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Abstract. — We obtain pointwise estimates for solutions of semilinear parabolic equations with a

potential on connected domains both of Rn and of general Riemannian manifolds. Our results gen-
eralize to the parabolic case those shown in [10] for elliptic equations.
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1. Introduction

We are concerned with solutions of semilinear parabolic equations of the follow-
ing type:

qtu� Duþ Vuq ¼ f in QT :¼ W� ð0;T �;ð1:1Þ

where W � M is a connected domain on a complete Riemannian manifold, the
potential V ¼ Vðx; tÞ and the source term f ¼ f ðx; tÞ are given continuous func-
tions in QT . Moreover, we suppose that f b 0, f 2 0, while V can be signed. We
consider both the case q > 0 and ub 0, and that q < 0 and u > 0.

The elliptic counterpart of equation (1.1), that is

�Duþ Vuq ¼ f in W;ð1:2Þ

with V and f continuous functions defined in W, has been largely investigated in
the literature. In particular, in [10] pointwise estimates for the solutions of (1.2)
have been obtained. Indeed, in [10] also more general divergence form elliptic op-
erators with smooth coe‰cients have been addressed. Assume that the Dirichlet
Green function of �D in W exists, and denote it by GWðx; yÞ; clearly, it exists if
qW is smooth enough. Set

HðxÞ :¼
Z
W

GWðx; yÞ f ðyÞ dmðyÞ;
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assume that HðxÞ < l for all x a W, and that

~HHðxÞ :¼
Z
W

GWðx; yÞHqðyÞVðyÞ dmðyÞ

is well-defined. Note that if W is relatively compact, then GWðx; �Þ a L1ðWÞ, hence
HðxÞ < l, for each f a LlðWÞ.

In [10] it is shown that if q > 0, then u satisfies a pointwise estimate from
below, in terms of the functions H and ~HH. On the other hand, if q < 0, then u
satisfies a similar pointwise estimate from above. Moreover, using similar in-
equalities, su‰cient conditions for the existence of positive solutions of equation
(1.2) have been obtained, provided W is relatively compact. Observe that in par-
ticular cases the results established in [10] have been already shown in the litera-
ture (see, e.g., [3], [4], [5], [8], [9], [11]). However, in the remarkable paper [10] it
is given a unified approach for treating all the values of q a Rnf0g, a general
signed potential V , and a general divergence form operator, also on domains of
Riemannian manifolds.

Recently, also parabolic equations with a potential on Riemannian manifolds
have been investigated (see, e.g., [2], [12], [13], [14]); however, it seems that in gen-
eral pointwise estimates for solutions of equation (1.1) have not been addressed.
In this paper we aim at obtaining pointwise estimates for solutions of (1.1), in the
same spirit of the results in [10], concerning elliptic equations.

Let p the heat kernek in W (see Section 2); for any f a CðQTÞ, define for all
ðx; tÞ a QT

SW½ f �ðx; tÞ :¼
Z t

0

Z
W

pðx; y; t� sÞ f ðy; sÞ dmðyÞ ds;ð1:3Þ

provided thatZ t

0

Z
W

pðx; y; t� sÞj f ðy; sÞj dmðyÞ ds < l for every x a W; t a ð0;T �:ð1:4Þ

Furthermore, for any u0 a CðWÞBLlðWÞ, u0 b 0, define for all ðx; tÞ a QT

RW½ f ; u0�ðx; tÞ :¼ SW½ f �ðx; tÞ þ
Z
W

pðx; y; tÞu0ðyÞ dmðyÞ:ð1:5Þ

We prove that for q > 0 any solution of problem

qtu� Duþ Vuq b f ; ub 0; in QT

ub u0 in W� f0g

�
ð1:6Þ

satisfies a certain pointwise estimate from below in terms of the functions
RW½ f ; u0� and SW½hqV �, provided that SW½hqjV j� < l in QT , where

h :¼ RW½ f ; u0� in QT :ð1:7Þ
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Moreover, if q < 0, then for any solution of problem

qtu� Duþ Vuq a f ; u > 0; in QT

u ¼ 0 in qW� ð0;T �
ua u0 in W� f0g;

8><
>:ð1:8Þ

a similar estimate from above is obtained. Indeed, note that in the case q < 0, as
well as in the elliptic case, a suitable extra pointwise condition at infinity for the
solution is required. However, in the parabolic case, if M is stochastically com-
plete, such a condition can be replaced by a growth condition at infinity, which is
a weaker assumption.

Moreover, when W is relatively compact, we give su‰cient conditions for
existence of positive solutions of problem

qtu� Duþ Vuq ¼ f in QT

u ¼ 0 in qW� ð0;T �
u ¼ u0 in W� f0g;

8><
>:ð1:9Þ

that are based on estimates analogous to those described above. We should note
that all our results seem to be new also in the case that M ¼ Rn.

In order to prove our results, we adapt to parabolic equations the methods
used in [10]. At first we prove our pointwise estimates assuming that W is a rela-
tively compact connected domains, and replacing h defined in (1.7) by a function
z a C2;1ðQTÞBCðQTÞ that satisfies

qtz� Dzb 0 in QT ;ð1:10Þ
z > 0 in W� ½0;T �:ð1:11Þ

To do that the main step is to consider the equation solved by uv, where

v :¼ f�1
�u
h

�
;

f being an appropriate smooth function. Then a suitable approximation proce-
dure is used to obtain the desired estimates in possibly not relatively compact
domain W, with h defined in (1.7). In our arguments a special role is played by
an appropriate comparison result, that is applied to the function uv. Note that
the proof of such a comparison result is quite di¤erent from that in [10] for the
elliptic case. Furthermore, on a special class of Riemannian manifolds, including
the stochastically completes ones, we can show a refined comparison result. In
view of this, we can show the estimates from above in the case q < 0, only assum-
ing growth conditions at infinity on the solutions of (1.1).

The paper is organized as follows. In Section 2 we recall some basic notions
in Riemannian Geometry and in Analysis on manifolds that will be used in the
sequel. Then we state our main results in Section 3. In Section 4 we show some
preliminary results, including the comparison results mentioned above, that will
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be essential in the proofs of the main theorems, that can be found in Sections 5
and 6.

2. Mathematical framework

Let M be an n-dimensional Riemannian manifold with a Riemannian metric ten-
sor g ¼ ðgijÞ. In any chart with coordinates x1; x2 . . . ; xn, the associated Laplace–
Beltrami operator is given by

Du ¼ 1ffiffiffiffiffiffiffiffiffiffi
det g

p
Xn

i; j¼1

qxið
ffiffiffiffiffiffiffiffiffiffi
det g

p
gijqxj uÞ;

where det g is the determinant of the matrix g ¼ ðgijÞ; ðgijÞ is the inverse matrix
of ðgijÞ; and u a C2ðMÞ. The Riemannuan measure dm in the same chart reads
by

dm ¼
ffiffiffiffiffiffiffiffiffiffi
det g

p
dx1 . . . dxn;

furthermore, the gradient of a function u a C1ðMÞ is

ð‘uÞ i ¼
Xn

j¼1

gijqxj u ði ¼ 1; . . . ; nÞ:

For any f ; g a C2ðMÞ we have

Dð fgÞ ¼ fDgþ 23‘f ;‘g4þ gDf :ð2:1Þ

Moreover, for any w a C2ðMÞ and f a C2ðIRÞ there holds

D½fðwÞ� ¼ f 0ðwÞDwþ f 00ðwÞj‘wj2:ð2:2Þ

We denote by qlM the infinity point of the one-point compactification of M
(see for example [19, Sec. 5.4.3]). For any function u : W � M ! R we write

lim
x!qlM

uðxÞ ¼ 0

to indicate that uðxÞ ! 0 as dðx; oÞ ! l, o a M being a fixed point; here and
hereafter dðx; yÞ denotes the geodesic distance from x to y. Similarly we mean
equalities and inequalities involving lim inf and lim sup.

By standard results (see, e.g., [6]) the heat kernel in W, pðx; y; tÞ, is well-
defined. For each fixed y a W, pðx; y; tÞ is the smallest positive solution of
equation

qt p� Dp ¼ 0 in QT ;ð2:3Þ
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such that

lim
t!0þ

pðx; y; tÞ ¼ dy;

where dy is the Dirac delta concentrated at y. Moreover, p a ClðW�W�
ð0;lÞÞ;

pðx; y; tÞ > 0 for any x; y a W; t > 0;

pðx; y; tÞ ¼ pðy; x; tÞ for any x; y a W; t > 0;

pðx; y; tÞ ¼
Z
W

pðx; z; sÞpðz; y; t� sÞ dmðyÞ for any t > 0; 0 < s < t; x; y a W;Z
W

pðx; y; tÞ dmðyÞa 1 for any x a W; t > 0:

Furthermore, (see [7, Theorem 7.16]) for any u0 a CðWÞBLlðWÞ, the function

vðx; tÞ :¼
Z
M

pðx; y; tÞu0ðyÞ dmðyÞ; x a W; t > 0

belongs to ClðW�W� ð0;lÞÞ, satisfies equation (2.3), and

vðx; tÞ ! u0ðxÞ as t ! 0þ locally uniformly w:r:t: x a W:

In addition, if qW is smooth, then v a CðQTÞ, and

v ¼ 0 in qW� ð0;T �:

As usual, we say that f is locally Holder continuous in QT , if there exists
a a ð0; 1Þ such that for any compact subset K � W, 0 < taT

j f ðx; tÞ � f ðy; sÞjaL½dðx; yÞa þ jt� sj
a
2� for all x; y a K ; t; s a ðt;TÞ;

for some L ¼ LK; t > 0. We set

C2;1ðQTÞ :¼ u : QT ! R

���� q2u

qxiqxj
; qtu a CðQTÞ for any i; j ¼ 1; . . . ; n

( )
:

We have that (see, e.g. [1]) if (1.4) holds and f is locally Holder continuous
in QT and u0 a CðWÞBLlðWÞ, then the function h defined in (1.7) satisfies
h a C2;1ðQTÞ and

qtu� Du ¼ f in QT :ð2:4Þ

Moreover, if f a LlðQTÞ and u0 a CðWÞBLlðWÞ, then h a CðW� ½0;T �Þ and

h ¼ u0 in W� f0g:
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Finally, if qW is smooth and f a CðQTÞ, then

h ¼ 0 in qW� ð0;T �:

3. Statements of the main results

Set

wuðxÞ :¼
1 if uðxÞ > 0

0 if uðxÞ < 0:

�

We can prove the pointwise estimates for solutions of (1.1) contained in the
following theorem.

Theorem 3.1. Let W � M be an open connected subset. Suppose that V ; f a
CðQTÞ, f b 0, f 2 0 in QT, u0 a CðWÞBLlðWÞ, u0 b 0. Assume that u a
C2;1ðQTÞBCðQTÞ satisfies (1.6) if q > 0, or that u satisfies problem (1.8) and

lim
x!qlM

sup
t A ð0;T �

uðx; tÞ ¼ 0;ð3:1Þ

if q < 0. Let (1.4) be satisfied, and let h be defined by (1.7). Moreover, assume that

SW½hqjV j�ðx; tÞ < l for all ðx; tÞ a QT ; if q < 0 or qb 1;

or that

SW½wuhqjV j�ðx; tÞ < l for all ðx; tÞ a QT ; if 0 < q < 1:ð3:2Þ

Then the following statements hold for all ðx; tÞ a QT.

(i) If q ¼ 1, then

uðx; tÞb hðx; tÞe�
1

hðx; tÞS
W½hV �ðx; tÞ

:ð3:3Þ

(ii) If q > 1, then

�ðq� 1ÞSW½hqV �ðx; tÞ < hðx; tÞ;ð3:4Þ

and

uðx; tÞb hðx; tÞ

1þ ðq� 1ÞS
W½hqV �ðx; tÞ
hðx; tÞ

n o 1
q�1

:ð3:5Þ

(iii) If 0 < q < 1, then

uðx; tÞb hðx; tÞ 1� ðq� 1ÞS
W½wuhqV �ðx; tÞ

hðx; tÞ

� � 1
1�q

þ
:ð3:6Þ
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(iv) If q < 0, then (3.4) holds, and

uðx; tÞa hðx; tÞ 1� ð1� qÞS
W½hqV �ðx; tÞ
hðx; tÞ

� � 1
1�q

;ð3:7Þ

Furthermore, in the case that f C 0, we can prove the following estimates.

Theorem 3.2. Let W � M be an open connected subset. Let V a CðQTÞ: Sup-
pose that u a C2;1ðQTÞ satisfies either

qtu� Duþ Vuq
b 0; ub 0 in QT ; if q > 0;ð3:8Þ

or

qtu� Duþ Vuq
a 0; u > 0 in QT ; if q < 0:ð3:9Þ

Moreover, assume that

SW½jV j�ðx; tÞ < l for all ðx; tÞ a QT ; if q < 0 or qb 1;

or that

SW½wujV j�ðx; tÞ < l for all ðx; tÞ a QT ; if 0 < q < 1;ð3:10Þ

Then the following statements hold.

(i) If q ¼ 1, u a CðQTÞ,

ub 1 in ½qW� ð0;T ��A ½W� f0g�;ð3:11Þ
lim inf
x!qlM

inf
t A ð0;T �

uðx; tÞb 1;ð3:12Þ

then

uðx; tÞb e�SW½V �ðx; tÞ for all ðx; tÞ a QT :ð3:13Þ

(ii) If q > 1 and

lim
t!0þ

inf
x AW

uðx; tÞ ¼ l; lim
dðx;qWÞ!0

inf
t A ð0;T �

uðx; tÞ ¼ l;ð3:14Þ

lim
x!qlM

inf
t A ð0;T �

uðx; tÞ ¼ l;

then

SW½V �ðx; tÞ > 0;ð3:15Þ

and

uðx; tÞb fðq� 1ÞSW½V �ðx; tÞg�
1

q�1:ð3:16Þ
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(iii) If 0 < q < 1, then

uðx; tÞb f�ð1� qÞSW½wuV �ðx; tÞg
1

q�1

þ :ð3:17Þ

(iv) If q < 0, u a CðQTÞ,

u ¼ 0 in ½qW� ð0;T ��A ½W� f0g�;ð3:18Þ

and (3.1) is satisfied, then

SW½V �ðx; tÞ < 0;ð3:19Þ

and

uðx; tÞa f�ð1� qÞSW½V �ðx; tÞg
1

q�1:ð3:20Þ

In the next theorem, we give su‰cient conditions for the existence of non-
negative solutions of problem (1.9), in the case that W is relatively compact, and
u0 a CðWÞ, with u0 ¼ 0 on qW. Note that the last compatibility condition allows
us to construct solutions that attain continuously zero on the whole parabolic
boundary. Moreover, we establish two-sided pointwise estimates for such solu-
tions.

Theorem 3.3. Let W � M be a connected relatively compact subset with bound-
ary qW of class C1. Suppose that f and V are locally Holder continuous in QT,
and that f a CðQTÞ, f b 0, f 2 0. Assume that u0 a CðWÞ, u0 ¼ 0 on qW. Let
(1.4) be satisfied, and let h be defined by (1.7). Then the following statements
hold.

(i) Suppose that q > 1, V a 0, and that

�SW½hqV �ðx; tÞa
�
1� 1

q

�q 1

q� 1
hðx; tÞ for all ðx; tÞ a QT :ð3:21Þ

Then a nonnegative solution u a C2;1ðQTÞBCðQTÞ of problem (1.9) exists;
moreover,

hðx; tÞ

1þ ðq� 1ÞS
W½hqV �ðx; tÞ
hðx; tÞ

n o 1
q�1

a uðx; tÞa q

q� 1
hðx; tÞð3:22Þ

for all ðx; tÞ a QT :

(ii) Suppose that q < 0, V b 0, and that

SW½hqV �ðx; tÞa
�
1� 1

q

�q 1

1� q
hðx; tÞ for all ðx; tÞ a QT :ð3:23Þ
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Then a positive solution u a C2;1ðQTÞBCðQTÞ of problem (1.9) exists; moreover,
for all ðx; tÞ a QT

1

1� 1
q

hðx; tÞa uðx; tÞa 1� ð1� qÞS
W½hqV �ðx; tÞ
hðx; tÞ

� � 1
1�q

hðx; tÞ:ð3:24Þ

3.1. Further results for q < 0

Consider domains W that are not relatively compact. If q < 0, under suitable
hypotheses, we can remove condition (3.1) and then getting Theorem 3.1-(iv)
and Theorem 3.2-(iv).

We assume that there exist m > 0 and a subsolution Z of equation

DZ ¼ mZ in W;ð3:25Þ

such that

sup
W

Z < l; lim
x!qlM

ZðxÞ ¼ �l:ð3:26Þ

By a subsolution of (3.25) we mean a function Z a C2ðWÞ such that

DZb mZ in W:ð3:27Þ

Observe that our results remain true if Z is continuous in W and satisfies (3.27)
in the distributional sense. Note that, in the case W ¼ M, the existence of such a
subsolution Z implies that M is stochastically complete (see [6]), i.e.Z

M

pðx; y; tÞ dmðyÞ ¼ 1 for all x a M; t > 0:

We refer the reader to [6] for su‰cient and necessary condition for the existence
of such subsolution Z. We limit ourselves to observe that such a subsolution Z
exists for instance on Rn, nb 3, and on the hyperbolic space Hn, nb 2.

Theorem 3.4. Let q < 0: Let W � M be an open not relatively compact con-
nected subset. Suppose that V ; f a CðQTÞ, f b 0, f 2 0 in QT, u0 a CðWÞB
LlðWÞ, u0 b 0. Assume that u a C2;1ðQTÞBCðQTÞ satisfies (1.8). Let conditions
(1.4) and (3.2) be satisfied, and let h be defined by (1.7). Let there exist m > 0 and
a subsolution Z of equation (3.25), which satisfies (3.26). Moreover, suppose that

lim sup
x!qlM

supt A ð0;T � h
qðx; tÞ½u1�qðx; tÞ � h1�qðx; tÞ�

jZðxÞj a 0:ð3:28Þ

Then (3.4) and (3.7) hold.

Theorem 3.5. Let q < 0. Let W � M be an open not relatively compact con-
nected subset. Let V a CðQTÞ: Suppose that u a C2;1ðQTÞBCðQTÞ satisfies (3.9)
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and (3.18). Let condition (3.10) be satisfied. Let there exist m > 0 and a subsolution
Z of equation (3.25), which satisfies (3.26). Moreover, suppose that

lim sup
x!qlM

supt A ð0;T � u
1�qðx; tÞ

jZðxÞj a 0:ð3:29Þ

Then (3.19) and (3.20) hold.

Remark 3.6. It is easily seen that both condition (3.28) and (3.29) are weaker
than condition (3.1).

4. Auxiliary results

This section is devoted to some preliminary results that will be used to prove
Theorems 3.1, 3.2, 3.3.

Lemma 4.1. Let v; h a C2;1ðQTÞ, f a C2ðIÞ with vðQTÞ � I , I being an interval
in IR. Then in QT

qt½hfðvÞ� � D½hfðvÞ�ð4:1Þ
¼ f 0ðvÞ½qtðhvÞ � DðhvÞ� � f 00ðvÞj‘vj2hþ ½fðvÞ � vf 0ðvÞ�ðqth� DhÞ:

In particular, if f 0A 0 in I , then in QT

qtðhvÞ � DðhvÞð4:2Þ

¼ qt½hfðvÞ� � D½hfðvÞ�
f 0ðvÞ þ f 00ðvÞ

f 0ðvÞ j‘vj
2
hþ

�
v� fðvÞ

f 0ðvÞ

�
ðqth� DhÞ:

Proof. Clearly,

qt½hfðvÞ� ¼ f 0ðvÞqtðhvÞ þ ½fðvÞ � vf 0ðvÞ�qth:ð4:3Þ

Moreover, in view of (2.1) with f ¼ h, g ¼ fðvÞ, and in view of (2.2) with w ¼ v
we get

D½hfðvÞ� ¼ fðvÞDhþ h½f 0ðvÞDvþ f 00ðvÞj‘vj2� þ 2f 0ðvÞ3‘h;‘v4:

Thus

D½hfðvÞ� ¼ f 0ðvÞDðhvÞ þ f 00ðvÞj‘vj2hþ ½fðvÞ � vf 0ðvÞ�Dh:ð4:4Þ

From (4.3) and (4.4) we easily obtain (4.1), and then (4.2). r

Lemma 4.2. Let I � IR be an interval. Let f a C2ðIÞ, f > 0, f 0 > 0 in I . Let
v; h a C2;1ðQTÞ with h > 0, vðWÞ � I . Set

u :¼ hfðvÞ:
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Let V a CðQTÞ, q a IRnf0g. If

qtu� Duþ Vuq
b qth� Dh in QT ;ð4:5Þ

then

qtðhvÞ � DðhvÞ þ hqV
fðvÞq

f 0ðvÞð4:6Þ

b

�
v� fðvÞ � 1

f 0ðvÞ

�
ðqth� DhÞ þ f 00ðvÞ

f 0ðvÞ j‘vj
2
h in QT :

If

qtu� Duþ Vuq
a qth� Dh in QT ;ð4:7Þ

then

qtðhvÞ � DðhvÞ þ hqV
fqðvÞ
f 0ðvÞð4:8Þ

a

�
v� fðvÞ � 1

f 0ðvÞ

�
ðqth� DhÞ þ f 00ðvÞ

f 0ðvÞ j‘vj
2
h in QT :

Proof. From (4.5) with u ¼ hfðvÞ it follows that

qt½hfðvÞ� � D½hfðvÞ�b�VhqfðvÞq þ qth� Dh:ð4:9Þ

Therefore, by (4.2) and (4.9),

qtðhvÞ � DðhvÞ

b�Vhq fðvÞ
q

f 0ðvÞ þ
f 00ðvÞ
f 0ðvÞ j‘vj

2
hþ 1þ vf 0ðvÞ � fðvÞ

f 0ðvÞ ðqth� DhÞ:

So, (4.6) follows. The second claim can be proved in the same way. r

Lemma 4.3. Let assumptions of Lemma 4.2 be satisfied. Moreover, suppose that
0 a I , and that

qth� Dhb 0 in QT :ð4:10Þ

If

fð0Þ ¼ 1;ð4:11Þ
f 0 > 0; f 00

b 0 in I ;ð4:12Þ
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then

qtðhvÞ � DðhvÞ þ hqV
fðvÞq

f 0ðvÞ b 0 in QT :ð4:13Þ

If (4.11) holds, and

f 0 > 0; f 00
a 0 in I ;ð4:14Þ

then

qtðhvÞ � DðhvÞ þ hqV
fðvÞq

f 0ðvÞ a 0 in QT :ð4:15Þ

Proof. It is direct to see that (4.11) and (4.12) imply that

v� fðvÞ � 1

f 0ðvÞ b 0 for all v a I :ð4:16Þ

From (4.6), (4.10) and (4.16) we obtain (4.13). Inequality (4.15) can be deduced
similarly. r

Remark 4.4. Note that if qth� Dh ¼ 0 in QT , then in Lemma 4.3 condition
(4.11) can be removed.

In the sequel, we often use the next comparison result.

Proposition 4.5. Let W � M be an open subset. Assume that g a CðQTÞ, and
that

S½jgj� < l in QT :ð4:17Þ

Let v a C2ðQTÞBCðQTÞ be a supersolution of problem

qtv� Dv ¼ g in QT

v ¼ 0 in qW� ð0;T �
v ¼ 0 in W� f0g:

8><
>:ð4:18Þ

Furthermore, if W is not relatively compact, suppose that

lim inf
x!qlM

inf
t A ð0;T �

vðx; tÞb 0:ð4:19Þ

Then

vðx; tÞbSW½g�ðx; tÞ for every x a W; t a ½0;T �:ð4:20Þ
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Proof. Choose a sequence of functions fgng such that gn is locally Lipschitz
continuous in QT for every n a N,

gn a g; gn a gnþ1 in QT for every n a N;ð4:21Þ
gn ! g in QT as n ! l:ð4:22Þ

Let us only consider the case when W is not relatively compact; the case when W
is relatively compact is easier and it will be omitted.

Let k a N that will be taken arbitrary large later on. Fixed a point o a M, by
(4.19), we find a radius Rk such that

vb� 1

k
on ðWB qBRk

ðoÞÞ � ð0;T �:ð4:23Þ

Since v a CðQTÞ we can therefore take Wk � WBBRk
ðoÞ so that

vb� 1

k
on qWk � ð0;T �:

For each k fixed, the construction of Wk can be carried out just observing that v
is uniformly continuous in WBBRk

ðoÞ and exploiting the boundary datum. With
no loss of generality we may and do assume that Rk ! l, Wk is smooth and[

k AN

Wk ¼ W:ð4:24Þ

Therefore, by construction, we have that v is a supersolution of the problem

qtv� Dv ¼ gn in Wk � ð0;T �
vb�k�1 in qWk � ð0;T �
vb�k�1 in Wk � f0g:

8><
>:ð4:25Þ

Let now vn;k be the solution of the problem

qtv� Dv ¼ gn in Wk � ð0;T �
v ¼ 0 in qWk � ð0;T �
v ¼ 0 in Wk � f0g:

8><
>:ð4:26Þ

We have that

vn;kðx; tÞ ¼
Z t

0

Z
Wk

pkðx; y; t� sÞgnðy; sÞ dt dmðyÞ; x a Wk; t a ½0;T �;ð4:27Þ

where pk is the heat kernel in Wk, completed with zero homogeneous Dirichlet
boundary conditions. It is known that (see, e.g., [6]), by (4.24), it follows that

lim
k!l

pk ¼ p in M �M � ð0;lÞ:ð4:28Þ
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Therefore, using (4.17), (4.22) and (4.28), we can infer that

lim
n!l;k!l

vn;k ¼ SW½g� in QT :ð4:29Þ

On the other hand, the function vn;k � k�1 is a subsolution of problem

qtv� Dv ¼ gn in Wk � ð0;T �
va�k�1 in qWk � ð0;T �
va�k�1 in Wk � f0g:

8><
>:ð4:30Þ

By the comparison principle, taking into account (4.25) and (4.30), we deduce
that

vb vn;k � k�1 in Wk � ½0;T �:ð4:31Þ

In view of (4.29), letting k ! l, n ! l, we obtain (4.20). r

We also use the next comparison result.

Proposition 4.6. Let W � M be an open subset. Assume that g a CðQTÞ
and that (4.17) is satisfied. Let v a C2ðQTÞBCðQTÞ be a subsolution of problem
(4.18). Furthermore, if W is not relatively compact, suppose that

lim sup
x!qlM

sup
t A ð0;T �

vðx; tÞa 0:ð4:32Þ

Then

vðx; tÞaSW½g�ðx; tÞ for every x a W; t a ½0;T �:ð4:33Þ

The proof of Proposition 4.6 is analogous to that of Proposition 4.5; the only
di¤erence is that the sequence fgng satisfies

gn b g; gn b gnþ1 in QT for every n a N;ð4:34Þ

instead of (4.21).
Moreover, we use the next refined comparison principles.

Proposition 4.7. Let W � M be an open, not relatively compact subset. Assume
that g a CðQTÞ, and that (4.17) is satisfied. Let v a C2ðQTÞBCðQTÞ be a sub-
solution of problem (4.18). Assume that there exists a subsolution Z of equation
(3.25) such that (3.26) is satisfied. Furthermore, suppose that

lim sup
x!qlM

supt A ð0;T � vðx; tÞ
jZðxÞj a 0:ð4:35Þ

Then (4.33) holds.
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Proof. First of all we observe that we can assume that, for some H > 0,

Za�H < 0 in W:ð4:36Þ

In fact, if supW Zb 0, then instead of Z we can consider the function

~ZZ :¼ Z � sup
W

Z � 1;

that clearly satisfies (3.25), (3.26) and (4.36).
Choose now a sequence of functions fgng such that gn is locally Lipschitz

continuous in QT for every n a N, (4.34) and (4.22) hold. Let k a N that will be
taken arbitrary large later on and fix a point o a M. We set

Vkðx; tÞ :¼ �k�1ZðxÞemt ððx; tÞ a QTÞ:

In view of (4.36), since m > 0, we have that

Vk b
H

k
> 0 in QT :ð4:37Þ

By (4.35), we find a radius Rk such that

vaVk in ðqBRk
ðoÞBWÞ � ð0;T �:ð4:38Þ

Since v a CðQTÞ we can therefore take Wk � WBBRk
ðoÞ so that

vaVk on qWk � ð0;T �:ð4:39Þ

With no loss of generality we may and do assume that Rk ! l, Wk is smooth
and [

k AN

Wk ¼ W:ð4:40Þ

With such a construction we let vn;k and pk as in (4.27). It is now easy to verify
that Vk is a supersolution of the problem

qtu� Du ¼ 0 in Wk � ð0;T �
u ¼ Vk in qWk � ð0;T �
u ¼ Vk in Wk � f0g:

8><
>:ð4:41Þ

Inequalities (4.37) and (4.38) and (4.39) easily yield that

v� vn;k aVk in ½qWk � ð0;T ��A ½Wk � f0g�:ð4:42Þ

Exploiting (4.42) and (4.34) we can infer that v� vn;k is a subsolution of prob-
lem (4.41) and, by the comparison principle, we obtain that

v� vn;k aVk in Wk � ð0;T �:ð4:43Þ
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Letting n ! l, k ! l in (4.43) we deduce that

vaSW½g� in QT : r

Similarly, the next refined comparison principle can also be shown.

Proposition 4.8. Let W � M be an open, not relatively compact subset. Assume
that g a CðQTÞ and that (4.17) is satisfied. Let v a C2ðQTÞBCðQTÞ be a super-
solution of problem (4.18). Let there exist a subsolution Z of equation (3.25) such
that (3.26) is satisfied. Furthermore, suppose that

lim inf
x!qlM

inf t A ð0;T � vðx; tÞ
jZðxÞj b 0:ð4:44Þ

Then (4.20) holds.

4.1. Pointwise estimates in relatively compact domains with general smooth
supersolutions

Let h a C2;1ðQTÞBCðQTÞ be a function that satisfies (1.10), (1.11). Consider the
following inital-boundary value inequalities

qtu� Duþ Vuq b qth� Dh in QT

ub h in qW� ð0;T �
ub h in W� f0g
ub 0 in QT ;

8>>><
>>>:

ðq > 0Þð4:45Þ

and

qtu� Duþ Vuq a qth� Dh in QT

ua h in qW� ð0;T �
ua h in W� f0g
u > 0 in QT :

8>>><
>>>:

ðq < 0Þð4:46Þ

The next result has a crucial role in the proof of Theorem 3.1. In fact, it
gives the estimates (3.3)–(3.7), under the extra assumption that W is relatively
compact; moreover, a general smooth function h that satisfies (1.10)–(1.11) is
used.

Theorem 4.9. Let W � M be a relatively compact connected subset. Let h be

any function belonging to C2;1ðQTÞBCðQTÞ that satisfies (1.10)–(1.11). Let u a
C2;1ðQTÞBCðQTÞ be a solution of either (4.45) or (4.46).

Moreover, assume that

SW½hqjV j�ðx; tÞ < l for all ðx; tÞ a QT ; if q < 0 or qb 1;
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or that

SW½wuhqjV j� < l for all ðx; tÞ a QT ; if 0 < q < 1:

Then (3.3)–(3.7) hold for all ðx; tÞ a QT.

Proof of Theorem 4.9. To begin with, we further assume that

h > 0; u > 0 in QT ; and V a CðQTÞ:ð4:47Þ

Following the proof of [10, Theorem 3.2], we choose a function f to solve the
initial value problem

f 0ðsÞ ¼ fðsÞq; fð0Þ ¼ 1:ð4:48Þ

For q ¼ 1 we have

fðsÞ ¼ es; s a R;ð4:49Þ

while for qA1 we obtain

fðsÞ ¼ ½ð1� qÞsþ 1�
1

1�q; s a Iq;ð4:50Þ

where the interval Iq is given by

Iq ¼

�
�l; 1

q�1

�
if q > 1;

R if q ¼ 1;�
� 1

q�1
;l

�
if q < 1:

8>><
>>:ð4:51Þ

There holds

f 0ðsÞ ¼ ½ð1� qÞsþ 1�
q

1�q; f 00ðsÞ ¼ q½ð1� qÞsþ 1�
2q�1
1�q :ð4:52Þ

In particular, we have

f 0 > 0 in Iq;ð4:53Þ

consequently, the inverse function f�1 : ð0;lÞ ! R is well-defined. Moreover,

f 00ðsÞ > 0 in Iq if q > 0;ð4:54Þ

whereas

f 00ðsÞ < 0 in Iq if q < 0:ð4:55Þ

Indeed, for 0 < q < 1, we extend the domain of f to all sa� 1
1�q

, by putting
fðsÞ ¼ 0; so that

fðsÞ ¼ ½ð1� qÞsþ 1�
1

1�q

þ for all s a R:ð4:56Þ
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Due to (4.47), we can define

v :¼ f�1
�u
h

�
in QT ;ð4:57Þ

we have that v a C2;1ðQTÞBCðQTÞ. Let q > 0. From (1.10) and (4.45) we have
that the function u ¼ hfðvÞ satisfies

qtu� Duþ Vuq
b qth� Dhb 0 in QT :ð4:58Þ

Thanks to (4.58), Lemma 4.3 and (4.48) we get

qtðhvÞ � DðhvÞb�hqV in QT :ð4:59Þ

Since ub h in ½qW� ð0;T ��A ½W� f0g�; we have that

hv ¼ hf�1
�u
h

�
b hf�1ð1Þ ¼ 0 in ½qW� ð0;T ��A ½W� f0g�:ð4:60Þ

So, hv is a supersolution of problem (4.18) with g ¼ �hqV . Since W is relatively
compact, by Proposition 4.5,

hvb�SW½hqV � in QT :ð4:61Þ

Thus,

vb� 1

h
S½hqV � in QT :ð4:62Þ

As a consequence of (4.57) and (4.62) we obtain that, for q > 1,

v <
1

q� 1
; �h�1SW½hqV � < 1

q� 1
:ð4:63Þ

Hence, for each q > 0, we can apply f to both sides of (4.62) to obtain

u

h
a f

�
� 1

h
SW½hqV �

�
in QT ;ð4:64Þ

which implies (3.3), (3.5), (3.6). Moreover, from (4.63) it follows (3.4).
Now, assume that q < 0. Then we have

qtu� Duþ Vuq
a qth� Dh in QT :

Thanks to Lemma 4.3 and (4.15) we have

qtðhvÞ � DðhvÞa�hqV in QT :ð4:65Þ
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Since ua h in ½qW� ð0;T ��A ½W� f0g�; we have that

hv ¼ hf�1
�u
h

�
a hf�1ð1Þ ¼ 0 in ½qW� ð0;T ��A ½W� f0g�:ð4:66Þ

So, hv is a subsolution of problem (4.18) with g ¼ �hqV . Since W is bounded, by
Proposition 4.6,

hva�SW½hqV � in QT :

Thus,

va� 1

h
SW½hqV � in QT :ð4:67Þ

In view of (4.67), it follows (3.4). Moreover, applying f to both sides of (4.67) we
get

u

h
b f

�
� 1

h
SW½hqV �

�
in QT ;ð4:68Þ

and then (3.7).
Now we can remove the extra assumptions in (4.47). We extend the domain

Iq of f to the endpoints of Iq by taking the limits of f at the endpoints. So, the
extended domain of f is the interval

Iq ¼

	
�l; 1

q�1



if q > 1;

½�l;l� if q ¼ 1;	
� 1

q�1 ;l



if q < 1:

8>><
>>:

Moreover, when 0 < q < 1, we extend f to all s a ½�l;l� by using (4.56).
Hence (3.3), (3.5) and (3.6) can be written in the form (4.64), while (3.20) in the
form (4.68).

Take q > 0. Let us show (4.64). To this purpose, for every e > 0 set

ue :¼ uþ e

and define

ve :¼ f�1
�ue
h

�
in QT :

Note that since ue > 0 and h > 0 in QT , the function ve is well-defined in QT and
ve a C2;1ðQTÞ; moreover, veðQTÞ � Iq: From (4.2) it follows that
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qtðhveÞ � DðhveÞð4:69Þ

¼ qt½hfðveÞ� � D½hfðveÞ�
f 0ðveÞ

þ f 00ðveÞ
f 0ðveÞ

j‘vej2hþ
�
ve �

fðveÞ
f 0ðveÞ

�
ðqth� DhÞ in QT :

Since

qt½hfðveÞ� � D½hfðveÞ� ¼ qtue � Due ¼ qtu� Du in QT ;

we get

qtðhveÞ � DðhveÞð4:70Þ

¼ qtu� Du

f 0ðveÞ
þ f 00ðveÞ

f 0ðveÞ
j‘vej2hþ

�
ve �

fðveÞ
f 0ðveÞ

�
ðqth� DhÞ in QT :

By (4.48),

f 0ðveÞ ¼ fðveÞq ¼
�ue
h

�q
:ð4:71Þ

From (4.70), (4.71) and (4.45) we obtain

qtðhveÞ � DðhveÞ

b�hq
� u
ue

�q
V þ f 00ðveÞ

f 0ðveÞ
j‘vej2hþ

�
ve �

fðveÞ � 1

f 0ðveÞ

�
ðqth� DhÞ in QT :

In view of (1.10), (1.11) and (4.12), the previous inequality implies

qtðhveÞ � DðhveÞb�hq
� u
ue

�q
V in QT :ð4:72Þ

If q > 0, qA 1, from (4.50) we have that

f�1ðsÞ ¼ s1�q � 1

1� q
; s > 0;

hence

hve ¼ hf�1
�ue
h

�
¼ 1

1� q
ðhqu1�q

e � hÞ in QT :ð4:73Þ

Let ðx0; t0Þ a ½qW� ð0;T ��A ½W� f0g�. Since u; h a CðQTÞ, in view of (4.45) we
have that

ueðx0; t0Þb hðx0; t0Þ þ e > hðx0; t0Þ:ð4:74Þ
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From (4.73) and (4.74) we deduce that

lim
ðx; tÞ!ðx0; t0Þ

hðx; tÞveðx; tÞ ¼
1

1� q
½hqðx0; t0Þu1�q

e ðx0; t0Þ � hðx0; t0Þ�b 0:ð4:75Þ

For q ¼ 1, we have that f�1ðsÞ ¼ log s, hence

hve ¼ h log
�ue
h

�
in QT :ð4:76Þ

If hðx0; t0Þ > 0, then we have

lim
ðx; tÞ!ðx0; t0Þ

hðx; tÞveðx; tÞ ¼ hðx0; t0Þ log
�ueðx0; t0Þ
hðx0; t0Þ

�
> 0;ð4:77Þ

while if hðx0; t0Þ ¼ 0, then from (4.76), since ue b e, we have that

lim
ðx; tÞ!ðx0; t0Þ

hðx; tÞveðx; tÞ ¼ 0:ð4:78Þ

From (4.75), (4.77) and (4.78) we can infer that hve a C2;1ðQTÞBCðQTÞ; and

hve b 0 in ½qW� ð0;T ��A ½W� f0g�:ð4:79Þ

Note that since

SW hq
� u
ue

�q
jV j

� �
aSW½hqjV j�;

we can infer that SW
	
hq
�
u
ue

�q
V


< l in QT ; furthermore, hq

�
u
ue

�q
V a CðQTÞ.

Hence, in view of (4.72) and (4.79), we can apply Proposition 4.5 to obtain

hve b�SW hq
� u
ue

�q
V

� �
in QT :

Therefore,

ve b� 1

h
SW hq

� u
ue

�q
V

� �
in QT :ð4:80Þ

We claim that, if qb 1, then

u > 0 in QT :ð4:81Þ

In fact, from (4.80) we obtain

ve b� 1

h
SW½hqVþ� in QT :ð4:82Þ
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Observe that

ve ¼ f�1
�ue
h

�
a Iq; � 1

h
SW½hqVþ� � ½�l; 0� � Iq:

Hence we can apply f to both sides of (4.82) to get

ue b hf
�
� 1

h
SW½hqVþ�

�
:ð4:83Þ

Letting e ! 0þ in (4.83) we have

ub hf
�
� 1

h
SW½hqVþ�

�
in QT :ð4:84Þ

Since SW½hqVþ�ðx; tÞ < l for every ðx; tÞ a QT , from (4.84) we can infer that
(4.81) is satisfied, and the Claim has been shown.

Now, observe that since

ve a Iq; � 1

h
SW hq

� u
ue

�q
V

� �
a Iq;

we can apply f to both sides of (4.80) to get

ue b hf � 1

h
SW hq

� u
ue

�q
V

� �
 �
in QT :ð4:85Þ

In view of (4.81), we have that

u

ue
! 1 in QT as e ! 0þ:

Hence, by monotone convergence theorem,

SW hq
� u
ue

�q
V

� �
! SW½hqV � in QT as e ! 0þ:ð4:86Þ

In particular, we have that

� 1

hðx; tÞ
SW½hqV �ðx; tÞ

hðx; tÞ a Iq:ð4:87Þ

Letting e ! 0þ in (4.85) we get

ub hf
�
� 1

h
SW½hqV �

�
in QT ;
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from which (4.64) immediately follows. Hence (3.3) and (3.5) have been proved.
Furthermore, if q > 1, from (4.64) we have

f
�
� 1

h
SW½hqV �

�
a

u

h
< l;

thus

� 1

h
SW½hqV � < 1

q� 1
;

which gives (3.4).
Assume that 0 < q < 1. By the same arguments as in the case qb 1 we can

arrive to (4.80). We can apply f to both sides of (4.80) to get

ue b hf � 1

h
SW hq

� u
ue

�q
V

� �
 �
:ð4:88Þ

We have

u

ue
! wu in QT as e ! 0þ:

This combined with (4.88) gives

ub hf
�
� 1

h
SW½wuhqV �

�
in QT ;ð4:89Þ

which is equivalent to (3.6).
Assume now that q < 0. For every e > 0 we define

ve :¼ f�1
� u
he

�
in QT ;

where he :¼ hþ e: Since u
he
> 0 in QT , we obtain ve a C2;1ðQTÞ. We extend the

function

f�1ðsÞ ¼ s1�q � 1

1� q
; s > 0;ð4:90Þ

by putting f�1ð0Þ ¼ � 1
1�q

: Since u
he

a CðQTÞ, u
he
b 0 in QT , we have that

ve a CðQTÞ:
From (4.46) we have that

ua h < he in ½qW� ð0;T ��A ½W� f0g�:

Hence

ve a f�1ð1Þ ¼ 0 in ½qW� ð0;T ��A ½W� f0g�;
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therefore,

heve a 0 in ½qW� ð0;T ��A ½W� f0g�:ð4:91Þ

In view of (4.46) we have that u ¼ hefðveÞ satisfies

qtu� Duþ Vuq
a qthe � Dhe in QT :ð4:92Þ

Hence from Lemma 4.3 and (4.48) we have that

qtðheveÞ � DðheveÞa�hq
eV in QT :ð4:93Þ

Since q < 0 we have

SW½hq
e jV j�aSW½hqjV j� in QT ;

so SW½hq
eV � < l in QT . Thus, in view of (4.93) and (4.91) we can apply Propo-

sition 4.6 with g ¼ �hq
eV to get

heve a�SW½hq
eV � in QT ;

therefore

ve a� 1

he
SW½hq

eV � in QT :ð4:94Þ

Since ve > � 1
1�q

, it follows that

� 1

1� q
< � 1

he
SW½hq

eV �al:ð4:95Þ

So, we can apply f to both sides of (4.94), and we obtain

fðveÞa f
�
� 1

he
SW½hq

eV �
�

in QT ;

that is

ua he 1� ð1� qÞ 1
he
SW½hq

eV �
� � 1

1�q

in QT :

Therefore,

ua he 1� ð1� qÞ 1
he
SW½hq

eV
þ� þ ð1� qÞ 1

he
SW½hq

eV
��

� � 1
1�q

:ð4:96Þ

Since 0 < h < he in QT and q < 0, we have that

1

he
SW½hq

eV
��a 1

h
S½hqV�� in QT :
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Letting e ! 0þ, by the monotone convergence theorem we obtain

SW½hq
eV

þ� ! SW½hqVþ� in QT :ð4:97Þ

Since SW½hqV � is well-defined in QT , letting e ! 0þ in (4.96), we have (3.7).
Since we have assumed that u > 0 in QT , from (3.7) it follows (3.4). r

5. Proofs of Theorems 3.1, 3.2 and 3.3

Proof of Theorem 3.1. At first, let us show that it is not restrictive to suppose
that f is locally Lipschitz continuous in QT . In fact, suppose only that f is con-
tinuous in QT . Let q > 0. Choose a sequence of nonnegative locally Lipschitz
functions f fng such that

fn a f in QT ;ð5:1Þ

and

fn ! f in QT as n ! l:ð5:2Þ

Set

hn :¼ RW½ fn�:ð5:3Þ

Note that for every n a N, hn a C2;1ðQTÞBCðQTÞ solves (1.10) and (1.11).
Moreover, we have that

hn a h; hn ! h in QT as n ! l;ð5:4Þ

where h is defined in (1.7). Since

SW½hq
n jV j�aSW½hqjV j� in QT ;

we obtain that SW½hq
nV � < l in QT for every n a N. We have that

SW½hq
nV � ! SW½hqV � in QT ;ð5:5Þ

and that

SW½wuhq
nV � ! SW½wuhqV � in QT :

In view of (5.1) we deduce that

qtu� Duþ Vuq
b fn in QT :ð5:6Þ

Therefore, if (3.3)–(3.6) hold with h replaced by hn given by (5.3) and f replaced
by fn, then, thanks to (5.4) and (5.5), we have that (3.3), (3.5) and (3.6) hold with
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h given by (1.7). Moreover, we get

�ðq� 1ÞSW½hqV �a h in QT :ð5:7Þ

However, from (3.5) it follows that (5.7) must hold with a strict inequality; thus,
(3.4) has been shown.

If q < 0, then the claim follows arguing in the same way, if instead of condi-
tion (5.1) we require that

fn b f in QT :ð5:8Þ

Hence, for all qA 0, we can assume that f is locally Lipschitz continuous in QT .
Now, let q > 0. Choose a sequence of subsets fWng �� W such that

Wn is relatively compact; connected; open and with qWn smooth;ð5:9Þ

Wn � Wnþ1 for every n a N;
[l
n¼1

Wn ¼ W:ð5:10Þ

We have that hn :¼ RWn ½ f ; u0� a C2;1ðWn � ð0;T �ÞBCðWn � ½0;T �Þ, and

qthn � Dhn ¼ f in Wn � ð0;T �
hn ¼ 0 in qWn � ð0;T �
hn ¼ u0 in Wn � f0g:

8><
>:ð5:11Þ

We can always take n big enough so that f 2 0 in Wn, and so,

0 < hn < l in QT :

By the monotone convergence theorem,

hn ! h ¼ RW½ f ; u0� in QT ; as n ! l:

In view of (1.6) and (5.11) we have that

qtu� Duþ Vuq b qthn � Dhn in Wn � ð0;T �
ub hn in qWn � ð0;T �
ub hn in Wn � f0g
ub 0 in Wn � ð0;T �:

8>>><
>>>:

ð5:12Þ

By Theorem 4.9,

ub

hne
� 1

hn
SWn ½hnV � if q ¼ 1

hn
�
1þ ðq� 1Þ 1

hn
SWn ½hq

nV �
�� 1

q�1 if q > 1

hn
�
1þ ðq� 1Þ 1

hn
SWn ½wnhq

nV �
�� 1

q�1

þ if 0 < q < 1;

8>><
>>:ð5:13Þ
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in Wn � ð0;T �, where wn :¼ wujWn
: Moreover,

1þ ðq� 1Þ 1
hn

SWn ½hq
nV � > 0:ð5:14Þ

By the monotone convergence theorem,

SWn ½hq
nV

e� ! SW½hqVe� in QT as n ! l;

and

SWn ½wnhq
nV

e� ! SW½wuhqVe� in QT as n ! l:

Passing to the limit as n ! l in (5.13) gives (3.3), (3.5) and (3.6). Let q > 1.
Then from (5.14) we have that

1þ ðq� 1Þ 1
h
SW½hqV �b 0:

However, since � 1
q�1 < 0 and u

h
< l, the previous inequality yields (3.4).

It remains to prove (3.6). Let q < 0. Note that since f is locally Lipschitz
in QT , R

W½ f � a C2;1ðQTÞ. In fact, for every relatively compact subset W 0 � W
with qW 0 smooth, we clearly have that RW 0 ½ f � a C2;1ðW 0 � ð0;T �Þ. Moreover, the

function w :¼ RW½ f � �RW 0 ½ f � solves in the weak sense

qtw� Dw ¼ 0 in W 0 � ð0;T �:ð5:15Þ

Hence, by standard regularity results, w a C2;1ðW 0 � ð0;T �Þ. Therefore, RW½ f � a
C2;1ðW 0 � ð0;T �Þ: Since W 0 was arbitrary, the claim follows. For any e > 0 define

he :¼ eþRW½ f ; u0�:

We have that

qthe � Dhe ¼ f in QT :

Since u > 0, he > 0 in QT , the function ve :¼ f�1
�
u
he

�
a C2;1ðQTÞ. By the same

arguments as in the proof of Theorem 4.9, we obtain

qtðheveÞ � DðheveÞa�hq
eV in QT :ð5:16Þ

From (4.90) we get

heve ¼ hef
�1
� u
he

�
¼ hq

e

u1�q � h1�q
e

1� q
:ð5:17Þ

Observe that

u ¼ 0 in qW� ð0;T �;ð5:18Þ
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and

uðx; 0Þa u0ðxÞ for all x a W:ð5:19Þ

Moreover,

he > e in qW� ð0;T �;ð5:20Þ

and

heðx; 0Þ ¼ eþ u0 for all x a W:ð5:21Þ

From (5.17), (5.18)–(5.21) we can infer that

heve a 0 in ½qW� ð0;T ��A ½W� f0g�:ð5:22Þ

Moreover, from (3.1) and fact that he > e it follows that

lim
x!qlM

sup
t A ð0;T �

heðx; tÞveðx; tÞ ¼ 0:ð5:23Þ

Therefore, we can apply Proposition 4.6 with g ¼ �hq
eV to get

heve a�SW½hq
eV � in QT :ð5:24Þ

Letting e ! 0þ, the thesis follows by the same arguments as in the proof of
Theorem 4.9-(iv). This completes the proof. r

Proof of Theorem 3.2. Let fWng be a sequence of domains as in (5.9)–(5.10).
Let qb 1. For every n a N, let hn a C2;1ðQTÞBCðQTÞ be the solution of
problem

qthn � Dhn ¼ 0 in Wn � ð0;T �
hn ¼ u in qWn � ð0;T �
hn ¼ u in Wn � f0g:

8><
>:

In view of (3.12) and (3.14), by the maximum principle,

hn > 0 in QT :

Thanks to (4.81), we can infer that uðxÞ > 0 for all x a Wn, t a ð0;T �; therefore,
uðxÞ > 0 for all ðx; tÞ a QT .

Let q ¼ 1. Set hC 1, v :¼ log u: As in the proof of Theorem 4.9, we have

qtv� Dvb�V in QT :

From (3.12) we can deduce that

vb 0 in ½qW� ð0;T ��A ½W� f0g�;
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and

lim inf
x!qlM

inf
t A ð0;T �

vðx; tÞb 0:

Thus, we can apply Proposition 4.5 with g ¼ �V , and we have

log uðx; tÞ ¼ vðx; tÞb�SW½V �ðx; tÞ for all ðx; tÞ a QT :ð5:25Þ

From (5.25), inequality (3.13) immediately follows.
Now, let q > 1. Set

an :¼ inf
½qWn�ð0;T ��A½Wn�f0g�

u:

In view of (3.14) we have that

lim
n!l

an ¼ l:ð5:26Þ

We can apply Theorem 4.9 with hC an. Therefore,

ub anf1þ ðq� 1Þaq�1
n SWn ½V �g�

1
q�1ð5:27Þ

¼ fa�ðq�1Þ
n þ ðq� 1ÞSWn ½V �g�

1
q�1 in Wn � ð0;T �;

and

�ðq� 1ÞSWn ½V � < a�ðq�1Þ
n in Wn � ð0;T �:ð5:28Þ

Hence, letting n ! l in (5.28) we get SW½V �ðxÞb 0: Therefore, by the mono-
tone convergence theorem, (5.27) implies (3.16). Since uðxÞ < l, (3.15) follows.

Now, let 0 < q < 1. We set

fðvÞ :¼ ½ð1� qÞv�
1

1�q

þ ; v a R:

Thus

f 0ðvÞ > 0; f 00ðvÞ > 0 for all v > 0:

Moreover, (4.48) holds. Consider a sequence feng � ð0;lÞ with en ! 0 as
n ! l. For every n a N define

un :¼ uþ en; vn :¼ f�1ðunÞ:

In view of Remark 4.4 with hC 1, by the same arguments as in the proof of
Theorem 4.9, we have

qtvn � Dvn b�
�un
u

�q
V in Wn � ð0;T �:
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Since

vn > 0 in ½qWn � ð0;T ��A ½Wn � f0g�;

by Proposition 4.5,

vn b�SWn

�un
u

�q
V

h i
in Wn � ð0;T �:ð5:29Þ

Letting n ! l, by the monotone convergence theorem we get

f�1ðuÞb�S½wuV � in QT ;

which is equivalent to (3.17).
Now, let q < 0. For every n a N set

nn :¼ sup
½Wn�f0g�A½qWn�ð0;T ��

u:

In view of (3.18) and (3.1) we have that

lim
n!l

nn ¼ 0:ð5:30Þ

We can apply Theorem 4.9 in Wn with hC nn to obtain

uðx; tÞa fn1�q
n � ð1� qÞSWn ½V �ðx; tÞg

1
1�q for all ðx; tÞ a QT :ð5:31Þ

Letting n ! l in (5.31) we get (3.20). Moreover, since u > 0 in QT , we obtain
(3.19). This completes the proof. r

In order to prove Theorem 3.3 we use the standard method of sub- and super-
solutions; namely, if there exists u; u a C2;1ðQTÞBCðQTÞ such that

0a ua u in QT ;ð5:32Þ
u ¼ 0; ub 0 in qW� ð0;T �;ð5:33Þ

ua u0 a u in W� f0g:ð5:34Þ

and

qtu� Duþ Vuq
a f in QT ;ð5:35Þ

qtu� Duþ Vuq
b f in QT ;ð5:36Þ

then there exists a solution u a C2;1ðQTÞBCðQTÞ of problem (1.9) such that

ua ua u in QT :ð5:37Þ
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Proof of Theorem 3.3. We limit ourselves to prove the statement (ii), since
the statement (i) can be proved in a similar and simpler way.

Let

uC h ¼ RW½ f ; u0�:

In view of the regularity assumptions on f and on qW, we have that u a
C2;1ðQTÞBCðQTÞ solves

qtu� Du ¼ f in QT

u ¼ 0 in qW� ð0;T �:
u ¼ u0 in W� f0g:

8><
>:

Moreover, since V b 0, f b 0, we have that u satisfies (5.36). Hence u is a super-
solution of problem (1.9).

Now, we look for a subsolution u of problem (1.9). To this aim, define

u :¼ h� lqSW½hqV � in QT ;

where l > 0 is a positive parameter to be fixed in the sequel. Thanks to (3.23) we
have that if we take

0 < l < � qð1� qÞ
1
q

1� q
;ð5:38Þ

then

u > 0 in QT :

Hence, (5.32) holds. We claim that u a C2;1ðQTÞBCðQTÞ: In fact, for every
relatively compact subset W 0 � W with qW 0 smooth, since h > 0 in W 0, we have
that SW 0 ½hqV � a C2;1ðW 0 � ð0;T �Þ. Moreover, the function w :¼ SW½hqV � �
SW 0 ½hqV � solves (5.15) in the weak sense. Hence, by standard regularity re-
sults, w a C2;1ðW 0 � ð0;T �Þ. Therefore, SW½hqV � a C2;1ðW 0 � ð0;T �Þ: Since W 0

was arbitrary, the claim follows. Furthermore, since h a CðQTÞ and h ¼ 0 in

½qW� ð0;T ��A ½W� f0g�, using (3.23) we can deduce that SW½hqV � a CðQTÞ
and SW½hqV � ¼ 0 in ½qW� ð0;T ��A ½W� f0g�.

Now, let us show that u satisfies (5.35). Note that

qtu� Duþ Vuq ¼ f � lqhqV þ uqV in QT :

Hence, since V b 0 and q < 0, (3.24) follows, if we show that

lha u;

that is

SW½hqV �a l�qð1� lÞh:ð5:39Þ
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Now, it is easily checked that (3.23) yields (5.39), by taking l ¼ 1
1�1

q

. Conse-

quently, there exists a solution u a C2;1ðQTÞBCðQTÞ of problem (1.9) such that
(5.37) is satisfied. Therefore,

ub u ¼ h� lqSW½hqV � ¼ h�
�
1� 1

q

��q

SW½hqV �b 1

1� 1
q

h in QT :

This combined with Theorem 3.1-(iv) gives (3.24). The proof is complete. r

6. Proofs of Theorems 3.4 and 3.5

Proof of Theorem 3.4. By the same arguments as in the proof of Theorem
3.1, and using the same notations, we can infer that, for any e > 0, (5.16) and
(5.22) hold. In view of (5.17) and (3.28) we have that for any e > 0

lim sup
x!qlM

supt A ð0;T � heðx; tÞveðx; tÞ
jZðxÞj a 0:ð6:40Þ

Due to (6.40) we can apply Proposition 4.7 with g ¼ �hq
eV to deduce (5.24).

Thus the conclusion follows as in the proof of Theorem 3.1. r

Proof of Theorem 3.5. Choose a sequence of not relatively compact domains
fWngn AN with smooth boundary such that

Wn � Wnþ1; Wn � W for every n a N;
[l
n¼1

Wn ¼ W:

For every n a N set

nn :¼ sup
½Wn�f0g�A½qWn�ð0;T ��

u:ð6:41Þ

In view of (3.18) we have that

lim
n!l

nn ¼ 0:ð6:42Þ

For each n a N set h :¼ nn. Since u > 0, h > 0 in QT , the function v :¼ f�1
�
u
h

�
a

C2;1ðQTÞ; here f�1 is given by (4.90). By the same arguments as in the proof of
Theorem 4.9, we obtain

qtðhvÞ � DðhvÞa�hqV in QT :ð6:43Þ

From (4.90) we get

hv ¼ hf�1
�u
h

�
¼ hq u

1�q � h1�q

1� q
:ð6:44Þ
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From (6.41) we can infer that

hva 0 in ½qWn � ð0;T ��A ½Wn � f0g�:ð6:45Þ

Moreover, due to (6.44) and (3.29) we have that

lim sup
x!qlM

supt A ð0;T � hðx; tÞvðx; tÞ
jZðxÞj a 0:ð6:46Þ

Therefore, for each n a N we can apply can apply Proposition 4.7 with g ¼ �hqV
to get

hva�SW½hqV � in Wn � ð0;T �:ð6:47Þ

Hence by Theorem 4.9 in Wn with hC nn we obtain

uðx; tÞa fn1�q
n � ð1� qÞSWn ½V �ðx; tÞg

1
1�q for all ðx; tÞ a Wn � ð0;T �:ð6:48Þ

Letting n ! l in (6.48), using (6.41), we get (3.20). Moreover, since u > 0 in QT ,
we obtain (3.19). This completes the proof.
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[3] H. Brezis - X. Cabré, Some simple nonlinear PDE’s without solutions, Boll. Unione
Mat. Ital. 8, Ser. 1-B (1998), 223–262.

[4] H. Brezis - S. Kamin, Sublinear elliptic equations in Rn, Manuscr. Math. 74 (1992),
87–106.

[5] M. Frazier - I. E. Verbitsky, Global Green’s function estimates, Around the Re-
seach of Vladimir Maz’ya III, Analysis and Applications, Ed. Ari Laptev Math. Series
13, Springer, (2010), 105–152.

[6] A. Grigor’yan, Analytic and geometric background of recurrence and non-explosion

of the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc. 36 (1999),
135–249.

[7] A. Grigor’yan, ‘‘Heat Kernel and Analysis on Manifolds’’, AMS/IP Studies in
Advanced Mathematics, 47, American Mathematical Society, Providence, RI; Interna-
tional Press, Boston, MA, 2009.

[8] A. Grigor’yan - W. Hansen, Lower estimates for a perturbed Green function, J. Anal.
Math. 104 (2008), 25–58.

[9] A. Grigor’yan - W. Hansen, Lower estimates for perturbed Dirichlet solutions, pre-
print (1999).

[10] A. Grigor’yan - I. E. Verbitsky, Pointwise estimates of solutions to semilinear ellip-

tic equations and inequalities, J. d’Anal. Math. (to appear).

[11] N. J. Kalton - I. E. Verbitsky, Nonlinear equations and weighted norm inequalities,
Trans. Amer. Math. Soc. 351 (1999), 3441–3497.

287pointwise estimates for solutions of semilinear parabolic inequalities



[12] P. Mastrolia - D. Monticelli - F. Punzo, Nonexistence of solutions to parabolic

di¤erential inequalities with a potential on Riemannian manifolds, Math. Ann., 367
(2017), 929–963.

[13] F. Punzo, Blow-up of solutions to semilinear parabolic equations on Riemannian mani-

folds with negative sectional curvature, J. Math. Anal. Appl., 387 (2012), 815–827.

[14] Q. S. Zhang, Blow-up results for nonlinear parabolic equations on manifolds, Duke
Math. J. 97 (1999), 515–539.

Received 11 July 2017,

and in revised form 2 August 2017.

Luigi Montoro

Dipartimento di Matematica e Informatica
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