucial point is to prove that the linearized operators obtained at any
approximate solution along the Nash—Moser iterative scheme are, for most
values of the parameters, invertible, and that their inverse satisfies rame estimates
in Sobolev spaces (with, of course, loss of derivatives). This is the key assumption
to implement a convergent differentiable Nash—Moser iterative scheme in scales
of Sobolev functions.

Linearizing the water waves equations (1.3) at a time-quasi-periodic approxi-
mate solution (7, y)(wt, x), and changing 0, into the directional derivative w - J,,
we obtain the operator
(2.21) g:w-a¢+< 0V + GUn)B Gln) >

(1+BVy)+ BG(n)B Vi.— BG(n)

where the functions B, V are

B = B(ﬂ, l//) = W, V= V(”a lp) = l/jx - Bﬂx

It turns out that (¥, B) = V, ,® is the velocity field evaluated at the free surface
(x,77(x)).

By the symplectic procedure developed in Berti—Bolle [7] for autonomous
PDEs, and implemented in [4], [9], it is sufficient to prove the approximate invert-
ibility of (a finite rank perturbation of) the operator % restricted to the normal
subspace H. introduced in (1.15).
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The main goal is to conjugate the operator . in (2.21) to a diagonal system
of infinitely many decoupled, constant coefficients, scalar linear equations, see
(2.23) below. Our approach involves two well separated procedures that we shall
describe in detail:

1. Symmetrization and diagonalization of ¥ up to smoothing operators. The first
task is to conjugate . to an operator of the form

(2.22) @ - 0, +imy| D|* tanh? (| D|) + ir(D) + 2o (p)

where m; ~ 1 is a real constant, independent of (¢, x), the symbol r(¢) is real
and independent of (p,x), of order S~/2, and the remainder %(¢p), as well as
65 Ry for all |f| < p, large enough, is a small, still variable coefficient operator,
which is regularizing at a sufficiently high order, and satisfies tame estimates in
Sobolev spaces.

2. KAM reducibility. The second task is to implement an iterative diagonaliza-
tion scheme to reduce quadratically the size of the perturbation %y(¢) in
(2.22), completing the conjugation of % to a diagonal, constant coefficient sys-
tem of the form

(2.23) - 3, +i0p(1;)

where w; = m%|j|%tanh%(h\j|) +r(j) +7(j) are real and 7(j) are small. The
numbers iy; are the perturbed Floquet exponents of the quasi-periodic
solution.

We underline that all the transformations used to achieve these tasks are quasi-
periodically time-dependent changes of variables acting in phase spaces of func-
tions of x (quasi-periodic Floquet operators). Therefore, they preserve the dy-
namical system structure of the conjugated linear operators.

Moreover all these changes of variables are bounded and satisfy tame esti-
mates between Sobolev spaces. As a consequence, the estimates that we shall ob-
tain on the final system (2.23) directly provide good tame estimates for the inverse
of the operator (2.21) in the original physical coordinates.

We also note that the original system & is reversible and even and that all the
transformations that we perform are reversibility preserving and even. The pres-
ervation of these properties ensures that in the final system (2.23) the numbers
w; are real. Under this respect, the linear stability of the quasi-periodic standing
wave solutions proved in Theorem 1.1 is obtained as a consequence of the revers-
ible nature of the water waves equations.

REMARK 2.5. The above procedure — which we explain in detail below — is
quite different with respect to the approach developed in the pioneering works
of Plotnikov—Toland [14] and looss—Plotnikov—Toland [12] for time periodic
gravity waves, as mentioned at the end of Section 1.1. In particular the item
2 of KAM reducibility is not required for the search of periodic solutions.
Let us roughly explain why. The diagonal operator w-d, + %, where & :=
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im, \D|%tanh%(h|D|) +ir(D), can be inverted assuming a diophantine condition
as |w-/+(m%|j\%tanh%(h|j|)+r(j))| >y{/>7". In such a case its inverse
(w-0,+ )~ "is an unbounded operator which loses 7 derivatives. Actually it
acts as a Fourier multiplier O(y~'<d,>%) on the subspace of functions which
are Fourier supported on the indices (7, j) € Z" x Z such that o -/ ~ \/|7| . In
the periodic case v=1 and w -/ = w/ ~ \/m, so that {d,)" ~ (D> where
{D,) is the Fourier multiplier with symbol {£). If the remainder %, in (2.22) is
a sufficiently regularizing operator, i.e. 2y ~ (D.> ¢ for d > /2, then the oper-
ator (wd, + c@)*l,@o ~ <Dx>%_d is bounded and wd, + Z + %, can be inverted
by a Neumann series argument. In the quasi-periodic case, i.e. v > 2, the modulus
|/] is not equivalent to \/|7| and the previous argument fails.

We now explain in detail the steps for the conjugation of the quasi-periodic
linear operator (2.21) to an operator of the form (2.23).

1. Linearized good unknown of Alinhac. The first step is to introduce the linear-
ized good unknown of Alinhac, as in [1], [9]. The outcome is the more sym-
metric system

axV _G(;//)
(2.24) $o—w-8¢+< . e )

B Vo, O Ve —G(n)
w.6¢+<0 Vax)+(a A )

where the Dirichlet—Neumann operator admits the expansion
G(n) = |D| tanh(h| D)) + %

and Z¢ is an OPS~” pseudo-differential smoothing operator. Such a repre-
sentation can be obtained for example by transforming the elliptic problem
(1.2), which is defined in the variable fluid domain {—h < y < 5(x)}, into an-
other elliptic problem, defined on a straight strip {—h — ¢ < ¥ < 0}, which
can be solved by an explicit integration.

2. Straightening the first order vector field w - 0, + V (¢, x)0,. The next step is to
conjugate the variable coefficients vector field (we regard equivalently a vector
field as a differential operator)

@-0p+ V(p,x)0

to the constant coefficient vector field w - J, on the torus T, x T, for V (g, x)
small. This is a perturbative problem of rectification of a close to constant
vector field on a torus, which is a classical small divisor problem. For pertur-
bation of a Diophantine vector field this problem was solved at the begin-
ning of KAM theory. Notice that, despite the fact that w € R" is Diophantine,
the constant vector field w - J, is resonant on the higher dimensional torus
T, x T,. We exploit in a crucial way the reversibility property of V(p,x), i.e.
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V (@, x) is odd in ¢, to prove that it is possible to conjugate w - d, + V(¢, x)0y
to the constant vector field w - 0, without changing the frequency .

From a functional point of view we have to solve the linear transport
equation

w- 5¢,ﬂ(¢, X) + V(% X)(l +ﬁx(¢v x)) =0,

which depends on time in a quasi-periodic way. Actually we solve the equation

(2.25) @ 0,f(p. y) = V(p, v+ (0, )

for the inverse diffeomorphism

x+pp.x)=y & x=y+hp,y), Vx,yeR peT"

This problem amounts to proving that all the solutions of the quasi-
periodically time-dependent scalar characteristic equation x = V(wt, x) are
quasi-periodic in time with frequency w.

REMARK 2.6. A geometric interpretation of equation (2.25) is the following:
under a diffeomorphism of T" x T as

(Z) B <y+ﬂ£/2lﬁ, y))’ the system 2@) B ( V(ZX))

transforms into

d (Y w
dt <y) <{w 0B, ¥) + Vg, y+ B, 1)) (1 + B, (4, y>>‘1>'

The vector field in the new coordinates reduces to (w,0) if and only if (2.25)
holds. In the new variables the solutions are simply given by y(7) = ¢, ¢ € R,
and all the solutions of the scalar quasi-periodically forced differential equa-
tion x = V(wt, x) are time quasi-periodic of the form x(z) = ¢ + f(wt, ¢).

We solve (2.25) using a Nash—Moser implicit function theorem for ¥ small.
After inverting the corresponding linearized operator at an approximate solu-
tion we apply the Nash—-Moser—Hormander Theorem proved in Baldi-Haus
[5]. The main advantage of this approach is to provide the optimal higher
order regularity estimates of the solution in terms of V.

We remark that, when searching for time periodic solutions as in [12], [14],
the corresponding transport equation is not a small-divisor problem and has
been solved in [14] by a direct ODE analysis.

Applying this change of variable to the whole operator % in (2.24), the
new conjugated system has the form

D—w- 0+ (2 az|D|tanr;)<h|D|> + 9 )
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where a; = a;(p,x) are functions (i.e. multiplication operators) and the re-
mainder #; is in OPS~~.

3. Change of the space variable. We introduce a change of variable induced by a
diffeomorphism of T, (independent of ¢) of the form

(2.26) y=x+alx) & x=y+a(y).

Conjugating % by the change of variable u(x) — u(x + a(x)), we obtain an
operator of the same form

Ay —a5|D|Th + R

DH=w-0
2=w ¢+(a6 0

), T}, := tanh(h|D|),

where %, is in OPS~>, and the functions as, ag are given by

as = [ax(p, X)(1 + 0 (X)) omy a0y @6 = a3(@, ¥ + ().

We shall choose later the function «(x) in order to eliminate the space depen-
dence from the highest order coefficients. The advantage to introduce at this
step the diffeomorphism (2.26) is that it is easy to study the conjugation under
this change of variable of differentiation and multiplication operators, Hilbert
transform, and integral operators in OPS~*.

4. Symmetrization at order 1/2. We apply two simple conjugations (with a
Fourier multiplier and a multiplication operator) whose goal is to obtain a
new operator of the form

11
a —aq7|D|2 T
(0T
a7|D|2T; 0
up to lower order operators. The function a7 is close to 1 and a4 is small in e.
In the complex unknown /2 = 5 4 1Y/ such an operator reads

(h,h) > @ - Oph + iay|D|*Th + ash + Psh + Qsh,

(here we neglect a projector 7y on the constants) where Ps(¢) is a p-dependent
families of pseudo-differential operators of order —1/2, and Qs(¢) of order 0.
We shall call the former operator “diagonal”, and the latter “off-diagonal”’,
with respect to the variables (4, 4).

5. Symmetrization of the lower orders. We reduce the off-diagonal term Qs to
a pseudo-differential operator with very negative order, i.e. we conjugate the
above operator to another one whose first component has the form

227)  (hh) — - d,h +iar(p, )|\ DT h + ash + Peh + Ogh,

where Pg is in OPS ™2 and Qs € OPS™M for some M large enough, in view of
the reducibility scheme.

6. Time and space reduction at order 1/2. We now eliminate the ¢- lanld the
x-dependence from the coefficient of the leading operator ia;(p, x)|D|*T;. We
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conjugate the operator (2.27) by the time-1 flow of the pseudo-PDE
6cu = iB(9,x)|Dlu

where ff(p, x) is a small function to be chosen. This kind of transformations —
which could be called “semi-Fourier integral operators” and correspond to
pseudo-differential operators of type (3,3) in the notation of Hérmander —
have been introduced in [1] and studied as flows in [9].

Choosing appropriately the functions f(p,x) and «(x) (introduced in

(2.26)), the final outcome is a linear operator of the form
(/’l h)—a) 0 h+1m1T2|D|2h+(ag+a9)f)h+P7h+ 7(/’! /’l)

which has the constant coefficient m ~ 1 at the highest order, while J# is the
Hilbert transform, P; is in OPS~"/ 2%and the operator 7 7 is small, smoothing
and satisfies tame estimates in Sobolev spaces. The constant my collects the
quasi-linear effects of the non-linearity at the highest order.

7. Reduction of the lower order terms. We further diagonalize the operator %7,
reducing it to constant coefficients up to regularizing smoothing operators
of very negative order (D> ™. This is realized by applying an iterative se-
quence of pseudo-differential transformations that eliminate the ¢- and the
x-dependence of the diagonal symbols. The final system has the form

(228)  (h,h) = @+ d,h + imy | DJ* tanh (A D]k + iry (D) + Ao (p) (h, )

where the constant Fourier multiplier 7(¢) is real, even r(&) = r(—¢), satisfies

it e _
sup | 72|07 < ey @MY,
Jjez

and the variable coefficient operator %(¢) is regularizing and satisfies tame
estimates, see more precisely properties (2.29). We also remark that this final
operator (2.28) is reversible and even, since all the previous transformations
that we performed are reversibility preserving and even.
Our next goal is to diagonalize the operator (2.28); actually, it is sufficient
“almost-diagonalize” it by a KAM iterative scheme. The expression
“almost diagonalize” refers to the fact that we allow to add in (2.23) some
non diagonal remainders which are small as O(gy 2M+IN—2),
8. KAM-reducibility scheme. In order to decrease quadratlcally the size of the
resulting perturbation %, we apply a KAM diagonalization iterative scheme.
Such a scheme converges because the operators

(229) <D>m+b%<D>m+b+l, a;(?+b<D>m+b,%<D>m+b+l, i = 17 N

satisfy tame estimates for some b :=b(z,k9) € N and m := m(ky) which are
large enough, independently of s. Such conditions are verified to hold assum-
ing that M (the order of regularization of the remainder) is large enough
(essentially M = O(m + b)). This is the property that compensates, along the
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KAM iteration, the loss of derivatives in ¢ and x produced by the small divi-
sors in the second order Melnikov non-resonance conditions.

The big difference of the KAM reducibility scheme implemented in [3] with
respect to the one developed in [9] is that the second order Melnikov non-
resonance conditions imposed in [3] are very weak — in particular, they lose
regularity not only in the g-variable, but also in the space variable x. For this
reason we apply at each iterative step a smoothing procedure also in the space
variable.

After the diagonalization into (2.23) of the linearized operator, we invert it, by
imposing the first Melnikov non-resonance conditions. Since all the changes of
variables that we performed in the diagonalization process satisfy tame estimates
in Sobolev spaces, we finally conclude the existence of an approximate inverse of
the linearized operator which satisfies tame estimates.

Finally we implement a differentiable Nash—Moser iterative scheme to prove
Theorem 2.1.
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